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Ïðåäñòàâëåíî ***

Abstract: In this paper, a nonlocal problem in a parallelepiped
is investigated for a three-dimensional equation of mixed type
with two singular coe�cients. The proof of the uniqueness of the
solution and its construction are carried out by the method of
spectral analysis. The solution to the problem is constructed as
a double Fourier series by the sum of trigonometric and Bessel
functions. When substantiating the uniform convergence of the
constructed series, the problem of small denominators arises. In
this regard, an estimate of the separation from zero of the small
denominator with the corresponding asymptotes is found. The
obtained estimate made it possible to prove the convergence of the
obtained series and its derivatives up to the second order inclusive,
as well as the existence theorem in the class of regular solutions.
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1 Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì óðàâíåíèå

uxx + (sgny)uyy + uzz +
2β

|y|
uy +

2γ

z
uz = 0 (1)

â îáëàñòè Ω = {(x, y, z) : x ∈ (0, a) , y ∈ (−b0, b) , z ∈ (0, c)} , ãäå a, b0, b, c ∈
R+, β, γ ∈ (0, 1/2) . Óðàâíåíèå (1) â îáëàñòè Ω ïðèíàäëåæèò ñìåøàííîìó
òèïó, à èìåííî: â îáëàñòè Ω+ = Ω∩{y > 0} ïðèíàäëåæèò ýëëèïòè÷åñêîìó
òèïó, à â îáëàñòè Ω− = Ω ∩ {y < 0}− ãèïåðáîëè÷åñêîìó òèïó. Ïëîñêî-
ñòè y = 0 è z = 0 ÿâëÿþòñÿ ïëîñêîñòÿìè ñèíãóëÿðíîñòè êîýôôèöèåíòîâ
óðàâíåíèÿ. Ñðåäè íèõ y = 0− ïëîñêîñòü èçìåíåíèÿ òèïà óðàâíåíèÿ.
Â îáëàñòè Ω äëÿ óðàâíåíèÿ (1) ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:
Çàäà÷à A. Íàéòè ôóíêöèþ u (x, y, z) , óäîâëåòâîðÿþùóþ â îáëàñòè

Ω+ ∪ Ω− óðàâíåíèþ (1) è óñëîâèÿì

u (x, y, z) ∈ C
(
Ω̄
)
∩ C2,2,2

x,y,z (Ω+ ∪ Ω−) , ux, z
2γuz ∈ C

(
Ω̄
)

; (2)

u (0, y, z) = u (a, y, z) , ux (0, y, z) = ux (a, y, z) , y ∈ [0, b] , z ∈ [0, c] ; (3)

u (x, y, 0) = 0, u (x, y, c) = 0, x ∈ [0, a] , y ∈ [0, b] ; (4)

u (x, 0, z) = τ1 (x, z) , u (x, b, z) = τ2 (x, z) , x ∈ [0, a] , z ∈ [0, c] ; (5)

à òàêæå óñëîâèþ ñêëåèâàíèÿ

lim
y→−0

(−y)2β uy (x, y, z) = lim
y→+0

y2βuy (x, y, z) , x ∈ (0, a) , z ∈ (0, c) , (6)

ãäå τ1 (x, z) , τ2 (x, z)− çàäàííûå ôóíêöèè.
Â ðàáîòå [1] À.À.Äåçèí èññëåäîâàë óðàâíåíèå (d/dt)u − Au = f, 0 ≤

t ≤ a ïðè ãðàíè÷íîì óñëîâèè b u|t=0 − u|t=a = g. Çäåñü ïîÿñíÿåòñÿ, ÷òî
çàäàííûå óñëîâèÿ ¾íåëîêàëüíûå¿ â òîì ñìûñëå, ÷òî çàäàþò ñâÿçü ìåæäó
çíà÷åíèÿìè íåèçâåñòíîé ôóíêöèè â ðàçëè÷íûõ òî÷êàõ ãðàíèöû.
Íåëîêàëüíûå êðàåâûå çàäà÷è ïðåäñòàâëÿþò âåñüìà èíòåðåñíîå îáîá-

ùåíèå êëàññè÷åñêèõ çàäà÷ è, â òî æå âðåìÿ, îíè åñòåñòâåííûì îáðàçîì
ïîëó÷àþòñÿ ïðè ïîñòðîåíèè ìàòåìàòè÷åñêèõ ìîäåëåé ðåàëüíûõ ïðîöåñ-
ñîâ è ÿâëåíèé â ôèçèêå, â èíæåíåðèè è ò.ä. Ñ ýòèìè âîïðîñàìè ìîæ-
íî îçíàêîìèòüñÿ â ðàáîòàõ [2], [3], [4], [5], [6]. Çàäà÷è ñ íåëîêàëüíûìè
óñëîâèÿìè äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ èçó÷àëèñü ìíîãèìè
àâòîðàìè. Íèæå ïðèâåäåì îáçîð çàäà÷, áëèçêèõ çàäà÷å A, êîòîðûå ïî-
ñòàâëåíû è èññëåäîâàíû â äâóìåðíûõ îáëàñòÿõ.
Â 1956 ã. Ô.È. Ôðàíêëü â ðàáîòå [7], ðàññìàòðèâàÿ îáòåêàíèå êîíå÷-

íîãî ñèììåòðè÷íîãî ïðîôèëÿ ïîòîêîì äîçâóêîâîé ñêîðîñòè ñî ñâåðõçâó-
êîâîé çîíîé, îêàí÷èâàþùåéñÿ ïðÿìûì ñêà÷êîì óïëîòíåíèÿ, ïîñòàâèë
çàäà÷ó äëÿ óðàâíåíèÿ ×àïëûãèíà â ñìåøàííîé îáëàñòè ñ íåëîêàëüíûì
óñëîâèåì âèäà u (0, y) = u (0,−y) . Ïðè ýòîì, äîïîëíèòåëüíî áûëî çàäàíî
ëîêàëüíîå óñëîâèå ux (0, y) = 0.
Â ðàáîòå [8] Í.È. Èîíêèí äîêàçàë ñóùåñòâîâàíèå ðåøåíèÿ íåëîêàëü-

íîé çàäà÷è ñ óñëîâèÿìè ux (0, y) = ux (1, y) , u (0, y) = 0, 0 ≤ y ≤ T
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è u (x, 0) = τ (x) , 0 ≤ x ≤ 1, äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ìåòî-
äîì ñïåêòðàëüíîãî àíàëèçà. Â ðàáîòå [9], îí îáîñíîâàë åäèíñòâåííîñòü
ðåøåíèÿ ýòîé çàäà÷è. Òàêîãî ðîäà óñëîâèÿ âñòðå÷àþòñÿ, íàïðèìåð, ïðè
ðåøåíèè çàäà÷, îïèñûâàþùèõ ïðîöåññ äèôôóçèè ÷àñòèö â òóðáóëåíòíîé
ïëàçìå, à òàêæå â ïðîöåññàõ ðàñïðîñòðàíåíèÿ òåïëà â òîíêîì íàãðåòîì
ñòåðæíå, åñëè çàäàí çàêîí èçìåíåíèÿ îáùåãî êîëè÷åñòâà òåïëà ñòåðæ-
íÿ. Â ðàáîòå Í.È. Èîíêèíà è Å.È. Ìîèñååâà [10] äîêàçàíà îäíîçíà÷íàÿ
ðàçðåøèìîñòü çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ óñëîâèÿìè

a1ux (0, t) + b1ux (1, t) + a0u (0, t) + b0u (1, t) = 0,

c1ux (0, t) + d1ux (1, t) + c0u (0, t) + d0u (1, t) = 0,

ãäå aj , bj , cj , dj , j = 0, 1− çàäàííûå ïîñòîÿííûå.
Ì.Å.Ëåðíåð, Î.À.Ðåïèí [11] â îáëàñòè D = {(x, y) : 0 < x < 1, y > 0}

