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Abstract: The central concept of R. Nevanlinna’s theory of mero-
morphic functions is the concept of characteristic function.
In complex analysis, classes of functions of bounded type and
Nevanlinna-Dzhrbashyan classes, introduced in R. Nevanlinna’s
monograph, are well known. These classes and their analytic
subclasses played an important role in the development of the
theory of functions of a complex variable. In 1964, M. Dzhrbashyan
attempted to generalize R. Nevanlinna’s harmonious theory by
introducing a new characteristic function and classes of meromorphic
functions with bounded a-characteristic. It turned out that the
introduced classes are wider than the Nevanlinna-Dzhrbashyan
classes. Developing Nevanlinna’s theory, F.A. Shamoyan in 1999
introduced and studied classes of meromorphic functions with R.
Nevanlinna characteristic from LP-weighted spaces. The connection
between Shamoyan’s classes and Dzhrbashyan’s weight classes is
studied in this paper.
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1 Bseaenue

ITycts C - xoMmIUTEKCHAS TWIOCKOCTD, D - enuawmansiit kpyr wa C, H(D) -
MHOXKeCTBO BCex dyHKuuil, anagurniaeckux B D, h(D) — MHOXKeCTBO Bcex
dbyukimit, rapmonuyeckux 8 D, a™ = max(0,a), a- = max(0, —a), a € R.
O6o3naunm uwepes3 T'(r, f) xapakrepuctuky P. Hepammunuer dbyukmun f €
H(D) [3], a gepe3 Ty (r, f) — a-xapakrepuctuky M.M. xpbamsna [1]:

s

T(r. f) = / It [£(re')|deo,

—T

p—(a+1) T r ‘ +
To(r, f) = MOH‘U/ </0 (r—t)aln|f(tew)]dt> do, a0 > —1,

rae I' — dyukius Ditnepa.

OrMmeTuM, 9TO a-xapakTepucTuka Obuia BBegera M.M. [lxpbarisaom B
1964 r. mpu 06ob61mennn um Teopun P. HeBaH/MHHBL, KpaeyTroJabHBIM KaMHEM
KOTOPOH SIBASIETCS TOHATHE XapaKTEPUCTUIEKOH (byHKIINH: aliml To(r, f) =

T(r. f).
Hng muoxecrsa E C C u dynkuuit f,g : E — R 6ygem nucars f(()
9(0Q), ¢ € E, ecsim cymecrByer nocrosganas C > 0, mua koropoii f(()

Cg(¢) nnst Beex ¢ € E.
[Tpu moboM o > —1 cnpaBeyInBO HEPABEHCTBO:

S
<

1
sup To(r, f) < /1—raTrf)
0<r<1
0
mosToMy BBenEHHBIA M. JKpOalisiHOM KJ1acC aHAJTUTHYECKUX (DYHKIUNA B
KpyTe, MMEIOIIMX TaM OTPAHWYeHHYI0 (- XapaKTepUCTUKY, IMHpe KJIACCa,
1

Hesanmuunsr-Ixpbamsaa So = {f € H(D) : [(1 — r)*T(r, f)dr < +oo},
0

sBesiérHoro P. Hepannmunoit B [3].

Ob6ozuauuM () — MHOXKECTBO BCEX U3MEPUMBIX TTOJIOKUTENBHBIX (DYHKITHIH
Ha A = (0, 1], mIg KOTOPBIX CYIIECTBYIOT YHCTA My, ¢ U3 A, M, Takue,
gro (cMm. [8, c. 7))

my, < < My, r €A, XE [qu,1]. (1)

ITpocreiimumu mpuMepamMu TakuX BYHKIHH MOTYT CJIYKUTh w(t) = 7 (In . In —)’3
teA,y>-1,8€R.
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O6osnaunm uepes L, 0 < p < 400 BecoBoe IPOCTPAHCTBO U3MEPUMBIX B
D dyukiuit g Takux, 4T0

P 1/p

1 ™
/w(l -r) /\g(rei9)|d9 rdr < +o0,
0 — T

AL = LN H(D), b, = L, (D).
IIyetb w € 2, 0 < p < +00, @ > —1, f > —1. Beeaém B paccMmorepenue
CTETYIONTHE KJAACCH (DYHKITHI:

