
S e⃝MR
СИБИРСКИЕ ЭЛЕКТРОННЫЕ

МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ
Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Vol. 22, No. 2, pp. 1497–1506 (2025) УДК 519.17
https://doi.org/10.33048/semi.2025.22.090 MSC 05C69

DOUBLE TOTAL COALITIONS IN GRAPHS

HAMIDREZA GOLMOHAMMADI
11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

, SAEID ALIKHANI
11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

,

DAVOOD BAKHSHESH
11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

Communicated by A.V. Pyatkin

Abstract: Let G be a graph of minimum degree at least two.
A set D of vertices of a graph G with the vertex set V is a
double total dominating set of G, if every vertex v has at least
two neighbors in D. A double total coalition consists of two
disjoint sets of vertices V1 and V2, neither of which is a double
total dominating set but their union V1∪V2 is a double total
dominating set. A double total coalition partition of a graph
G is a partition Θ = {V1, V2, ..., Vk} of V such that no subset
of Θ is a double total dominating set of G, but for every set
Vi ∈ Θ, there exists a set Vj ∈ Θ such that Vi and Vj form
a double total coalition. In this paper we initiate the study
of the double total coalition by setting some basic results,
giving exact values and bounds for the double total coalition
number.
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1 Introduction

Throughout this article, we only consider finite and simple graphs with
minimum degree at least two. The open neighborhood NG(v) of a vertex v
in G is the set of vertices adjacent to v, while the closed neighborhood of v is
the set NG[v] = {v} ∪NG(v). Each vertex of N(v) is called a neighbor of v,
and the cardinality of |N(v)| is called the degree of v, denoted by deg(v). The
minimum and maximum degree of graph vertices are denoted by δ(G) and
∆(G), respectively. For any two graphs G and H, their join G+H is defined
as a graph formed by linking every vertex of G to every vertex of H using
disjoint copies of G and H. Inspired by a solution to the famous Five Queens
Problem, Cockayne, Dawes and Hedetniemi introduced the definition of total
domination. Various aspects of domination are well studied in the literature,
and are surveyed in [12, 13]. A set S ⊆ V is called a dominating set if every
vertex of V \S is adjacent to at least one vertex in S. Given a graph G, a set
D ⊆ V (G) is said to be a double total dominating set of G if every vertex
of G is adjacent to at least two vertices in D. The double total domination
number of G, denoted by γ×2,t(G), is the cardinality of a minimum double
total dominating set of G. It is worth mentioning that this parameter is also
called as 2-tuple total domination number or total 2-domination number in
the literature. We remark that Henning et al. [14], defined a generalization of
double total domination as follows: A subset D of V (G) in a graph G is a k-
tuple total dominating set of G if every vertex of G has at least k neighbors in
D. The double total domination in graphs has been well studied in [6, 7, 14,
15, 16]. A k-tuple total domatic partition is a partition of vertices of a graph
into k-tuple total dominating sets. The maximum cardinality of a k-tuple
total domatic partition is called the k-tuple total domatic number, denoted
by d×k,t(G). The k-tuple domatic total number of a graph was introduced by
Sheikholeslami and Volkmann in [17]. A k-tuple total domatic number where
k = 2 is known as the double total domatic number, and denoted by d×2,t(G).
Fairly recently, the concept of coalition in graphs has triggered a great deal
of interest due to its definition, which is based on the dominating sets. A
coalition in a graph G is made up of two disjoint sets of vertices A and B of G,
neither of which is a dominating set but whose union A∪B is a dominating
set of G. A coalition partition is a vertex partition P = {V1, V2, . . . , Vk} of V
such that for every i ∈ {1, 2, . . . , k} the set Vi is either a dominating set and
|Vi| = 1, or there exists another set Vj so that they form a coalition. The
maximum cardinality of a coalition partition is called the coalition number of
the graph, and denoted by C(G). Coalitions in graphs were introduced and
first studied by Haynes et al. in [8], and have been studied further in several
works including [4, 9, 10, 11]. Different types of domination coalitions have
been studied [1, 2, 3, 5]. These variations are mainly formed by imposing
additional conditions on the domination coalition. In order to develop future
research, we propose a new perspective on coalitions involving double total
dominating sets in graphs.
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The main contributions of this work are as follows. In Section 2, we
introduce the double total coalitions in graphs and derive some bounds
on the double total coalition number which we denote it by DTC(G). In
Section 3, we obtain the exact values of the double total coalition number
and characterize the graphs G of order n that satisfying DTC(G) = n− 1.