èçó÷èëè çàäà÷ó: íàéòè ôóíêöèþ u (x, y) ñî ñâîéñòâàìè

u (x, y) ∈ C
(
D̄
)
∩ C1 (D ∪ {x = 0}) ∩ C2 (D) ;

ymuxx + uyy = 0, (x, y) ∈ D, m > −1;

u (x, y)→ 0 ïðè y → +∞ ðàâíîìåðíî ïî x ∈ [0, 1] ;

u (0, y)− u (1, y) = ϕ1 (y) , ux (0, y) = ϕ2 (y) , y ≥ 0; u (x, 0) = τ (x) ,

ãäå τ (x) , ϕ1 (y) , ϕ2 (y)− çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè-
÷åì τ (x) îðòîãîíàëüíà ñèñòåìå ôóíêöèé 1, cos (2n+ 1)πx, n = 0, 1, 2, ....
Â ðàáîòå [12] èññëåäîâàíà àíàëîãè÷íàÿ çàäà÷à â ïîëóïîëîñå D äëÿ óðàâ-
íåíèÿ

uxx + uyy +
2p

y
uy − b2u = 0, p, b ∈ R,

ïðè óñëîâèè ϕ1 (y) ≡ 0 è ϕ2 (y) ≡ 0. Åäèíñòâåííîñòü ðåøåíèÿ ýòîé çà-
äà÷è äîêàçàíà íà îñíîâàíèè ïðèíöèïà ýêñòðåìóìà. Èñïîëüçóÿ ìåòîäû
ðàçäåëåíèÿ ïåðåìåííûõ è èíòåãðàëüíûõ ïðåîáðàçîâàíèé, óñòàíîâëåíà
ðàçðåøèìîñòü ðàññìàòðèâàåìîé çàäà÷è. Â ðàáîòå [13] Å.È.Ìîèñååâ â ïî-
ëóïîëîñå D èçó÷èë ñëåäóþùóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó

ymuxx + uyy = 0, m > −2;

u (x, 0) = f (x) , 0 ≤ x ≤ 1;

u (0, y) = u (1, y) , ux (0, y) = 0, y ≥ 0;

f (x) ∈ C2+α [0, 1] , f (0) = f (1) , f ′ (0) = 0.

Ìåòîäîì ñïåêòðàëüíîãî àíàëèçà äîêàçàíû åäèíñòâåííîñòü è ñóùåñòâî-
âàíèå ðåøåíèÿ ýòîé çàäà÷è â êëàññå ôóíêöèé u (x, y) ∈ C

(
D̄
)
∩ C2 (D)

è ñòðåìÿùèõñÿ ê íóëþ èëè îãðàíè÷åííûõ íà áåñêîíå÷íîñòè. Ïðè ýòîì,
ðåøåíèå çàäà÷è ïîñòðîåíî â âèäå ñóììû áèîðòîãîíàëüíîãî ðÿäà. Ýòè
ðåçóëüòàòû ïåðåíåñåíû íà óðàâíåíèÿ ymuxx + uyy − b2ymu = 0, m, b ∈ R,
ïðè÷åì b ≥ 0, m > 0 â [14]. Â ðàáîòå Þ.Ê.Ñàáèòîâîé [15] äëÿ óðàâíåíèÿ
ymuxx − uyy − b2ymu = 0 â îáëàñòè {(x, y) : 0 < x < 1, 0 < y < T} , ãäå
m > 0, b ≥ 0, T > 0− çàäàííûå äåéñòâèòåëüíûå ÷èñëà, èçó÷åíû çàäà÷è
ñ íà÷àëüíûìè óñëîâèÿìè u (x, 0) = τ (x) , uy (x, 0) = ν (x) , 0 ≤ x ≤ 1
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è íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè u (0, y) = u (1, y) , ux (0, y) = 0
èëè ux (0, y) = ux (1, y) , u (1, y) = 0 ïðè 0 ≤ y ≤ T. Ìåòîäîì ñïåê-
òðàëüíîãî àíàëèçà äîêàçàíû òåîðåìû åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ
ðåøåíèÿ óêàçàííûõ çàäà÷. À.À. Àáàøêèí [16] äëÿ óðàâíåíèÿ

L0u ≡ uxx + sgny uyy + (2p/ |y|)uy + ku = 0

â îáëàñòèD1 = {(x, y) : 0 < x < 1, y < α} èññëåäîâàë ñëåäóþùóþ çàäà÷ó:

u ∈ C
(
D̄1

)
∩ C2 (D1\ {y = 0}) , L0u = 0;

u (0, y) = u (1, y) , ux (0, y) = 0 ïðè y < α; u (x, α) = ϕ (x) ïðè 0 < x < 1,

ãäå ϕ (x)− çàäàííàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ ϕ (0) = ϕ (1) ,
à p, k, α− çàäàííûå äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì α > 0, p ≥ 1/2.
Â ìîíîãðàôèÿõ [17], [18] è â ñòàòüÿõ [19], [20], [21], [22] èññëåäîâàíû

íåëîêàëüíûå çàäà÷è äëÿ óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå è äëÿ óðàâ-
íåíèÿ ñìåøàííîãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñî ñòåïåííûì âû-
ðîæäåíèåì.
Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ñ ñèíãó-

ëÿðíûìè êîýôôèöèåíòàìè â òðåõìåðíûõ îáëàñòÿõ èçó÷åíû â ðàáîòàõ
[23], [24], [25], [26], à òàêèå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ
ñèíãóëÿðíûìè êîýôôèöèåíòàìè â òðåõìåðíûõ îáëàñòÿõ ìåòîäîì ñïåê-
òðàëüíîãî àíàëèçà äî ñèõ ïîð ÿâëÿåòñÿ íåèçó÷åííûìè.

2 Ïîñòðîåíèå ñîáñòâåííûõ ôóíêöèé

Íàéäåì íåòðèâèàëüíûå ðåøåíèÿ çàäà÷è {(1)-(4)}. Ñ ýòîé öåëüþ, ðàç-
äåëèâ ïåðåìåííûå ïî ôîðìóëå u (x, y, z) = X (x)Q (y)Z (z) , èç óðàâíå-
íèÿ (1) è óñëîâèé (3) è (4) ïîëó÷èì óðàâíåíèå

(sgny)Q′′ (y) +
2β

|y|
Q′ (y)− λQ (y) = 0, y ∈ (−b0, 0) ∪ (0, b), (7)

è çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ

Z ′′ (z) +
2γ

z
Z ′ (z) + (λ− µ)Z (z) = 0, Z (0) = 0, Z (c) = 0; (8)

X ′′ (x) + µX (x) = 0, X (0) = X (a) , X ′ (0) = X ′ (a) , (9)

ãäå µ, λ ∈ R− êîíñòàíòà ðàçäåëåíèÿ.
Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè çàäà÷è (9) èìåþò âèä

[22]

µn = (2πn/a)2 , n = 0, 1, 2, ...,

X0 (x) =
1√
a
, X2n−1 (x) =

√
2

a
sin

2πnx

a
, X2n (x) =

√
2

a
cos

2πnx

a
. (10)

Ñèñòåìà ñîáñòâåííûõ ôóíêöèé (10) îðòîíîðìàëüíà è ïîëíà â ïðî-
ñòðàíñòâå L2 (0, a) è â íåì îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ [22], [27].
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Òåïåðü ïåðåéäåì ê èññëåäîâàíèþ çàäà÷è (8). Ðåøåíèå çàäà÷è (8) îïðå-
äåëÿåòñÿ ôîðìóëîé [28]

Zm (z) = z1/2−γJ1/2−γ (σγmz/c) ,m ∈ N. (11)

Çäåñü Jν (z)− ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà ïîðÿäêà ν, à σγm− m-

íûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ J1/2−γ (z) = 0, λnm = (2πn/a)2 +

(σγm/c)
2 , n+ 1,m ∈ N.

