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ÂÛ×ÈÑËÅÍÈÅ ÔÈÍÀËÜÍÛÕ ÂÅÐÎßÒÍÎÑÒÅÉ
ÄËß ÏÐÎÖÅÑÑÎÂ ÐÎÆÄÅÍÈß È ÃÈÁÅËÈ

À.À. Ìàñòèõèíà, À.Â. Ìàñòèõèí

Ïðåäñòàâëåíî

Abstract: For the birth and death process with two absorbing
states and one initial state, the problem of �nal probabilities is
considered, generalizing the problem of random walk on a segment.
The �nal probabilities are obtained by methods of discrete mathematics.
Namely, the process is represented as an oriented graph marked by
the probabilities of transitions between states (nondeterministic
automaton). For this automaton, regular expressions are found
that determine the entry of formulas for the probabilities of transitions,
including those to absorbing states. Then, the expressions for the
�nal probabilities are reduced to �nite continued fractions or their
combinations and summed up using Euler fractions. As a result,
an analytical representation is obtained for the generating function
of the �nal probabilities.

Keywords: birth and death process, Markov process, regular expressions,
nondeterministic automata, Euler fractions.

1 Ââåäåíèå

Îäíîé èç àêòóàëüíûõ ïðîáëåì òåîðèè ñëó÷àéíûõ ïðîöåññîâ ÿâëÿåò-
ñÿ çàäà÷à ðàçâèòèÿ àíàëèòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ ìàðêîâñêèõ

Mastikhina A.A., Mastihin A.V., Calculation of final probabilities.
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ïðîöåññîâ ñ êîíå÷íûì èëè ñ÷¼òíûì ìíîæåñòâîì ñîñòîÿíèé è íåïðåðûâ-
íûì èëè äèñêðåòíûì âðåìåíåì. Ðàáîòà ïîñâÿùåíà ðàññìîòðåíèþ êëàñ-
ñè÷åñêîãî ìàðêîâñêîãî ïðîöåññà ðîæäåíèÿ è ãèáåëè ñ óñëîâèÿìè íà ãðà-
íèöàõ ìíîæåñòâà ñîñòîÿíèé. Äëÿ ïðîöåññà ðîæäåíèÿ è ãèáåëè ñ äâóìÿ
ïîãëîùàþùèìè ñîñòîÿíèÿìè è îäíèì íà÷àëüíûì ðàññìîòðåíà çàäà÷à î
ôèíàëüíûõ âåðîÿòíîñòÿõ, îáîáùàþùàÿ çàäà÷ó î ñëó÷àéíîì áëóæäàíèè
íà êîíå÷íîì äèñêðåòíîì ìíîæåñòâå ñ ïîñòîÿííûìè, íå çàâèñÿùèìè îò
ñîñòîÿíèÿ, âåðîÿòíîñòÿìè ïåðåõîäà è äâóìÿ ïîãëîùàþùèìè ýêðàíàìè.
Ôèíàëüíûå âåðîÿòíîñòè ïîëó÷åíû ìåòîäàìè äèñêðåòíîé ìàòåìàòèêè. À
èìåííî, ïðîöåññ ïðåäñòàâëÿåòñÿ â âèäå îðãðàôà, ðàçìå÷åííîãî ïî âåðî-
ÿòíîñòÿì ïåðåõîäîâ ìåæäó ñîñòîÿíèÿìè (íåäåòåðìèíèðîâàííîãî àâòî-
ìàòà). Äëÿ äàííîãî àâòîìàòà íàõîäÿòñÿ ðåãóëÿðíûå âûðàæåíèÿ, îïðå-
äåëÿþùèå çàïèñü ôîðìóë âåðîÿòíîñòåé ïåðåõîäîâ, â òîì ÷èñëå â ïîãëî-
ùàþùèå ñîñòîÿíèÿ.

