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Ïðåäñòàâëåíî Â.Â. Ïðæèÿëêîâñêèì

Abstract: Denote by N3 the variety of nilpotent groups of class
at most 3, by M the quasivariety generated by the non-abelian
N3-free group F . Let R be an arbitrary quasivariety such that
F ∈ R. Suppose that there exits a torsion free nilpotent group G
of class 3, G ∈ R \M, having the representation relative to N3 in
which each de�ning relation is a product of basic commutators of
weight 3 on three di�erent variables or a commutator of the form
[xi, xj ] (the last de�ning relations may be missing). It is proved
that in this case the interval [M,R] in the lattice of quasivarieties
of groups is continual.

Keywords: lattice, quasivariety, nilpotent group.

1 Ââåäåíèå

Â ïðîöåññå ðàçâèòèÿ òåîðèè êâàçèìíîãîîáðàçèé äîñòàòî÷íî áûñòðî
ñòàëî èçâåñòíî, ÷òî ðåø¼òêè êâàçèìíîãîîáðàçèé èìåþò âåñüìà ñëîæíîå
ñòðîåíèå. Èíôîðìàöèþ î ñëîæíîñòè ðåø¼òîê êâàçèìíîãîîáðàçèé ãðóïï
ìîæíî íàéòè â [1]�[3].

Budkin, A.I., On the complexity of the lattice of quasivaries of nilpotent

groups of class 3.
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Ñâîéñòâà ðåø¼òîê êâàçèìíîãîîáðàçèé ÷àñòî ñâÿçàíî ñ íàëè÷èåì íåçà-
âèñèìûõ áàçèñîâ êâàçèòîæäåñòâ. Ñóùåñòâîâàíèå áåñêîíå÷íîãî íåçàâè-
ñèìîãî áàçèñà êâàçèòîæäåñòâ êâàçèìíîãîîáðàçèÿ îçíà÷àåò, ÷òî äàííîå
êâàçèìíîãîîáðàçèå èìååò áåñêîíå÷íîå ìíîæåñòâî ïîêðûòèé â ðåø¼òêå
êâàçèìíîãîîáðàçèé ([4], ïðåäëîæåíèå 6.3.1). Èç ([4], ïðåäëîæåíèå 6.3.1),
â ÷àñòíîñòè, ñëåäóåò, ÷òî åñëè M è N � êâàçèìíîãîîáðàçèÿ (M ⊂ N )
è äëÿ íåêîòîðîãî êîíå÷íî àêñèîìàòèçèðóåìîãî â N êâàçèìíîãîîáðàçèÿ
K (K ⊆ N ) ñïðàâåäëèâî ñëåäóþùåå: äëÿ ëþáîãî êâàçèìíîãîîáðàçèÿ R,
M ⊊ R ⊆ K, èíòåðâàë [M,R] â ðåø¼òêå êâàçèìíîãîîáðàçèé áåñêîíå-
÷åí, òî M â N íå èìååò áåñêîíå÷íîãî íåçàâèñèìîãî áàçèñà êâàçèòîæ-
äåñòâ. Î÷åíü ÷àñòî ïðè äîêàçàòåëüñòâå îòñóòñòâèÿ íåçàâèñèìîãî áàçè-
ñà êâàçèòîæäåñòâ êâàçèìíîãîîáðàçèÿ M ýòîò èíòåðâàë [M,R] îêàçûâà-
åòñÿ êîíòèíóàëüíûì. Íàïðèìåð, êîíòèíóàëüíûìè îêàçàëèñü èíòåðâàëû
âèäà [M,R] äëÿ ñëåäóþùèõ êâàçèìíîãîîáðàçèé M: M � êâàçèìíî-
ãîîáðàçèå, ïîðîæä¼ííîå íåàáåëåâîé ñâîáîäíîé 2-ñòóïåííî íèëüïîòåíò-
íîé ãðóïïîé ïðîñòîé ýêñïîíåíòû p (p ̸= 2) [5] (ñì., òàêæå [6], ñëåäñòâèå
4.3.13); M � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå íåàáåëåâîé ñâîáîäíîé
2-ñòóïåííî íèëüïîòåíòíîé ãðóïïîé [7] (ñì., òàêæå [6], ñëåäñòâèå 4.3.11);
M � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå íåàáåëåâîé ñâîáîäíîé 2-ñòóïåííî
íèëüïîòåíòíîé ãðóïïîé ýêñïîíåíòû pk ñ êîììóòàíòîì ýêñïîíåíòû p (p
� ïðîñòîå ÷èñëî, k ≥ 2) [8]. Èçó÷åíèå èíòåðâàëîâ [M,R] ïðîäîëæåíî â
[9] äëÿ êâàçèìíîãîîáðàçèé M, ïîðîæä¼ííûõ îòíîñèòåëüíî ñâîáîäíûìè
2-ñòóïåííî íèëüïîòåíòíûìè ãðóïïàìè ýêñïîíåíòû pk (p � ïðîñòîå ÷èñ-
ëî). Â [10] ïîëó÷åíà òåîðåìà, õàðàêòåðèçóþùàÿ ñëîæíîñòü ðåø¼òêè ïîä-
êâàçèìíîãîîáðàçèé êâàçèìíîãîîáðàçèÿ 2-ñòåïåííî íèëüïîòåíòíûõ ãðóïï
áåç êðó÷åíèÿ, à èìåííî óñòàíîâëåíî, ÷òî ñóùåñòâóåò áåñêîíå÷íîå ìíîæå-
ñòâî êâàçèìíîãîîáðàçèé M 2-ñòóïåííî íèëüïîòåíòíûõ ãðóïï áåç êðó÷å-
íèÿ, ïîðîæä¼ííûõ êîíå÷íî ïîðîæä¼ííîé ãðóïïîé, òàêèõ, ÷òî äëÿ ëþáî-
ãî êâàçèìíîãîîáðàçèÿ R 2-ñòóïåííî íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ
(M ⊊ R) èíòåðâàë [M,R] â ðåø¼òêå êâàçèìíîãîîáðàçèé êîíòèíóàëåí.
Â äàííîé ðàáîòå äîêàçûâàåòñÿ êîíòèíóàëüíîñòü èíòåðâàëà [M,R] â

ñëó÷àå, êîãäàM � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå íåàáåëåâîé ñâîáîä-
íîé 3-ñòóïåííî íèëüïîòåíòíîé ãðóïïîé, êâàçèìíîãîîáðàçèå R ñîäåæèò
3-ñòóïåííî íèëüïîòåíòíóþ ãðóïïó G (G ̸∈ M), èìåþùóþ â N3 ïðåäñòàâ-
ëåíèå, êàæäîå îïðåäåëÿþùåå ñîîòíîøåíèå êîòîðîãî ÿâëÿåòñÿ ïðîèçâå-
äåíèåì áàçèñíûõ êîììóòàòîðîâ âåñà 3 îò òð¼õ ðàçëè÷íûõ ïåðåìåííûõ
ëèáî êîììóòàòîðîì âèäà [xi, xj ] (ïîñëåäíèå ñîîòíîøåíèÿ ìîãóò îòñóò-
ñòâîâàòü).

2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â ðàáîòå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: Z � ìíîæåñòâî öå-
ëûõ ÷èñåë; [x, y] = x−1y−1xy = x−1xy, [x, y, z] = [[x, y], z]; Nc � ìíîãî-
îáðàçèå íèëüïîòåíòíûõ ãðóïï ñòóïåíè íå âûøå c; N3,∞ � êëàññ ãðóïï
áåç êðó÷åíèÿ èç N3; FX(N3) � ñâîáîäíàÿ â N3 ãðóïïà ñ ìíîæåñòâîì
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ñâîáîäíûõ ïîðîæäàþùèõ X; F2 = F2(N3) � ñâîáîäíàÿ â N3 ãðóï-
ïà ñî ñâîáîäíûìè ïîðîæäàþùèìè a, b; ⟨x, y, . . . ⟩ � ãðóïïà, ïîðîæä¼í-
íàÿ ýëåìåíòàìè x, y, . . . ; ⟨x⟩ � öèêëè÷åñêàÿ ãðóïïà, ïîðîæä¼ííàÿ x;
γ1(G) = G, γ2(G) = G′ = [G,G], γ3(G) = [γ2(G), G].
Åñëè H � ïîäãðóïïà ãðóïïû G, òî IsH = {g ∈ G | (∃n)(n ∈ Z & n ̸=

0 & gn ∈ H)} � èçîëÿòîð ïîäãðóïïû H â G.
qM � ýòî êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå êëàññîì ãðóïï M . Åñëè

M = {G}, òî âìåñòî q{G} ïèøåì qG.
Åñëè M,R � êâàçèìíîãîîáðàçèÿ è M ⊆ R, òî ÷åðåç [M,R] îáî-