Ïîëàãàÿ â óðàâíåíèè (7) λ = λnm, íàéäåì åãî îáùåå ðåøåíèå:

Qnm (y) =


anmy

1/2−βI1/2−β
(√
λnmy

)
+

+bnmy
1/2−βK1/2−β

(√
λnmy

)
, y ∈ (0, b],

cnm (−y)1/2−β J1/2−β
[√
λnm (−y)

]
+

+dnm (−y)1/2−β Y1/2−β
[√
λnm (−y)

]
, y ∈ [−b0, 0),

(12)

ãäå anm, bnm, cnm è dnm− ïðîèçâîëüíûå ïîñòîÿííûå, Il (x) è Kl (x)−
ôóíêöèÿ Áåññåëÿ ìíèìîãî àðãóìåíòà è ôóíêöèÿ Ìàêäîíàëüäà ïîðÿäêà
l [29] ñîîòâåòñòâåííî.
Òåïåðü â (12) íà îñíîâàíèè u ∈ C

(
Ω̄
)
è óñëîâèÿ ñêëåèâàíèÿ (6) ïîäáå-

ðåì ïîñòîÿííûå anm, bnm, cnm è dnm òàê, ÷òîáû âûïîëíÿëèñü óñëîâèÿ

Qnm (+0) = Qnm (−0) , lim
y→−0

(−y)2β Q′nm (y) = lim
y→+0

y2βQ′nm (y) . (13)

Èç (12) â ñèëó β ∈ (0, 1/2) , ñëåäóåò, ÷òî ïåðâîå èç ðàâåíñòâ (13) âû-
ïîëíåíî, åñëè dnm = −πbnm/2 ïðè ëþáûõ anm è cnm, à âòîðîå ðàâåíñòâî

èìååò ìåñòî ïðè cnm = πbnm
2 ctg

(
π
4 −

βπ
2

)
−anm è dnm = −πbnm

2 . Ñ ó÷åòîì

ïîñëåäíèõ ðàâåíñòâ, ôóíêöèÿ (12) ïåðåïèøåòñÿ â âèäå

Qnm (y) =


anmy

1/2−βI1/2−β
(√
λnmy

)
+

+bnmy
1/2−βK1/2−β

(√
λnmy

)
, y ∈ [0, b],

−anm (−y)1/2−β J1/2−β
[√
λnm (−y)

]
+

+bnm (−y)1/2−β Ȳ1/2−β
[√
λnm (−y)

]
, y ∈ [−b0, 0],

(14)

ãäå Ȳ1/2−β
[√
λnm (−y)

]
=

=
π

2 cosβπ

{
J1/2−β

[√
λnm (−y)

]
+ Jβ−1/2

[√
λnm (−y)

]}
.

3 Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è A

Ïóñòü u (x, y, z)− ðåøåíèå çàäà÷è A. Ðàññìîòðèì ñëåäóþùóþ ôóíê-
öèþ:

ωnm (y) = dm

c∫
0

a∫
0

u (x, y, z)Xn (x) z2γZm (z) dxdz, m, n ∈ N, (15)
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ãäå Xn (x) è Zm (z)− ôóíêöèè, îïðåäåëåííûå ðàâåíñòâàìè (10) è (11),

dm =
[
‖Zm‖L2,q(0,c)

]−2
,

‖Zm‖L2,q(0,c)
=

 c∫
0

q (z)Z2
m (z) dz

1/2

=
∣∣cJ3/2−γ (σγm)

∣∣ /√2, q (z) = z2γ .

Íà îñíîâàíèè (15) ââåäåì ôóíêöèè

ωε1ε2nm (y) = dnm

c−ε2∫
ε2

a−ε1∫
ε1

u (x, y, z)Xn (x) z2γZm (z) dxdz, n,m ∈ N, (16)

ãäå ε1 è ε2− äîñòàòî÷íî ìàëûå ïîëîæèòåëüíûå ÷èñëà.
Î÷åâèäíî, ÷òî lim

ε1,ε2→0
ωε1ε2nm (y) = ωnm (y) .

Çäåñü è äàëåå, äëÿ óäîáñòâà è êîìïàêòíîñòè èñïîëüçóåòñÿ îïåðàòîð
Áåññåëÿ [30]: By

q ≡ ∂2/∂y2 + [(2q + 1) /y] ∂/∂y.
Ñ ïîìîùüþ ôóíêöèè (16) è óðàâíåíèÿ (1) âû÷èñëèì âûðàæåíèå

(sgny)By
β−1/2ω

ε1ε2
nm (y) :

(sgny)By
β−1/2ω

ε1ε2
nm (y) =

dm

c−ε2∫
ε2

a−ε1∫
ε1

[
(sgny)By

β−1/2u
]
Xn (x) z2γZm (z) dxdz =

= −dm

c−ε2∫
ε2

a−ε1∫
ε1

[(
Bx
−1/2 +Bz

γ−1/2

)
u (x, y, z)

]
Xn (x) z2γZm (z) dxdz =

= −dm

 c−ε2∫
ε2

 a−ε1∫
ε1

[
Bx
−1/2u(x, y, z)

]
Xn (x) dx

 z2γZm (z) dz +

+

a−ε1∫
ε1

 c−ε2∫
ε2

[
Bz
γ−1/2u(x, y, z)

]
z2γZm (z) dz

Xn (x) dx

 . (17)

Ïðèìåíÿÿ ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì, èç (17) ïîëó÷èì

(sgny)By
β−1/2ω

ε1ε2
nm (y) =

−dm

 c−ε2∫
ε2

{[
ux(x, y, z)Xn (x)− u(x, y, z)X ′n (x)

]∣∣x=a−ε1
x=ε1

−

−µn

a−ε1∫
ε1

u(x, y, z)Xn (x) dx

 z2γZm (z) dz+
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+

a−ε1∫
ε1

{[
uz(x, y, z)Zm (z)− u(x, y, z)Z ′m (z)

]
z2γ
∣∣z=c−ε2
z=ε2

−

− (σγm/c)
2

c−ε2∫
ε2

u(x, y, z)z2γZm (z) dz

Xn (x) dx

 . (18)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ìîæíî óáåäèòüñÿ, ÷òî ñëåäóþùèé
ïðåäåë ñóùåñòâóåò:

lim
z→0

z2γZ ′m (z) = 21/2+γ (σγm/c)
1/2−γ /Γ (1/2− α) , (19)

à ïðè x→ a è z → c, ôóíêöèè Z ′m (z) íå èìåþò îñîáåííîñòè.
Èç ðàâåíñòâà (18), ïåðåõîäÿ ê ïðåäåëó ïðè ε1 → 0, ε2 → 0 è ó÷èòûâàÿ

óñëîâèÿ (2), (3), (4) è ðàâåíñòâî (19), à òàêæå ãðàíè÷íûå óñëîâèÿ çàäà÷
(8), (9) è îáîçíà÷åíèå (15), ïîëó÷èì ðàâåíñòâî

sgny · [ωnm (y)]′′ +
2β

|y|
[ωnm (y)]′ − λnmωnm (y) = 0, y ∈ (−b0, 0) ∪ (0, b)

Êðîìå òîãî, ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ (5), èç (15) íàõîäèì

ωnm (−b0) = τ1nm, ωnm (b) = τ2nm, (20)

ãäå

τjnm = dm

c∫
0

a∫
0

τj (x, z)Xn (x) z2γZm (z) dxdz, j = 1, 2. (21)

Îòñþäà ñëåäóåò, ÷òî ôóíêöèÿ ωnm (y) , êîòîðàÿ èìååò âèä (15), ÿâëÿ-
åòñÿ ðåøåíèåì óðàâíåíèÿ (7) ïðè λ = λnm, óäîâëåòâîðÿþùèì óñëîâèÿì
(20). Ïîýòîìó óäîâëåòâîðÿÿ ðåøåíèÿ (14) óðàâíåíèÿ (7) (ïðè λ = λnm)
óñëîâèÿì (20), ïîëó÷èì ñèñòåìó óðàâíåíèé anmI1/2−β

(√
λnmb

)
+ bnmK1/2−β

(√
λnmb

)
= τ2nmb

β−1/2,

−anmJ1/2−β
(√
λnmb0

)
+ bnmȲ1/2−β

(√
λnmb0

)
= τ1nmb

β−1/2
0 ,

(22)