2 Existence and bounds

In this section, after stating the definition of the double total coalition,
we investigate the existence of the double total coalition and obtain some
bounds for the double total coalition number. We begin with the following
definitions.

Definition 1 (double total coalition). Two sets V1, V2 ⊆ V (G) form a double
total coalition in a graph G if they are not double total dominating sets but
their union is a double total dominating set in G.

Definition 2 (double total coalition partition). A double total coalition
partition, abbreviated dtc-partition, of G is a partition Θ = {V1, . . . , Vk}
of the vertex set V such that any Vi ∈ Θ, 1 ≤ i ≤ k, is not a double total
dominating set but forms a double total coalition with another set Vj ∈ Θ. The
maximum cardinality of a double total coalition partition is called the double
total coalition number of the graph and denoted by DTC(G). A dtc-partition
of G of cardinality DTC(G) is called a DTC(G)-double total partition.

We state the following trivial observation about the double total coalition
number of a graph G. The proof follows readily from the definitions and is
omitted.

Observation 1. If G is a graph with δ(G) < 2, then DTC(G) = 0.

The primary objective of this section is to prove that every graph G with
δ(G) ≥ 2 has a dtc-partition.

Theorem 1. Every graph G with δ(G) ≥ 2 has a dtc-partition.

Proof. Let G has a double total domatic partition Dt = {Dt,1, . . . , Dt,k} with
d×2,t(G) = k, where each set Dt,i has at least three vertices as γ×2,t(G) ≥ 3.
In what follows we demonstrate the process of constructing a dtc-partition
Θ of G. For any integer 1 ≤ i ≤ k − 1, if Dt,i is not a minimal double total
dominating set, then there is a set D′

t,i ⊂ Dt,i which is a minimal double
total dominating set. So, we swap Dt,i by D′

t,i in Dt, and add Dt,i \D′
t,i to

Dt,k. We therefore infer that all sets Dt,i ∈ Dt with 1 ≤ i ≤ k−1 are minimal
double total dominating sets of G. Now, we establish a dtc-partition Θ for
G. We start by dividing each set Dt,i ∈ Dt with 1 ≤ i ≤ k − 1 into two
nonempty sets D1

t,i and D2
t,i, and then, we add D1

t,i and D2
t,i to Θ. It is clear

that neither D1
t,i nor D2

t,i is a double total dominating set but D1
t,i ∪D2

t,i is
a double total dominating set. Then, |Θ| ≥ 2k− 2. We next consider the set
Dt,k ∈ Dt. If Dt,k is a minimal double total dominating set, then we split
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Dt,k into two nonempty sets D1
t,k and D2

t,k, and then, we add D1
t,k and D2

t,k to
Θ. Hence, |Θ| = 2k. Further, we suppose that Dt,k is not a minimal double
total dominating set. Then, there is a set D′

t,k ⊂ Dt,k which is a minimal
double total dominating set. Now, we split D′

t,k into two sets D′1
t,k and D′2

t,k,
and append them to Θ. Now, consider the set D′′

t,k := Dt,k \ D′
t,k. Since

Dt is a double total domatic partition of G with the maximum cardinality
d×2,t(G) = k, the set D′′

t,k is not a double total dominating set. If D′′
t,k forms

a double total coalition with one of the sets of Θ, then we add D′′
t,k to Θ,

and therefore |Θ| = 2k + 1. If D′′
t,k does not form a double total coalition

with any set of Θ, then we remove D′2
t,k from Θ and append D′2

t,k ∪D′′
t,k to

Θ, and consequently |Θ| = 2k, which completes the proof.
□

From the proof of Theorem, one can derive the following result.

Corollary 1. If a graph G has δ(G) ≥ 2, then DTC(G) ≥ 2d×2,t(G).

It is clear that for all graphs G with δ(G) ≥ 2, d×2,t(G) ≥ 1. Hence as a
consequence of Corollary 1 and Theorem 1, we infer the following result.

Corollary 2. If G is a graph of order n with δ(G) ≥ 2, then 2 ≤ DTC(G) ≤
n− 1.

Now, we recall the following theorem.

Theorem 2. [17] If G is a graph of order n with minimum degree δ(G) ≥ k,
then d×k,t(G) ≥

⌊
n

k(n−δ)+1

⌋
.

