ON SOLVING HAMILTON’S GENERAL QUADRATIC
EQUATION

BRANKO SARIC

ABSTRACT. Based on Hamilton’s method of solving the quadratic equation
(couple equation), defined over the field of couple numbers, as he calls them,
in this paper the method of solving the general Hamilton quadratic equation
is reduced to solving of the matrix quadratic equation, which is defined over
the field of bireal matrices, which correspond to bireal numbers. As the matrix
equation is decomposed into a system of nonlinear algebraic equations (SNAE),
the solutions of the matrix equation are also the solutions of the SNAE, such
that the solutions of the matrix quadratic equation implicitly determine the
symmetric matrices S of the null space of the SNAE. In the second part of
the paper, the matrix method for solving the SNAE, which is obtained via
decomposition of Hamilton’s quadratic equation (1.11), presented.

1. INTRODUCTION

In the middle of the 19th century, on the basis of the previously defined product
of ordered pairs of real numbers (number couples) [4, 5], as follows

(1.1) (a,b) (¢,d) = (ac — bd,ad + bc)
the process of solving the quadratic equation (couple equation)
(1.2) (,9)° + (b,0) (2,9) + (¢,0) = (0,0),

Hamilton reduced to solving an ordinary quadratic equation x2 + bx + ¢ = 0. More
precisely, Hamilton reduced the process of solving the equation (1.2) to the process
of solving a system of two separate equations

(1.3) 2> —y? + bz +c¢=0and 2zy + by = 0,

which always allows real solutions, regardless of whether the discriminant 5%/4 — ¢
is a positive or negative real number, [5]. In the first case, y = 0 in the second
equation of the system, which leads us to the first solution

(1.4) (z,y) = (—g + /21— c,0).

In the second case, the second factor 2z + b, in the second equation of system (1.3),
should be equalized to zero and thus reach another solution

(1.5) (z,y) = (—g,i /e — b2/4).

On the other hand, systems of nonlinear algebraic equations (SNAE), to which
system (1.3) itself belongs, are more ubiquitous in many numerous applications.
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Solving SNAE, in general, requires numerical simulation, and increasingly robust
and efficient methods for solving SNAE are continuously sought. At the end of the
last century, as well as at the beginning of this century, the so-called method of
neural networks was imposed, [3, 7, 8]. In [2] an overview of existing algorithmic
approaches for solving SNAE, namely: reduction to Grebner’s basis, the multidi-
mensional resulting method and the spectral method. In addition, it is shown that
the problem of solving SNAE is equivalent to the problem of finding a rank 1 matrix
in a given subspace of a space of matrices. All of these methods start from a system
of k nonlinear algebraic equations (k > 1) with n unknowns x;, which are elements

of the n x 1 column matrix x = (2;)7 = [21 21 ... za]" (n > 2), as follows

(1.6) ii (@ij), ziws + 22 T +cx = 0.

i=1 j=1
In the matrix notation of system (1.6)
(1.7) xT Apx 4+ 2bfx + ¢, =0,

Ay, = (a;5)), are symmetric n x n matrices, b} = (b;)7 are 1 x n row matrices and
¢, are constants. Let Aj denote the accompanying square symmetric matrices of
higher order by 1 of the matrices Ay, obtained by bordering the matrices Ax on
the right and from below by the column matrices (b{, ck)T and the row matrices
(b{, ck). The null space of system (1.6) is a set Lg of all symmetric square matrices
S of order n + 1 satisfying a system of equalities for traces

(1.8) tr(AgS) = 0.

Theorem 1, which follows, and is taken from [2], allows for simplification in the
solving of some concrete systems of type (1.6).

Theorem 1. For each ordered set of numbers s1, 83, ..., Sn, the matric S may be
formed as S = [s1 $2 ... Sn 1]T [s1 82 ... sp 1] that provides the one-to-one corre-
spondence between all solutions of system (1.6) and the set of all affine matrices of
rank 1 of zero-space of system (1.6).