çíà÷àåì èíòåðâàë â ðåø¼òêå êâàçèìíîãîîáðàçèé, ò.å. ýòî ìíîæåñòâî âñåõ
êâàçèìíîãîîáðàçèé K òàêèõ, ÷òî M ⊆ K ⊆ R.
Äëÿ âñÿêîãî êâàçèìíîãîîáðàçèÿ M îáîçíà÷èì ÷åðåç M(G) � íàè-

ìåíüøóþ íîðìàëüíóþ ïîäãðóïïó ãðóïïû G, ôàêòîð-ãðóïïà ïî êîòîðîé
ïðèíàäëåæèò M. Â ÷àñòíîñòè, ïðè êàæäîì ãîìîìîðôèçìå φ ãðóïïû G
â ëþáóþ ãðóïïó èç M èìååì: (M(G))φ = 1.
Ñòàíäàðòíûì îáðàçîì îïðåäåëÿåì âåñ w(a) êîììóòàòîðà, ñ÷èòàÿ, ÷òî
1) w(x) = 1, åñëè x � ïðåäìåòíàÿ ïåðåìåííàÿ,
2) w(a) = w(u) + w(v), åñëè a = [u, v].
[x3, x2, x2], [x3, x2, x3], [x3, x1, x1], [x3, x1, x2],
[x3, x1, x3], [x2, x1, x1], [x2, x1, x2], [x2, x1, x3]

� ýòî âñå áàçèñíûå êîììóòàòîðû âåñà 3 â ïåðåìåííûõ x1, x2, x3.
Ïðè íàïèñàíèè òîæäåñòâ êâàíòîðû âñåîáùíîñòè áóäåì îïóñêàòü.
Íàì ïîòðåáóþòñÿ ñëåäóþùèå èçâåñòíûå êîììóòàòîðíûå òîæäåñòâà

([11], òåîðåìà 33.33), èñòèííûå â êàæäîé íèëüïîòåíòíîé ãðóïïå ñòóïåíè
3:

[a, bc] = [a, c][a, b][a, b, c], (1)

[ab, c] = [a, c][a, c, b][b, c], (2)

[a, b, c][b, c, a][c, a, b] = 1. (3)

Ïîëåçíûìè îêàæóòñÿ ëåãêî äîêàçûâàåìûå ïî èíäóêöèè òîæäåñòâà,
èñòèííûå â íèëüïîòåíòíîé ãðóïïå ñòóïåíè 3:

ynx = xyn[y, x]n[y, x, y]
n(n−1)

2 , (4)

(xy)n = xnyn[y, x]
n(n−1)

2 [y, x, x]
n(n−1)(n−2)

6 [y, x, y]
n(n−1)(2n−1)

6 . (5)

Íàì ïîíàäîáèòñÿ òîæäåñòâî (4) â ñëåäóþùåì âèäå:

[x, y]n = [x, yn][y, x, y
n(n−1)

2 ]. (6)

Íàïîìíèì îïðåäåëåíèå ñâîáîäíîãî ïðîèçâåäåíèÿ ãðóïï â ìíîãîîáðà-
çèè N3. Ïðåäïîëîæèì, ÷òî ãðóïïû A è B èìåþò â N3 ïðåäñòàâëåíèÿ:

A = ⟨{xi | i ∈ I1}; {tj = 1 | j ∈ J1}⟩, B = ⟨{yi | i ∈ I2}; {rj = 1 | j ∈ J2}⟩.
Òîãäà ãðóïïà G, èìåþùàÿ â N3 ïðåäñòàâëåíèå

G = ⟨{xi | i ∈ I1} ∪ {yi | i ∈ I2}; {tj = 1 | j ∈ J1} ∪ {rj = 1 | j ∈ J2}⟩,
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îáîçíà÷àåòñÿ ÷åðåç G = A∗N3 B è íàçûâàåòñÿ ñâîáîäíûì ïðîèçâåäåíèåì
ãðóïï A è B â ìíîãîîáðàçèè N3. ×àñòî âìåñòî A ∗N3 B áóäåì ïèñàòü
G = A ∗ B, îïóñêàÿ èíäåêñ N3. Ïîäãðóïïû ãðóïïû G, ïîðîæä¼ííûå
ìíîæåñòâàìè ýëåìåíòîâ {xi | i ∈ I1} è {yi | i ∈ I2}, èçîìîðôíû ãðóïïàì
A è B. Èõ áóäåì îáîçíà÷àòü, ñîîòâåòñòâåííî, ÷åðåç A è B.
Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ òåîðåìà Äèêà ([12], c. 281, [13], c. 55).

Ëåììà 1. Ïóñòü ãðóïïà G èìååò â äàííîì êâàçèìíîãîîáðàçèè N ïðåä-
ñòàâëåíèå G = ⟨{xi | i ∈ I} ; {rj(xj1 , . . . , xjl(j)) = 1 | j ∈ J}⟩. Ïðåä-
ïîëîæèì, ÷òî H ∈ N è ãðóïïà H ñîäåðæèò ìíîæåñòâî ýëåìåíòîâ
{gi | i ∈ I} òàêîå, ÷òî äëÿ âñÿêîãî j ∈ J ðàâåíñòâî rj(gj1 , . . . , gjl(j)) = 1

èñòèííî â H. Òîãäà îòîáðàæåíèå xi → gi (i ∈ I) ïðîäîëæàåòñÿ äî
ãîìîìîðôèçìà G â H.

Áóäåì ïîëüçîâàòüñÿ (÷àñòíûé ñëó÷àé òåîðåìû 3 [14]) ïðèçíàêîì ïðè-
íàäëåæíîñòè êîíå÷íî îïðåäåë¼ííîé ãðóïïû G êâàçèìíîãîîáðàçèþ qR.

Ëåììà 2. Êîíå÷íî îïðåäåë¼ííàÿ â êâàçèìíîãîîáðàçèè M ãðóïïà G ïðè-
íàäëåæèò êâàçèìíîãîîáðàçèþ, ïîðîæä¼ííîìó êëàññîì ãðóïï R (R ⊆
M), òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ýëåìåíòà g ∈ G, g ̸= 1,
ñóùåñòâóåò ãîìîìîðôèçì φg ãðóïïû G â íåêîòîðóþ ãðóïïó èç êëàññà
R òàêîé, ÷òî gφg ̸= 1.

Áóäåì ññûëàòüñÿ íà ñëåäóþùóþ òåîðåìó 3 èç [15].

Òåîðåìà 1. Ïóñòü B = ⟨b1, . . . , bn, A⟩ � êîíå÷íî ïîðîæä¼ííàÿ

3-ñòóïåííî íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ è bkii ∈ B′ äëÿ íåêîòî-
ðîãî íåíóëåâîãî ki (i = 1, . . . , n). Åñëè A ∈ qF2, òî B ∈ qF2.

Òåîðåìà 2. Ïóñòü M � êâàçèìíîãîîáðàçèå, M ⊆ N3,∞, F2(N3) ∈ M.
Ïðåäïîëîæèì, ÷òî ãðóïïû G1 è G2 èìåþò â N3 ïðåäñòàâëåíèÿ

G1 = ⟨x1, x2, . . . ; Σ1⟩, G2 = ⟨y1, y2, . . . ; Σ2⟩,

îïðåäåëÿþùèå ñîîòíîøåíèÿ â êîòîðûõ � ïðîèçâåäåíèÿ êîììóòàòîðîâ
âåñà 3 îò òð¼õ ïåðåìåííûõ ëèáî êîììóòàòîðû âèäîâ [xi, xj ], [yi, yj ].
Ïóñòü N � íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G1 ∗G2, ïîðîæä¼ííàÿ íåêî-
òîðûìè êîììóòàòîðàìè [xi, yj ] (âîçìîæíî åäèíè÷íàÿ). Åñëè G1, G2 ∈
M, òî G = (G1 ∗G2)/N ∈ M.

Ýòà òåîðåìà äëÿ ñëó÷àÿ M = qF2(N3) äîêàçàíà â [15] (òåîðåìà 4).
Äîêàçàòåëüñòâî òåîðåìû 2 â ïðèâåä¼ííîé ôîðìóëèðîâêå ïîëíîñòüþ ñîâ-
ïàäàåò ñ äîêàçàòåëüñòâîì òåîðåìû 4 [15] è ïîýòîìó ìû åãî îïóñòèì.
Ñ îñíîâíûìè ïîíÿòèÿìè ìîæíî ïîçíàêîìèòüñÿ â [4, 6, 13].

3 Êâàçèìíîãîîáàçèå qF2(N3)

Ñëåäóþùàÿ ëåììà èçâåñòíà (äîêàçàòåëüñòâî áîëåå îáùåãî óòâåðæäå-
íèÿ ñì., íàïðèìåð, â [16]).
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Ëåììà 3. Ïóñòü u, v ∈ F2, u ̸∈ F ′
2, [u, v] = 1. Òîãäà u, v ÿâëÿþòñÿ

ñòåïåíÿìè îäíîãî è òîãî æå ýëåìåíòà ïî ìîäóëþ γ3(F2), ò.å. u = hlc1,
v = htc2 äëÿ íåêîòîðûõ c1, c2 ∈ γ3(F2), h ∈ F2 è öåëûõ ÷èñåë l, t.

