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Abstract: In this work, we studied more properties concerning the
class of o-un-Dunford-Pettis operators on Banach lattices. Furthermore,
we introduce a new property that generalizes the Dunford-Pettis
property, which we call the o-un-Dunford-Pettis property. After
that, we investigate proprieties about this new property. Finally,

we present a necessary and sufficient condition under which for
each o-un-Dunford-Pettis operator is u-M-weakly compact and
under which for each AM-o-un-compact is o-un-Dunford-Pettis
operator.
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1 Introduction and preliminaries

The notion of o-un-Dunford-Pettis operators was introduced by N.Hafidi’s
et al in [1], which generalizes the class of Dunford-Pettis operators. Indeed, an
operator T': X — F from a Banach space X into a Banach lattice F is said
to be sequentially un-Dunford-Pettis (abb, o-un-DP) if T'(z,,) —= 0 for every
weakly null sequence (x,) in X and an operator T': X — Y from a Banach

space X into a Banach space Y is called Dunford-Pettis if T'(z),) LN

for every weakly null sequence (x,) in X. Note that each Dunford-Pettis

operator is o-un-Dunford-Pettis, but the converse is not always true. In fact,

let the identity operator Id,2. Clearly, Idy is o-un-Dunford-Pettis but it is

not Dunford-Pettis. In their article, some properties of this class of operators
144
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have been studied. The purpose of this paper is to investigate additional
properties of this classification of operators and to establish some results
about the relations between the class of o-un-Dunford-Pettis operators and
other classes of operators as u-M-weakly-compact and AM-o-un-compact.

» An operator T from a Banach lattice E into a Banach lattice F' is
called unbounded M-weakly compact (u-M-w-compact for short)
if T(z,) =% 0 for every norm bounded disjoint sequence (z,,) of E

[9].

This work is organized as follows: In section 2 we present an extension of the
characterization of o-un-Dunford-Pettis operators obtained in Proposition
3.2 by N.Hafidi’s [1] (Theorem 1) and we identify an additional condition
under which every o-un-Dunford-Pettis operator is o-un-compact (Proposition
1), after that we present another characterization Banach lattices under
which each o-un-Dunford-Pettis operators T': E — E is o-un-compact (res,
o-uaw-compact), T2 o-un-compact operators (Proposition 2) and for which
each o-un-Dunford-Pettis operators T : E — F' is weakly compact (Theorem
2). Additionally, we present a sufficient condition for which for each o-un-
Dunford-Pettis operator T iff |T'| is o-un-Dunford-Pettis (Proposition 3). On
the other side, we introduce a new property that generalizes the Dunford-
Pettis property (Definition 1). Following this, we present a result that each
reflexive Banach lattice has o-unDPP is finite dimensional (Theorem 5) and
demonstrated that each Banach lattice has oc-unDPP whenever its dual has
o-unDPP (Proposition 6). In section 3, we establish the relationship between
o-un-Dunford-Pettis operators and u-M-weakly compact and as well AM-
o-un-compact (Proposition 9). We also present a necessary and sufficient
condition under which for each o-un-Dunford-Pettis operator is u-M-weakly
compact (Theorem 7 and 8) and we present necessary conditions under which
for each AM-o-un-compact is o-un-Dunford-Pettis operator (Proposition 9)

To state our results, we need to fix some notations and recall some definitions.
A Banach lattice is a Banach space (E,||.||) such that E is a vector lattice
and its norm satisfies the following property: for each z,y € F such that

|z| < |y|, we have ||z]| < ||ly||. A norm ||.|| of a Banach lattice E is order
continuous if for each nets (z,) such that z, | 0 in E, the sequence (x)
converges to 0 for the norm ||.||, where the notation z, | 0 means that the