By Theorem 2, we deduce that d×2,t(G) ≥
⌊

n
2(n−δ)+1

⌋
where k = 2.

Combining this result with Corollary 1 yields the following result.

Corollary 3. If G is a graph of order n with δ(G) ≥ 2, then DTC(G) ≥
2
⌊

n
2(n−δ)+1

⌋
.

Here, we present a technical key lemma, which permits us to estimate the
number of double total coalitions embracing any set in a DTC(G)-partition
of G.

Lemma 1. If G is a graph with δ(G) ≥ 2, then for any DTC(G)-partition
Θ and for any X ∈ Θ, the number of double total coalitions formed by X is
at most ∆(G)− 1.

Proof. Since X ∈ Θ, X is not a double total dominating set. So, there is a
vertex w such that |N(w) ∩X| ≤ 1. We now consider two cases.
Case 1. Let |N(w) ∩X| = 1. We first assume that w ∈ X. If a set A ∈ Θ
forms a double total coalition with X, then A∪X is a double total dominating
set of G. Since w has exactly one neighbor in X, so w must have at least
one neighbor in A. Thus, there are at most |N(w)| − 2 ≤ ∆(G) − 2 other
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sets that can form a double total coalition with X, and consequently, X
is in at most ∆(G) − 1 double total coalitions. Next suppose that w ̸∈ X.
Assume that there is a set U ∈ Θ such that w ∈ U and X contains exactly
one of the members of N(w), such as y. If U and X do not form a double
total coalition, any set in Θ that forms a double total coalition with X must
contain at least one vertex of N(w). Then, there are at most |N(w)|− 1 sets
that can form a double total coalition with X, and therefore, X is in at most
∆(G) − 1 double total coalitions. Now may assume that U and X produce
a double total coalition. We consider the following subcases.
Subcase 1.1. Assume that y has no neighbor in X, while y has at least two
neighbors in U such that w ∈ N(y). If a set B ∈ Θ forms a double total
coalition with X, then y must have at least two neighbors in B. So, there are
at most ⌈ |N(y)|−4

2 ⌉ other sets that can form a double total coalition with X,
and therefore, X is in at most ⌈∆(G)−4

2 ⌉ +2=⌈∆(G)
2 ⌉double total coalitions.

Subcase 1.2. Let y has at least one neighbor in X, while y has at least
one neighbor in U such that w ∈ N(y). Suppose that there exists a set
C ∈ Θ forms a double total coalition with X. Since X ∪ C is a double total
dominating set and w has only one neighbor in X, the vertex w must has
a neighbor in C. Moreover, since X ∪ U is a double total dominating set
and w has only one neighbor in X, the vertex w must has a neighbor in U .
Therefore, since w has a neighbor in X named y, as well as a neighbor in
U and a neighbor in C, there are at most |N(w)| − 3 other sets that can
form a double total coalition with X, and consequently, X is in at most
|N(y)| − 3 + 2 = |N(y)| − 1 ≤ ∆(G)− 1 double total coalitions.
Case 2. Let |N(w)∩X| = 0. First suppose that w ∈ X and X ∩N(w) = ∅.
Assume that there exists a set D ∈ Θ forms a double total coalition with
X. Then w must have at least two neighbors in D. Hence, there are at most
⌈ |N(w)|−2

2 ⌉ other sets that can form a double total coalition with X, and
therefore, X is in at most ⌈∆(G)−2

2 ⌉ +1=⌈∆(G)
2 ⌉ double total coalitions. Now

we assume that w /∈ X and X ∩N(w) = ∅. So, each set of Θ which is in a
double total coalition with X must contain at least two of the members of
N(w). Hence, we can easily see that the total number of sets of Θ forming a
double total coalition with X is at most ∆(G)

2 .
In light of the above, we conclude that X is in at most ∆(G)− 1 double

total coalitions.
□

3 Exact values

In this section, we deal with the problem of obtaining the exact value of
the double total coalition number of some graphs. We begin with complete
graph.