As emphasized in [2], for the practical use of Theorem 1, it is enough to determine
a basis En, ..., B, of the null space Ly of the system (1.6). The problem of solving
system (1.6) is equivalent to the problem of searching all such numbers ay, ..., ¢y,
for which the matrices an Eq + ... + a4 F, are affine matrices of rank 1.

In [1] and [6] an explicit (qualitative) analysis of solutions of SNAE (1.6), in the
case where n = k = 2, was presented. This type of system (1.6) is obtained via
decomposition of the general Hamilton quadratic equation

(1.9) (a1, a2) (z,9)* + (b1,b2) (2, y) + (c1,c2) = (0,0).

This paper brings an implicit method for solving this type of SNAE (1.6), which is
based on solving a matrix quadratic equation

(1.10) AX?+BX +C =0,
where A — | @ @ | p_ by by _fa el y_[z vy
—Qa2 Qi ’ *bg bl ’ —Cy (1 ’ -y X

and O is a square zero matrix. The matrix quadratic equation (1.10) corresponds to
the quadratic equation (1.9). In the second part of the paper, the matrix method for
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solving the SNAE is presented, which is obtained via decomposition of the following
Hamilton’s quadratic equation (couple equation)

(1.11) (a11,a21) (x,0)* — (@12, az2) (0,y)* + 2 (ba, —b1) (2, 0) (0,7) +

+(c11, e21) (2, 0) + (c22, —c12) (0,y) + (d1,d2) = (0,0).

2. SOLUTIONS OF HAMILTON’S GENERAL QUADRATIC EQUATION

Solutions of quadratic equations az? + bx + ¢ = 0, over the field of real numbers
R, exist if the discriminant of the system A = b? — 4ac is nonnegative. On the
other hand, the elements w of the field R? (the Cartesian square of the set of real
numbers R) are ordered pairs (z,y) of real numbers (Hamilton’s number couples),
which we can rename bireal numbers. As (z,y) = x(1,0) + y (0,1), where (1,0)
and (0, 1) are the basis elements of the field of bireal numbers R? [4], the quadratic
equation, over the field of bireal numbers R?,

(2.1) (a1, az) w? + (by,ba) w + (c1,¢2) = (0,0),
where w = (z,y), can be decomposed, such that
(2.2) (a1, a) w? + (by,by) w4 (c1,c0) =

= ayw? + byw + (c1,0) + agww, + byw, + (0,¢3) =

= [agw? 4+ byw + (c1,0)] (1,0) + [a2w? + byw + (c2,0)] (0,1) = (0,0),

where according to relation (1.1) wy = (0,1) w is the bireal number (—y, x), which
is obtained by rotating the bireal number w, by an angle of /2 radians, in the
positive mathematical direction.

Between the elements w = (x,y) of the field of bireal numbers R? and square

matrices of the second order [ fy Z ], which are the elements of the field of

bireal matrices R?, with a basis consisting of the identity matrix F = [ 0 (1) } and
. . .oz 0 1 .
the antisymmetric matrix £ = 1 0l there is a one-to-one correspondence.

Accordingly, the product of bireal numbers (1.1) corresponds to the product of the
corresponding bireal matrices and vice versa

(2.3) (a,b)(c,d)ﬁ[ab ZHCd d}z

C

:{acbd ad+bc}:(ac—bd,ad+bc).

(ad +bc) ac—bd

The inverse bireal number w=! (w # (0,0)) corresponds to the inverse matrix

-1
[xy z} (x #0 and y # 0), so that

1 — 1
(2.4) wl=—— [ vy } = —w,
2y o [Tl
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where ||w|| = (:B2 + y2)1/ ? is the Buclidean norm of the field of bireal numbers R2

and w = (x, —y). Since X = aF +yE‘ , the general Hamiltonian quadratic equation
(1.9), in matrix form, obtained from the matrix equation (1.10), is as follows

2 9\ 2 9
(25) AX?+BX +C = [ ai (¢ - 3%) - 203y o Ei _ ‘Zg; omay ] +
bll’ — bzy bly + b2(E + C1 Co
—(biy +b2x) biw —bay —c2 €1