Çàìå÷àíèå 1. Èç ëåììû 3 ñëåäóåò, ÷òî åñëè w ∈ F2 \ F ′
2, òî öåíòðà-

ëèçàòîð C(w) â F2 ýëåìåíòà w àáåëåâ.

Äåéñòâèòåëüíî, ïóñòü [w, u] = 1, [w, v] = 1. Ïî ëåììå 3 w = hlc1,
u = htc2, w = f sc3, v = f qc4 (ci ∈ γ3(F2)). Îòñþäà [hl, fs] = 1. Êàê õîðî-
øî èçâåñòíî (ñì., íàïðèìåð, [13], 16.2.9), èç ïåðåñòàíîâî÷íîñòè ñòåïåíåé
ýëåìåíòîâ íèëüïîòåíòíîé ãðóïïû áåç êðó÷åíèÿ ñëåäóåò ïåðåñòàíîâî÷-
íîñòü ýòèõ ýëåìåíòîâ. Ïîýòîìó [h, f ] = 1, îòêóäà [u, v] = [ht, f q] = 1, ò.å.
C(w) � àáåëåâà ãðóïïà.
Ñëåäóþùàÿ ëåììà ãîâîðèò, ÷òî ýëåìåíò c èç ëåììû 4 íåëüçÿ çàïèñàòü

â âèäå ïðîèçâåäåíèÿ "ìàëîãî" ÷èñëà êîììóòàòîðîâ.

Ëåììà 4. Ïóñòü F � ñâîáîäíàÿ 3-íèëüïîòåíòíàÿ ãðóïïà ñî ñâî-
áîäíûìè ïîðîæäàþùèìè x1, . . . , x3m. Ïðåäïîëîæèì, ÷òî íàòóðàëüíûå

÷èñëà l, t, f âûáðàíû òàê, ÷òîáû l(f + 1) + 3t < f2−1
3 , f3−f

3 < m. Òî-

ãäà ýëåìåíò c =
m∏
i=1

[xi, xi+m, xi+2m] èç F íå ïðåäñòàâèì â âèäå c =

l∏
i=1

[fi, fi+l]
t∏
i=1

[ui, ui+t, ui+2t].

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå ëåììû íåâåðíî. Òî-
ãäà â ãðóïïå F èìååò ìåñòî ñîîòíîøåíèå âèäà

l∏
i=1

[fi(x), fi+l(x)]
t∏
i=1

[ui(x), ui+t(x), ui+2t(x)] =
m∏
i=1

[xi, xi+m, xi+2m]. (7)

Ïîñêîëüêó F � ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè 3, òî íà ýòî
ñîîòíîøåíèå ìîæíî ñìîòðåòü êàê íà òîæäåñòâî, èñòèííîå â ëþáîé íèëü-
ïîòåíòíîé ãðóïïå ñòóïåíè íå âûøå 3.

Ïóñòü F̃ � ñâîáîäíàÿ 3-íèëüïîòåíòíàÿ ãðóïïà ýêñïîíåíòû p (ò.å. â

F̃ èñòèííî òîæäåñòâî xp = 1, ãäå p � ôèêñèðîâàííîå ïðîñòîå ÷èñëî,
p ̸= 2, p ̸= 3) ñî ñâîáîäíûìè ïîðîæäàþùèìè x1, . . . , xf . Îöåíèì ïîðÿäîê

F̃ ′ äâóìÿ ñïîñîáàìè. Âñÿêèé ýëåìåíò èç γ3(F̃ ) ìîæíî çàïèñàòü â âèäå
ïðîèçâåäåíèÿ ñòåïåíåé áàçèñíûõ êîììóòàòîðîâ âåñà 3. Êàê õîðîøî èç-

âåñòíî ([17], òåîðåìà 11.2.2), ýòèõ áàçèñíûõ êîììóòàòîðîâ f3−f
3 øòóê. Èç

ëèíåéíîñòè êîììóòàòîðîâ âåñà 3 òåïåðü ñëåäóåò, ÷òî âñÿêèé ýëåìåíò èç

γ3(F̃ ) ìîæíî çàïèñàòü â âèäå ïðîèçâåäåíèÿ f3−f
3 êîììóòàòîðîâ âåñà 3.

Òàê êàê f3−f
3 < m, èç èñòèííîñòè â F̃ òîæäåñòâà (7) ñëåäóåò, ÷òî âñÿêèé

ýëåìåíò èç γ3(F̃ ) ìîæíî çàïèñàòü â âèäå ïðîèçâåäåíèÿ l êîììóòàòîðîâ
âèäà [u, v] è ïðîèçâåäåíèÿ t êîììóòàòîðîâ âèäà [u, v, w].
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Îöåíèì ÷èñëî êîììóòàòîðîâ âèäà [u, v]. Ëþáûå ýëåìåíòû u, v ìîæíî
ïðåäñòàâèòü òàê:

u = xk11 . . . x
kf
f

∏
1≤j<i≤f

[xi, xj ]
kijc1,

v = xm1
1 . . . x

mf

f

∏
1≤j<i≤f

[xi, xj ]
mijc2,

ãäå c1, c2 � ïîäõîäÿùèå ýëåìåíòû èç γ3(F̃ ), 0 ≤ ki, kij ,mi,mij ≤ p − 1.
Îòñþäà

[u, v] = [xk11 . . . x
kf
f

∏
1≤j<i≤f

[xi, xj ]
kij , xm1

1 . . . x
mf

f

∏
1≤j<i≤f

[xi, xj ]
mij ].

Òàêèõ çàïèñåé pfp
f(f−1)

2 pfp
f(f−1)

2 = pf
2+f øòóê. Çíà÷èò, ïðîèçâåäåíèé èç

l êîììóòàòîðîâ âèäà [u, v] íå áîëåå pl(f
2+f).

Îöåíèì ÷èñëî êîììóòàòîðîâ âèäà [u, v, w]. Ëþáûå ýëåìåíòû u, v, w
ìîæíî ïðåäñòàâèòü òàê:

u = xk11 . . . x
kf
f

∏
1≤j<i≤f

[xi, xj ]
kijc1,

v = xm1
1 . . . x

mf

f

∏
1≤j<i≤f

[xi, xj ]
mijc2,

w = xs11 . . . x
sf
f

∏
1≤j<i≤f

[xi, xj ]
fijc3,

ãäå c1, c2, c3 � ïîäõîäÿùèå ýëåìåíòû èç γ3(F̃ ), 0 ≤ ki, kij ,mi,mij , si, fij ≤
p−1. Îòñþäà [u, v, w] = [xk11 . . . x

kf
f , x

m1
1 . . . x

mf

f , xs11 . . . x
sf
f ]. Òàêèõ çàïèñåé

p3f øòóê. Çíà÷èò, ïðîèçâåäåíèé èç t êîììóòàòîðîâ âèäà [u, v, w] íå áîëåå

p3tf . Òàêèì îáðàçîì, |γ3(F̃ )| ≤ pl(f
2+f)p3tf = pl(f

2+f)+3tf .
Õîðîøî èçâåñòíî ([17], òåîðåìà 11.2.4 î áàçèñå), ÷òî åñëè â íåêîòîðîé

ïîñëåäîâàòåëüíîñòè áàçèñíûõ êîììóòàòîðîâ c1, c2, . . . , cq � âñå áàçèñ-
íûå êîììóòàòîðû âåñîâ 1, 2, . . . , r, òî ïðîèçâîëüíûé ýëåìåíò f ñâîáîä-
íîé ãðóïïû îäíîçíà÷íî ïðåäñòàâèì â âèäå f = ce11 c

e2
2 . . . c

eq
q mod γr+1(F ).

Îòñþäà è èç òîæäåñòâà (5) ñëåäóåò, ÷òî ïðè p ̸= 2, 3 ëþáîé ýëåìåíò èç
ñâîáîäíîé 3-ñòóïåííî íèëüïîòåíòíîé ãðóïïû ýêñïîíåíòû p îäíîçíà÷íî
ïðåäñòàâèì â âèäå ce11 c

e2
2 . . . c

eq
q , ãäå c1, c2, . . . , cq � âñå áàçèñíûå êîììó-

òàòîðû âåñîâ 1, 2, 3 è 0 ≤ e1, e2, . . . , eq < p.

Âñÿêèé ýëåìåíò èç èç γ3(F̃ ) ìîæíî îäíîçíà÷íî ïðåäñòàâèòü â âèäå

ïðîèçâåäåíèÿ f3−f
3 ñòåïåíåé áàçèñíûõ êîììóòàòîðîâ. Ïîýòîìó |γ3(F̃ )| =

p
f3−f

3 . Ó íàñ pl(f
2+f)+3tf < p

f3−f
3 . Ïðîòèâîðå÷èå. □

Çàìå÷àíèå 2. Ôàêòè÷åñêè ìû ïîêàçàëè, ÷òî ðàâåíñòâî (7) ëîæíî â

F̃ .