sequence () is decreasing, its infimum exists and inf(z,) = 0. The lattice
operations in Banach lattice E are weakly sequentially continuous, if the
sequence (|z,|) converges to 0 in the weak topology, whenever the sequence
(z,,) converges weakly to 0 in E. A Banach lattice F is said to be KB-space,
if every increasing norm bounded sequence of ET is norm convergent. A
Banach lattice E is said to have the property (b) if each subset A of E is
order bounded whenever it is b-order bounded. Note that, F is a KB-space
iff £ has the property (b) and order continuous norm. A nonzero element z
of a vector lattice F is atomic if the order ideal generated by x equals the
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vector subspace generated by x. The vector lattice E is atomic (discrete), if
it admits a complete disjoint system of discrete elements. A Banach lattice F
is said to be an AM-space if for each x,y € F such that inf(x,y)=0 we have
|z + y|| = max{||z| , |ly||}.- A Banach lattice E is said to be an AL-space
if for each z,y € E™ such that inf(x,y)=0 we have ||z + y| = ||z|] + [ly]|-
A Banach space E has the positive Schur property if ||z, || — 0, for every
() weak null in E*. A Banach space X is said to be weakly sequentially
complete whenever every weak Cauchy sequence of X converges weakly to
some vector of X. A net (z,) in a Banach lattice E is unbounded norm
convergent (abb, un-norm convergent) to x if |||xq — x| A ul| —> 0 (abb.
Ty 2 x), for each u € E. We note that the norm convergence implies the
un-norm convergence and that un-norm convergence coincides with norm
convergence on a Banach lattice with order unit. A net (z,) in a Banach
lattice E' is unbounded absolutely weakly convergent (abb, uaw-convergent)
to x if |zo — x| Au = 0 (abb. z, = ), for each u € ET. We recall that a
subset A of a Banach lattice E is said to be un-compact (res, sequentially
un-compact), if every net (z,) (respectively, every sequence (x,)) in A has
a subnet (respectively, subsequence) which is un-norm convergent. We recall
that a subset A of a Banach lattice E is said to be uaw-compact (respectively,
sequentially uaw-compact), if every net (z,) (respectively, every sequence
(zp,) in A has a subnet (respectively, subsequence) which is uaw-convergent.
We will use the term operator T : E — F between two Banach lattices to
mean a bounded linear mapping. It is positive if T'(z) > 0 in F whenever
x € ET. Note that each positive linear mapping on a Banach lattice is
continuous. If an operator T : E — F between two Banach lattices is
positive then, its adjoint 77 : F/ — E’ is likewise positive, where T" is
defined by T"(f)(z) = f(T'(x)) for each f € F’ and for each z € E.

2 Space of g-un-Dunford-Pettis operators

Let recall that in [6] an operator T from a Banach space X into a Banach
lattice F' is (sequentially) un-compact if T'(Bx) is relatively (sequentially)
un-compact in F. Equivalently, for every bounded net (x,) (respectively,
every bounded sequence (zy,)) its image has a subnet (respectively, subsequence),
which is un-convergent. and [2| an operator T from a Banach space X into
a Banach space Y is called weakly compact whenever T carries the closed
unit ball of X to a weakly relatively compact subset of Y.

In the following result, we present another characterization of g-un-Dunford-
Pettis operators. It is an extension of Proposition 3.2 obtained in [1].

Theorem 1. Let T : X — F be an operator from a Banach space X into
a Banach lattice F, the following statements are equivalent:

(1) The operator T is o-un-Dunford-Pettis.
(2) T(A) is relatively o-un-compact for each weakly compact set A of X.
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(3) For an arbitrary Banach space Z and every weakly compact operator
R:7Z — X, the operator TR s a o-un-compact operator

(4) The operator TR is o-un-compact for every weakly compact operator
R: ' — X.

Proof. 1) <= 2) [1, Proposition 3.2.]

2) = 3) Let Bz be the closed unit ball of Z. Since R is weakly compact
operator, implies that R(By) is weakly relatively compact. By assumption
TR(By) is relatively o-un-compact, it follows that TR is o-un-compact.

3) = 4) obvious.

4) = 2) Let A be a weakly compact subset of X and (x,) be a sequence
in A. then the sequence (z,,) has subsequence (y,) weakly convergent to y.
Assume that y = 0 and consider the operator R : ! — X defined by:

R(A,A2,) =) Antn
n=1

From [2, Theorem 5.26| the operator R is weakly compact, and by hypothesis
TR is oc-un-compact. Consider (e,,) the standard basis of £!, then the sequence
TR(en,) = T(y,) has a subsequence norm unbounded convergent in F. It
follows that T'(A) is relatively sequentially un-compact. O

As consequence:

Corollary 1. Let F' be a Banach lattice. The following assertions are equivalent:

(1) F is atomic order continuous.
(2) Ewvery weakly compact operator from an arbitrary Banach space X
mto F' is o-un-compact.

Now, we use weak Cauchy sequences to offer another characterization of
o-un-Dunford-Pettis operators.

Proposition 1. Let E and F' be pair Banach lattices such that E is reflezive.
Then the following assertions are equivalent:

(1) The operator T : E — F is o-un-compact.

(2) The operator T' : E — F' is o-un-Dunford-Pettis.

(3) The operator TR is o-un-compact for every weakly compact operator
R: (' — E.

(4) Every weak Cauchy sequence of E its image has a subsequence norm
unbounded convergent in F.

Proof. 1) = 2) Obvious.

2) = 3) Theorem 1.