1
Nﬁ’a =< feH(D): /w(l —r)TP(r, f)dr < +o00 »,
0

1
Sf:ﬁ = feH(D): /(1 —)Pwd = r)TP(r, f)dr < 400
0

Brepsreie kimacch 5570 ObLu BBeJenbl n uccaenosansl ®.A. Ilamostnom B
1999 r. B pabore [5] kKak 0606IIEHNE XOPOIIIO W3BECTHBIX B HAYYHOI JnTepa-
Type kaaccos Hesanmmunsl-/xpbamsma [3]. Kmacesr NE o mpn w(t) = ¢7,
v > —1, 6blIN BBeJIEHBI M UCCIe0BaHbl B pabore niepBoro asropa [4].
B pa6ore [7] ycranosneno, aro mpn w(t) = t7, v > —1, knacest NL o w
57(a+1)p coBmama0T masa Becex 0 < p < 400, a > —1. MsI pacmpocTpansem
STOT Pe3y/IbTAT Ha IPOM3BOJILHLIE BECOBLIE (DYHKIMK w € ()
Teopema 1. Kaaccoi Nj o u S

a>—1.

(a+1)p cosnadatom npu scexr 0 < p < 400,

Kax crencreue mokazamHOi TEOPEMBbI, MBI HAHIEM YCIOBUA, TP KOTOPHIX
KJ1acc ij@ VHBAPUAHTEH OTHOCUTE/ILHO OmepaTopa AuddepeHmpoBanusd.

2 ®opMyJaumpoOBKa M OJOKA3aTEJIbCTBO BCIIOMOTATEJbHBIX
YTBEpKAEHMU

st joKasare/berBa, OCHOBHOIO Pe3y/IbraTa HaM HOTPeOyeTcs: BCIOMOIa-
TEJILHOE YTBEPK/ICHNE, SIBJISIFOINEECs CIEJICTBIEM TeOPEMBI 2, YCTAHOBJICHHOM
B pabore [7].

Teopema 2. Ilpu scex 0 < p < 400, a > —1 cnpasedauso caedyrouiee

. QP p
BA0NHCEHUE! Sw,(a+1)p C Nua-

ObGozHaunM Z; — MHOXKECTBO BceX HyJlelt HeTpuBHasbHoil dbyHKImn f €
H(D), n(r) = card{zy : |zk| < r} — KoIuIeCcTBO TOYEK TOCJIEIOBATETBHOCTI
{z}5° B KpyTe |2| <7 <1 ¢ yIéTOM UX KPATHOCTEA.

Hnst moboro B > —1 cumBosoM 7g(2, 2) Oyaem 0603HATATL OECKOHETHOE
npomseegerne M. M. /kpbarisiHa ¢ HyJsIMA B TOYKAX MOC/IET0BATETHHOCTH
{2637 C D, 0 < |2zk| < |2rg1] < 1, k= 1,2, ... (em. [1], Taxke [8, c. 97]).

U3 Teopemsr 4.1 u jemmer 4.2 monorpadun [8] caeayer:
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Teopema 3. Ecau {2}7° = Z§ daa npouseoavnot ynkyuu f € Si(

s(a+1)p’
mo
1
/w (1 — )P (r)(1 —r)Ft2Pdr < 400. (2)
0
Obpammno, ecau ( ) BHIMONHAETNCA, MO MONCHO NOCMPOUMb NPOU3Gederue

Lorcpbawara mg(z, z), f > o+ 1+ aw“, U3 KAACCA Sp( C HYAAMUY 6

+1)p
moukazx {z}3°.

Caenys M.M. Txpbamsany (cM. [1]), onpemennm Takxke QhyHKIUIO

(et ar1 n(t) —n(0) n(0)
na(r)_W/o (T—t) + P dt+r<a+2)(lnr_ka)7 (3)

rae n(0) — kparHOCTH Hy/s B TouKe 2 = 0, ky = Z a>—1.

n n+a)

AnamornanapiM 06pa3oM, Kak B padore E.I. POI];I/IKOBOI/I [4], MmoxHO ycra-
HOBUTBH CJIEJIYIOIEe YTBEPK/IEHUE:

Teopema 4. Ecau {z,}5° = Z§ daa npoussosvroti pynxyuu f € Nb o, mo
1
/wl—rnp r)dr < +o00. (4)
0

Obpammno, ecau (4) 6WNOARAECMCA, MO MONCHO NOCTPOUMD NPOUIGEIEHUE
Locpbawana mg(z, 2), B > o+ 1+ O‘WT;H, us xaacca NE o ¢ nyaramu 6
mouxax {z}3°.

