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Abstract: We consider an (r|p)-centroid problem formulated as
a bilevel mathematical programming problem. In the problem,
two competing parties open, respectively, r and p facilities aiming
to attract customers' demand and maximize the market share.
An approach for computing upper bounds for the �rst player's
(Leader) objective function, is proposed based on generating additional
constraints (cuts) for the high-point relaxation of the bi-level problem.
New types of additional constraints are introduced, which take into
account the speci�c of the (r|p)-centroid problem. A procedure of
generating these constraints, is discussed, which allows to improve
sequentially the upper bound's quality.

Keywords: Competitive facility location, optimal solution, bi-
level programming, high-point relaxation, cut generation.

1 Introduction

An (r|p)-centroid problem [1] is a well-known hard discrete optimization
problem. To �nd its optimal solution, multiple heuristic and some exact
methods are developed. A review of results in this �eld one may �nd in
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works [2, 3]. The (r|p)-centroid problem can be regarded as a competitive
facility location problem [4�7]. In these models, two competing parties are
considered (Leader and Follower), which sequentially open their facilities
aiming to capture customers and get maximal pro�t from serving them. Such
models can be written in a form of discrete bi-level programming problem,
consisting of an upper-level problem (Leader's problem) and a lower-level one
(Follower's problem). The key di�erence between the (r|p)-centroid problem
and competitive facility location problems is a condition, which restricts the
growth of open facilities' number. In the (r|p)-centroid, this condition is
straightforwardly provided in a form of numbers of Leader's and Follower's
facilities, which must be equal to r and p, respectively. For competitive
facility location models, the number of open facilities is regulated by setting
�xed costs for opening a facility.

In the present work, we study a possibility to use an idea of cut generation
for computing upper bounds for the (r|p)-centroid's objective function. This
method was developed to solve competitive facility location problems [8] and
is based on a way to compute upper bounds for the bilevel problem's objective
function using its high-point relaxation (HPR) [9]. This relaxation is derived
from the initial bilevel problem by removing the lower-level objective function
from it. To improve this trivial upper bound, represented by the optimal
value of the HPR's objective function, a suggestion is to strengthen the
relaxation with additional constraints. These constraints must cut-o� the
relaxation's optimal solution and be satis�ed by bilevel feasible solutions
of the initial problem. For the competitive facility location problems, a
construction of such constraints (c-cuts) was based on comparison of �xed
cost of opening a facility and lower bound of income generated by it. In
a case of (r|p)-centroid, a new class of cuts (b-cuts) is proposed, which
are based on comparison of income's lower bound and average income of
Follower's facility in the current best-known feasible solution. Besides that,
a modi�cation is proposed for f-cuts, which are used along with c-cuts for
computing upper bounds in competitive facility location. An augmented f-
cut, being an f-cut coupled with weakened b-cuts, is proposed for the problem
under consideration to stimulate the lower-level variables to take non-zero
values.

The main contribution of the present work is a procedure of calculation
upper bounds for the (r|p)-centroid's objective function, which is based
on the additional constraints proposed. The procedure consists of identical
steps, where the strengthened relaxation's optimal solution is computed.
In the following, new additional constraints (b-cuts and augmented f-cuts),
cutting-o� the solution obtained, are built. Such procedure can be utilized
for computing an optimal solution of the bi-level problem either in a branch-
and-bound-like algorithm or in a cut-generation scheme.
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2 Problem formulation

We consider a formulation of the (r|p)-centroid problem in a form of bilevel
optimization problem similar to competitive facitlity location problems [8].
In the formulation, we use the following notation:
I is a set of potential facilities (locations);
J is a set of customers;
dj , j ∈ J is a value of income from serving the customer j;
xi, i ∈ I is a binary variable equal to one, if Leader opens their facility i,
and zero otherwise;
χij , i ∈ I, j ∈ J is a binary variable equal to one, if the customer j is served
by Leader's facility i, and zero otherwise;
zi, i ∈ I is a binary variable equal to one if Follower opens their facility i,
and zero otherwise;
ζij , i ∈ I, j ∈ J is a binary variable equal to one if the customer j is served
by Follower's facility i, and zero otherwise.

Given j ∈ J , a linear order ⪰j de�ned on the set I would be used in the
model to represent preferences of the customer j when choosing a facility to
be served by. A relation i1 ≻j i2 means that the customer j prefers the facility
i1 to the facility i2. For example, the linear order ⪰j could be determined by
the distances to the facilities, with the closer facility being considered better.
This corresponds to a scenario where each customer is served by the closest
open facility. The notation i1 ⪰j i2 means that either i1 ≻j i2 or i1 = i2.
In the model, it is assumed that a customer can be served by any party's
facility, which is more preferable for that customer than all the competitor's
ones.