22 — 92 2zy T Yy 1 0
a1|: —Qxy xz—yz +b1 —y +c 0 1 +

2 _ .2
+as { 7($223iyy2) fomg ] + b [ _i _xy ] +ca [ _01 (1) } =0,
so that AX? + BX +C = (a1 X2+ b1 X + 1 E) E + (a2X? + 0 X + :E) E = O.
According to (2.2), that is (2.5), the field of bireal matrices {X : EY; = Y5} C R?,
where Y; : R? — R? (i = 1,2) are square matrix functions a; X2 + b;X + ¢ E,
is the null field £y (the set of solutions) of the matrix quadratic equation (2.5).
Obviously, according to Theorem 1, the real numbers s; = x and sy = y, where
x and y are elements of the bireal matrices X € Ly, are elements of the matrices

[s1 s 1], such that the matrices S = [s1 so 1]7 [s1 so 1] are symmetric matrices of
the null space of SNAE

— [ag (as2 — y2) + 2a1xy] aq (22 — 2002y

2

(2.6) ZZ @ij), TiT; +2Z 1Ti+ca = 0
=1 j=1
2 2
ZZ a” xlxj+2z 9 Ti + C2 0,
=1 j=1
which can be written in a more concise form
(2.7) xT A;x + 2b{ x + a— =0
1
TA2x+2b2x+— = 0,
az
where x7 = |11 22] = [z 9],
1) 1) 2) 2)
Ay aéb a%) = [ Lo } Ay = aé%) aéz?) = [ Loa ]
A1 G ~ar -1 A1 G r -1

b =[ o o) | =& - [andbf =[5 o2 [=[& £].

2a1 2as 2as

By (1.8), matrices S are affine matrices of rank 1, which satisfy a system of equalities
for traces

(2.8) tr(A1S) =0 and tr(AyS) =
where

_ a2 by 1 a1 by
R o ay 2ab1 A a a2 2ba2
— 2 2 — 1 1
(29) Al = r -1 “2a; and A2 = as 1 2as
by Do o b2 b
20.1 2(11 al 20.2 2(12 as
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On the other hand, the solutions of system (2.7) are the solutions of matrix
equation (2.5). Since bireal matrices, if they are not zero matrices, are regular and
commutative matrices, bireal matrices

A™'B A-1B)°
(2.10) X1 =- 5 + \2/( 1 S A~1C and
A1B 2/ (A-1B)?
Xo=— - —A-IC
2 2 \/ 4 )
are solutions of the matrix equation (2.5). Considering the fact that
1 ar —a by b
2.11 A'B=—5—— "t 2=
(2.11) a? + a3 [ az @ —by by
. 1 a1by + asby  aijby — agbg
Caf+a3 | aebi —aiby arb +agby |’
1 —
(212) A_lC = |: ay az :| [ C1 C2 :| —
ai+az | a2 a1 —C2 G

_ 1 aici +agsCe2  a1Cy — asCy and
a? +a3 | azct —aicy  aicy +azcy

(2.13) (A_lB)2 = 1 [ (a1 — a3) (b7 — 3) + 4arazbibs

(a2 + a%)Q 2[(b7 — b3) araz — (a? — a3) bibo]
2[(&% — a%) blbg — (b% — b%) alag]
(a% — a%) (b% — b%) + 4a1a2b1b2

d2—d2  2dyd,

. v D2 —
the bireal matrix D* = [ “2dyds &2 — d3

], whose elements satisfy SNAE

(a1b1 + a2b2)2 — (a1b2 — a2b1)2 —4 (CL% + a%) (CL161 + CLQCQ)
4(at +a3)’
2 (a1b1 + CLQbQ) (a1b2 — azbl) —4 (a% + CL%) (alcg — agcl)
4(af +a3)’
is the matrix discriminant of the matrix equation (2.5). SNAE (2.14) can be solved
graphically and analytically. The graphic solution is the coordinates of the points
of intersection of two second order curves, as shown in Fig.1

The analytical solution can be obtained by converting Cartesian coordinates into
polar coordinates

(2.14) &3 —di=

2d1dy =

Y

(2.15) d1 =rcosp and dy = rsinp.