IIpm mokazaTesbCcTBe ITOM TeOPEMBI CYIECTBEHHYIO POJIb UTPAET CIETYIO-
1ee yTBepK/JIeHue:

Jlemma 1. X3 crodumocmu unmezpana (4) caedyem crodumocmo unmezpa-
aa (2).

Hoxasameavcmeso. g kparkoctu 0603HAINM

1
/w (1 —r)nk (r)dr,
0

1
Is = /w(l — )P (r) (1 — r)@T2Pgy,
0
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Ilo ompenenenuio

1 r p
P
Iy = ( +2) /w (I—r)r —(a+1)p /(rt)aﬂnit)dt dr =
NG
0 0
. b 1 1 ) P
_ 1 (1- OHrlnur '
<F(a+2)> /w T) / " du | dr
0 0

In

vV
E\,_.
N
—~
—_
|
<
~—
|
‘\\
—~
[a—
£
Q
+
—
—~
<
=
QU
<
QU
=
vV

nP(p)w(1l — p)(1 — p) 2 Pdp = I,

o E\H
3

Takum obpazom, mosyaaem, uro ecau Iy < +oo, 1o u Ig < +400. Jlemma
JIOKa3aHa. O

W3 teopemsr 4 ciemgyer

Teopema 5. Bcaxas ¢ynxuyus f € NL o ¢ nyasmu 6 mouxar nocaedosa-
meavrnocmu {zi}, f(0) # 0, npedcmasuma 6 sude:

f(z) = mp(2, 2k) - exp g(2), (5)

2665>0¢—|—1+%Tf1, expg(z) € Nb o npu scex 0 < p < +oo, a > —1.

3 Jloka3aTeJbCTBO OCHOBHBIX pe3yJIbTAaTOB CTAThbU

Hoxrazamesavcmeo. Jokaxkem teopemy 1. UTax, mIst TOro 9To0bI yCTAHOBUTD

P
BKJIIOUEHTE Sw (at1)p 2 Ni.o, HAM [IOCTATOYHO MIOKa3aTh, UTO (QPYHKIUL

G(z) = expg(z) = exp (u(z) + iv(2)) n3 npencrasiaenus (5), TPUHAITEKAT
KJIACCY S (at1)p IPT BCEX 0<p<4o0, a>—1.
JIj1st 3TOr0 HY’KHO YCTAHOBUTH OIEHKY

1 1
/w (1 —7)(1 = r)PtOTP(r G)dr < /w (1—r)T2(r,G)dr. (6)
0 0
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Hycrs wi(1 —7) = w(l —r)(1 — )Pt Ofosuaunm

1 /1 + b
A(G) = /w(l — ) / (1 —t)%u(tre™)dt | dp | dr < +oo, (7)
0 — 0
1 ™ P
B(G)= [ wi(1-7) In" |G(re?)|do | dr. (8)
[0\

Tpebyemyto OIeHKY MOXKHO MEPENUCATH B Y9KBUBAJIEHTHOM BHU/IE:

B(G) S A(G).
1
Vunreisad, ato dbyrkmus ue(2) = [(1 — t)u(tre’?)dt asaserca rapmonu-

0
geckoii B D (cMm. [2, ¢. 596]),  ipuMeHsisi TeOpeMy 0 CPeJHeM, TTOJIY UM

1 : u(0)
JE— P = e
21 Ua(re'?)dp = ua(0) a+1

—T

TTosTomy, nCOMB3ysT PABEHCTBO

Uq(re™®) = max (uq(re’?),0) — max (—uq(re?),0) =
= uf (rei®) — ug (re'®),
HOJIy 4aeM

™ 1 -
1 .
o /(1 — t)au(rtew)dt> dp =
- 0
1 +

™

1 4
- L / (1= D°u(rte®)dt | dip — ua(0).
T
-7 0
U3 mocnennero pasencrsa u u3 (7) mosrydaem
T| 1 p

1
w(l—r) (1 —t)%u(rte’?)dt| dp | dr < 2A(G) < +oo.
[\

™

Takum o6paszom, byHKIHS Uy (2) mpunamexur kiraccy hl,, 0 < p < +o0.
ITo reopeme 2.8 (cm. [8]) rapmonnyveckast DyHKIUST Vo (2), COUPSIZKEHHAS C U,
Toxke npuHaexuT Kiaccy hh. Ciegosarensho, yaxiusa Go(z) = uq(2) +
iva(2), 2 € D, npunagnesxxnt xaaccy AL, T.e.