Ëåììà 4 ëåãêî ðàñïðîñòðàíÿåòñÿ íà ýëåìåíòû âèäà ck.
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Ñëåäñòâèå 1. Â óñëîâèÿõ ëåììû 4 ýëåìåíò ck (k ̸= 0) íå ïðåäñòàâèì

â âèäå ck =
l∏

i=1
[fi, fi+l]

t−l∏
i=1

[ui, ui+t−l, ui+2t−2l].

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå ëåììû íåâåðíî. Áå-

ð¼ì ëþáîå ïðîñòîå ÷èñëî p (p > k, p ̸= 3). Òîãäà â ãðóïïå F̃ èç äîêàçà-
òåëüñòâà ëåììû 4 èìååò ìåñòî òîæäåñòâî

l∏
i=1

[fi(x), fi+l(x)]

t−l∏
i=1

[ui(x), ui+t−l(x), ui+2t−2l(x)] =

m∏
i=1

[xi, xi+m, xi+2m]
k.

Âîçâîäèì îáå ÷àñòè ýòîãî òîæäåñòâà â ñòåïåíü q (ãäå qk ≡ 1 (mod p)),
ó÷èòûâàÿ, ââèäó (6), ÷òî [fi(x), fi+l(x)]

q � ïðîèçâåäåíèå êîììóòàòîðà

âåñà 2 è âåñà 3, âèäèì, ÷òî
m∏
i=1

[xi, xi+m, xi+2m] ïðåäñòàâèì â âèäå ïðîèçâå-

äåíèÿ l êîììóòàòîðîâ âåñà 2 è t êîììóòàòîðîâ âåñà 3. Ýòî ïðîòèâîðå÷èò
çàìå÷àíèþ 2. □

Ñëåäñòâèå 2. [15] Ïðåäïîëîæèì, ÷òî ãðóïïà G èìååò â N3 ïðåäñòàâ-
ëåíèå G = ⟨x1, x2, . . . , xn; Σ⟩, ãäå Σ � ëþáîå ìíîæåñòâî îïðåäåëÿþùèõ
ñîîòíîøåíèé âèäà [xi, xj ]. Òîãäà G ∈ qF2(N3).

Â ñëó÷àå ìíîãîîáðàçèÿ N2 àíàëîãè÷íîå óòâåðæäåíèå, à èìåííî ñëåä-
ñòâèå 3, ñëåäóåò èç [6] (òåîðåìà 4.2.12). Îòìåòèì, ÷òî äîêàçàòåëüñòâî
òåîðåìû 4.2.12 [6] ñîâïàäàåò ñ äîêàçàòåëüñòâîì ëåììû 1 [18].

Ñëåäñòâèå 3. [6] Ïðåäïîëîæèì, ÷òî ãðóïïà G èìååò â N2 ïðåäñòàâ-
ëåíèå G = ⟨x1, x2, . . . , xn; Σ⟩, ãäå Σ � ëþáîå ìíîæåñòâî îïðåäåëÿþùèõ
ñîîòíîøåíèé âèäà [xi, xj ]. Òîãäà G ∈ qF2(N2).

Ëåììà 5. [15] Ïóñòü ãðóïïà Am èìååò â N3 ñëåäóþùåå ïðåäñòàâëåíèå:

Am = ⟨{xi, yi, zi | i = 1, . . . ,m};
m∏
i=1

[xi, yi, zi] = 1⟩. Òîãäà Am ∈ qF2.

Ëåììà 6. [15] Ïóñòü ãðóïïà Arm (r ≥ 2,m ≥ 0) çàäàíà â N3 ïîðîæäà-
þùèìè {xij , yij , zij , aj , bj , dj | i = 1, . . .m, j = 1, . . . , r} è îïðåäåëÿþùèìè
ñîîòíîøåíèÿìè

[a1, b1, d1]

m∏
i=1

[xi1, yi1, zi1] = · · · = [ar, br, dr]

m∏
i=1

[xir, yir, zir],

è âñåìè ñîîòíîøåíèÿìè âèäà [fu, fv] = 1 ïðè u ̸= v, ãäå fl ïðîáåãàåò
ìíîæåñòâî {xil, yil, zil | i = 1, . . .m}. Òîãäà Arm ∈ qF2 è

Arm/⟨[a1, b1, d1]
m∏
i=1

[xi1, yi1, zi1]⟩ ∈ qF2.

Çàìåòèì, m = 0 îçíà÷àåò, ÷òî ïðîèçâåäåíèÿ âèäà
m∏
i=1

[∗, ∗, ∗] ðàâíû 1.
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4 Ãðóïïà Hrm

Çàôèêñèðóåì êâàçèìíîãîîáðàçèå M, qF2 ⊊M ⊆ N3,∞. Áóäåì èíîãäà
èñïîëüçîâàòü îáîçíà÷åíèå: N = qF2.
Ñðåäè êîíå÷íî ïîðîæä¼ííûõ 3-ñòóïåííî íèëüïîòåíòíûõ ãðóïï èç

M\ qF2, çàäàííûõ â N3,∞ â ïîðîæäàþùèõ X = {x1, x2, . . . } îïðåäåëÿþ-
ùèìè ñîîòíîøåíèÿìè, êîòîðûå ÿâëÿþòñÿ ïðîèçâåäåíèåì áàçèñíûõ êîì-
ìóòàòîðîâ â òî÷íîñòè îò 3-õ ïåðåìåííûõ âåñà 3 ëèáî èìåþò âèä [xi, xj ],
âîçüì¼ì ãðóïïó ñ íàèìåíüøèì ÷èñëîì ñîîòíîøåíèé èç γ3(FX(N3)). Ïðåä-
ïîëàãàåì, ÷òî òàêàÿ ãðóïïà G ñóùåñòâóåò. Çàìåòèì, ÷òî ïîñêîëüêó G �
3-ñòóïåííî íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, òî F2 ∈ qG. Ïóñòü

G = ⟨x1, . . . , xn; r1 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1⟩, (8)

ãäå r1, . . . , rs ∈ γ3(FX(N3)), f1, . . . , fd � êîììóòàòîðû âèäà [xi, xj ]. Îò-
ìåòèì, ÷òî êàêîå-òî èç ñîîòíîøåíèé r1 = 1, . . . , rs = 1 íå ñëåäóåò â N3,∞
èç ñîîòíîøåíèé f1 = 1, . . . , fd = 1 (èíà÷å, ïî ñëåäñòâèþ 2 G ∈ qF2).
Áóäåì ðàññìàòðèâàòü ñëåäóþùèå ýëåìåíòàðíûå ïðåîáðàçîâàíèÿ îïðå-

äåëÿþùèõ ñîîòíîøåíèé ãðóïïû G:
1) çàìåíà îïðåäåëÿþùåãî ñîîòíîøåíèÿ ri = 1 íà îïðåäåëÿþùåå ñîîò-

íîøåíèå rir
−k
j = 1 ïðè i ̸= j, k � ïðîèçâîëüíîå öåëîå ÷èñëî;

2) çàìåíà îïðåäåëÿþùåãî ñîîòíîøåíèÿ ri = 1 íà îïðåäåëÿþùåå ñîîò-
íîøåíèå rki = 1, ãäå k � ïðîèçâîëüíîå öåëîå ÷èñëî, k ̸= 0.
Â ðåçóëüòàòå ýòèõ ïðåîáðàçîâàíèé ìû ïðèõîäèì ê íåêîòîðîìó ïðåä-

ñòàâëåíèþ ãðóïïû G â êëàññå N3,∞. Ìíîãîêðàòíîå ïðèìåíåíèå ïðåîá-
ðàçîâàíèé 1) è 2) (è ïåðåèìåíîâàíèå ïåðåìåííûõ) ïîçâîëÿåò ñ÷èòàòü,
÷òî îïðåäåëÿþùèå ñîîòíîøåíèÿ r1 = 1, . . . , rs = 1 (ri � ïðîèçâåäåíèå
áàçèñíûõ êîììóòàòîðîâ) ãðóïïû G îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:
êîììóòàòîð [x3, x1, x2] âõîäèò â íåíóëåâîé ñòåïåíè òîëüêî â r1 (ñîîò-

íîøåíèå [x3, x1, x2] = 1 íå ñëåäóåò â N3,∞ èç f1 = 1, . . . , fd = 1),
êîììóòàòîð [x2, x1, x3] íå âõîäèò â r3, . . . , rs,
åñëè êîììóòàòîð [x2, x1, x3] âõîäèò â íåíóëåâîé ñòåïåíè â r2, òî îí íå