2 Îïðåäåëåíèå ïðîöåññà

Íà ìíîæåñòâå ñîñòîÿíèé i ∈ {0, 1, 2, . . . n + 1 }, n ∈ N, îïðåäåëèì îä-
íîðîäíûé âî âðåìåíè ìàðêîâñêèé ïðîöåññ ξ(t), t ∈ [0,∞), ñ ïåðåõîäíûìè
âåðîÿòíîñòÿìè

P i
j (t) = P{ξ(t) = j | ξ(0) = i}.

Ïóñòü ïåðåõîäíûå âåðîÿòíîñòè èìåþò âèä ∆t → 0+:

P i
i−1(∆t) = qi∆t+ o(∆t), 0 < i < n,

P i
i+1(∆t) = pi∆t+ o(∆t), 0 < i < n+ 1,

ãäå pi + qi = 1, i = 1, 2, . . . , n.
Ïðîöåññ íîñèò íàçâàíèå ïðîöåññà ðîæäåíèÿ è ãèáåëè ñ ïîãëîùàþùè-

ìè ñîñòîÿíèÿìè 0 è n+ 1 è ïåðåìåííûìè âåðîÿòíîñòÿìè ïåðåõîäà. Äëÿ
ïðîöåññà ξ(t) îïðåäåëÿþòñÿ ôèíàëüíûå âåðîÿòíîñòè äëÿ ïîãëîùàþùèõ
ñîñòîÿíèé 0 è n+ 1, qi0 è qin+1, qi0 + qin+1 = 1, i=1,2,. . . n

qi0 = lim
t→∞

P i
0(t), qin+1 = lim

t→∞
P i
n+1(t) .

Îïðåäåë¼ííîìó âûøå ïðîöåññó ξ(t) ñ íåïðåðûâíûì âðåìåíåì ñîîòâåò-
ñòâóåò ïðîöåññ ñ äèñêðåòíûì âðåìåíåì è ôèíàëüíûìè âåðîÿòíîñòÿìè
ïåðåõîäîâ ìåæäó ñîñòîÿíèÿìè {0, 1, 2, . . . n+ 1 }, n ∈ N, è äâóìÿ ïîãëî-
ùàþùèìè ñîñòîÿíèÿìè 0 è n + 1, ýêðàíàìè. Ðàññìîòðèì ãðàô äàííîãî
ïðîöåññà.
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Çàäà÷à âû÷èñëåíèÿ ôèíàëüíûõ âåðîÿòíîñòåé ñâîäèòñÿ ê çàäà÷å î íà-
õîæäåíèè ðåãóëÿðíûõ âûðàæåíèé (ðåãóëÿðíûõ ÿçûêîâ) â èñòî÷íèêå (íåäå-
òåðìèíèðîâàííîì êîíå÷íîì àâòîìàòå [1]), çàäàâàåìîì äàííûì ãðàôîì.
Èñêîìûå ôèíàëüíûå âåðîÿòíîñòè qi0, qin+1 ñóòü çíà÷åíèÿ, âû÷èñëÿåìûå
ïî ñîîòâåòñòâóþùèì ðåãóëÿðíûì âûðàæåíèÿì xi0, xin+1.