îòêóäà ïðè óñëîâèè

∆nm (b0, b) = I1/2−β

(√
λnmb

)
Ȳ1/2−β

(√
λnmb0

)
+

+K1/2−β

(√
λnmb

)
J1/2−β

(√
λnmb0

)
6= 0, (23)

îäíîçíà÷íî íàõîäèì êîýôôèöèåíòû anm è bnm :

anm =
bβ−1/2Ȳ1/2−β

(√
λnmb0

)
τ2nm − bβ−1/20 K1/2−β

(√
λnmb

)
τ1nm

∆nm (b0, b)
,

bnm =
b
β−1/2
0 I1/2−β

(√
λnmb

)
τ1nm + bβ−1/2J1/2−β

(√
λnmb0

)
τ2nm

∆nm (b0, b)
.
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Ïîäñòàâëÿÿ ýòè êîýôôèöèåíòû â (14), ïîëó÷èì

ωnm (y) =



[
(y/b)1/2−β ∆nm (b0, y) τ2nm +

+ (y/b0)
1/2−β Anm (y, b) τ1nm

]/
∆nm (b0, b), y ∈ [0, b] ;[

(−y/b0)1/2−β ∆nm (−y, b) τ1nm + (−y/b)1/2−β ×
×Bnm (b0,−y) τ2nm]/∆nm (b0, b), y ∈ [−b0, 0] ,

(24)

ãäå

Anm (y, b) = I1/2−β

(√
λnmb

)
K1/2−β

(√
λnmy

)
−

−K1/2−β

(√
λnmb

)
I1/2−β

(√
λnmy

)
,

Bnm (b0,−y) = J1/2−β

(√
λnmb0

)
Ȳ1/2−β

(
−
√
λnmy

)
−

−Ȳ1/2−β
(√

λnmb0

)
J1/2−β

(
−
√
λnmy

)
.

Èç èçëîæåííîãî âûøå ñëåäóåò, ÷òî êàæäàÿ èç ôóíêöèé

unm (x, y, z) = Xn (x)Zm (z)ωnm (y) , n+ 1,m ∈ N,

ãäå Xn (x) , Zm (z) , ωnm (y)− ôóíêöèè, îïðåäåëÿåìûå ñîîòâåòñòâåííî
ðàâåíñòâàìè (10), (11), (24), ïðè âûïîëíåíèè óñëîâèÿ (23), óäîâëåòâî-
ðÿþò âñåì óñëîâèÿì çàäà÷è A.
Ïóñòü ïðè íåêîòîðûõ b0, b è n = l, m = k ∈ N íàðóøåíî óñëîâèå (23),

ò.å. ∆lk (b0, b) = 0. Òîãäà îäíîðîäíàÿ çàäà÷à A, ãäå τj (x, z) ≡ 0, j = 1, 2,
èìååò íåòðèâèàëüíîå ðåøåíèå

ulk (x, y, z) =

{
y1/2−β [∆lk (b0, y) + Alk (y, b)]Xl (x)Zk (z) , y > 0;

(−y)1/2−β [∆lk (−y, b) + Blk (b0,−y)]Xl (x)Zk (z) , y < 0,
(25)

ãäå Xl (x) è Zk (z) íàõîäÿòñÿ ïî ôîðìóëå (10) è (11).
Òåïåðü ìîæåì äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è A, òî îíî åäèíñòâåííî
òîëüêî òîãäà, êîãäà ∆nm (b0, b) 6= 0 ïðè âñåõ n+ 1,m ∈ N.

Äîêàçàòåëüñòâî. Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü, ÷òî îäíîðîäíàÿ çàäà-
÷à A èìååò òîëüêî òðèâèàëüíûå ðåøåíèÿ. Ïóñòü τj (x, z) ≡ 0, j = 1, 2
è âûïîëíåíî óñëîâèå (23). Òîãäà èç ðàâåíñòâ (21), (24) è (15) ñëåäó-

åò, ÷òî
c∫
0

a∫
0

u (x, y, z)Xn (x) z2γZm (z) dxdz = 0, n + 1,m ∈ N. Îòñþäà,

â ñèëó ïîëíîòû ñèñòåìû ôóíêöèé (11) â ïðîñòðàíñòâå L2 (0, c) ñ âåñîì

z2γ è u (x, y, z) ∈ C
(
Ω̄
)
ñëåäóåò, ÷òî

a∫
0

u (x, y, z)Xn (x) dx = 0, n ∈ N.

Åñëè ó÷åñòü ïîëíîòó ñèñòåìû ôóíêöèé (10) â ïðîñòðàíñòâå L2 (0, a) è
u (x, y, z) ∈ C

(
Ω̄
)
, èç ïîñëåäíåãî ðàâåíñòâà âûòåêàåò, ÷òî u (x, y, z) ≡ 0

â Ω̄. �
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4 Ïîñòðîåíèå è îáîñíîâàíèå ðåøåíèÿ çàäà÷è A

Âûðàæåíèå ∆nm (b0, b) , êîòîðîå âõîäèò â çíàìåíàòåëè ôîðìóëû (24),
èìååò ñ÷åòíîå ìíîæåñòâî íóëåé, òî ∆nm (b0, b) ìîæåò ñòàòü äîñòàòî÷íî
ìàëûì ïðè áîëüøèõ n è m, ò.å. âîçíèêàåò ïðîáëåìà ¾ìàëûõ çíàìåíà-
òåëåé¿ [31]. Äëÿ îáîñíîâàíèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è A íåîáõî-
äèìî ïîêàçàòü ñóùåñòâîâàíèå ÷èñëà b0, b è γ, ïðè êîòîðîì âûðàæåíèå
∆nm (b0, b) äëÿ äîñòàòî÷íî áîëüøèõ n è m îòäåëåíî îò íóëÿ ñ ñîîòâåò-
ñòâóþùåé àñèìïòîòèêîé.

Ëåììà 1. Ïóñòü b0− ëþáîå íàòóðàëüíîå ÷èñëî èëè b0 = p/q− ëþáîå
äðîáíîå ÷èñëî, ãäå (p, q) = 1, (4, q) = 1, p, q ∈ N, ïðè÷åì

n2 + (m− γ/2)2 /c2 6= (d− 1/4)2 q2/p2, d ∈ Z, ∀n,m ∈ N,
òîãäà ñóùåñòâóþò ïîëîæèòåëüíîå ÷èñëî C0 è ∀n0,m0 ∈ N, òàêèå,
÷òî ïðè âñåõ n > n0 è m > m0 ñïðàâåäëèâà îöåíêà

|∆nm (b0, b)| ≥ C0e
√
λnmb. (26)

Äîêàçàòåëüñòâî. Âûðàæåíèå ∆nm (b0, b) ïðåäñòàâèì â ñëåäóþùåì âèäå

∆nm (b0, b) = I1/2−β

(√
λnmb

)
∆̃nm (b0, b) , (27)

ãäå

∆̃nm (b0, b) = J1/2−β

(√
λnmb0

) K1/2−β
(√
λnmb

)
I1/2−β

(√
λnmb

) + Ȳ1/2−β

(√
λnmb0

)
.