âõîäèò â r1,
áàçèñíûå êîììóòàòîðû âåñà 3 îò äâóõ ïåðåìåííûõ íå âõîäÿò â r1, ..., rs.
Îòìåòèì åù¼, ÷òî åñëè ñîîòíîøåíèå [x3, x2] = 1 èñòèííî â G (ò.å. ñëå-

äóåò â N3,∞ èç ñîîòíîøåíèé f1 = 1, . . . , fd = 1), òî ïî òîæäåñòâó (3)
[x3, x1, x2] = [x1, x2, x3]

−1[x2, x3, x1]
−1. Çíà÷èò, îïðåäåëÿþùåå ñîîòíîøå-

íèå [x2, x1, x3] = [x3, x1, x2] ñëåäóåò èç ñîîòíîøåíèÿ [x3, x2] = 1. Â ýòîì
ñëó÷àå óäàëÿåì êîììóòàòîð [x2, x1, x3] èç âñåõ ñîîòíîøåíèé ãðóïïû G,
çàìåíÿÿ åãî íà [x3, x1, x2]. Çàòåì ñ ïîìîùüþ ïðåîáðàçîâàíèé 1 è 2 äî-
áèâàåìñÿ, ÷òîáû â ïðåäñòàâëåíèè (8) ãðóïïû G êîììóòàòîð [x3, x1, x2]
âõîäèë â íåíóëåâîé ñòåïåíè òîëüêî â r1, êîììóòàòîð [x2, x1, x3] íå âõî-
äèë â r1, r2, . . . , rs.
Äàëåå âñþäó â ðàáîòå áóäåì ðàññìàòðèâàòü ãðóïïó G ñ ïðåäñòàâëåíè-

åì (8), óäîâëåòâîðÿþùèì ïåðå÷èñëåííûì ñâîéñòâàì.
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Ëåììà 7. Ïóñòü ãðóïïû H1 èìååò â N3,∞ ñëåäóþùèå ïðåäñòàâëåíèå:
H1 = ⟨x1, . . . , xn; r2 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1⟩. Òîãäà H1 ∈ qF2.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî H1/Is⟨r1⟩ ∼= G ∈ M.
Ñíà÷àëà ïðåäïîëîæèì, ÷òî ñîîòíîøåíèÿ [x2, x1] = 1 è [x3, x2] = 1

íå âõîäÿò â ñïèñîê îïðåäåëÿþùèõ ñîîòíîøåíèé ãðóïïû G. Ïî ëåììå 1
ñóùåñòâóåò ãîìîìîðôèçì φ : H1 → F2, ïðè êîòîðîì x

φ
1 = a, xφ2 = a, xφ3 =

b, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ðàâíû 1. Â ýòîì ñëó÷àå r1 èìååò âèä:

r1 = [x3, x1, x2]
u[x2, x1, x3]

w . . . (u ̸= 0),

òîãäà rφ1 = [b, a, a]u ̸= 1. Ñëåäîâàòåëüíî, kerφ ∩ Is⟨r1⟩ = 1, îòêóäà ïî
òåîðåìå Ðåìàêà ([13], ãëàâà 2, �3) H1 èçîìîðôíà ïîäõîäÿùåé ïîäãðóïïå
ãðóïïû H1/ kerφ×H1/Is⟨r1⟩ ∈ M. Ïîñêîëüêó îïðåäåëÿþùèõ ñîîòíîøå-
íèé, êîòîðûå ÿâëÿþòñÿ ïðîèçâåäåíèåì áàçèñíûõ êîììóòàòîðîâ âåñà 3, â
ïðåäñòàâëåíèè ãðóïïû H1 ìåíüøå ÷åì â ïðåäñòàâëåíèè G, òî ïî âûáîðó
G èìååì: H1 ∈ qF2.
Ïóñòü òåïåðü ñîîòíîøåíèå [x2, x1] = 1 èñòèííî âG. Òîãäà r1 èìååò âèä:

r1 = [x3, x1, x2]
u . . . Ïî (3) [x3, x1, x2] = [x1, x2, x3]

−1[x2, x3, x1]
−1, îòêóäà

ñîîòíîøåíèå [x3, x2] = 1 ëîæíî â G (èíà÷å ñîîòíîøåíèå [x3, x1, x2] = 1
ñëåäóåò èç f1 = 1, . . . , fd = 1 è ïîýòîìó [x3, x1, x2] îòñóòñòâóåò â çàïèñè
r1, ÷òî íå òàê). Ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì φ : H1 → F2, ïðè
êîòîðîì xφ1 = a, xφ2 = a, xφ3 = b, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ðàâíû
1. ßñíî, ÷òî rφ1 = [b, a, a]u ̸= 1. Äàëåå, êàê è ðàíüøå, çàìå÷àåì, ÷òî
kerφ ∩ Is⟨r1⟩ = 1, îòêóäà H1 ∈ qF2.
Îñòàëîñü ðàññìîòðåòü ñëó÷àé, êîãäà ñîîòíîøåíèå [x3, x2] = 1 èñòèííî

â G. Â ýòîì ñëó÷àå, êàê áûëî îòìå÷åíî, êîììóòàòîð [x2, x1, x3] íå âõîäèò
â r1, r2, . . . , rs. Îòñþäà ïî ëåììå 1 ñóùåñòâóåò ãîìîìîðôèçì φ : H1 → F2,
ïðè êîòîðîì xφ1 = a, xφ2 = b, xφ3 = b, îáðàçû îñòàëüíûõ ïîðîæäàþùèõ
ðàâíû 1. ßñíî, ÷òî rφ1 = [b, a, b]u ̸= 1 äëÿ íåêîòîðîãî u, u ̸= 0. Äàëåå, êàê
è ðàíüøå, çàìå÷àåì, ÷òî kerφ ∩ Is⟨r1⟩ = 1, îòêóäà H1 ∈ qF2. □

Ïóñòü ãðóïïà G èìååò ïðåäñòàâëåíèå (8) è óäîâëåòâîðÿåò óñëîâèÿì,
îòíîñÿùèìèñÿ ê ãðóïïå (8). Íàïîìíèì, ÷òî ââèäó ëåììû 7 ãðóïïà H1,
èìåþùàÿ â N3,∞ ïðåäñòàâëåíèå H1 = ⟨x1, . . . , xn; r2 = 1, . . . , rs = 1, f1 =
, . . . , fd = 1⟩, ïðèíàäëåæèò qF2.
Âîçüì¼ì ïðîèçâîëüíûé íååäèíè÷íûé ýëåìåíò v ∈ N (G) (N = qF2).

Ïî ñëåäñòâèþ 3 G/γ3(G) ∈ N , îòñþäà v ìîæíî çàïèñàòü òàê:

v =

q∏
i=1

[xh(i), xh(i+q), xh(i+2q)]
δi .

Ðàññìàòðèâàÿ âìåñòî v ïîäõîäÿùóþ åãî ñòåïåíü è èñïîëüçóÿ ñîîòíîøå-
íèå r1 = 1, ìîæíî è áóäåì ïðåäïîëàãàòü, ÷òî â çàïèñü v íå âõîäèò êîì-
ìóòàòîð [x3, x1, x2].

Âî âñåõ ãðóïïàõ ýëåìåíò, èìåþùèé âèä
q∏
i=1

[xh(i), xh(i+q), xh(i+2q)]
δi , áó-

äåì îáîçíà÷àòü ÷åðåç v.
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Çàìåòèì, ÷òî â çàïèñü v íå âõîäÿò áàçèñíûå êîììóòàòîðû îò 2 ïåðå-
ìåííûõ. Äåéñòâèòåëüíî, äîïóñòèì, ÷òî [xj , xi, xi]

δi1 [xj , xi, xj ]
δi2 âõîäèò â

çàïèñü v ([xj , xi, xi]
δi1 [xj , xi, xj ]

δi2 ̸= 1 â G). Ðàññìîòðèì ãîìîìîðôèçì
φ : G → F2, ïðè êîòîðîì xφi = a, xφj = b, îáðàçû îñòàëüíûõ ïîðîæäàþ-

ùèõ ãðóïïû G ðàâíû 1. Òîãäà vφ = [b, a, a]δi1 [b, a, b]δi2 ̸= 1. Ýòî ïðîòèâî-
ðå÷èò òîìó, ÷òî v ∈ M(G).
Ïóñòü ãðóïïà Hrm çàäàíà â N3,∞ ïîðîæäàþùèìè

x1, . . . , xn, xij , yij , zij , aj , bj , dj(i = 1, . . . ,m, j = 1, . . . , r)

è ñëåäóþùèìè îïðåäåëþùèìè ñîîòíîøåíèÿìè:
(i) âñå îïðåäåëÿþùèå ñîîíîøåíèÿ ãðóïïû Arm;

(ii) r1c1 = 1, ãäå c1 = [a1, b1, d1]
m∏
i=1

[xi1, yi1, zi1];

(iii) â êàæäîì êîììóòàòîðå [xh(i), xh(i+q), xh(i+2q)] ôèêñèðóåì ðîâíî
îäèí ýëåìåíò (åñëè òàêîé ñóùåñòâóåò), îòëè÷íûé îò x1, x2, x3 (îáîçíà÷èì
åãî ÷åðåç xi) è ââîäèì äëÿ êàæäîãî i è âñåõ t òàêèõ, ÷òî i ≡ t (mod q)
ñîîòíîøåíèÿ

[xi, at] = 1, [xi, bt] = 1(i = 1, . . . , q);

åñëè [xh(i), xh(i+q), xh(i+2q)] åñòü [x2, x1, x3], òî ñ÷èòàåì, ÷òî i = 1 (ò.å.
ýòî ïåðâûé ñîìíîæèòåëü), è ïèøåì ñîîòíîøåíèÿ:

[x1, bt] = 1, [x2, bt] = 1 äëÿ âñåõ t òàêèõ, ÷òî t ≡ 1 (mod q);

(iv) r2 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1.
Îòìåòèì, âîçìîæíî, ÷òîm = 0. Â ãðóïïåHr0 ïîðîæäàþùèõ xij , yij , zij

íåò.