3) =4) Let T : E — F and (z,) be a weak Cauchy sequence of E. By [2,
Theorem 4.70 and Theorem 4.60.] implies that E is a weakly sequentially
complete, we infer that the sequence (x,,) is weakly convergent to x. Assume
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that z = 0 and consider the operator R : /! — E given by :

R(A1, A, ) = ) Anin
n=1

From [2, Theorem 5.26] the operator R is weakly compact and by hypotheses
T o R is o-un-compact. Let (e,) the standard basis of ¢!, thus TR(e,) has
a norm unbounded convergent subsequence in F. Clearly TR(ey) = T(zy)
and hence T'(z,,) has a subsequence norm unbounded convergent in F.

4) = 1) Let (z,) be a norm bounded of E. Since E and E’ are order
continuous norm (because E is reflexive), implies that from [2, Theorem
4.25] (w,) has a weak Cauchy subsequence (z,(,)) in E. By assumption
we have (T'(z,(,))) has a subsequence norm unbounded convergent in F. It
follows that 7" is o-un-compact operator. [l

Let us recall that an operator T' from a Banach space X into a Banach
lattice F' is (sequentially) uaw-compact if T'(By) is relatively (sequentially)
uaw-compact in F. Equivalently, for every bounded net (z,) (respectively,
every bounded sequence (x,,)), its image has a subnet (respectively, subsequence),
which is uaw-convergent [10]. Next main result establishes a necessary and
sufficient condition for each o-un-Dunford-Pettis operator T : £ — FE to
be o-un-compact (res, o-uaw-compact, weakly compact, ) and for 72 to be
o-un-compact.

Proposition 2. Let E be a Banach lattice such that E and its dual have
order continuous norms, then the following statements are equivalent:

(1) Ewvery o-un-Dunford-Pettis operator T : E — E is o-un-compact.

(2) Ewvery o-un-Dunford-Pettis operator T : E — E is o-uaw-compact.

(3) Ewvery o-un-Dunford-Pettis operator T : E — E is weakly compact.

(4) Every o-un-Dunford-Pettis operator T : E — E, T? is o-un-compact.
(5) E has property (b).

Proof. 1) = 2) Obvious.

2) = 3) Let (x,) be a norm bounded sequence in E. By hypothesis, T'
is o-uaw-compact, we infer that the sequence (Tx,) has a subsequence
unbounded absolute weakly convergent to y in E. Since the norm of E’
is order continuous, then from [13, Theorem 7|, this subsequence of (T'x,,) is
weakly convergent to y in E. It follows that T is weakly compact.

3) = 4) see Theorem 1.

4) = 5) Assume that E does not have property (b), which implies that it is
not a KB-space. From the proof of Theorem 2 of Wnuk [11], it follows that
E contain sublattice isomorphic to ¢y, and there exists a positive projection
P : E — ¢p. It is clear that P is o-un-Dunford-Pettis, but P? = P is not
o-un-compact. If were false, the restriction P to the Banach lattice ¢y is
mapping linear Id., will be o-un-compact, this is a contradiction.

5) = 1) Let T : E — F be a o-un-Dunford-Pettis operator. Since E has
property (b) and an order continuous norm, then F is KB-space. Furthermore,
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by assumption, E’ is KB-space, which implies that F is reflexive. From [1,
Corollary 3.2], we conclude that T is o-un-compact. U

The results below present the necessary and sufficient conditions for each
o-un-Dunford-Pettis operator T' between two Banach lattices to be weakly
compact.

Theorem 2. Let E and F be two Banach lattices such that E is KB-space.
The following assertions are equivalent:

(1) Each o-un-Dunford-Pettis operator T from E into F is weakly compact.
(2) One of the following conditions is valid:
(a) The norm of E' is order continuous.

(b) F is a reflexive.

Proof. 1) = 2) Assume that the norm of E’ is not order continuous and
F' is not reflexive. we need to construct a o-un-Dunford-Pettis operator T'
from F into F that is not weakly compact. Since E’ does not have an order
continuous norm, it follows from [7, Theorem 2.4.14] that there exists a
sublattice of E which is isomorphic to ¢! and a positive projection P : E —»
¢'. As F is not reflexive, then there exists a sequence (y,) € B without any
weakly convergent subsequences, where B is the closed unit ball of F'.
Now, we consider the operator @ : ¢! — F defined by

0
Q(:Ul,xQ, ) = Z TnYn
n=1

We have @ o P is o-un-Dunford-Pettis (because @ o P is Dunford-Pettis
operator), but is not weakly compact. In fact, let the standard basis (e,,) € £*.
We have the sequence (e;) is norm bounded and T'P(e,) = yn.

2)a) = 1) Since E and E’ are KB-space, then by [7, Theorem 2.4.15] F is
reflexive. It follows that T is weakly compact.