3 Ñâåäåíèå ê âû÷èñëåíèþ ðåãóëÿðíîãî âûðàæåíèÿ

Ââåä¼ì ìàòðèöó A äëÿ èñòî÷íèêà, àíàëîãè÷íóþ ìàòðèöå âåñîâ äëÿ
ãðàôà, îíà ñîñòîèò èç ñëîâ aij íà îäíîð¼áåðíûõ ïóòÿõ èç i â j. Îáîçíà-
÷èì ÷åðåç X ìàòðèöó, ñîñòîÿùóþ èç ñëîâ, íàïèñàííûõ íà âñåõ ìàðøðó-
òàõ èç i â j. Â èäåìïîòåíòíîé ïîëóàëãåáðå ðåãóëÿðíûõ âûðàæåíèé ïîä
ñóììîé ïîíèìàåòñÿ îáüåäèíåíèå, ïîä óìíîæåíèåì êîíêàòåíàöèÿ, íîëü
âûïîëíÿåò ðîëü ïóñòîãî ìíîæåñòâà, λ� ïóñòîãî ñëîâà. Òîãäà âåðíî ðà-
âåíñòâî X = XA + E, ãäå E åäèíè÷íàÿ ìàòðèöà ñ λ íà äèàãîíàëè [2].
Åñëè òðåáóåòñÿ íàéòè êîíêðåòíûé ýëåìåíò xkj ìàòðèöû X, ãäå k è j
íà÷àëüíàÿ è êîíå÷íàÿ âåðøèíû ñîîòâåòñòâåííî, òî ìîæíî ðàññìîòðåòü
òîëüêî k ñòðîêó ìàòðèöû, ñîäåðæàùóþ ýòîò ýëåìåíò. Òàêèì îáðàçîì ïî-
ëó÷àåòñÿ ñèñòåìà èç n óðàâíåíèé ñ n íåèçâåñòíûìè. Ìàòðèöà ñèñòåìû
èìååò âèä 

0 0 0 0 . . . 0 0
q1 0 p1 0 . . . 0 0
0 q2 0 p2 . . . 0 0
0 0 q3 0 . . . 0 0

. . .

0 0 0 0 . . . pn−1 0
0 0 0 0 . . . 0 pn
0 0 0 0 . . . 0 0


Íàïîìíèì ñëåäóþùåå [1]

Îïðåäåëåíèå 1. Äëÿ ðåãóëÿðíîãî âûðàæåíèÿ a áóäåì íàçûâàòü åãî
èíâåðñèåé a∗ ðåãóëÿðíîå âûðàæåíèå a∗ = λ+ a+ a2 + a3 + . . . .

Ïðè ðåøåíèè ñèñòåìû áóäåò ïðèìåíÿòüñÿ ëåììà

Ëåììà 1. [2] Ïóñòü a, b � ðåãóëÿðíûå âûðàæåíèÿ, ïðè÷¼ì λ /∈ a.Òîãäà
äëÿ ðåãóëÿðíîãî âûðàæåíèÿ c, òàêîãî, ÷òî c = a+ bc, âåðíî c = b∗a.

Äëÿ óïðîùåíèÿ âû÷èñëåíèé ââåä¼ì ñëåäóþùèå îáîçíà÷åíèÿ

Îïðåäåëåíèå 2. Ïðÿìûìè ÷àñòè÷íûìè äðîáÿìè íàçîâ¼ì âûðàæåíèÿ
âèäà

v0 = 0, v1 = pn−1qn, v2 = pn−2v
∗
1qn−1, . . . ,

vi = pn−iv
∗
i−1qn−i+1, . . . , vn−1 = p1v

∗
n−2q2.

Îáðàòíûìè ÷àñòè÷íûìè äðîáÿìè íàçîâ¼ì âûðàæåíèÿ âèäà

u0 = 0, u1 = q2p1, u2 = q3u
∗
1p2, . . . ,
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ui = qi+1u
∗
i−1pi, . . . , un−1 = qnu

∗
n−2pn−1.

Òåîðåìà 1. Ðåãóëÿðíûå âûðàæåíèÿ èìåþò âèä:

x10 = v∗n−1q1,

x1n+1 = v∗n−1p1v
∗
n−2p2 . . . v

∗
1pn−1pn,

xnn+1 = u∗n−1pn,

xn0 = u∗n−1qnu
∗
n−2qn−1 . . . u

∗
1q2q1,

xi0 = (ui−1 + vn−i)
∗qiu

∗
i−2 . . . u

∗
1q2q1,

xin+1 = (ui−1 + vn−i)
∗piv

∗
n−i−1 . . . v

∗
1pn−1pn.