Proposition 1. For any n ≥ 3, DTC(Kn) = n− 1.
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Proof. By directly applying Theorem from Henning et al. [14], we deduce
that γ×2,t(Kn) = 3. Now we show that there is no dtc-partition of order
n. Suppose, to the contrary, that DTC(Kn) = n. It follows that the only
possible partition of n sets is n singleton sets. Since γ×2,t(Kn) = 3, no two
singleton sets form a double total coalition. Hence, DTC(Kn) < n. We next
proceed to establish a maximum double total coalition partition of order
n− 1 for Kn as follows,

Θ(Kn) = {V1 = {v1, v2}, V2 = {v3}, . . . , Vn−1 = {vn}} .
Note that each of Vi for 2 ≤ i ≤ n− 1 forms a double total coalition with

V1. This completes the proof.
□

Theorem 3. For any graph G of order n, DTC(G) = n − 1 if and only if
K2 +Kn−2 is a subgraph of G.

Proof. Let G be a graph of order n. We begin by assuming that DTC(G) =
n− 1. Consider a DTC(G)-partition Θ. By definition, Θ includes one set of
cardinality two and n − 2 singleton sets. Denote the set of cardinality two
as {x, y} and the singleton sets as {v1}, {v2}, . . . , {vn−2}. It is evident that
neither the set {x, y} nor any of the singleton sets {vi} for i = 1, . . . , n−2 can
be a double total dominating set. Furthermore, any pair of singleton sets {vi}
and {vj} cannot form a double total dominating set either. Consequently,
each singleton set {vi} must be involved in a double total coalition with
the pair {x, y}. This implies that the set {x, y, vi} forms a double total
dominating set for each i. According to the definition, the induced subgraph
of G formed by the vertices x, y, and vi is isomorphic to K3. Therefore, we
can conclude that K2 +Kn−2 is a subgraph of G.

The converse is also straightforward and follows from the definitions
involved.

□

The following proposition gives us the double total coalition number of a
complete bipartite graph.

Proposition 2. Let G = Kp,q be a complete bipartite graph such that q ≥
p ≥ 4, then DTC(Kp,q) = p+ q − 4.

Proof. Let G = Kp,q be a complete bipartite graph with two partite sets
X = {v1, v2, . . . , vp} and Y = {u1, u2, . . . , uq}. One can observe that the
vertex partition

{{v1, v2, u1}, {v3}, {v4}, . . . {vp−1}, {u2}, {u3}, . . . , {uq−2}, {vp, uq−1, uq}},
is a dtc-partition of G of order p+q−4. Thus, DTC(Kp,q) ≥ p+q−4. Next,
we shall show that DTC(Kp,q) ≤ p+ q − 4. We first assume that there is a
dtc-partition of G of order p + q = n. By Corollary 2, we deduce that the
partition does not exist. If we suppose that there is a dtc-partition of G of
order p+ q − 1 = n− 1, then the partition consists of a set of cardinality 2
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and p + q − 2 singleton sets. Since γ×2,t(Kp,q) = 4, no two sets can be in a
double total coalition. Thus, the partition does not exist. We proceed further
with the following cases.
Case 1. Let Θ1 is a dtc-partition of G of order p+q−2 = n−2. We consider
the following subcases.
Subcase 1.1. Θ1 consists of a set of cardinality 3, say A, and p + q − 3
singleton sets. Since γ×2,t(Kp,q) = 4, each singleton set must form a double
total coalition with A. To produce a double total coalition, the vertex v either
belongs to the set Y and is adjacent to exactly two vertices in X or belongs
to the set X and is adjacent to exactly two vertices in Y . Assume that A
contains exactly one vertex of X and two vertices of Y . Then there are q− 2
singleton sets belonging to the set Y which form double total coalitions with
A, while the remaining p − 1 singleton sets belonging to the set X do not
form double total coalitions with A. Hence, Θ1 does not exist. Note that
we have the same result when A contains exactly one vertex of Y and two
vertices of X.
Subcase 1.2. Θ1 consists of two sets of cardinality 2, say A and B, and
p+ q − 4 singleton sets. Since γ×2,t(Kp,q) = 4, no two singleton sets form a
double total coalition. Furthermore, neither A nor B can form a double total
coalition with any singleton set of Θ1. Hence, Θ1 does not exist.
Case 2. Let Θ2 is a dtc-partition of G of order p+q−3 = n−3. We consider
the following subcases.
Subcase 2.1. Θ2 consists of a set of cardinality 4 and p + q − 4 singleton
sets. Since no two singleton sets form a double total coalition, each of them
must be in a double total coalition with a set of cardinality 4, such as A. On
the other side, by Lemma 1, A is in at most q − 1 (or p − 1) double total
coalitions. Then there are p− 3 (or q − 3) singleton sets which cannot form
double total coalitions with A. Thus, this partition does not exist.
Subcase 2.2. Θ2 consists of a set of cardinality 3, a set of cardinality 2 and
p+ q− 5 singleton sets. Let A = {a, b, c} ∈ Θ2 be a set of cardinality 3, and
B = {z, w} ∈ Θ2 be a set of cardinality 2. It is evident that no singleton
set in Θ2 forms a double total coalition with B, as this would imply the
existence of an odd cycle in Kp,q. Consequently, any singleton set in Θ2 can
only form a double total coalition with A. Therefore, B must form a double
total coalition exclusively with A. Since A forms a double total coalition with
any singleton set, it follows that A ∩ X ̸= ∅ and A ∩ Y ̸= ∅. Without loss
of generality, assume a, b ∈ X and c ∈ Y . Because A and B form a double
total coalition, the set A ∪ B constitutes a double total dominating set. By
the definition of a double total dominating set, in order to dominate z and
w via A ∪ B, we must have z, w ∈ Y or z ∈ X and w ∈ Y (or z ∈ Y and
w ∈ x). Suppose, without loss of generality, that z, w ∈ Y , or z ∈ X and
w ∈ Y . If z, w ∈ Y , since a and b are adjacent to both z and w, we can
partition B into two singleton sets, {z} and {w}. Subsequently, we remove
B from Θ2 and reassign its elements back to Θ2. This process results in a
new double total coalition partition with cardinality n − 2. However, this
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leads to a contradiction because in Case 1, it was demonstrated that the
scenario where n − 2 occurs is not possible. Now, if z ∈ X and w ∈ Y , we
can transform Θ2 into a new double total coalition partition by redefining A
as A = {a, b, c, z} and B as B = {w}. It is straightforward to observe that
this scenario reduces to Subcase 2.1, which has already been shown to be
impossible.
Subcase 2.3. Θ2 consists of three sets of cardinality 2 and p+q−6 singleton
sets. The similar argument from Subcase 1.2 can be used to show that Θ2