(28)
Â ñèëó àñèìïòîòè÷åñêèõ ïîâåäåíèé ôóíêöèé Iv (x) è Kv (x) ïðè áîëü-

øèõ x [32]

Iν (x) ≈ ex

(2πx)1/2
, Kν (x) ≈

( π
2x

)1/2
e−x. (29)

ôóíêöèÿ Ìàêäîíàëüäà K1/2−β
(√
λnmb

)
ïðè äîñòàòî÷íî áîëüøèõ n è

m ñòðîãî óáûâàåò ïî ôîðìóëå
[
π/
(
2
√
λnmb

)]1/2
e−
√
λnmb, à ôóíêöèÿ

I1/2−β
(√
λnmb

)
ñòðîãî âîçðàñòàåò ïî ôîðìóëå

(
2π
√
λnmb

)−1/2
e
√
λnmb,

ïîýòîìó âåëè÷èíà J1/2−β
(√
λnmb0

)
K1/2−β

(√
λnmb

)
/I1/2−β

(√
λnmb

)
ïðè

áîëüøèõ n è m, åñòü áåñêîíå÷íî ìàëàÿ áîëåå âûñîêîãî ïîðÿäêà, ÷åì
Ȳ1/2−β

(√
λnmb0

)
. Ðàññìîòðèì òîëüêî âûðàæåíèå

Ȳ1/2−β

(√
λnmb0

)
=

π

2 cosβπ

[
J1/2−β

(√
λnmb0

)
+ Jβ−1/2

(√
λnmb0

)]
,

êîòîðîå èìååò ñ÷åòíîå ìíîæåñòâî íóëåé. Ñëåäîâàòåëüíî, âûðàæåíèå
∆̃nm (b0, b) ïðè íåêîòîðûõ b0 ìîæåò èìåòü ñ÷åòíîå ìíîæåñòâî íóëåé,
íåçàâèñèìî îò b > 0. Ïîñêîëüêó b0− ëþáîå ïîëîæèòåëüíîå ÷èñëî, òî îíî
ìîæåò ïðèíèìàòü çíà÷åíèÿ, ñêîëü óãîäíî áëèçêèå íóëÿì ∆̃nm (b0, b) .
Ñîãëàñíî ðàáîòå [29], ïðè äîñòàòî÷íî áîëüøèõ m, äëÿ m-íîãî ïîëî-

æèòåëüíîãî êîðíÿ óðàâíåíèÿ J1/2−γ (x) = 0, èìååò ìåñòî ñîîòíîøåíèå

σγm ≈ π (m− γ/2) . (30)
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Ïðè äîñòàòî÷íî áîëüøèõ n, ñïðàâåäëèâî ñëåäóþùåå ïðèáëèçèòåëüíîå
ðàâåíñòâî

µn ≈ (πn)2 . (31)

Òîãäà ∆̃nm (b0, b) ≈ Ȳ1/2−β
(√
λnmb0

)
. Êðîìå òîãî, â ñèëó àñèìïòîòè÷å-

ñêîé ôîðìóëû ôóíêöèè Áåññåëÿ ïðè äîñòàòî÷íî áîëüøèõ ξ

Jν (ξ) ≈
(

2

πξ

)1/2

cos
(
ξ − νπ

2
− π

4

)
, (32)

è ñ ó÷åòîì (30) è (31) ñïðàâåäëèâî ïðèáëèçèòåëüíîå ðàâåíñòâî

λ1/4nm∆̃nm (b0, b) ≈ A sin
(√

λnmb0 + π/4
)
, (33)

ãäå A =
√
π (2b0)

−1/2 cos−1 (βπ/2 + π/4) .
Ïðåäïîëîæèì, ÷òî n, (m − γ/2)π/c è πh− ÷èñëà Ïèôàãîðà, ò.å.

(πn)2 +
[
π
c

(
m− γ

2

)]2
= π2h2, h ∈ R. Äëÿ ïðèìåðà çäåñü ïîêàæåì îöåíêó

(33), äëÿ ñëó÷àÿ, êîãäà h− íàòóðàëüíîå ÷èñëî. Òîãäà (33) ïåðåïèøåòñÿ

â âèäå
√
πh∆̃nm (b0, b) ≈ A sin (πhb0 + π/4) .

Åñëè, íàïðèìåð, b0 = l ∈ N, òî èç ïîñëåäíåãî ïîëó÷àåì∣∣∣√πh∆̃nm (l, b)
∣∣∣ = A sin

π

4
=

A√
2
≥ C̃0 > 0, C̃0 = const (34)

Ïóñòü b0 = p/q− ðàöèîíàëüíîå ÷èñëî, ãäå p, q ∈ N, (p, q) = (4, q) = 1.

Òîãäà
∣∣∣√πh∆̃nm

(
p
q , b
)∣∣∣ = A

∣∣∣sinπ (hpq + 1
4

)∣∣∣ .
Ðàçäåëèì hp íà q ñ îñòàòêîì: hp = sq + r, s = 1, 2, ..., r = 0, 1, ..., 0 ≤

r ≤ q − 1. Åñëè ó÷åñòü ýòî, òî âûðàæåíèå
√
πh∆̃nm (p/q, b) ïðèìåò âèä

√
πh∆̃nm

(
p

q
, b

)
= A

∣∣∣∣sinπ(rq +
1

4

)∣∣∣∣ ≥ C̃0 > 0. (35)

Ïîòðåáóåì, ÷òîáû ÷èñëî C̃0 áûëî áîëüøå íóëÿ, à ýòî âîçìîæíî òîëüêî
òîãäà, êîãäà hp/q + 1/4 6= d, d ∈ Z èëè

n2 + (m− γ/2)2 /c2 6= (d− 1/4)2 q2/p2, d ∈ Z.
Òåïåðü âåðíåìñÿ ê ðàâåíñòâó (27). Ïðè áîëüøèõ n > n0 è m > m0,

ðàâåíñòâî (27), ïåðåïèøåòñÿ â âèäå

∆nm (b0, b) ≈ (2πb)−1/2 λ−1/4nm e
√
λnmb∆̃nm (b0, b) .

Ïðèíèìàÿ âî âíèìàíèå îöåíêè (34) è (35), èìååì

|∆nm (b0, b)| ≥ (2πb)−1/2 C̃0e
√
λnmb.

Èç ýòîãî íåðàâåíñòâà ïðè âñåõ n > n0 è m > m0 ñëåäóåò ñïðàâåäëèâîñòü
îöåíêè (26). �

Ëåììà 2. Äëÿ ôóíêöèé (10) ñïðàâåäëèâû ñëåäóþùèå îöåíêè

|Xn (x)| ≤ b1,
∣∣X ′n (x)

∣∣ ≤ b2n, ∣∣X ′′n (x)
∣∣ ≤ b3n2, (36)

ãäå bj , j = 1, 3− ïîëîæèòåëüíûå ïîñòîÿííûå.
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Ñïðàâåäëèâîñòü îöåíêè (36) ëåãêî ñëåäóåò èç ñâîéñòâà òðèãîíîìåòðè-
÷åñêèõ ôóíêöèé.

Ëåììà 3. Åñëè γ ∈ (0, 1/2), òî îòíîñèòåëüíî ôóíêöèé Zm (z) , îïðå-
äåëåííûõ ðàâåíñòâàìè (11), ïðè z ∈ [0, c] è äîñòàòî÷íî áîëüøèõ m
ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

|Zm (z)| ≤ b4z1−2γ(σγm)1/2−γ , (37)∣∣z2γZ ′m (z)
∣∣ ≤ b5(σγm)1/2, (38)∣∣∣Bz

γ−1/2Zm (z)
∣∣∣ ≤ b6z1−2γ(σγm)5/2−γ , (39)

ãäå bj , j = 4, 6− ïîëîæèòåëüíûå ïîñòîÿííûå.

Äîêàçàòåëüñòâî. Ôóíêöèþ Zm (z) ïåðåïèøåì â âèäå

Zm (z) =
(2c)γ−1/2

Γ (3/2− γ)
z1−2γ (σγm)1/2−γ J̄1/2−γ (σγmz/c) , (40)

ãäå J̄ν (z)− ôóíêöèÿ Áåññåëÿ-Êëèôôîðäà [33]:

J̄ν (z) = Γ (ν + 1) (z/2)−ν Jν (z) =

∞∑
j=0

(
−z2/4

)j
(ν + 1)j j!

.

Ôóíêöèÿ J̄ν (z) ÷åòíàÿ è áåñêîíå÷íî äèôôåðåíöèðóåìà. Êðîìå òîãî, ñïðà-
âåäëèâî ðàâåíñòâî J̄ν (0) = 1 è íåðàâåíñòâî

∣∣J̄ν (z)
∣∣ ≤ 1 ïðè ν > −1/2.