Äîêàçàòåëüñòâî. Âûïèøåì ñèñòåìó äëÿ ñòðîêè íåèçâåñòíûõ
(x10, x11, x12, . . . , x1n, x1n+1)

x10 = x11q1;

x11 = x12q2 + λ;

x12 = x11p1 + x13q3;

. . .

x1i−1 = x1i−2pi−2 + x1iqi;

x1i = x1i−1pi−1 + x1i+1qi+1;

. . .

x1n−2 = x1n−3pn−3 + x1n−1qn−1;

x1n−1 = x1n−2pn−2 + x1nqn;

x1n = x1n−1pn−1;

x1n+1 = x1npn.

Äëÿ å¼ ðåøåíèÿ, íà÷èíàÿ ñ ïðåäïîñëåäíåãî óðàâíåíèÿ, ïîäñòàâëÿåì x1n
â ïðåäûäóùåå è ïðèìåíÿåì ëåììó. Ïîëó÷èì

x1n−1 = x1n−2pn−2(qnpn−1)
∗;

x1n−2 = x1n−3pn−3(qn−1(qnpn−1)
∗pn−2)

∗;

. . .

x12 = x11p1(p2(p3 . . . (pn−1qn)
∗ . . . q4)

∗q3)
∗;

x11 = x11p1(p2(p3 . . . (pn−1qn)
∗ . . . q4)

∗q3)
∗q2 + λ;

x10 = (p1(p2(p3 . . . (pn−1qn)
∗ . . . q4)

∗q3)
∗q2)

∗q1.

Çàïèøåì ðåçóëüòàò, èñïîëüçóÿ ïðÿìóþ äðîáü: x10 = v∗n−1q1.
Äëÿ ñòðîêè(xn0, xn1, xn2, . . . , xnn, xnn+1), çàïèñàâ ñèñòåìó è ïîäñòàâ-

ëÿÿ xn1 èç âòîðîãî óðàâíåíèÿ â ïîñëåäóþùèå, àíàëîãè÷íî ïîëó÷èì ðå-
ãóëÿðíîå âûðàæåíèå xnn+1 = u∗n−1pn.
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Âûïèøåì ñèñòåìó äëÿ ñòðîêè íåèçâåñòíûõ
(xi0, xi1, xi2, . . . , xin, xin+1)

xi0 = xi1q1;

xi1 = xi2q2;

xi2 = xi1p1 + xi3q3;

. . .

xii−1 = xii−2pi−2 + xiiqi;

xii = xii−1pi−1 + xii+1qi+1 + λ;

. . .

xin−2 = xin−3pn−3 + xin−1qn−1;

xin−1 = xin−2pn−2 + xinqn;

xin = xin−1pn−1;

xin+1 = xinpn.

Ïîäñòàâëÿåì ñâåðõó è ñíèçó, xi2 èç âòîðîãî óðàâíåíèÿ ïîäñòàâëÿåì
â òðåòüå, à òàêæå xin èç ïðåäïîñëåäíåãî â ïðåäûäóùåå, è òàê äàëåå.
Ïîëó÷èì â (i − 1)− óðàâíåíèè: xii−1 = xiiqiu

∗
i−2, â (i + 1)− óðàâíåíèè:

xii+1 = xiipiv
∗
n−i−1. Ïîäñòàâèâ â i− óðàâíåíèå ïîëó÷èì:

xii = xiiqiu
∗
i−2 + xiipiv

∗
n−i−1 + λ,

îòêóäà, ïîñëå ïðèìåíåíèÿ ëåììû, xii = (ui−1 + vn−i)
∗. Ïîñëåäîâàòåëüíî

ïîäñòàâëÿÿ ïîëó÷àåì óòâåðæäåíèå òåîðåìû. □

Ïîëó÷åííûå âûðàæåíèÿ äàþò ìèíèìàëüíûå ðåøåíèÿ ëèíåéíûõ ñè-
ñòåì óðàâíåíèé â èäåìïîòåíòíîé ïîëóàëãåáðå ðåãóëÿðíûõ ÿçûêîâ. Äëÿ
ïåðåõîäà ê âû÷èñëåíèþ ñîîòâåòñòâóþùèõ âåðîÿòíîñòåé ïîòðåáóåòñÿ îá-
ðàùåíèå ê êîíå÷íûì öåïíûì äðîáÿì. Ðàññìîòðèì íåêîòîðûå èõ ñâîé-
ñòâà.