™ p

1
/w(l —r) / |Go(re™®)|de | dr < +oc. (9)
0

N—TT
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Urak, ycranossieno, uro u3 cxogumocrtu uarerpana A(G) cregyer cxo-
aumoctb (9). Tenepp nokaxem, uro u3 (9) caeayer, uro uarerpan B(G)
CXOTATCS.

Ucnonbsys npencrasienne (7), HETPYAHO 3aMETHTD, UTO

1
Gol2) = /(1 I G(t2)dt, 2 € D, (10)
0
e BLIOpana 0HO3HAYHAA BETBD JOrapupMUIECKOH PyHKINI, HOTOKATE b-

Has Ha OOJOXKHUTEIbHOMN IIOJIYOCH.

~ 400
Mycts G = InG(w) = Y axw®, w € D, Toraa

k=0
+o00 1
Golz) = Zakzk/(l—t)o‘tkdt:

D™tV G(2), z e D.

*i Do+ D0(k+1) 1

= apz” = ——
S T(a+k+2) © a+l
TTo croiicTBy nHTerpo-auddepernuantbHbIX oneparopos (cM. [2, ¢. 594|)

G(z) = (a+ 1)D*M G, (2) = % / uf(;it))aﬁdmg(t).

ITo reopeme 2.2 [§],

—|¢12)
Golt) = 7: 1 / (1 (JEI%)%@)M(O’

ay+1
P
JICHUs aHAJOTHIHBIM 06pa3oM, Kak B |7, ¢. 155], momxydaum:

G| < [ 4G o)
D

‘1 _ §Z|’Y+3+a

rJe 7 — TPOU3BOJIBHOE, TAKOE, YTO 7y > + 1. C yuérom 3T0T0 mpeacTan-

JlokaxkeM, 4TO
P

1 ™
wi(l—r) G(re™)|d dr 00, (11)
[ Jfariac) o

ecu (9) cxonurest; rorma u B(G) Takke 6yer CXOAUThCs, BBUILY TOTO, 9TO
at <la] =a™ + a” npm Beex a € R.
OrnienumM uHTErpas

J(r)= /7T ‘é(reiw)‘dg@.
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YauThiBas XOPOLIO U3BECTHYIO OLeHKY (CM., Hanpumep [8, c. 37|), nosyuaem

1—[¢]?) |Ga
[l aes [ G G -

1
= /1_pr~/+a+2/‘G pe’ ’dgodp
0

—T

r

= +/1 )+ I(r).

Ipeamonoxkum cragana, 9ro 1 < p < +00. YuurbiBas HEPABEHCTBO (a +
b)P < 2P(aP+bP), cupaBeyinBOe MPpH BCEX MOJIOKHUTEIbHBIX 3HAYEHUAX @, b, P,
LIOJIY YUM:

1 ™ p 1 1
/wl(l—r) (/ )G’(T‘ew)’dgp dr < /w1(1 — ) (r dr+/w1 (1 —r)I5(r)dr
0 ™ 0 0

(12)
OueHuM Kazkiplii U3 TUX MHTETPAIOB 10 OTAEJIbHOCTH.

1 1 a p
/Wll—rlp :/wll—r /W/'G Pe ‘dQOdP dr <
0 0 r

1 P
1
/wll—r A=y ety / /‘G pe’ ’dgo dr S
0
1 1 P
s fu-na-nron | fa-pp / Galpe®)|dgdp | dr
0 T —7

Bo BuyTpennem wHTerpaje TPUMEHWM HEPABEHCTBO EabJepa € BECOM
(1—p):

1 T p 1 T P
/(1 - p)”/\Ga(pe“P)\ dpdp | < /(1 —p) /\Ga(ﬂe“")! dp | dpx
1 p/q
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rue q = Ll cleI0BaTebHO,

1

r

Takum obpazom, mosaydaem

wi (1 =r)I5(r)dr =

o —

1 1 p

:/w (1—7)(1—r) PO+ /1— /‘G pe’ ’dgodp dr <

p

S/w (I—-r)(1-=7r) (V'H/ p)” /‘Ga(pei‘p)‘dgo dpdr.