Ëåììà 8. Hrm ∈ qG.

Äîêàçàòåëüñòâî. ßñíî, ÷òî Hrm/Is⟨c1⟩ ∼= (G ∗ Arm/⟨c1⟩)/N, ãäå N �
ïîäõîäÿùàÿ ïîäãðóïïà. Ïî ëåììå 6 è òåîðåìå 2 (G ∗Arm/⟨c1⟩)/N ∈ qG.
Ïóñòü r1 = [x3, x1, x2]

u[x2, x1, x3]
v . . . (u ̸= 0). Ïî ëåììå 1 îòîáðàæåíèå:

x1 → a, x2 → a, x3 → b, ai → b−u, bi → a, di → a (äëÿ âñåõ i), îáðà-
çû îñòàëüíûõ ïîðîæäàþùèõ ãðóïïû Hrm ðàâíû åäèíèöå, ïðîäîëæàåìî
äî ãîìîðôèçìà φ : Hrm → F2, ïðè ýòîì cφ1 = [b, a, a]−u ̸= 1. Îòñþäà
kerφ ∩ Is⟨c1⟩ = 1, ñëåäîâàòåëüíî, Hrm èçîìîðôíà ïîäõîäÿùåé ïîäãðóï-
ïå ãðóïïû F2 × (Hrm/Is⟨c1⟩) ∈ qG. □

Ëåììà 9. Ïóñòü H ∈ qF2, r ≥ 2q è χ : Hrm → H � ïðîèçâîëüíûé
ãîìîìîðôèçì. Òîãäà vχ = 1.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî vχ ̸= 1. Ïîñêîëüêó Hχ
rm � êîíå÷-

íî ïîðîæä¼ííàÿ íèëüïîòåíòíàÿ ãðóïïà, òî ïî ëåììå 2 ñóùåñòâóåò ãîìî-
ìîðôìçì χ1 : H

χ
rm → F2, ïðè êîòîðîì vχχ1 ̸= 1. Ïóñòü φ = χχ1.

Ðàññìîòðèì ëþáîé ñîìíîæèòåëü [xh(i), xh(i+q), xh(i+2q)] â v òàêîé, ÷òî
[xh(i), xh(i+q), xh(i+2q)]

φ ̸= 1. Ïóñòü t ≡ i (mod q). Äîêàæåì ðàâåíñòâî

[at, bt, dt]
φ = 1. Ìîæíî ñ÷èòàòü, ÷òî aφt , b

φ
t ̸∈ F ′

2.



1174 À.È. ÁÓÄÊÈÍ

Åñëè xi ñóùåñòâóåò, òî x
φ
i ̸∈ F ′

2 è [xφi , a
φ
t ] = 1, [xφi , b

φ
t ] = 1. Èç ëåììû 3

öåíòðàëèçàòîð ýëåìåíòà xφi â F2 àáåëåâ, îòñþäà [at, bt, dt]
φ = 1.

Åñëè [xh(i), xh(i+q), xh(i+2q)] = [x2, x1, x3] (â ÷àñòíîñòè, i = 1), òî èç

[xφ1 , b
φ
t ] = 1, [xφ2 , b

φ
t ] = 1, bφt ̸∈ F ′

2 è èç ëåììû 3 [x2, x1, x3]
φ = 1. Ïðîòèâî-

ðå÷èå.
Ðàññìîòðèì ïîäãðóïïû

A = ⟨x1i, y1i, z1i, . . . , xmi, ymi, zmi⟩φ,

B = ⟨x1,i+q, y1,i+q, z1,i+q, . . . , xm,i+q, ym,i+q, zm,i+q⟩φ

ãðóïïû Hφ
rm. Èç îïðåäåëåíèÿ Hrm ñëåäóåò, ÷òî [A,B] = 1. Èç ëåììû

3 âûòåêàåò, ÷òî îäíà èç ãðóïï A èëè B àáåëåâà. Äîïóñòèì, ÷òî A �

àáåëåâà ãðóïïà. Òîãäà
m∏
i=1

[xi1, yi1, zi1]
φ = 1. Íî [ai, bi, di]

φ = 1, îòêóäà

cφ1 = 1. Àíàëîãè÷íî ïîêàçûâàåòñÿ, ÷òî åñëè B � àáåëåâà ãðóïïà, òî
cφ1 = 1. Èòàê, cφ1 = 1.
Ïóñòü ψ : Hrm → Hrm/Is⟨c1⟩ � åñòåñòâåííûé ãîìîìîðôèçì. Èç

òîëüêî ÷òî äîêàçàííîãî ñëåäóåò, ÷òî Is⟨c1⟩ ⊆ kerφ. Îòñþäà, ñóùåñòâó-
åò ãîìîìîðôèçì ξ : Hrm/Is⟨c1⟩ → F2 òàêîé, ÷òî φ = ψξ. Â ÷àñò-
íîñòè, (gIs⟨c1⟩)ξ = gφ äëÿ êàæäîãî g ∈ Hrm. Òàê êàê Hrm/Is⟨c1⟩ ∼=
(G∗Arm/⟨c1⟩)/N äëÿ íåêîòîðîé ïîäãðóïïû N , ïîðîæä¼ííîé ïîäõîäÿùè-
ìè êîììóòàòîðàìè âèäà [xj , li] (lj èç ìíîæåñòâà ïîðîæäàþùèõ ãðóïïû

Arm/⟨c1⟩), òî ⟨x1, . . . , xn⟩ψ ∼= G. Ïîñêîëüêó vψ ∈ N (G) (N = qF2), òî
vψξ = 1, ò.å. vφ = 1. Ïîëó÷èëè ïðîòèâîðå÷èå. □

Èç ïðèçíàêà ïðèíàäëåæíîñòè (ëåììà 2) íåïîñðåäñòâåííî âûòåêàåò

Ñëåäñòâèå 4. Hrm ̸∈ qF2 ïðè ëþáîì r ≥ 2q.

Ïóñòü ãðóïïà Brm çàäàíà â N3,∞ ïîðîæäàþùèìè

x1, . . . , xn, xij , yij , zij , aj , bj , dj(i = 1, . . . ,m, j = 1, . . . , r)

è ñëåäóþùèìè îïðåäåëþùèìè ñîîòíîøåíèÿìè:
(i′) âñåìè ñîîòíîøåíèÿìè âèäà [su, sw] = 1 ïðè u ̸= w, ãäå sl ïðîáåãàåò

ìíîæåñòâî {xil, yil, zil | i = 1, . . . ,m};
(ii′) âñåìè ñîîòíîøåíèÿìè âèäà [xi, at] = 1, [xi, bt] = 1;
åñëè [x2, x1, x3], âõîäèò â çàïèñü v, òî äîáàâëÿåì ñîîòíîøåíèÿ [x1, bt] =

1, [x2, bt] = 1 äëÿ âñåõ t òàêèõ, ÷òî t ≡ 1 (mod q);
(iii′) r2 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1.

Ïóñòü cj = [aj , bj , dj ]
m∏
i=1

[xij , yij , zij ] ∈ Brm è

Nrm = ⟨r1c1, c1c−1
2 , . . . , c1c

−1
r ⟩.

� ïîäãðóïïà ãðóïïû Brm. ßñíî, ÷òî Hrm
∼= Brm/IsNrm.