Using the notation introduced, the (r|p)-centroid problem can be written
as follows:

max
(xi),(χij)

∑
j∈J

∑
i∈I

djχij , (1)

∑
i∈I

xi = r, (2)

xi ≥ χij , i ∈ I, j ∈ J, (3)

z0i +
∑

k|i⪰jk

χkj ≤ 1, i ∈ I, j ∈ J, (4)

xi, χij ∈ {0, 1}, i ∈ I, j ∈ J, (5)

where (z0i ), i ∈ I is a part of an optimal solution of the problem (7)�(12)
(6)

max
(zi),(ζij)

∑
j∈J

∑
i∈I

djζij (7)

xi + zi ≤ 1, i ∈ I, (8)∑
i∈I

zi = p, (9)
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zi ≥ ζij , i ∈ I, j ∈ J, (10)

xi +
∑

k|i⪰jk

ζkj ≤ 1, i ∈ I, j ∈ J, (11)

zi, ζij ∈ {0, 1}, i ∈ I, j ∈ J, (12)

Let us denote the upper-level problem (1)�(6) (Leader's one) as L, while the
problem (7)�(12) (Follower's one) as F . Whole the problem (1)�(12) would
be denoted as (L,F).

A pair (X,Z), where X = ((xi), (χij)), Z = ((zi), (ζij)), is called a feasible
solution of the problem (L,F), if, given Z, X is a feasible solution of the
problem L and, given X, Z is an optimal solution of the problem F . The
value of the Leader's objective function on a feasible solution (X,Z) would
be denoted by L(X,Z). Notice that, if (X,Z), where X = ((xi), (χij)), is a
feasible solution, when the values of the objective function of the problems
(L,F) and F are induced by the binary vector x = (xi). Since that, we
would say that the solution (X,Z) is induced by the vector x = (xi), and a
corresponding objective function's value would be denoted by L(x) as well.
Given binary vector x = (xi), if Z = ((zi), (ζij)) is a feasible solution of the
problem F then the value of the objective function of the problem F on this
solution would be denoted by F (x, Z).

3 Additional constraints for the problem (L,F)

As like as for competitive facility location problems, the basement of the
proposed way of computation upper bounds for the problem is a so-called
high-point relaxation (HPR). This problem is obtained from the initial bi-
level one, (L,F), by removing the objective function of the problem F .
Notice that, in the case of the problem (L,F), one could remove lower-
level assignment variables (ζij) as well. Thus, the HPR could be written as
follows:

max
(xi),(χij),(zi)

∑
j∈J

∑
i∈I

djχij ,∑
i∈I

xi = r,

xi ≥ χij , i ∈ I, j ∈ J,

zi +
∑

k|i⪰jk

χkj ≤ 1, i ∈ I, j ∈ J,

xi + zi ≤ 1, i ∈ I,∑
i∈I

zi = p,

xi, χij , zi ∈ {0, 1}, i ∈ I, j ∈ J,

An optimal solution of this problem's objective function provides a trivial
upper bound for the objective function of the problem (L,F). The idea
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of additional cuts' generation method is in supplementing the HPR with
additional constraints, which are satis�ed by feasible solutions of the initial
problem (L,F) and stimulate variables of the problem F to take values,
which are less desirable for the upper-level's objective function. The resulting
problem would still provide an upper bound for the objective for the problem
(L,F) and would further referred to as strengthened estimating problem
(SEP) for (L,F).

Our goal is to construct a �nite sequence of SEPs with monotonically
decreasing optimal values of the objective function. If an optimal solution of
the �nal SEP in this sequence is a feasible solution of the problem (L,F),
then the upper bound obtained is tight and the feasible solution is optimal.

3.1. b-cuts. Let us consider a family of additional constraints having the
following property. If (X∗, Z∗) is a currently best (record) feasible solution
of the problem (L,F) and an additional constraint is used to strengthen the
SEP, then the current SEP's optimal solution violates the constraint, but
any feasible solution (X0, Z0) of the problem (L,F) such that L(X0, Z0) >
L(X∗, Z∗), satis�es it.

The following notation is used in construction of the additional constraints.
Let x = (xi), i ∈ I, be a non-zero binary vector, J ′ be a non-empty subset
of J , and let k ∈ I, j ∈ J . Then we set
I1(x) = {i ∈ I|xi = 1};
I0(x) = {i ∈ I|xi = 0};
αj(x) is such element i ∈ I1(x), that i ⪰j k for any k ∈ I1(x);
Nj(x) = {i ∈ I|i ≻j αj(x)};
NJ ′(x) =

⋃
j∈J ′ Nj(x);

N̄j(x) = {i ∈ I|i ⪰j αj(x)};
N̄J ′(x) =

⋃
j∈J ′ N̄j(x).