Ó÷èòûâàÿ ýòî è 1/2− γ > 0, èç ðàâåíñòâà (40), ïîëó÷èì îöåíêó (37).

Òåïåðü, ðàññìîòðèì ôóíêöèþ z2γZ ′m (z) =
σγm
c z1/2+γJ−1/2−γ(σγmz/c).

Òîãäà ýòó ôóíêöèþ ïåðåïèøåì â âèäå

z2γZ ′m (z) = (σγm/c)
1/2−γ ξ1/2+γJ−1/2−γ (ξ) , (41)

ãäå ξ = σγmz/c. Ôóíêöèÿ ξ1/2+γJ−1/2−γ (ξ) â òî÷êå ξ = 0 îãðàíè÷åíà
è ïðè ξ ∈ [0,+∞) íåïðåðûâíà. Êðîìå òîãî, â ñèëó àñèìïòîòè÷åñêîé

ôîðìóëû (32) ñïðàâåäëèâà îöåíêà
∣∣ξ1/2+γJ−1/2−γ (ξ)

∣∣ < ξγ b̃5, ãäå b̃5 =

const > 0. Åñëè ó÷åñòü ýòè ñâîéñòâà ôóíêöèè ξ1/2+γJ−1/2−γ (ξ) , òî èç
(41) ñëåäóåò, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ ξ ñïðàâåäëèâî íåðàâåíñòâî∣∣z2γZ ′m (z)

∣∣ ≤ b̃5 (σγm/c)
1/2−γ ξγ = b̃5 (σγm/c)

1/2 zγ ≤ b5 (σγm)1/2 ,

ò.å. ñïðàâåäëèâà îöåíêà èç (38).
Èçâåñòíî, ÷òî ôóíêöèÿ Zm (z) óäîâëåòâîðÿåò óðàâíåíèþ èç (8). Îòñþ-

äà ñëåäóåò, ÷òî Bz
γ−1/2Zm (z) = − (σγm/c)

2 Zm (z) . Òîãäà, â ñèëó îöåíêè

(37), ñïðàâåäëèâà îöåíêà (39). �

Ëåììà 4. Äëÿ äîñòàòî÷íî áîëüøèõ m ∈ N, ñïðàâåäëèâà îöåíêà

J2
3/2−γ (σγm) ≥ b7 (σγm)−1 , (42)

ãäå b7− ïîëîæèòåëüíûå ïîñòîÿííûå.
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Äîêàçàòåëüñòâî. Òàê êàê σγm, m ∈ N− íóëè ôóíêöèè J1/2−γ (z) , òî

ñïðàâåäëèâî ðàâåíñòâî
c∫
0

zJ2
1/2−γ (σγmz/c) dz = c2J2

3/2−γ (σγm) /2. Èç ïî-

ñëåäíåãî ñëåäóåò, ÷òî

J2
3/2−γ (σγm) =

2

c2

c∫
0

zJ2
1/2−γ

(σγmz
c

)
dz =

2

σ2γm

σγm∫
0

ξJ2
1/2−γ (ξ) dξ. (43)

Â ñèëó àñèìïòîòè÷åñêîé ôîðìóëû (32) ñóùåñòâóåò íåêîòîðîå äîñòà-
òî÷íî áîëüøîå ÷èñëî c0 > 0, òàêîå, ÷òî ïðè ξ > c0 ñïðàâåäëèâî ðàâåíñòâî
ξJ2

1/2−γ (ξ) ≈ 2
π sin2

(
ξ + γπ

2

)
. Òîãäà, åñëè ïðåäïîëîæèòü, ÷òî σγm äîñòà-

òî÷íî áîëüøîå ÷èñëî è σγm > 2 (c0 + 1) , òî

σγm∫
0

ξJ2
1/2−γ (ξ) dξ >

σγm∫
c0

ξJ2
1/2−γ (ξ) dξ ≈ 2

π

σγm∫
c0

sin2
(
ξ +

γπ

2

)
dξ =

=
1

π
σγm −

1

π
[c0 + cos (σγm + c0 + γπ) sin (σγm − c0)] ≥

1

2π
σγm.

Åñëè ó÷åñòü ýòî, òî èç (43), ñëåäóåò îöåíêà (42). �

Â ñèëó ðåçóëüòàòà ýòîé ëåììû, êîýôôèöèåíòû dm, îöåíèâàþòñÿ â ñëå-
äóþùåì âèäå

|dm| ≤ b8σγm, (44)

ãäå b8 = const > 0.

Ëåììà 5. Ïóñòü f (x) ∈ C3 [0, a] è f ′ (0) = f ′′ (0) = 0. Òîãäà

lim
x→0

x
d

dx
Bx
α−1/2f (x) = 0.

Äîêàçàòåëüñòâî. Íåòðóäíî ïðîâåðèòü ñïðàâåäëèâîñòü ðàâåíñòâà

x
d

dx
Bx
α−1/2f (x) = xf ′′′ (x) + 2αf ′′ (x)− 2α

x
f ′ (x) .

Â ñèëó óñëîâèÿ ëåììû 5 è ïðàâèëà Ëîïèòàëÿ, èç ïîñëåäíåãî ðàâåíñòâà
ñëåäóåò, ÷òî

lim
x→0

x
d

dx
Bx
α−1/2f (x) = lim

x→0

{
xf ′′′ (x) + 2α

[
f ′′ (x)− f ′ (x)

x

]}
= 0.

�

Ëåììà 6. Ïóñòü f (x) ∈ C2k [0, a] , k = 1, 2 è âñå ïðîèçâîäíûå ôóíê-
öèè f (x) äî ïîðÿäêà 2k âêëþ÷èòåëüíî, îáðàùàþòñÿ â íóëü ïðè x =

0 è x = a. Òîãäà èìåþò ìåñòî ðàâåíñòâà lim
x→0

[
Bx
α−1/2

]k
f (x) = 0,

lim
x→a

[
Bx
α−1/2

]k
f (x) = 0, ãäå

[
Bx
α−1/2

]s+1
= Bx

α−1/2

[
Bx
α−1/2

]s
, k = 1, 2.
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Äîêàçàòåëüñòâî. Ïðè k = 1 è k = 2, ôóíêöèÿ
[
Bx
α−1/2

]k
f (x) çàïèøåòñÿ

ñîîòâåòñòâåííî â âèäå Bx
α−1/2f (x) = f ′′ (x) + 2α

x f
′ (x) è[

Bx
α−1/2

]2
f (x) = f (4) (x) +

4α

x
f ′′′ (x) +

4α2 − 4α

x2
f ′′ (x)− 4α2 − 4α

x3
f ′ (x) .

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå óñëîâèÿ ëåììû 6 è ïðèìåíÿÿ ïðàâèëî

Ëîïèòàëÿ, èìååì lim
x→0

[
Bx
α−1/2

]2
f (x) = 0.

Ïðè x → a îïåðàòîð Áåññåëÿ íå èìååò îñîáåííîñòè. Ïîýòîìó, â ñèëó

óñëîâèé ëåììû 6, ñëåäóåò lim
x→a

[
Bx
α−1/2

]2
f (x) = 0. �

Ëåììà 7. Åñëè β, γ ∈ (0, 1/2) è ôóíêöèè τ1 (x, z) , τ2 (x, z) óäîâëåòâî-
ðÿþò óñëîâèÿì

I. τl (x, z) ∈ C4,5
x,z

(
Π̄
)
, l = 1, 2, ãäå Π = {(x, z) : x ∈ (0, a), z ∈ (0, c)} ;

II.
(
∂j/∂xj

)
τl (x, z)

∣∣
x=0

=
(
∂j/∂xj

)
τl (x, z)

∣∣
x=a

, l = 1, 2, j = 0, 3;

III.
(
∂j/∂zj

)
τl (x, z)

∣∣
z=0

= 0,
(
∂j/∂zj

)
τl (x, z)

∣∣
z=c

= 0, l = 1, 2, j =

0, 4, òî äëÿ êîýôôèöèåíòîâ τjnm, j = 1, 2, îïðåäåëåííûõ ðàâåíñòâàìè
(21), ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

|τjnm| ≤ b9n−4(σγm)−4,5, b9 = const > 0. (45)