Ëåììà 10. Brm ∈ qF2.
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Äîêàçàòåëüñòâî. Ïóñòü ãðóïïà B çàäàíà â N3,∞ â ïîðîæäàþùèõ

xij , yij , zij , aj , bj , dj(i = 1, . . . ,m, j = 1, . . . , r)

âñåìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè (i′). Ïî ñëåäñòâèþ 2 B ∈ qF2. Êàê
ëåãêî çàìåòèòü, Brm ∼= (H1 ∗B)/N , ãäå N � ïîäõîäÿùàÿ ïîäãðóïïà, H1

èìååò â N3,∞ ïðåäñòàâëåíèå

H1 = ⟨x1, . . . , xn; r2 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1⟩.
Ïî ëåììå 7 H1 ∈ qF2, îòêóäà â ñèëó òåîðåìû 2 Brm ∈ qF2. □

Ëåììà 11. Ïóñòü w � ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî. Ïðåäïî-

ëîæèì, ÷òî äëÿ ÷èñåë m, f , l = C2
w, t = w3−w

3 + 2l âûïîëíåíû óñëî-
âèÿ ëåììû 4. Åñëè B � w-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû Brm, òî
B′ ∩ IsNrm = 1.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî óñòàíîâèòü, ÷òî B′ ∩ Nrm = 1. Ïóñòü g ∈
B′ ∩ Nrm, g ̸= 1. Ïî (6) ýëåìåíò âèäà [x, y]k ðàâåí ïðîèçâåäåíèþ êîì-
ìóòàòîðà âåñà 2 è êîììóòàòîðà âåñà 3. Îòñþäà è ïîñêîëüêó g ∈ B′ è
B � w-ïîðîæä¼ííàÿ ãðóïïà, òî, êàê ïðè äîêàçàòåëüñòâå ñëåäñòâèÿ 1,
çàìå÷àåì, ÷òî g ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå:

g =
l∏

i=1

[hi, hi+l]
t−l∏
i=1

[si, si+t−l, si+2(t−l)],

ãäå l = C2
w (ýòî ÷èñëî áàçèñíûõ êîììóòàòîðîâ âåñà 2 íà w ïåðåìåííûõ),

t− l = w3−w
3 + l (ýòî ÷èñëî áàçèñíûõ êîììóòàòîðîâ âåñîâ 2 è 3).

Òàê êàê g ∈ Nrm, òî g ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì: g =

(r1c1)
t1

r∏
i=2

(c1c
−1
i )ti . Ñëåäîâàòåëüíî, g ìîæíî ïðåäñòàâèòü òàê:

g = rt11 c
t1+···+tr
1

r∏
i=2

c−tii .

Ïîñêîëüêó g ̸= 1, òî âèäèì, ÷òî íåêîòîðûé ýëåìåíò ci (ïóñòü äëÿ óäîá-
ñòâà ýòî c1) âõîäèò â g â íåíóëåâîé ñòåïåíè. Ïóñòü

F3m = ⟨u1, . . . um, v1, . . . vm, w1, . . . wm⟩
� ñâîáîäíàÿ 3-ñòóïåííî íèëüïîòåíòíàÿ ãðóïïà ðàíãà 3m, π : Brm → F3m

� ãîìîìîðôèçì, ïðè êîòîðîì xφi1 = ui, y
φ
i1 = vi, z

φ
i1 = wi (i = 1, . . . ,m),

îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ãðóïïû Brm ðàâíû 1 (ñóùåñòâîâàíèå
òàêîãî ãîìîìîðôèçìà ñëåäóåò èç ëåììû 1). Îòñþäà âûâîäèì, ÷òî

l∏
i=1

[hπi , h
π
i+l]

t−l∏
i=1

[sπi , s
π
i+t−l, s

π
i+2(t−l)] =

m∏
i=1

[xπi1, y
π
i1, z

π
i1]
t1+... =

=

m∏
i=1

[ui, vi, wi]
t1+....

Ýòî ïðîòèâîðå÷èò ñëåäñòâèþ 1. □
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Ëåììà 12. Ïóñòü ÷èñëî w óäîâëåòâîðÿåò ëåììå 11, B � w-ïîðîæ-
ä¼ííàÿ ïîäãðóïïà ãðóïïû Hrm. Òîãäà B ∈ qF2.

Äîêàçàòåëüñòâî. Ïóñòü I = IsNrm. Äëÿ óäîáñòâà ñ÷èòàåì, ÷òî Hrm =
Brm/I. Èìååì:

B/B
′
= ⟨b1B

′⟩ × · · · × ⟨buB
′⟩ × ⟨bu+1B

′⟩ × · · · × ⟨bzB
′⟩

äëÿ ïîäõîäÿùèõ b1, . . . , bz ∈ B. ßñíî, ÷òî z ≤ w. Ñ÷èòàåì, ÷òî

⟨b1B
′⟩, . . . , ⟨buB

′⟩ � êîíå÷íûå , ⟨bu+1B
′⟩, . . . , ⟨bzB

′⟩ � áåñêîíå÷íûå ãðóï-
ïû (ãðóïïû êàêîãî-ëèáî âèäà ìîãóò îòñóòñòâîâàòü). Îòìåòèì, ÷òî ïî-

ñêîëüêó B = ⟨b1, . . . , bz, B
′⟩ è B

′
ñîäåðæèòñÿ â ïîäãðóïïå Ôðàòòèíè

ãðóïïû B, òî B = ⟨b1, . . . , bz⟩. Ôèêñèðóåì ýëåìåíòû bi ∈ Brm òàêèå, ÷òî
bi = biI. Ïóñòü B = ⟨b1, . . . , bz⟩, B1 = ⟨bu+1, . . . , bz⟩ è B1 = ⟨bu+1, . . . , bz⟩.
ßñíî, ÷òî B = ⟨b1, . . . , bu, B1⟩ � êîíå÷íî ïîðîæä¼ííàÿ 3-ñòóïåííî íèëü-

ïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, b
ki
i ∈ B

′
äëÿ íåêîòîðîãî íåíóëåâîãî ki

(i = 1, . . . , u). Äîêàæåì, ÷òî B1 ∈ qF2, îòêóäà, ïî òåîðåìå 1, ïîëó÷èì,
÷òî B ∈ qF2.
Ââèäó ëåììû 10 äîñòàòî÷íî óñòàíîâèòü, ÷òî B1∩Nrm = 1. Ïóñòü g �

ïðîèçâîëüíûé ýëåìåíò èç B1 ∩Nrm. Ðàññìîòðèì åñòåñòâåííûé ãîìîìîð-
ôèçì φ1 : B1 → B1 (kerφ1 = B1 ∩ I, bφ1

i = bi). Ïîñêîëüêó g ∈ B1 ∩Nrm,
òî gφ1 = 1.
Ñ äðóãîé ñòîðîíû, g = b

mu+1

u+1 . . . bmz
z c äëÿ íåêîòîðîãî c ∈ B′

1 è ïîäõîäÿ-

ùèõ öåëûõ ÷èñåëmu+1, ...,mz. Îòñþäà g
φ1B

′
= (bu+1B

′
)mu+1 . . . (bzB

′
)mz .

Ïîñêîëüêó ⟨bu+1B
′
1⟩, . . . , ⟨bvB

′
1⟩ ïîðîæäàþò ãðóïïó, ÿâëÿþùóþñÿ ïðÿ-

ìûì ïðîèçâåäåíèåì ýòèõ áåñêîíå÷íûõ öèêëè÷åñêèõ ãðóïï, òî mi = 0
(i = u+ 1, . . . , z), ñëåäîâàòåëüíî g ∈ B′

1. Ïî ëåììå 11 I ∩B′
1 = 1, îòêóäà

g = 1. □

Îòìåòèì, ÷òî Hrm � (n+ 3(m+ 1)r)-ïîðîæä¼ííàÿ ãðóïïà.

Ëåììà 13. Ïóñòü φ : Hrm → Hxy � ãîìîìîðôèçì, Hxy íå ñîäåðæèò
ñâîáîäíûõ àáåëåâûõ ïîäãðóïï ðàíãà r′ è r ≥ (2r′ + 1)q. Ïðåäïîëîæèì,
÷òî âñå (n+6q)-ïîðîæä¼ííûå ïîäãðóïïû ãðóïïû Hxy ñîäåðæàòñÿ â N =

qF2. Òîãäà v
φ = 1, ãäå v =

q∏
i=1

[xh(i), xh(i+q), xh(i+2q)]
δi .