Let the record solution (X∗, Z∗) be induced by vector x∗, and let (X ′, z′),

X ′ =
(
(x′i), (χ

′
ij)

)
, z′ = (z′i) be an optimal solution of the current SEP. Let

J0 = {j ∈ J |αj(x
′) ≻j αj(z

′)}.
To construct additional constraints suggested, along with vectors x∗ and

x′, we use an element k ∈ I0(x′ + z′). Consider the subset J0(k) = {j ∈
J0|k ≻j αj(x

′)}, and let the following inequality holds for it

∑
j∈J0(k)

dj ≥
1

p
F (x∗, Z∗). (13)

Let J ′ ⊆ J0(k) be a subset, for which a similar inequality holds

∑
j∈J ′

dj ≥
1

p
F (x∗, Z∗). (14)
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Then, the following constraint∑
j∈NJ′ (x′)

zi ≥ 1 +
∑
j∈J ′

max
k≻ji⪰jαj(x′)

(xi − 1)−
∑

i∈N̄J′ (k)

xi (15)

would be called a b-cut of the solution (X ′, z′), generated by the element k
and subset J ′.

From the form of inequality (15), its right-hand side equals to one on the
vector x′, while the left-hand side equals to zero on the vector z′. This results
in that the inequality is violated on the optimal solution of the current SEP.
Along with that, the constraint (15) possesses the key property of additional
constrains and does not cut-o� feasible solutions of the problem (L,F), which
are better than the record one.

Let (X,Z), X = ((xi), (χij)), Z = ((zi), (ζij)) be a feasible solution of the
problem (L,F), and it is induced by vector x = (xi), i ∈ I. For any i ∈ I1(z),
let Di = {j ∈ J |ζij = 1}. Then, we get F (x, Z) =

∑
i∈I1(z)

∑
j∈Di

dj .

Statement 1. Let (X∗, Z∗) be a record solution of the problem (L,F), which
is induced by vector x∗, and let (X,Z), X = ((xi), (χij)), Z = ((zi), (ζij))
be a feasible solution of the problem (L,F), induced by vector x, such that
L(x) > L(x∗). Then the inequality (15) is satis�ed by the solution (X,Z).

Proof. Let binary vector x = (xi) be such that, for some j ∈ J ′, we have
xi = 0 for all i such that k ≻j i ⪰j αj(x), or xi = 1 for some i ⪰j k. Then
the constraint (15) is satis�ed since its right-hand side is non-positive.

Let, for any j ∈ J ′, we have, �rstly, xi = 1 for some i ∈ I satisfying
k ≻j i ⪰j αj(x

′), and, secondly, xi = 0 for any i ∈ I satisfying i ⪰j k.
Then, the right-hand side of the inequality (15) equals to one. Assume that
the inequality is violated. Then, zi = 0 for all i ∈ NJ ′(x′) and, in particular,
zk = 0.

For non-zero components of the vector z = (zi), consider values
∑

j∈Di
dj ,

and choose an index i0 for which this value is the smallest. Notice that, since
for the solution (X,Z) under consideration, it holds L(x) > L(x∗), then
F (x, Z) < F (x∗, Z∗). Then, considering the inequality (14), we get∑

j∈J ′

dj ≥ 1

p
F (x∗, Z∗) >

1

p
F (x, Z) =

1

p

∑
i|zi=1

∑
j∈Di

dj ≥
∑

j∈Di0

dj .

Thus, for the solution (X,Z), among non-zero components of the vector
z = (zi), there exists one with the index i0 such that

∑
j∈J ′ dj >

∑
j∈Di0

dj .

Then, for the given vector x = (xi), let us consider a feasible solution

Z0 =
(
(z0i ), (ζ

0
ij)

)
of the problem F , which di�ers from the solution Z =

((zi), (ζij)) in that z0i0 = 0 and z0k = 1. Notice that, for any j ∈ J ′, we have
xi = 0 for i ≻j k, zi = 0 for i ⪰j αj(x

′), and xi = 1 for some i such that
k ≻j i ⪰j αj(x). Then, we can set ζ0kj = 1 for j ∈ J ′. Considering that, we
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Fig. 1. Visualization of a b-cut's structure.

get

F (x, Z0)− F (x, Z) ≥
∑
j∈J ′

dj −
∑

j∈Di0

dj > 0.