2)b) = 1) Since F' is a reflexive, then T is weakly compact. O

Example 3. Let E = F = (.

The space (' is KB-space and identity operator Id : ¢* — ¢! is a o-un-
Dunford-Pettis operator but not weakly compact. However, ! is not reflexive,
and its dual does not have an order continuous norm.

As consequence:

Corollary 2. Let E be a Banach lattice such that E is KB-space.

(1) Each o-un-Dunford-Pettis operator T : E — E is weakly compact.
(2) E is a reflexive.

Example 4. We note that there exist an operator T which is o-un-Dunford-
Pettis from C[0,1] into the AM-space o-Dedekind complete F', but modulus
|T'| exist and is not o-un-Dunford-Pettis. in fact, we consider the operators
which are mentioned in the |8, Example 3.4]
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T,: C[0,1] — F,
£ = (@))p) =2" [, f(t).sin(2rpt)dt(p € N).

T: C[0,1] —F
Where F,, is the vector space {>° with the norm ||.||, defined by

H()‘lv Ao, )Hn = H()\l, A9, )Hoo + n.limsup |/\k‘
keN

Jor each (\,) € £°.

B, =[27",27""] c [0,1] for each n € N and
F ={(zn) : xn € F,, for each n and the sequence (||zy||n) is bounded}

, with the norm ||(x,)|| = sup{||xnlln - n € N}.
The operator T, is weakly compact. As C[0,1] admits o-un-DPP (Definition
1), then it’s o-un-Dunford-Pettis and its modulus |T,,| exists defined by :

(Tl () (p) = 2"/3 f(@)-[sin(2mpt)|dt(p € N; f € C[0, 1]).

The operator T is weakly compact. Since C|0, 1] admits o-un-DPP, then it’s
o-un-Dunford-Peltis and its modulus |T| exists and is given by

T1() = CITal(Pnsa (for fe C10,1)

, but |T| is not o-un-Dunford-Pettis. Indeed, If were false, by [12, Corollary
3.20| |T'| be weakly compact, and this is a contradiction.

Now, we give a sufficient conditions under which 7' is a o-un-Dunford-
Pettis operator if and only if |T| is a o-un-Dunford-Pettis operator.

Proposition 3. Let T : E — F be an order bounded disjointness-preserving
operator between two Banach lattices. T is a o-un-Dunford-Pettis iff |T| is a
o-un-Dunford- Petlis.

Proof. Let (x,) be a weakly null sequence in E. From |2, Theorem 2.40 |, we
have

[Tan| = [T(Jza))| = [T](|zn])

Since |T| is also disjointness-preserving operator, then ||T|x,| = ||T|||xn| =
|T||zn| = |Tzy|. So for each u € ET,

| T|zn| Au=|Ta,| Awu.

And hence T is o-un-Dunford-Pettis operator if and only if |T| is o-un-
Dunford-Pettis. g
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We note that a weakly compact (resp, order weakly compact) operator is
not necessarily o-un-Dunford-Pettis and conversely is not true in general.
In fact, the identity operator of L3[0,1] is weakly compact (resp, order
weakly compact), but it’s not o-un-Dunford-Pettis (see [12, Proposition 3.1]).
However the operator mentioned in [1, Remark 3.4] is o-un-Dunford-Pettis,
but it is not weakly compact and not order weakly compact.

In [2], a Banach space X is said to have Dunford-Pettis property (abb;
DPP), if each weakly compact operator 7' : X — Y is Dunford-Pettis for
each Banach space Y. On the other hand, a Banach space X is said to have
the reciprocal Dunford-Pettis property (abb; RDPP), if each Dunford-Pettis
operator T from X to any Banach space Y is weakly compact.

Now, using the concept of unbounded norm convergence in Banach spaces,
we introduce a new property that generalizes the Dunford-Pettis property,
which we call the o-un-Dunford-Pettis property.

Definition 1. (1) A Banach space X is said to have the o-un-Dunford-

Pettis property (abb, o-unDPP), if each weakly compact operator T
from X into F is o-un-Dunford-Pettis for each Banach lattice F.

(2) A Banach space X is said to have the reciprocal o-un-Dunford-Pettis
property (abb, R-o-unDPP), if each o-un-Dunford-Pettis operator T
from X into F is weakly compact for each Banach lattice F.

(3) A Banach lattice E is said to have the reciprocal o-o-un-Dunford-
Pettis property (abb, R-o-o-unDPP), if each o-un-Dunford-Pettis operator
T from E into F is order weakly compact for each Banach lattice F.