4 Ïðÿìûå è îáðàòíûå ÷àñòè÷íûå äðîáè. Ñâÿçü ñ
öåïíûìè äðîáÿìè Ýéëåðà

Ïåðåéä¼ì ê ÷èñëîâûì âûðàæåíèÿì â ïîëó÷åííûõ ôîðìóëàõ. Ïîëî-
æèì λ = 1. Òîãäà èòåðàöèÿ çàïèñûâàåòñÿ êàê ôîðìàëüíûé ñòåïåííîé
ðÿä [3] a∗ = 1+ a+ a2 + a3 + . . . ñ îáðàòíûì 1− a. È ôîðìàëüíî ìîæíî
çàïèñàòü âûðàæåíèå v2 = qn−1v

∗
1pn−2 êàê äðîáü

v2 =
qn−1pn−2

1− v1
=

qn−1pn−2

1− qnpn−1
,

è, äàëåå,

v3 = qn−2v
∗
2pn−3 =

qn−2pn−3

1− v2
=

qn−2pn−3

1−
qn−1pn−2

1− qnpn−1

=
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=
qn−2pn−3

1
_
qn−1pn−2

1
_
qnpn−1

1
,

vn−1 =
q2p1
1

_
q3p2
1

_ . . ._
qnpn−1

1
.

Àíàëîãè÷íî,

un−1 =
qnpn−1

1
_
qn−1pn−2

1
_ . . ._

q2p1
1

.

Îòñþäà ïîëó÷àåì çàïèñü äâóõ ôèíàëüíûõ âåðîÿòíîñòåé â âèäå êîíå÷íûõ
öåïíûõ äðîáåé

x10 = q1v
∗
n−1 =

q1
1
_
q2p1
1

_
q3p2
1

. . ._
qnpn−1

1

xnn+1 = pnu
∗
n−1 =

qn
1
_
qnpn−1

1
_
qn−1pn−2

1
_ . . ._

q2p1
1

.

Òàêèì îáðàçîì, âñå ïîëó÷åííûå ðàíåå âûðàæåíèÿ äëÿ ôèíàëüíûõ âå-
ðîÿòíîñòåé ñâîäÿòñÿ ê êîíå÷íûì öåïíûì äðîáÿì èëè èõ êîìáèíàöèÿì.
Òàê êàê pi + qi = 1, i = 1, 2, . . . , n, òî äðîáè ëåãêî ñóììèðóþòñÿ, ïî-
ñêîëüêó ñâîäÿòñÿ ê äðîáÿì Ýéëåðà [4]

ρ0 +
ρ1
1
_

ρ2
1 + ρ2

_
ρ3

1 + ρ3
_. . ._

ρn
1 + ρn

= ρ0 +
n∑

k=1

ρ1ρ2 . . . ρk.

Ïðåäëîæåíèå 1. Äëÿ ïðÿìûõ è îáðàòíûõ ÷àñòè÷íûõ äðîáåé ñïðàâåä-
ëèâû ðàâåíñòâà

vi = pn−i

n∑
k=n+1−i

k∏
l=n+1−i

ql/pl

1 +
n∑

k=n+1−i

k∏
l=n+1−i

ql/pl

, i = 1, 2, . . . , n− 1;

ui = qi+1

n∑
k=n+1−i

k∏
l=n+1−i

pn+1−l/qn+1−l

1 +
n∑

k=n+1−i

k∏
l=n+1−i

pn+1−l/qn+1−l

, i = 1, 2, . . . , n− 1.