Äîêàçàòåëüñòâî. Êîýôôèöèåíòû τlnm, l = 1, 2, îïðåäåëåííûå ðàâåí-
ñòâàìè (21), ìîæíî ïåðåïèñàòü â âèäå

τlnm =

c∫
0

z1/2+γJ1/2−γ (σγmz/c)Tln (z) dz, l = 1, 2, n+ 1,m ∈ N, (46)

ãäå Tl0 (z) =
a∫
0

τl (x, z)X0 (x) dx, Tl,2n−1 (z) =
a∫
0

τl (x, z)X2n−1 (x) dx,

Tl,2n (z) =
a∫
0

τl (x, z)X2n (x) dx, n ∈ N, à ôóíêöèè X0 (x) , X2n−1 (x) è

X2n (x) îïðåäåëÿþòñÿ ôîðìóëîé (10).
Ñíà÷àëà ðàññìîòðèì ôóíêöèþ Tln (z) . Ïðèìåíÿÿ ïðàâèëî èíòåãðèðî-

âàíèÿ ïî ÷àñòÿì ÷åòûðå ðàçà ê èíòåãðàëàì Tl,2n−1 (z) è Tl,2n (z) , èìååì

Tl,2n−1 (z) =

√
2

a

{
−
( a

2πn

)
τl (x, z) cos

2πnx

a

∣∣∣∣x=a
x=0

+

+
( a

2πn

)2
τlx (x, z) sin

2πnx

a

∣∣∣∣x=a
x=0

+
( a

2πn

)3
τlxx (x, z) cos

2πnx

a

∣∣∣∣x=a
x=0

−

−
( a

2πn

)4
τlxxx (x, z) sin

2πnx

a

∣∣∣∣x=a
x=0

}
+
( a

2πn

)4 a∫
0

τlxxxx (x, z)X2n−1 (x) dx,
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Èç ýòèõ ðàâåíñòâ, ïðèíèìàÿ âî âíèìàíèå ÷àñòü II óñëîâèé ëåììû 7,
ïîëó÷èì

Tln (z) =
a4

(2πn)4

a∫
0

τlxxxx (x, z)Xn (x)dx, n ∈ N. (47)

Îòñþäà, íà îñíîâàíèè óñëîâèé ëåììû 7, τlxxxx ∈ C
(
Π̄
)
. Ïðèíèìàÿ

âî âíèìàíèå ýòî è Xn (x) ∈ C [0, a] , çàêëþ÷àåì, ÷òî èíòåãðàë â (47)
ñóùåñòâóåò è Tln (z) ∈ C [0, c] .
Òåïåðü ðàññìîòðèì êîýôôèöèåíò τlnm, îïðåäåëÿåìûé ðàâåíñòâîì (46).

Àíàëîãè÷íî ïðåäûäóùåìó, ïðèìåíÿÿ ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì
ïÿòü ðàç ê èíòåãðàëó â (46), ïîëó÷èì

τlnm = dnm

[
− (c/σγm) z1/2+γJ−1/2−γ (σγmz/c)Tln (z)

∣∣∣z=c
z=0

+

+ (c/σγm)2 z1/2+γJ1/2−γ (σγmz/c)Tlnz (z)
∣∣∣z=c
z=0

+

+ (c/σγm)3 z1/2+γJ−1/2−γ (σγmz/c)B
z
γ−1/2Tln (z)

∣∣∣z=c
z=0
−

− (c/σγm)4 z1/2+γJ1/2−γ (σγmz/c)
∂

∂z
Bz
γ−1/2Tln (z)

∣∣∣∣z=c
z=0

−

− (c/σγm)5 z1/2+γJ−1/2−γ (σγmz/c)
[
Bz
γ−1/2

]2
Tln (z)

∣∣∣∣z=c
z=0

+

+ (c/σγm)6
c∫

0

z2γZ ′m (z)
∂

∂z

[
Bz
γ−1/2

]2
Tln (z) dz

 . (48)

Òàê êàê èíòåãðàë â (47) ñõîäèòñÿ ðàâíîìåðíî ïî z, òî âñå ïðîèç-
âîäíûå è îïåðàòîðû, äåéñòâóþùèå ïî z ê ôóíêöèÿì Tln (z) , ïåðåõî-

äÿò ê ôóíêöèÿì τl (x, z) . Òîãäà â ñèëó z
1/2+γJ−1/2−γ (σγmz/c) ∈ C [0, c] ,

J1/2−γ (σγm) = 0 è ÷àñòü II óñëîâèé ëåììû 7, à òàêæå óòâåðæäåíèÿ ëåìì
5, 6 âíåèíòåãðàëüíûå ñëàãàåìûå â (48) ðàâíû íóëþ, ñëåäîâàòåëüíî,

τlnm = dm (c/σγm)6
c∫

0

z2γZ ′m (z)
∂

∂z

[
Bz
γ−1/2

]2
Tln (z) dz.

Îòñþäà, ó÷èòûâàÿ (47), èìååì

τlnm =
dma

4c6

(2πn)4σ6γm

c∫
0

a∫
0

Xn (x) z2γZ ′m (z)
∂5

∂z∂x4

[
Bz
γ−1/2

]2
τl (x, z) dxdz.

(49)
Â ñèëó óñëîâèÿ ëåììû 7, ñïðàâåäëèâî τlxxxx (x, z) ∈ C

(
Π̄
)
,

∂
∂z

[
Bz
γ−1/2

]2
τl (x, z) ∈ C

(
Π̄
)
. Òîãäà ∂5

∂z∂x4

[
Bz
γ−1/2

]2
τl (x, z) ∈ C

(
Π̄
)
.
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Ó÷èòûâàÿ ýòî è Xn (x) z2γZ ′m (z) ∈ C
(
Π̄
)
, çàêëþ÷àåì, ÷òî ïîäûíòå-

ãðàëüíàÿ ôóíêöèÿ íåïðåðûâíà â Π̄, à ïîâòîðíûé èíòåãðàë â (49) ñó-
ùåñòâóåò.
Ïðèíèìàÿ âî âíèìàíèå îöåíêó (44) è îöåíêè (36) è (38), èç (49), ïî-

ëó÷èì îöåíêè (45). �

Òåïåðü íàéäåì îöåíêè äëÿ ôóíêöèè ωnm (y) , îïðåäåëÿåìûå ðàâåíñòâà-
ìè (24). Äëÿ óäîáñòâà ïåðåïèøåì å¼ â âèäå

ωnm (y) =

 P 1
nm (y) τ2nm + P 2

nm (y) τ1nm, y ∈ [0, b] ;

P 3
nm (y) τ1nm + P 4

nm (y) τ2nm, y ∈ [−b0, 0] ,
(50)

ãäå τ1nm è τ2nm îïðåäåëÿþòñÿ ðàâåíñòâàìè (21),

P 1
nm (y) =

y1/2−β∆nm (b0, y)

b1/2−β∆nm (b0, b)
, P 2

nm (y) =
y1/2−βAnm (y, b)

b
1/2−β
0 ∆nm (b0, b)

,

P 3
nm (y) =

(−y)1/2−β ∆nm (−y, b)
b
1/2−β
0 ∆nm (b0, b)

, P 4
nm (y) =

(−y)1/2−β Bnm (b0,−y)

b1/2−β∆nm (b0, b)
.

Ëåììà 8. Åñëè âûïîëíåíà îöåíêà (26) ïðè n > n0 è m > m0, òîãäà äëÿ
òàêèõ n è m ñïðàâåäëèâû ñëåäóþùèå îöåíêè:∣∣P jnm (y)

∣∣ ≤ b10, y ∈ [0, b] ,
∣∣∣By

β−1/2P
j
nm (y)

∣∣∣ ≤ b10λnm, y ∈ (0, b) , (51)∣∣∣P knm (y)
∣∣∣ ≤ b11, y ∈ [−b0, 0] ,

∣∣∣By
β−1/2P

k
nm (y)

∣∣∣ ≤ b11λnm, y ∈ (−b0, 0) , (52)

ãäå j = 1, 2, k = 3, 4, à b10, b11 = const > 0.