Observe that DPP is included in the o-unDPP. In fact, let operator 1" from
Banach space E from arbitrary Banach lattice F' weakly compact. Since F
has the Dunford-Pettis property, then T is a Dunford-Pettis, which implies
that T' is o-un-Dunford-Pettis.

The following table presents examples of spaces that satisfy the c-unDPP,
R-o-unDPP, and o-0-unDPP, along with their justifications.
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Space Justification
¢! and ¢y have o-unDPP 01 is AL-space and cp is
AM-space (see [2, Theorem
5.85])
L?[0,1] doesn’t have Idj2(0,) is weakly compact
o-unDPP but not

o-un-Dunford-Pettis

cp doesn’t have R-o-unDPP | Id., o-un-Dunford-Pettis
but not weakly compact
0 has the o-o-unDPP Every operator T : {1 — F
is order weakly compact
and o-un-Dunford-Pettis
L?[0,1] doesn’t have Id2p0,) is order weakly
o-o-unDPP compact but not
o-un-Dunford-Pettis

It’s clearly if E has the 0-0-unDPP, then also has the o-unDPP.

As consequence of Proposition 1, we have the following corollary

Corollary 3.
Let E be a Banach lattice has o-unDPP. If T : E — FE is a weakly compact
operator, then T? is o-un-compact.

Recall from [2] that an operator 7" from a Banach lattice E into a Banach
lattice F' is called M-weakly compact if ||T(x,)|| — 0 for every norm
bounded disjoint sequence (x,,) of E. Clearly every M-weakly compact operator
is u-M-weakly compact.

Proposition 4. (1) If E atomic order continuous and E' has the positive
Schur property, then E has the o-unDPP.
(2) If the norm of E is order continuous has o-c-unDPP, then E is
weakly sequentially continuous.

Proof. (1) Let T : E — F be a weakly compact. Since E’ has the positive
Schur property, by [5, Theorem 3.3] T' is M-weakly-compact, which implies
that T'is u-M-weakly-compact. As E atomic order continuous, from Proposition
9, we infer that T is o-un-Dunford-Pettis.
(2) Obvious.

O

As AL- and AM-spaces has the o-un-Dunford-Pettis property (see [2,
Theorem 5.85]), we have the following proposition:

Proposition 5. (1) Let E and F be pair Banach lattices. Then, the
adjoint of each o-un-Dunford-Pettis operator T from E into F is
o-un-Dunford-Pettis, if one of the following conditions is valid:

(a) F is an AL-space or AM-space and E has the R-oc-unDPP.
(b) E has the R-o-unDPP and E’ atomic
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(2) Let E be an AL-space or AM-space and F' a Banach lattice has R-
o-unDPP. Then each operator T : E — F is o-un-Dunford-Pettis
whenever its adjoint operator T' : F' — E' is o-un-Dunford-Pettis.

The following result is a generalization of |2, Theorem 5.83].

Theorem 5. Let E be a reflexive Banach lattice. If E has the o-un-Dunford-
Pettis property, then E is finite dimensional.

Proof. Let E be a reflexive Banach lattice. Then Idg is weakly compact.
Assume that F has the o-un-Dunford-Pettis property and not finite dimensional.
By [6, Proposition 6.2] E' is not un-complete. Let (z,,) be a un-Cauchy, from
[13, Theorem 10| the sequence (z,) is weakly convergent. Since Idg is a o-
un-Dunford-Pettis, it follows that (z,,) is unbounded norm convergent, which
is impossible, thus FE is finite dimensional. ([

As a consequence, we obtain the following characterization:

Corollary 4. Let E be a Banach lattice, then the following assertion are
equivalent:

(1) E is reflexive with o-un-Dunford-Pettis property.

(2) E is finite dimensional.

(3) E is reflexive with Dunford-Pettis property.

Proposition 6. Let X be a Banach space. then X has the o-un-Dunford-
Pettis property whenever the dual of X has the o-un-Dunford-Pettis property.

Proof. Let Q and T be two weakly compact operators such that ¢ g x5
F, where X is a Banach space and F' is a Banach lattice. This implies that

Q' and T’ are weakly compact and we have F’ Ty xt 9 g As X7 has
the o-un-Dunford-Pettis property, then @’ is o-un-Dunford-Pettis operator.
Consequently, Q'T" = (T'Q)’ is a o-un-compact operator (Theorem 1). Since
£ has order unit, Thus (T'Q)’ is compact operator and hence QT is compact,
which implies that QT is o-un-compact. We infer that from Theorem 1 the
operator T is o-un-Dunford-Pettis operator. it follows that the Banach lattice
X has the g-un-Dunford-Pettis property. O

Recall that from [2] an operator 7' : E — X from a Banach lattice to a
Banach space is order weakly compact whenever T'[0, | is a relatively weakly
compact subset of X for each x € E*. Now, we will present another condition
under which every positive o-un-Dunford-Pettis operator it dominates is also
a o-un-Dunford-Pettis operator.