Äîêàçàòåëüñòâî. Ïóñòü Bi = ⟨x1i, y1i, . . . , xmi, ymi⟩ ≤ Hrm (i = 1, . . . , r).
Âîçüì¼ì ëþáîå ÷èñëî k èç ìíîæåñòâà {1, 2, . . . , q}.
Ñëó÷àé 1. Äëÿ êàæäîãî i (i = k, k + q, . . . , k + r′q) ìíîæåñòâî {xφji |

j = 1, 2, . . . ,m} ñîäåðæèò òàêîé ýëåìåíò gi, âñÿêàÿ íåíóëåâàÿ ñòåïåíü,
êîòîðîãî íå ïðèíàäëåæèò ïîäãðóïïå (BkBk+q . . . Bi−qBi+q . . . Bk+r′q)

φ. Â
ýòîì ñëó÷àå ýëåìåíòû gk, gk+q, . . . , gk+r′q ïîðîæäàþò ñâîáîäíóþ àáåëåâó
ãðóïïó ðàíãà r′ + 1, ÷òî íåâîçìîæíî.
Ñëó÷àé 2. Ñóùåñòâóåò ik ∈ {k, k+ q, . . . , k+ r′q} (ôèêñèðóåì ýòî ik),

òàêîå, ÷òî âñÿêèé ýëåìåíò èç ìíîæåñòâà {xφjik | j = 1, 2, . . . ,m} â íåêîòî-
ðîé íåíóëåâîé ñòåïåíè, ñîäåðæèòñÿ â (BkBk+q . . . Bik−qBik+q . . . Bk+r′q)

φ.
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Ïóñòü

(xφjik)
nj ∈ (BkBk+q . . . Bi−qBi+q . . . Bk+r′q)

φ,

ãäå nj � ïîäõîäÿùèå íåíóëåâûå öåëûå ÷èñëà. Òîãäà [(xφjik)
nj , yφjik ] =

1, îòêóäà [xφjik , y
φ
jik
, zφjik ]

nj = 1. Îòñþäà ñëåäóåò, ÷òî [xφjik , y
φ
jik
, zφjik ] =

1. Òàêèì îáðàçîì,
m∏
j=1

[xφjik , y
φ
jik
, zφjik ] = 1. Àíàëîãè÷íî ñóùåñòâóåò ik′ ∈

{k + (r′ + 1)q, k + (r′ + 2)q, . . . , k + 2r′q} (ôèêñèðóåì ýòî ik′) òàêîé, ÷òî
m∏
j=1

[xφjik′
, yφjik′

, zφjik′
] = 1. Îòìåòèì, ÷òî ik − ik′ ≡ 0(mod q) äëÿ êàæäîãî

k = 1, 2, . . . , q. Èìååì:

[aφi1 , b
φ
i1
, dφi1 ] = [aφi2 , b

φ
i2
, dφi2 ] = · · · = [aφiq , b

φ
iq
, dφiq ] =

= [aφi1′
, bφi1′

, dφi1′
] = [aφi2′

, bφi2′
, dφi2′

] = · · · = [aφiq′
, bφiq′

, dφiq′
].

Îòñþäà è èç ëåììû 1 ñëåäóåò, ÷òî ñóùåñòâóåò ãîìîìîðôèçì
ψ : H2q,0 → Hxy òàêîé, ÷òî

xψ1 = xφ1 , . . . , x
ψ
n = xφn,

aψ1 = aφi1 , b
ψ
1 = bφi1 , d

ψ
1 = dφi1 , . . . , a

ψ
q = aφiq , b

ψ
q = bφiq , d

ψ
q = dφiq ,

aψ1+q = aφi1′
, bψ1+q = bφi1′

, dψ1+q = dφi1′
, . . . , aψ2q = aφiq′

, bψ2q = bφiq′
, dψ2q = dφiq′

.

Òàê êàê
Hψ

2q,0 = ⟨xψ1 , . . . , x
ψ
n , a

ψ
1 , b

ψ
1 , d

ψ
1 , . . . , a

ψ
q , b

ψ
q , d

ψ
q , a

ψ
1+q, b

ψ
1+q, d

ψ
1+q, . . . , b

ψ
2q, d

ψ
2q⟩�

(n+6q)-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû Hxy, òî ïî óñëîâèþ Hψ
2q,0 ∈ qF2.

Ïî ëåììå 9 vψ = 1. Ïîñêîëüêó vφ = vψ, òî vφ = 1. □

Äîêàæåì íàø îñíîâíîé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü R � êâàçèìíîãîîáðàçèå ãðóïï è qF2(N3) ⫋ R. Ïðåä-
ïîëîæèì, ÷òî ñðåäè ãðóïï èç R \ qF2(N3) íàéä¼òñÿ 3-ñòóïåííî íèëü-
ïîòåíòíàÿ ãðóïïà G áåç êðó÷åíèÿ ñ ïðåäñòàâëåíèåì

G = ⟨x1, . . . , xn; r1 = 1, . . . , rs = 1, f1 = 1, . . . , fd = 1⟩
â N3, ãäå r1, . . . , rs � ïðîèçâåäåíèÿ áàçèñíûõ êîììóòàòîðîâ âåñà 3 îò
òð¼õ ðàçëè÷íûõ ïåðåìåííûõ, f1, . . . fd � êîììóòàòîðû âèäà [xi, xj ]
(îíè ìîãóò îòñóòñòâîâàòü). Òîãäà èíòåðâàë [qF2(N3),R] â ðåø¼òêå
êâàçèìíîãîîáðàçèé ãðóïï êîíòèíóàëåí.

Äîêàçàòåëüñòâî. Âûáåðåì â êâàçèìíîãîîáðàçèè M = R ∩ N3,∞ ãðóï-
ïó (îáîçíà÷èì å¼ ñíîâà ÷åðåç G), íå ïðèíàäëåæàùóþ qF2, ñ íàèìåíü-
øèì ÷èñëîì îïðåäåëÿþùèõ ñîîòíîøåíèé, ÿâëÿþùèõñÿ ïðîèçâåäåíèÿìè
áàçèñíûõ êîììóòàòîðîâ âåñà 3 îò òð¼õ ïåðåìåííûõ, è âîçìîæíî ñ îïðå-
äåëÿþùèìè ñîîòíîøåíèÿìè âèäà [xi, xj ] = 1. Îòìåòèì, ÷òî ýòà ãðóïïà
áóäåò óäîâëåòâîðÿòü âñåì äîêàçàííûì ëåììàì. Áóäåì ñòðîèòü ñ÷¼òíóþ
ïîñëåäîâàòåëüíîñòü ãðóïï H1, H2, . . . , ñîäåðæàùèõñÿ â qG. Â êà÷åñòâå
H1 áåð¼ì ïðîèçâîëüíóþ ãðóïïó Hrm èç qG. Ïóñòü ãðóïïà Hi−1 óæå ïî-
ñòðîåíà. Â êà÷åñòâå Hi áåð¼ì ãðóïïó Hrimi òàêóþ, ÷òî



1178 À.È. ÁÓÄÊÈÍ

1) ïðè ëþáîì ãîìîìîðôèçìå ãðóïïû Hi â ãðóïïó Hj(j < i) îáðàç
ýëåìåíòà v ðàâåí åäèíèöå;
2) åñëè qi−1 � ÷èñëî ïîðîæäàþùèõ ãðóïïû Hi−1, òî âñÿêàÿ qi−1-

ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû Hi ïðèíàäëåæèò êâàçèìíîãîîáðàçèþ
qF2 (ñóùåñòâîâàíèå Hi âûòåêàåò èç ëåìì 9, 11, 13).
Ïóñòü N � ìíîæåñòâî âñåõ íàòóðàëüíûõ ÷èñåë. Äëÿ ïîäìíîæåñòâà

I ⊆ N ïîëàãàåì MI = q{Hi | i ∈ I} � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå
âñåìè ãðóïïàìè Hi (i ∈ I). Åñëè Hi ∈ MI(i ̸∈ I), òî ïî ïðèçíàêó ïðè-
íàäëåæíîñòè (ëåììà 2) ãðóïïà Hi àïïðîêñèìèðóåòñÿ ãðóïïàìè èç ìíî-
æåñòâà {Hi | i ∈ I}, ÷òî ïðîòèâîðå÷èò ëåììàì 9, 13. Ïîýòîìó Hi /∈ MI

ïðè i ̸∈ I, îòêóäà ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. □

Çàìå÷àíèå 3. Ãðóïïà G, èìåþùàÿ â N3 ïðåäñòàâëåíèå G =

⟨x1, x2, x3, y1, y2, y3; [x1, x2, x3] = [y1, y2, y3], [xi, yj ] = 1(i = 1, 2; j = 1, 2, 3)⟩,
íå ïðèíàäëåæèò qF2. Â ÷àñòíîñòè, èíòåðâàë [qF2, qG] êîíòèíóàëåí.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî G ∈ qF2. Òîãäà ïî ïðèçíàêó ïðè-
íàäëåæíîñòè (ëåììà 2) ñóùåñòâóåò ãîìîìîðôèçì φ : G→ F2 òàêîé, ÷òî
[x1, x2, x3]

φ ̸= 1. ßñíî, ÷òî xφ1 ̸∈ F ′
2. Èç ëåììû 3 ñëåäóåò, ÷òî [yφ1 , y

φ
2 ] = 1,

îòêóäà [yφ1 , y
φ
2 , y

φ
2 ] = 1. Ïîëó÷èëè ïðîòèâîðå÷èå, çíà÷èò, G ̸∈ qF2. □

Â çàêëþ÷åíèå õî÷ó âûðàçèòü áëàãîäàðíîñòü Øàõîâîé Ñâåòëàíå è Ëî-
äåéùèêîâîé Âèêòîðèè çà âíèìàòåëüíîå ïðî÷òåíèå ýòîé ðàáîòû è ïîëåç-
íûå çàìå÷àíèÿ.
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