TTomensB OPAIOK HHTErPUPOBAHUS B MOCTIETHEM HHTErPAJIE, Oy IaeM:
m p

Ucnonesyst ToT hakT, 4T0 SBISIETCS WHTErpa 1(p f ’G pe'? ’dgp

SIBJISIETCST MOHOTOHHO pacTyIieit dyHKIMel oT p Kax cpeLLHee 3HavUeHne Ccyo-
rapMOHUYECKOH (DYHKIINNA HA OKPYKHOCTH, IPUCTYIIUM K OIEHKE WHTerpaJia

1
/wll—rfp r)dr.
0

s p 1 T
/ (1 py / (Galpe™®)| dodp | < (1-r)0 D@D / (=07 | [ |Galoe')
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Nmeem:

T p

1
]__
0 0

1 iy i p r (1_[)2)7 p
S/Wl(l—r) /|Ga(7“e (p)|d@ . /(:[—prwdp dTS
0

p

0
S O/ w1 = )1 = et / Gatre®) e | ((—trr ) =

Teopema mokazama npm 1 < p < 400.

ITepeiinem &k ycranoraeruto anajoruanoit omernku npu 0 < p < 1. Cuosa
UCTIOIB3yeM pa3bueHne BHYTPEHHETO MHTerpaaa Ha actu (12).

Ouenuwm Io(r):

1
(1—p
I2(T):/(1p7"“/+0‘+2/‘G pe'? ’dgpdp<

-
1

< (1_7,2):+a+2/(1 —P)V/ |Galpe')| dpdp.

r

IIpeamonoxkum, ato ry, <7 < rpqq, TAE T = 1 — k=0,1,.... Torma

2k7

oo TEH1

I(r) < (1—r)~0Fet2). Z / (1- / |Gal (pe' ?)| dedp.

k=n ™
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YuaurbiBas #HepaseHctBo (a + b)P < (aP + bP), cupasejiumBoe Upu BCeX 110J10-
JKUTEJIBbHBIX 3HaUeHusIX a,b u 0 < p < 1, mojyunm:
oo [ TR ™ p
I(r) < (1 —r)POtetd) §7 / (1- p)”/ |Galpe'®)| dedp | =
k=n \ r, -7
+o0
= (1 —r)POtat2). Z Jy,
k=n
e
Tkl p
Ji = /1— /|G pe’ ‘dcpdp , n <k < +oo, keN.

Tk
Ilepeiiyiem K ornenke unTerpasos Ji npu (pukcupoBaHHOM K. YUHUTHIBAS, YTO
s

dbyukuus P(p) = [ |Ga (pew)‘ dy - MOHOTOHHO PACTYIIAS IO 0, MOJIYIaEM

—T

P
Jp < ——— }G’ (rg 16“”)! dy LI 1 ’ -
~(y+1)p AT 2k(v+1) — 2(k+D)(v+1)
+1 P b
277 —1
= <27+1<7+1>) 9 (7+1 /‘G Tk+1€ ‘d(p =
P

1 —
_0(71)7 2k(7+1)p /|G Tk+16 ’dgp =

(1) Tk+2 T p
=S| [ a=ne g | [ (Gatien)]dg |
Cy,p st

(2) o(v+1)p_1q
A€ CYp = 530 n (1 1)p IIpono/kuM ONEHKY, BHOBb yYUTbIBas, 9TO (DYHK-

st 1(p) - MOHOTOHHO PACTYIIIAST:
Tk+2 p
Tk < Eyp /(1— AR /!G pe'?)|de | dp,
Th+1

(1)

5 S
IAe Cyp = 5y HE 3aBUCAT OT k.

YsP

E D))
Bepuémca k onenke I, (r):
+o00 Tkt2 p

&y, +1)p
Ly(r) < (1 — r)ply+at2) Z / (7 /‘G pe’ |d90 dp,

Tk+1
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rje Gy p He 3aBucuT or k.
Takum obpazowm,

1 P
1 1)p
L(r) < (1= rpotaid /(1 A / |Galpe™®)| de | dp.

ITosromy

1
/wl (1 —r)I5(r)dr <
0

w(l—r)
/1_T 7+1/ 7+1)p 1(/|G pe ‘d(p dpdr<
P

1
wl—r
/1—7~p(v+1 /(/G (pe'®)| dp | d(1— p) TP ar.