Proposition 7. Let E and F be two Banach lattices such that E has the
o0-c-unDPP and S, T be operators defined from E to F with 0 < S <T. If
T is o-un-Dunford-Pettis, then S is o-un-Dunford-Pettis.

Proof. Let T and S be two operators from E into F such that 0 < § < T
and T is o-un-Dunford-Pettis, then T is order weakly compact, which implies
that S is also order weakly compact. Since E has the o-o-unDPP, it follows
that .S is o-un-Dunford-Pettis. (|
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3 The relationships between o-un-Dunford-Pettis and some
other operators.

In this section commences our examination of the connections between
the o-un-Dunford-Pettis and u-M-weakly compact operators.

We note that a o-un-Dunford-Pettis operator is not necessarily u-M-
weakly compact. However a u-M-weakly compact is not o-un-Dunford-Pettis
in general. Indeed, the canonical injection i : [! — [*® is g-un-Dunford-
Pettis operator, but it’s not u-M-weakly compact. In fact, consider the
standard basis (e,) € I, we have ||i(e,)| = |len| = 1, since (e,) is order
bounded in {*°, then by [6, Proposition 2.3| (e,) is not un-convergent to 0.
Additionally, the identity operator of L?[0, 1] is u-M-weakly compact. In fact,
let () norm bounded disjoint sequence, implies z,, —— 0 in L2[0, 1], and
we have the norm of L2[0,1] is order continuous, then from [13, Theorem
4| implies id(z,) = z, — 0. However, idp2,1) is not o-un-Dunford-Pettis
operator (see [12, Proposition 3.1]).

In terms of sequentially un-compact sets, we give a new result about u-
M-weakly compact operators as follows:

Lemma 1. Let E and F' be two Banach lattices. If T : E — F is an u-M-
weakly compact operator, then T(A) is relatively sequentially un-compact set
i F for each relatively sequentially un-compact set A in E.

Proof. Let A be a relatively sequentially un-compact set in E, then (x,,) has
a unbounded norm convergent subsequence (zp,) in E. From [6, Theorem
1.1] there exist a subsequence (z,,, ) of (7, ) and a bounded disjoint sequence

un

(dis) in E such that a,, —dy s 0, implies T(zy,,) — T(dg) 2 0. Since T

is u-M-weakly-compact, we have T(dy) = 0, from the following inequality:
foru e F'

T (zp,, ) Au < |T(2n,) —T(dp)| Au+ T (dr)| Au

we infer that T'(zy,,) 0. So T(A) is a relatively sequentially un-compact
set of F.
O

Proposition 8. Let E and F be a Banach lattices such that E is an atomic
KB-space. if T : E — F is an u-M-weakly compact operator then T is
sequentially un-compact.

Proof. Let Bg be the closed unit ball of E. Since E is atomic KB-space,
from [6, Theorem 7.5] Bx is sequentially un-compact. As 7' is u-M-weakly
compact, by Lemma 1 T'(Bg) is sequentially un-compact, it follows that T
is sequentially un-compact. [l

The next result, gives a sufficient condition under which the o-un-Dunford-
Pettis operator is u-M-weakly-compact, and conversely.
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Proposition 9. Let E and F be two Banach lattices.

(1) If the norm of E' is order continuous, then each o-un-Dunford-Pettis
operator T from E into F is u-M-weakly-compact.

(2) If the norm of E is order continuous and atomic, then each u-M-
weakly-compact operator T from E into F is o-un-Dunford-Pettis.

Proof. (1) let (xy,) be a norm bounded disjoint sequence in E. Since the
norm of E’ is order continuous, from [13, Theorem 7], which implies
that z, — 0, by assumption T is o-un-Dunford-Pettis operator,
implies Tz, — 0. Therefore, we conclude that T is u-M-weakly-
compact.

(2) let A be a weakly compact set of E. As E is order continuous and
atomic, by [6, Proposition 4.16] A is o-un-compact set of E, as T'is u-
M-weakly compact, from Lemma 1 T'(A) is relatively o-un-compact
set of F, it follows that by Theorem 1 T is o-un-Dunford-Pettis.

O

Proposition 10. Let X be a Banach space and E, F two Banach lattices.
If S: X — FE is an operator o-un-DP and T : E — F' is an u-M-weakly-
compact, then the product operator T o S is o-un-Dunford-Pettis.