Therefore, in polar coordinates

2 (a1b1 + agbg) (a1b2 — agbl) —4 (a% + a%) (a102 — agcl)
4(a} +a3)’

(2.16) 7%sin2p = and

(albl + a2b2)2 — (a1b2 — a2b1)2 —4 (a% + a%) (a101 + CLQCQ)
4 (a3 + a3)”

72 cos 2p =

)
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FIGURE 1

tath is,
2 (a1b1 + azbg) (a1b2 — azbl) —4 (a% + a%) (alcg — a261)
(a1b1 + agbz)z — (a1b2 — a2b1)2 — 4 (a% -+ CL%) (a101 + G,QCQ)

di  ds
—dy di |’

(2.17)  tan2p =

Finally, after determining the elements d; and dy of the matrix D = [

the solutions of the matrix equation (2.5), are as follows

A7'B

(2.18) Xyo=-— +D.

On the basis of (2.14), it can be concluded that if
(219) (a1b1 + a2b2) (a2b1 — albg) =2 (a% + a%) (a102 — azcl) and

(a1by + aghy)® — (aghy — a1ba)? > 4 (af + a3) (arc1 + azea),
the solutions are the bireal numbers (z1,0) and (z2,0), that is, the bireal numbers
(zo,y1) and (xg,y2), if the inequality >, in the previous condition, replaces the
inequality <. For example, let ajca = agc; and asby = aiby. If the condition
b3 > 4dascy (b3 > 4daicy) is satisfied, to which the inequality condition (2.19) is
reduced, the solutions of the general Hamiltonian quadratic equation are the bireal
numbers (x1,0) and (z2,0). If ajca = age; and ajby = —agbs, and b3 > —dagcs
(b3 > —4aycy), the solutions are bireal numbers (0,y;) and (0,y2), [1].

As emphasized above, real solutions of the equation az? 4 bx 4+ ¢ = 0 exist
if the discriminant A = b? — 4ac is nonnegative. The solutions of the quadratic
equation (2.1), over the field of bireal numbers R?, which also includes Hamilton’s
couple equation (1.2), are in the form of bireal numbers. Accordingly, in addition
to the fact that there is a complete analogy between the solution of the quadratic
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equation (2.1) and the quadratic equation with complex coefficients, the question
arises: Whether it was necessary to introduce the imaginary unit ¢ at all? Hamilton
himself emphasized the same thing in [5], but he did not insist on it, so it was not
sufficiently noticed by the scientific public.

2.1. Examples. 1. The general Hamiltonian quadratic equation

(2.20) (a1, a2) w? + (b1, ba) w + (c1,¢2) = (0,0),

for a1 = as = by = by = ¢1 = ¢ = 1, can be decomposed, such that

(221)  (L,Dw’+ (L, Dw+ (1,1) = [w®+w+ (1,0)] [(1,0) + (0,1)] = (0,0),
that is,

(2.22) w? +w + (1,0) = (0,0),

which is obviously an ordinary Hamiltonian quadratic equation (couple equation),
the solutions of which, according to (1.5), are as follows

1
(223) wi2 = 5(—1,:E v
i d3 o 2
Therefore, the bireal matrix D? = [ cllZ d% ] = [ 3 6 }, whose elements are
—az ap -1
solutions of the SNAE
3
(2.24) d3 —d3 = -3
2d1de =0,
is a matrix discriminant of the following matrix equation
1 2 1 1 1 1
S LN A POTU A PO RS

which corresponds to the quadratic equation (2.22). The solutions of the matrix
equation (2.25) are the matrices

(2.26) Xig— = { :F{_\lf{ iL{| }

2. Between the general Hamiltonian quadratic equation
(2.27) (1, -1)w? + (=2, -2) w + (1,—1) = (0,0)

and the matrix equation

2 - 2 -y 2wy
(2.28) AX?+ BX +C = } { Cowy a? g } +

-2 =2 y 1 =11
‘| H M R
whose solutions are as follows
A-1B

(2.29) Xig=—

)