Consequently, Z = ((zi), (ζij)) is not an optimal solution of the problem
F , and an initial solution (X,Z) is not a feasible solution of the problem
(L,F). □

Notice that the constructed additional constraint (15) cuts-o� not only an
optimal solution of SEP, but also solutions from some subset of its variations,
which can be feasible solutions of the current or subsequent SEPs. The
number of these solutions, which can be cut-o�, depends on the subset
J ′, and, in particular, on the number of elements in the subset NJ ′(k).
Thus, when choosing the subset J ′, one should apply a procedure ensuring
the smallest number of elements in the NJ ′(k). Such procedure can be, for
example, consist in solving of auxiliary optimization problem �nding a subset
J ′ with the smallest NJ ′(k).

Figure 1 demonstrates the structure of b-cuts. In the example, randomly
generated points of the square represent places, where customers are located.
The same locations are suitable for opening facilities. Customers' preferences
are induced by Euclidean distances between the locations. The current solution
of SEP is shown by red squares (Leader's facilities x′) and green stars
(Follower's ones z′). The customers captured by the Follower are are shown
by small dark green circles. There are only three such customers, and the
rest are captured by the Leader.
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The element k generating the b-cut is shown by a blue diamond, and the
corresponding set J ′ is shown by small blue circles. Big red circles indicate
the locations i ∈ I such that k ≻j i ⪰j αj(x

′) for some j ∈ J ′. The small blue
circle j is connected by line segments with the corresponding big red circles.
The more connections we get, the more general a b-cut would be, since more
variations of the vector x′ would make the sum

∑
j∈J ′ maxk≻ji⪰jαj(x′)(xi−1)

from (15) equal to zero, what retains the cut active. Big gray circles together
with big red ones indicate the set NJ ′(x′), where Follower's facility must
appear to satisfy (15) if it is active due to the choice of x′.

One could see that the current x′ shown on the �gure activates the cut,
and the sum of zi over the set of locations shown by big circles must be
at least one. The location of Follower's facilities violates this demand, what
cuts-o� the present solution of SEP along with some of its variations.

3.2. Augmented f-cuts. In a case, when a b-cut cannot be found for an
optimal SEP's solution (X ′, Z ′), we would apply other additional constraints
proposed in [8] for the competitive facility location problem and called f-cuts.
To build that cut, one is to compute a feasible solution (X0, Z0) of (L,F). Let
the vector inducing this solution is denoted by x′. Then, one needs to write
constraints forcing variables zi, i ∈ I to take values z0i when the variables
xi, i ∈ I equal to x′i, i ∈ I. For (L,F), this constraints can be written as
follows:

p

 ∑
i∈I1(x′)

(1− xi) +
∑

i∈I0(x′)

xi

 ≥
∑

i∈I1(z0)

(1− z0i ). (16)

Let us refer it by an f-cut of the solution (X ′, Z ′) generated by (X0, Z0).
This inequality cuts-o� any SEP's solution (X, z), for which x = x′ and

z ̸= z0. Along with that, it is satis�ed by any solution (X, z) with x ̸= x′. For
this reason, on the following step after a generation of an f-cut, the optimal
solution of the SEP can be very similar to the previous solution, and then
proper b-cuts can be not found once again.

Consider augmented f-cuts by supplementing the inequality (16) with
weakened b-cuts, which do not cut-o� optimal solution (X ′, z′), but stimulate
variables (zi) to take non-zero values for broad set of variations of the vector
x′ = (x′i).

The process of weakened b-cut's construction for the f-cut of (X ′, z′)
generated by (X0, Z0) is analogous to a construction of a b-cut of (X ′, z′).
The di�erence is that, in the construction of the weakened b-cut, the vector
z′ = (z′i) equals to zero.

The initial information in the cut generation is the index k ∈ I0(x′). Let,
for the subset J(k) = {j ∈ J |k ≻j αj(x

′)}, the following inequality holds:∑
j∈J(k)

dj ≥
1

p
F (x∗, Z∗), (17)
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and let the inequality (14) holds for some subset J ′ ⊆ J(k). Then, the
constraint (15) would be called weakened b-cut generated by the index k and
subset J ′ for the f-cut of (X ′, z′) generated by (X0, Z0).

Statement 2. Let (X ′, z′) be optimal solution of SEP, and (X0, Z0) is a
feasible solution of (L,F) induced by vector x′ = (x′i). Then, the set of indices
k ∈ I1(z0), for which the inequality (17) holds, is non-empty.