Proof. Let S : X — FE be an operator o-un-Dunford-Pettis and A a
relatively weakly compact set in X, then from Theorem 1 that S(A) is
relatively sequentially un-compact set in E. As T is u-M-weakly-compact,
now, using Lemma 1 that T o S is a relatively o-un-compact set in F, we
infer that T o S is a o-un-Dunford-Pettis operator. U

Remark 6. The condition “T : E — F s u-M-weakly-compact operator”
1s essential in Proposition 10. Indeed, we consider the following operators
which are mentioned in the |12, Remark 1|, add F' has order unit.
S:E — ¢ R:cgy —» F
z = (gn(2)) A 22021 A
Note that S is o-un-Dunford-Pettis and R is not u-M-weakly-compact, but
the product operator T'= R o S which is not o-un-Dunford-Pettis.

As consequence of the preceding results we have the following.

Corollary 5. Let E be a Banach lattice such that E' is order continuous. If
T : E — FE is an o-un-Dunford-Pettis operator, then T? is o-un-Dunford-
Pettis.

The following theorem characterize Banach lattices £ and F' for which
every o-un-Dunford-Pettis operator T : £ — F' is u-M-weakly-compact.

Theorem 7. Let E and F be two Banach lattices. Then the following assertions
are equivalent:
(1) Each o-un-Dunford-Pettis operator from E into F is u-M-weakly-
compact.
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(2) Each o-un-compact operator from E into F is u-M-weakly-compact.
(3) One of the following conditions is valid:
(a) The norm of E' is order continuous.

(b) F = {0}.

Proof. 1) =2) Obvious.

2) =3) Assume by way of contradiction that the norm of E’ is not order
continuous and F # {0}. Since the norm of E’ is not order continuous, then
from [7, Theorem 2.4.14 and Proposition 2.3.11] that E contains a sublattice
isomorphic to ¢! and there exists a positive projection P from E into ¢.
Furthermore, F' # {0}, then there exists 0 < y € F. Consider the operator
Q from ¢! into F define by:

Q()‘ﬂ) = (Z )‘n)y

for each ()\,) € £'. The operator @ is well defined. Consider T = Qo P :
E — (' — F. Clearly T is o-un-compact (T is compact), but T is not u-M-
weakly-compact operator. In fact, let (e,) be the canonical basis of ¢!, we
have (e,,) norm bounded disjoint and |||T(e,)| Ayl = |[ly| A yll = ||ly]| > 0.

3)a)=- 1) Proposition 9 and 3)b)= 1) Obvious. O

Theorem 8. Let E and F be two Banach lattices and T : E — F be an
operator. If every operator T o-un-Dunford-Pettis is u-M-weakly-compact,
then one of the following assertions is valid:

(1) The norm of E' is order continuous.
(2) The norm of F is order continuous.

Proof. Assume that neither E’ nor F' is order continuous. we need to construct
an operator 7' : ' — F' is o-un-Dunford-Pettis, but is not u-M-weakly-
compact. Since the norm of E’ is not order continuous, then from ([7, Theorem
2.4.14 and Proposition 2.3.11]) there exist a sublattice of E isomorphic to ¢!
and a positive projection

P:E—
Since the norm of F' is not order continuous, then by (|7, Theorem 2.4.2|)
there exist a positive order bounded disjoint sequence (y,) of F' such that

lynll =1 and y, <y, some y € F™
Consider the operator Q : ¢* — F defined by

Q(l‘n) = Z InYn
n=1

It’s clear that T = Qo P : E — (' — F is o-un-Dunford-Pettis, but T is
not u-M-weakly-comapct operator. in fact, let the standard basis (e,,) of £!,
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implies ([13, lemme 2]) e, — 0 and

T )l Ayl = llyn Ayl
= llgmll
=1
(]

Drawing inspiration from AM-compact operators and unbounded norm
convergence, we introduce the following class of operators.

Definition 2. An operator T from a Banach lattice E into a Banach lattice
F is called AM-o-unbounded mnorm compact (AM-o-un-compact, for
short), if T|—x,x] is relatively sequentially un-compact in F for any x € E*

In this position, we continue our discussion on relationships o-un-Dunford-
Pettis with AM-o-un-compact.

Let us recall from [3] that an operator T' from a Banach lattice E into a
Banach space Y is called AM-compact, if T'[—z, x] is relatively compact in
Y for any x € ET. It’s clear that every AM-compact operator is AM-o-un-
compact, and if T is order bounded then every AM-o-un-compact operator
is AM-compact. Note that AM-o-un-compact operators is not necessarily
o-un-Dunford-Pettis. in fact, consider the canonical injection 7 : ¢g — [
is AM-o-un-compact operator (see [12, Proposition 3.2]), but is not o-un-
Dunford-Pettis. And converse is not true in general. Indeed, we consider
Banach lattices [*° as the norm of [*° is not order continuous and the Banach
lattice (I°°)’ is not discrete, it follows from [3, Theorem 2.5 | that there exist
two positive operators S,T from [* into [*° with 0 < S < T and T is AM-
compact but S is not one, implies S is not un-o-AM-compact because S is
order bounded operator, and T is o-un-Dunford-Pettis operator. Since [*°
has o-c-unDPP, it follows from Proposition 7 that S is g-un-Dunford-Pettis.