does not exist.

Based on the analysis of all the above cases, we conclude that
DTC(Kp,q) ≤ p+ q − 4. Therefore, DTC(Kp,q) = p+ q − 4.

□

Next we determine the double total coalition number of cycles. Before
presenting the next result, we need the following observation.

Observation 2. For n ≥ 3, γ×2,t(Cn) = n.

Theorem 4. For a cycle Cn of order n ≥ 3, DTC(Cn) = 2.

Proof. Assume that Θ is a dtc-partition of Cn. By Corollary 2, we have
DTC(Cn) ≥ 2 for any cycle Cn. Now we show that DTC(Cn) ̸= 3. Suppose,
to the contrary, that DTC(Cn) = 3. Let Θ = {A,B,C} be a DTC(Cn)-
partition. By Lemma 1, each set of Θ is in double total coalition with at most
one set of Θ. So, without loss of generality, assume that each of B and C
forms a double total coalition with A. Since by Observation 2, γ×2,t(Cn) = n,
it holds that |A|+|B| = n and |A|+|C| = n. Therefore, 2|A|+|B|+|C| = 2n.
On the other hand, we know that |A|+ |B|+ |C| = n. Then |A| = n, which
is a impossible as |A| < n. Hence, DTC(Cn) ̸= 3 and DTC(Cn) ≤ 2. Now,
we establish a maximum double total coalition partition of order 2 for Cn as
follows,

Θ(Cn) = {V1 = {v2i|1 ≤ 2i ≤ n}, V2 = {v2i+1|1 ≤ 2i+ 1 ≤ n}}.
Note that V1 and V2 form a double total coalition. This completes the

proof.
□

4 Conclusion

In this paper, we initiated a study of double total coalition in graphs. We
studied the existence of a double total coalition partition and established
some bounds for the double total coalition number. In addition, we deter-
mined this number for specific classes of graphs and characterized the graphs
G with large double total coalition number. Numerous problems for future
research remain within this topic. We state some of them here.

(1) Establish the upper and lower bounds for double total coalition
number.
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(2) Characterization graphs of order n whose double total coalition num-
ber is n− 2.

(3) Study the double total coalitions in regular graphs.
(4) Study the double total coalition of some product of two graphs.
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