+D=(1+v2)E,

there is a one-to-one correspondence.
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3. MATRIX METHOD FOR SOLVING THE SNAE
By decomposing Hamilton’s quadratic equation (1.11), the following SNAE
(3.1) a112® + a12y” + 2bizy + ez + croy + dy =0
a9122 4 a2y? + 2b2xy + o1 + co0y + do = 0.

is obtained. However, Hamilton’s quadratic equation (1.11) can also be written in
matrix form
21 zyl xl di1
o2 11 a1a[ 2] es[ 7 ] ve 2] M ] - oo
where
_ I _ | (a11,0) (0,—ai2)
azl axpl (0,a21)  (a22,0) |’

o[ - [0 )

C = { cnl —c12d } - [ (c11,0) (0, —c12) } '

c211l ¢l (0,c21)  (c22,0)
Since R
%1 |71 01 zl d
1| | 01 w1 yl an
zyl | |yl 0i xl
eyl | | 01 z1 yl |’
it follows that
21 zyl xl di1l
(3.3) [1 1](A[y21}JrB{xyi}JrC{yi}jt{dzi])
_ 1 01 yl 01 zl dil],
=11 1][(‘4[ 01 yl}—i_B[Oi x1}+0) yi]+ do1 ]]_(0’0)’
that is,
zl d11 o (0,0)
(3-4) D|:yi:|+|:dgi:||:(0,0) ’
| (enz+ by +c11,0) —(0,a12y + b1z + c12) .
where D = { (0, 4012 + by + c21)  (azay + o + ¢22,0) | On the assumption

that the matrix D = [ an® +by+cun a2y +bhr + e :|,such that |D| = |D| 1,

a21® + boy + co1 20y + bax + 22
is a regular matrix, one obtains that

zl . 1 dll - ade dll
(35 = ] = L
(ag2y + bax + c22,0) (0, a12y + b1z + c12) dl}
7(0,a21x+bzy+021) (a11x+b1y+cn,0) do1
|D|
[ [(bida — bady) x + (a12ds — a2adr) y + (c12da — c22d1)]1 }

[(ag1dy — ay1ds) & — (bidy — bady) y + (ca1dy — c11d2)]|1
(@112 + by + c11) (a22y + bax + c22) — (ag1x + bay + c21) (a12y + biz + c12)
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On the basis of the previous equation, it follows that
(3.6) [|D] — (bidz — bady)|zy = (a12d2 — azedr) y* + (crada — caody) y =
= (ag1dy — ar1de) @ — 2 (bidz — bady) yz + (ca1dy — c11da) z,
where
(3.7) |D| = (a11b2 — ag1b1) 2 + (azzby — ar2be) y* + | Al zy + (ar1022 — azici2) -+

+ (agz2c11 — arzear) y + (1,
|A| = aj1a22 — a12a21 and |C] = cj1¢92 — c12¢21. The solutions z and y of SNAE
(3.1) belong to the set {x,y, c} of solutions of the following SNAE
(3.

8) [|1D] = (brdz — bady)]wy = c
(a12ds — azdy) y* + (c12ds — codi) y —c =0
(a21d1 — andg) £B2 — [2 (bldg - bgdl) Yy — (621d1 - cudg)]x —C= 0,

where c is an arbitrary real constant.

3.1. Examples. 1. The following SNAE

(3.9) 2 —y?=d

2zy = 7
identical to SNAE (2.14), is obtained from SNAE (3.1) for
(3.10) a1 = ag2 = by = c11 = c12 = c21 = €22 = 0,

bgzb%O,aH:fau:land
dy =dy = —d #0.

In that case, according to (3.8), solutions = and y of SNAE (3.9) are solutions of
SNAE

(3.11) (|D| —bd)zy —c=0
2 _opyr = &
x byx 7
y? = c/d.