Now, we give a sufficient condition under which o-un-Dunford-Pettis is an
AM-o-un-compact operator.

Proposition 11. Let E and F be two Banach lattices such that the norm
of E is order continuous. Then each operator T o-un-Dunford-Pettis from
E into F is AM-0-un-compact.

Proof. Let x € ET. Since E is order continuous, it follows from [2, Theorem
4.9] that the order interval [—z,x] is weakly compact. As T is a o-un-
Dunford-Pettis, Theorem 1 implies that T'[—z, z] relatively o-un-compact
in F'. Consequently, T" is an AM-o-un-compact operator. [l

Proposition 12. Let E be a Banach lattice. Then each positive operator
T : E — E o-un-Dunford-Pettis operator, T? is AM-o-un-compact.

Proof. Let [—x,z] for each z in ET. Since T : E — F is o-un-Dunford-
Pettis positive operators, then T is order weakly compact, implies that
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T[—z,x] weakly relatively compact, it follows that by Theorem 1 T?[—z, ]
is relatively sequentially un-compact. So T2 is AM-un-compact. U

Theorem 9. Let E and F be two Banach lattices . If each operator AM-o-
un-compact from E into F is o-un-Dunford-Pettis then one of the following
statements is valid:

(1) E is an order continuous norm.
(2) F is an order continuous norm.

Proof. Assume that neither the norm of E nor F is order continuous. we
have to construct an operator T from F into F' is AM-o-un-compact and is
not o-un-Dunford-Pettis. Since E is not order continuous, it follows from (|7,
theorem 2.4.2]) that there exist a disjoint order bounded sequence (z) in
E* with ||z,|| = 1 for all n. Hence, by [4, lemma 3.4] there exists a positive
disjoint sequence (g,) in E' with g,(z,) = 1 for all n and g,(x,,) = 0 if
n #% m. consider the positive operator @) : ' — ¢ defined by

Q(x) = (gn(x))]°, forallx € E

The operator @ is well defined. On the other hand, since the norm of F is
not order continuous, there exists a disjoint sequence (y,) of F'* and y € F'*
such that 0 <y, <y and ||y,| = 1 for each n.

Now, we consider the positive operator S : cg — F defined by

S((An) =D Ay for all (An) € co.

n=1
Also, we define the positive operator T' = So @ : E — ¢y — F. Clearly
T is AM-compact then T is AM-g-un-compact, but T is not o-un-Dunford-
Pettis. In fact, note that (z,) is a weakly null sequence of ET and we chose
y in FT+.
T(zn)| Ay = [SoQ(@a)l Ay
[S(gn(zn))[ Ay

00
= ’ Zgn(l‘n)yn’ ANY
n=1

= |yn| Ny
Yn

T ) Ayl = llynll = 1 O

Finally, we propose a simple diagram illustrating the relationship between
different class of operators.
The notations used are as follows:
e The collection of o-un-compact operators will be denoted by o-unK(E,F)

e The collection of o-un-Dunford-Pettis operators will be denoted by
o-unDP(E F).
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e The collection of u-M-weakly compact operators will be denoted by
uMWC(E,F).

e The collection of AM-o-un-compact operators will be denoted by
o-unAM.(E, F).

e The collection of compact operators will be denoted by K(E,F)

e The collection of weakly compact operators will be denoted by WC(E,F).

e The collection of order weakly compact operators will be denoted by
OWC(E,F).

e The collection of Dunford-Pettis operators will be denoted by DP(E,F).

e The collection of AM-compact operators will be denoted by AM.(E, F).

WC(E,F)

M |

4 3
i TR
K(E,F) m——3 DP(E,F) _)O'HHDPEF OWC(E,F)

AM,(E, F) > o-unAM.(E, F) uMWC(E,F)

Figure 1: Connection between the classes of operators

: Inclusion without condition.
: Inclusion with condition.
: F has the unDP property.
: F has the R-unDP property..
: F has the o-unDP property..
: I has a order unit.
: F/ has an order norm continuous.
: E' has an order norm continuous.
: I/ is atomic and has an order norm continuous.
: I is a reflexive.

Vi

e 6 6 6 o o o o o
TN TN TN TN TN TN N N
O ~1 O O = W N =
NN P N I e e
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