0

IIpownaTerprpoBaB Mo 4acTIM BO BHYTPEHHEM WHTETPAJIE, TTOTYIUM:

s mokazaTeIbCTBA TEOPEMBI OCTAETCA TTOMYINTDh AHAJOTHIHYIO OTEHKY
JA71d UHTerpaJia

1
/wll—rlp r)dr =
0
P

1
:/wl /1—7‘,07+0‘+2/IG pe’ |dg0d,0 dr.
0

0
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CHoBa uCIIO0/Ib3yst MOHOTOHHOCTH (byHKIME Y (p) HA A, nMeem

1
/w1 (1—r)IY(r)dr <
0

1 ™ p
< /w(l —7r)(1— r)(o‘H)p / ‘Ga re ‘ )| de / — ) 7+a+2 dp | dr <
0 0
1 p
S /w(l —r) / ’Ga(rew)’ dep | dr.
0 — T

Urak, ipu 0 < p < 1 (12) npunnMaer B

1 T p

AN

/wl(l—r) /‘@(rew))dw dr

0

1 1

/wll—rlp dT+/W11—TIp r)dr | <
0

0
1 p

§/w(1—r) /]Ga(rew)]dgp dr.

0 — T
Takum obpazom, upu Bcex 0 < p < 400 yCraHOBJIEHO:

1 T p

/wl(lr) /‘é(rei‘p))dgp dr <

0
1 T p

5/w(1—7«) /\Ga@ew)\d@ dr,

0

TO ecTh u3 cxoaumoctu (9) caemyer cxomumocts (11), oTKyna u caemyer Tpe-
Byemast onenka (6).
Teopema Jl0Ka3aHa HOJIHOCTHIO. O

C noMoInIpio JOKa3aHHONW TEOPEMbl MHOIHE Pe3y/IbTaThl, YCTAHOBIEHHBIE
anst knaccos ST = S nerxo mepenocsarcs ma xnaccer NJ . B wacraocTn,
,
CIIPABE/IINBO CJICAYIONIEe YTBEPIK ICHIE:

Caencrsue 1. IIyemv a > —1, 0 < p < 400, w € Q. Kaace NE o unsa-

puUaHMER OMHOCUMEAbHO onepamopa Jupdepenyuposarui mozda U MoAbKO
1

mozda, xoeda [ w(t)t@+rVPIn? Ldt < +oo.
0



CPABHEHUWE HEKOTOPBHIX KJIACCOB AHAJIMTUYECKNX ®YHKIINN B KPYIH

Jokazamesvemeo. Ormerum, uro ecim w € Q, 10 wi (t) = w(t)t P raxxe

Oyaer npunajexkarb kiaccy (2. Ilo reopeme 1 kaccst Nﬁa u Sf: (a+1)p COB-

nagaoT pu Beex 0 < p < +00, a > —1, To ecth Kaace Nb , sKBUBaICHTEH
knaccy Sh, = {f € H(D) : fol w1 (1—=7r)TP(r, f)dr < +o0}. Ho no Teopeme 1,
m.1) pabotsr [6] (cm. Takxke [8, ¢. 149], Teopema 4.6) kmacc Sh, nHBApHAHTEH
OTHOCUTENLHO omneparopa muddepeHImpoBanus TOTIa U TOJbKO TOTIa, KO-

1
raa [ wi(t)In? %dt < 400, OTKYJA U caeayeT Tpebyemoe yTBepxkaeHue. [
0

Baazodaprocmu. ABTopnl 61aroJapaT pereH3enTa 38 BHUMATEIbHOE ITe-
HUE PYKOIUCHU U 1leHHble 3aMeYaHus.
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