Äîêàçàòåëüñòâî. Äëÿ ôèêñèðîâàííîãî i îáîçíà÷èì ÷åðåçK = qn−i+1v
∗
i−1,

òîãäà vi = pn−iK è ïîëó÷àåì

K =
qn−i+1

1
_
qn−i+2pn−i+1

1
_ . . ._

qnpn−1

1
=

=
qn−i+1

pn−i+1 + qn−i+1
_

qn−i+2pn−i+1

pn−i+2 + qn−i+2
_ . . ._

qnpn−1

pn + qn
=

=
qn−i+1/pn−i+1

1 + qn−i+1/pn−i+1
_

qn−i+2/pn−i+2

1 + qn−i+3/pn−i+2
_ . . ._

qn/pn
1 + qn/pn

,
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ïðîâîäÿ ýêâèâàëåíòíûå ïðåîáðàçîâàíèÿ öåïíîé äðîáè [4]. K ñîñòàâëÿåò
÷àñòü ÷àñòè÷íîé ñóììû äðîáè Ýéëåðà

S =
qn−i/pn−i

1
_

qn−i+1/pn−i+1

1 + qn−i+1/pn−i+1
_

qn−i+2/pn−i+2

1 + qn−i+3/pn−i+2
_ . . ._

qn/pn
1 + qn/pn

=

qn−i/pn−i

1
_
K

1
=

qn−i/pn−i

1−K
.

Òîãäà

vi = pn−i

(
1− qn−i

pn−iS

)
=

= pn−i

(
1− 1

pn−i

qn−i

(
qn−i

pn−i
+ qn−i

pn−i

qn−i+1

pn−i+1
+ · · ·+ qn−i

pn−i

qn−i+1

pn−i+1
. . . qnpn

)),
îòêóäà ñëåäóåò óòâåðæäåíèå ïðåäëîæåíèÿ. Äëÿ ui ïðîâîäÿòñÿ àíàëîãè÷-
íûå âû÷èñëåíèÿ. □

5 Âåðîÿòíîñòíîå ñâîéñòâî

Òåïåðü, ïîäñòàâèâ çíà÷åíèÿ ÷àñòè÷íûõ ñóìì â íàéäåííûå âûðàæå-
íèÿ, ìîæíî çàïèñàòü ôîðìóëû äëÿ ôèíàëüíûõ âåðîÿòíîñòåé ïåðåõîäà
â ïîãëîùàþùèå ñîñòîÿíèÿ. Îäíàêî, ñäåëàåì ýòî ïîçæå, ïðåäâàðèòåëüíî
âûÿñíèâ èõ âåðîÿòíîñòíûå ñâîéñòâà, ïîëåçíûå äëÿ óïðîùåíèÿ ôîðìóë.
Âûðàæåíèÿ òåïåðü ñ÷èòàåì êîììóòàòèâíûìè.

Ïðåäëîæåíèå 2. Äëÿ ôèíàëüíûõ âåðîÿòíîñòåé âåðíî ðàâåíñòâî:

q10 + q1n+1 = x10 + x1n+1 = 1.

Äîêàçàòåëüñòâî.

1− x10 = 1− q1v
∗
n−1 = 1− q1

1− vn−1
=

p1 − q2v
∗
n−2p1

1− vn−1
=

= v∗n−1p1(1− q2v
∗
n−2) = · · · = p1p2 . . . pnv

∗
1v

∗
2 . . . v

∗
n−1 = x1n+1.

□
Àíàëîãè÷íî äîêàçûâàåòñÿ

Ïðåäëîæåíèå 3. Äëÿ ôèíàëüíûõ âåðîÿòíîñòåé âåðíî ðàâåíñòâî:

qn0 + qnn+1 = xn0 + xnn+1 = 1.

Ñëåäñòâèå 1. Äëÿ ïðÿìûõ ÷àñòè÷íûõ äðîáåé âåðíî ðàâåíñòâî:

pnpn−1 . . . piv
∗
1v

∗
2 . . . v

∗
n−i = 1− qiv

∗
n−i.