Proof. First of all, let us notice that L(x0) ≤ L(x∗), since, if the feasible
solution (X0, Z0), which was used to generate the f-cut, is better than the
record (X∗, Z∗), then (X0, Z0) must replace it and become record. Then,
F (x′, Z0) ≥ F (x∗, Z∗).

For the solution Z0 of F , let us consider subsets Dk, k ∈ I1(z0), and,
among the indices k ∈ I1(z0), choose an index k0, for which the value∑

j∈Dk
dj is the greatest. Then, it holds∑

j∈J(k0)

dj ≥
∑

j∈Dk0

dj ≥
1

p

∑
k∈I1(z0)

∑
j∈Dk

dj =
1

p
F (x′, Z0) ≥ 1

p
F (x∗, Z∗).

Thus, we conclude that an f-cut along with weakened b-cuts not only cut-o�
the optimal SEP's solution (X ′, z′), but also stimulate variables (zi), a�ecting
the SEP's objective function's value, to take non-zero values. □

4 Overall cut generation scheme

The cut generation procedure computing upper bounds for the objective
function of the problem (L,F), as earlier mentioned, is an iterative process
composed of an initial step and some number of identical common steps.
On the initial step, we de�ne a record solution (X∗, Z∗) of the problem

(L,F) and construct initial SEP for (L,F). For this, using heuristic procedure,
we select some binary vector x0 = (x0i ) and calculate a feasible solution
(X0, Z0) induced by x0. We set X∗ = X0, Z∗ = Z0 and supplement the HPR
of the problem (L,F) with f-cut, induced by (X0, Z0). Further, considering
L(X0, Z0) ≤ L(X∗, Z∗), we build a weakened b-cuts for this f-cut. This is
done by enumerating indices k ∈ I0(x0) and checking the condition (17) for
the subset J(k). If the condition is satis�ed, then we select a subset J ′ ⊆ J(k)
for which (14) is valid. After it, a constraint (15), represented in a form of
linear inequalities, is added to the current SEP. When the indices k ∈ I are
enumerated, the initial SEP's construction is �nished, and the common steps
begin.
On each common step, we have SEP obtained on the previous step

and calculate its optimal solution (X ′, z′). In result, we get an improved
upper bound UB(X ′, z′) equal to the SEP's objective function's value on the
solution (X ′, z′). If UB(X ′, z′) = L(x∗) or a termination criteria is met, then
the procedure terminates. Otherwise, a generation of b-cuts of the solution
(X ′, z′) begins. For this, indices k ∈ I0(x′+ z′) are enumerated. Given index
k, we construct a subset J0(k) and check if the inequality (13) is satis�ed.
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In a positive case, a subset J ′ ⊆ J0(k), for which the inequality (14) holds,
is selected aiming to minimize the size of NJ ′(k). Then, we add a constraint
(15), formulated in term of linear inequalities, to the SEP and move to the
next common step. If we failed to �nd k ∈ I0(x′ + z′) generating a b-cut of
(X ′, z′), then an f-cut of (X ′, z′) is generated. For this purpose, we compute
a feasible solution (X0, Z0) of (L,F) induced by x′ = (x′i). The constraint
(16) is added into SEP and, if L(X0, Z0) > L(X∗, Z∗), we set X∗ = X0,
Z∗ = Z0. Further, considering L(X0, Z0) ≤ L(X∗, Z∗), we build weakened
b-cuts for the f-cut generated by (X0, Z0), introduce the constraints obtained
into the SEP, and the next common step begins.

5 Conclusion

In the present work, we propose an approach to compute upper bounds
for the (r|p)-centroid problem's objective function. The basement of the
proposed procedure is formed by the idea, which was used for computing
upper bounds for competitive facility location problems. The idea consists in
strengthening the high-point relaxation of the initial bi-level problem using
additional constraints. While local properties of the lower-level problem's
optimal solution are used for constructing additional constraints, for the
(r|p)-centroid, the optimal solution as a whole is compared with those one
from the current record solution of the bi-level problem. This approach, when
getting further development, could be used for competitive facility location
problems having knapsack-like resource constraints within.

The nearest goal of the further research is to develop algorithms for
�nding optimal solutions of the (r|p)-centroid problem, using the proposed
upper bound computing procedure. Preliminary numerical experiments show
that the new b-cuts successfully cut-o� the optimal solution of the high-
point relaxation and increase the convergence of the lower-bound in a cut
generation procedure. At the same time, the overall performance of the
procedure and its �nal design need further improvement before detailed
discussion. Considering that similar algorithms proposed for competitive
facility location problems have demonstrated satisfactory results in many
computational experiments, one could hope on similar achievements with
respect to the (r|p)-centroid problem.
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