Äîêàçàòåëüñòâî. Ñíà÷àëà ðàññìîòðèì ôóíêöèþ P 1
nm (y) è åå ïåðåïè-

øåì â äðóãîì âèäå

P 1
nm (y) =

y1−2βb
β−1/2
0 Ī1/2−β

(√
λnmy

)
J̄β−1/2

(√
λnmb0

)
(1− 2β) b1/2−β∆nm (b0, b)

+

+
b
1/2−β
0 Īβ−1/2

(√
λnmy

)
J̄1/2−β

(√
λnmb0

)
(1− 2β) b1/2−β∆nm (b0, b)

,

ãäå J̄ν (z) , Īν (z)− ôóíêöèè Áåññåëÿ-Êëèôôîðäà [33] è äëÿ íèõ ñïðà-
âåäëèâû íåðàâåíñòâà

∣∣J̄ν (z)
∣∣ ≤ 1 è

∣∣Īν (z)
∣∣ ≤ ez, z > 0 ïðè ν > −1/2. Â

ñèëó ýòèõ íåðàâåíñòâ è îöåíîê (26), âûòåêàåò ïåðâàÿ îöåíêà èç (51) ïðè
j = 1.
Íåïîñðåäñòâåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ôóíêöèÿ P 1

nm (y) ïðè
y ∈ (0, b) óäîâëåòâîðÿåò óðàâíåíèþ (7). Òîãäà, ñïðàâåäëèâî ðàâåíñòâî
By
β−1/2P

1
nm (y) = λnmP

1
nm (y) . Îòñþäà, â ñèëó ïåðâîé îöåíêè (51) ïðè

j = 1, ñëåäóåò ñïðàâåäëèâîñòü âòîðîé îöåíêè èç (51) ïðè j = 1.

Àíàëîãè÷íî, äîêàçûâàþòñÿ îöåíêè äëÿ ôóíêöèè P jnm (y) , j = 2, 4. �
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Â ñèëó ðåçóëüòàòîâ ëåììû 7 è 8, ôóíêöèÿ (50) îöåíèâàåòñÿ â âèäå

|ωnm (y)| ≤ b12n−4 (σγm)−4,5 ,
∣∣∣By

β−1/2ωnm (y)
∣∣∣ ≤ b13n−2 (σγm)−2,5 . (53)

Åñëè âûïîëíåíû óñëîâèÿ ∆nm (b0, b) 6= 0 è îöåíêà (26), òî íà îñíîâàíèè
÷àñòíûõ ðåøåíèé (10), (11) è (50) ðåøåíèå çàäà÷è A ìîæíî ïðåäñòàâèòü
â âèäå

u (x, y, z) =
∞∑
n=0

∞∑
m=1

ωnm (y)Xn (x)Zm (z). (54)

Ñîãëàñíî îöåíêàì (36), (37)-(39), (53) è ïðèáëèçèòåëüíîìó ðàâåíñòâó
(30), ðÿäû (54), ux, z

2γuz ïî àáñîëþòíîé âåëè÷èíå îöåíèâàþòñÿ ñîîòâåò-
ñòâåííî ñëåäóþùèìè ïðîèçâåäåíèÿìè ÷èñëîâûõ ðÿäîâ

b14

∞∑
n=1

n−4
∞∑
m=1

m−4−γ , b15

∞∑
n=1

n−3
∞∑
m=1

m−4−γ , b16

∞∑
n=1

n−4
∞∑
m=1

m−4, (55)

à ðÿäû uxx, B
y
β−1/2u è Bz

γ−1/2u− ñîîòâåòñòâåííî ñëåäóþùèìè ïðîèçâå-
äåíèÿìè ÷èñëîâûõ ðÿäîâ

b17

∞∑
n=1

n−2
∞∑
m=1

m−4−γ , b18

∞∑
n=1

n−2
∞∑
m=1

m−2−γ , b19

∞∑
n=1

n−4
∞∑
m=1

m−2−γ ,

(56)
ãäå bj , j = 14, 19− ïîëîæèòåëüíûå ïîñòîÿííûå.
Òàê êàê êàæäûå ìíîæèòåëè â ïðîèçâåäåíèÿõ â (55) è (56) ñõîäÿòñÿ, òî

ðÿä (54) è ðÿäû ux, z
2γuz ñõîäÿòñÿ àáñîëþòíî è ðàâíîìåðíî â Ω̄, à ðÿäû

Bx
α−1/2u, B

y
β−1/2u è B

z
γ−1/2u ñõîäÿòñÿ íà êàæäîì êîìïàêòå K ⊂ Ω+∪Ω−.

Ïîýòîìó ôóíêöèÿ u (x, y, z) , îïðåäåëåííàÿ ðÿäîì (54), óäîâëåòâîðÿåò
âñåì óñëîâèÿì çàäà÷è A.
Ïóñòü ∆lk (b0, b) = 0 äëÿ íåêîòîðûõ b0 è l = s1, s2, ..., sn, k = t1, t2, ...tm,

si, tj , i = 1, n, j = 1,m, n,m− çàäàííûå íàòóðàëüíûå ÷èñëà. Òîãäà äëÿ
ðàçðåøèìîñòè ñèñòåìû (22) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿ-
ëèñü óñëîâèÿ{

τ1lkb
1/2−βI1/2−β

(√
λlkb

)
+ τ2lkb

1/2−β
0 J1/2−β

(√
λlkb0

)
= 0,

τ1lkb
1/2−βIβ−1/2

(√
λlkb

)
− τ2lkb

1/2−β
0 Jβ−1/2

(√
λlkb0

)
= 0,

(57)

l = s1, s2, ..., sn, k = t1, t2, ..., tm.

Â ýòîì ñëó÷àå, ðåøåíèå çàäà÷è A îïðåäåëÿåòñÿ â âèäå ñóììû ðÿäà

u (x, y, z) =

[
s1−1∑
n=1

(
t1−1∑
m=1

+

t2−1∑
m=t1+1

+...+

∞∑
m=ti+1

)
+

s2−1∑
n=s1+1

(
t1−1∑
m=1

+

t2−1∑
m=t1+1

+...+

∞∑
m=ti+1

)
+ ...
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+

∞∑
n=sj+1

(
t1−1∑
m=1

+

t2−1∑
m=t1+1

+...+

∞∑
m=ti+1

)Xn (x)ωnm (y)Zm (z) +

+
∑
l

∑
k

Clkulk (x, y, z) (58)

Çäåñü â ïîñëåäíåé ñóììå l ïðèíèìàåò çíà÷åíèÿ s1, s2, ..., sj , à k ïðèíè-
ìàåò çíà÷åíèÿ t1, t2, ... , ti, Clk− ïðîèçâîëüíûå ïîñòîÿííûå, ulk (x, y, z)−
îïðåäåëÿþòñÿ ïî ôîðìóëå (25).
Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü ôóíêöèè τj (x, z) , j = 1, 2 óäîâëåòâîðÿþò óñëîâèÿì
ëåììû 7 è âûïîëíåíà îöåíêà (26) ïðè n > n0, m > m0. Òîãäà
1) åñëè ∆nm (b0, b) 6= 0 ïðè âñåõ n = 1, 2, ..., n0, m = 1, 2, ...,m0, òî ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è A è ýòî ðåøåíèå îïðåäåëÿåòñÿ
ðÿäîì (54);
2) åñëè ∆nm (b0, b) = 0 ïðè íåêîòîðûõ n = s1, s2, ..., sj ≤ n0, m =

t1, t2, ... , ti ≤ m0 è âûïîëíÿþòñÿ óñëîâèÿ (57), òî çàäà÷à A îïðåäåëÿ-
åòñÿ ðÿäîì (58).

Ýòèì çàâåðøåíî èññëåäîâàíèå çàäà÷è A.
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