From the last equation of the previous system, it follows that y = £3/c¢/d. If this
value for y is included in the second equation of SNAE (3.11), the value for x can
be obtained, so that z = (b £ v/1+ b2)y. On the basis of (3.7),

(3.12) |D| = b(a® +y?) = %0[1 + (bt Y1+b2)?] =

B b_c(1Jr b+ 1+ b2 )_Q_bc +V/1 + 2

d b+ YT +02 d b Y102

On the other hand, according to the first equation of SNAE (3.11), one obtains
that

@:721 +b==%V1+02
d (bt V1+?)

since zy = c(b £ v/1+ b2)/d. Accordingly,

(314) oAb TER) 20

(3.13)
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so that

(3.15) y:ivg%—atV1+w)m@
x:y@ivl+wy=i2%@i€ﬂ+wy

2. The following SNAE

(3.16) 2 —y—d=0
v +r—d=0,
is obtained from SNAE (3.1) for
(3.17) a1z = ag; = by = by = 11 = ca2 = 0,
a1] = azg = —cr2 = c21 = 1 and

dy =dy=—-d#0.
In this case, according to (3.8), solutions  and y of SNAE (3.16) are solutions of
SNAE

(3.18) |D|zy = ¢
5 c
B
Y-ty d
5 c
)
&=

From the second and third equations of the previous system, for —1/4 < ¢/d,

1 ,/1 ¢
1 = —==+4/-+ = and
(3.19) Yy 5 4+dan

According to the first equation, it follows that |D| = d, since xy = ¢/d. On the
other hand, on the basis of (3.7),

(3.20) |D=zy+1=

C

1.
d+

Therefore, ¢/d = d — 1, so that, for 3/4 < d,

1 3
(3.21) y——ai\/d—l—land
1 [ 3
==+ ¢d-2
=g EYITY

By analyzing the results above obtained, it can be concluded that for d < 3/4,
according to (1.4) and (1.5), the following bireal numbers

1, ./3 1 3
(3.22) wf4§¢217@aerqf?i21f@

with the bireal numbers wy = (1/2+ {/d — 3/4,0) and wy = (—=1/2£ {/d — 3/4,0),
for 3/4 < d, are solutions for the following SNAE

(323) ’LU% — Wz — (d7 0) = (07 O)
w3 +w; — (d,0) = (0,0).
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3. The following SNAE, see [9],

(3.24) 2?44y —4=0

22 +9y? - 22 =0,
is obtained from SNAE (3.1) for
(3.25) 11 = Qo1 = Qg9 =1

a1a = —2¢91 = —d; =4 and
by = by = c11 = c12 = 2 = dp = 0.
According to (3.8), solutions = and y of SNAE (3.24) are solutions of SNAE
(3.26) yv=c
|D|zy = 4c
2?2 =2 +c=0.

On the basis of (3.7) |D| = 8y — 3zy = (8 — 3z)y, so that |D| xy = (8 — 3z)zy? = 4c,
that is, 322 — 8z 4+ 4 = 0, since y? = ¢. The solutions of this quadratic equation:
x1 = 2 and x5 = 2/3, are at the same time the solutions of the third equation of
SNAE (3.26), only if ¢ = 0 or ¢ = 8/9. Accordingly, 11 = 0 and 3 = +2v/2/3.

Remark 1. Hamilton’s quadratic equation (couple equation)
(327)  [(s1,52) E— Al = |A| (51, 82)° — tr (Badj ) (s1,52) + |4] = (0,0),

where

1 —a i (CL 0) (0 *alz)
3.28 A= | g T2t e ; d
(3.28) [ azil  axl (0,a21)  (a22,0) an

go | el —eppd _ | (e11,0) (0, —e12)
ea1l  esol (0, e21) (6227 0) ’
is the characteristic polynomial for Hamilton’s linear differential equation

(329) (611, 621) (dtCL‘, 0) + (622, —612) (0, dty) = (all, a21) (CL‘, 0) =+ (agg, —a12) (O, y) B

which also has its own matriz form

0) (z,0) ]
3.30 1 1]Eq | @O —r1 14l @0
(3.30) [ ] t[ (0,y) } [ J [ (0,9)
By decomposition, Hamilton’s quadratic equation (3.27) is reduced to SNAE
(3.31) |E| (s7 — s3) — tr(EadjA)s, + |A] =0
2| B 5155 — tr(Eadj A)s; = 0,
where A = [ 011 012 } and E = e €12 }, whose solutions are qualitatively
a1 Q99 €21 €22

comparable to the solutions of SNAE (1.3).
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