Ñëåäñòâèå 2. Äëÿ îáðàòíûõ ÷àñòè÷íûõ äðîáåé âåðíî ðàâåíñòâî:

q1q2 . . . qiu
∗
1u

∗
2 . . . u

∗
i−1 = 1− piu

∗
i−1.

Ïðåäëîæåíèå 4. Äëÿ ôèíàëüíûõ âåðîÿòíîñòåé âåðíî ðàâåíñòâî:

qi0 + qin+1 = xi0 + xin+1 = 1, i = 1, 2, . . . n.
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Äîêàçàòåëüñòâî. Èç òåîðåìû 2 è ñëåäñòâèé 1 è 2 ïîëó÷àåì

q1q2 . . . qiu
∗
1u

∗
2 . . . u

∗
i−2 =

1− piu
∗
i−1

u∗i−1

=
1

u∗i−1

− pi,

pnpn−1 . . . piv
∗
1v

∗
2 . . . v

∗
n−i−1 =

1− qiv
∗
n−i

v∗n−i

=
1

v∗n−i

− qi,

ïîýòîìó

xi0 + xin+1 =
( 1

u∗i−1

− p+
1

v∗n−i

− qi

)
(ui−1 + vn−i)

∗ =

=
(
1− (ui−1 + vn−i)

)
(ui−1 + vn−i)

∗ =
1− (ui−1 + vn−i)

1− (ui−1 + vn−i)
= 1.

□

6 Ôîðìóëû äëÿ ôèíàëüíûõ âåðîÿòíîñòåé

Òåîðåìà 2. Äëÿ i > 1

qi0 =

qi + qi
n∑

k=i+1

k∏
l=1+i

ql/pl

1 + pi
n∑

k=n+2−i

k∏
l=n+2−i

pn+1−l/qn+1−l + qi
n∑

k=i+1

k∏
l=1+i

ql/pl

,

qin+1 =

pi + pi
n∑

k=n+2−i

k∏
l=n+2−i

pn+1−l/qn+1−l

1 + pi
n∑

k=n+2−i

k∏
l=n+2−i

pn+1−l/qn+1−l + qi
n∑

k=i+1

k∏
l=1+i

ql/pl

,

äëÿ i = 1

q10 =

n∑
k=1

k∏
l=1

ql/pl

1 +
n∑

k=1

k∏
l=1

ql/pl

, q1n+1 =
1

1 +
n∑

k=1

k∏
l=1

ql/pl

.

Äîêàçàòåëüñòâî. Èç äîêàçàòåëüñòâà ïðåäëîæåíèÿ 2 qi0 =
qi − ui−1

1− ui−1 − vn−1

è qin+1 =
pi − vn−1

1− ui−1 − vn−1
. Äàëåå ïðèìåíÿåòñÿ ïðåäëîæåíèå 1. □

Ñëåäñòâèå 3. Äëÿ ñëó÷àÿ pi = p, qi = q, p ̸= q ïîëó÷àåì, ñóììèðóÿ
ãåîìåòðè÷åñêèå ïðîãðåññèè,

q10 =

(
q/p
)i − (q/p)n+1

1−
(
q/p
)n+1 .
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Åñëè p = q, òî

qi0 = 1−
i

n+ 1
,

÷òî ñîîòâåòñòâóåò êëàññè÷åñêèì ôîðìóëàì [1].

Â çàêëþ÷åíèè îòìåòèì, ÷òî èçëîæåííûé ìåòîä óñïåøíî ïðèìåíÿåñÿ
è â áîëåå îáùåé çàäà÷å, ãäå â êàæäîì íåïîãëîùàþùåì ñîñòîÿíèè (òî
åñòü â êàæäîé âåðøèíå ãðàôà, êðîìå äâóõ êðàéíèõ) ïîìåùàåòñÿ ïîëó-
ïðîçðà÷íûé ýêðàí ñ èçìåíÿåìûì êîýôôèöèåíòîì ïðîçðà÷íîñòè.
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