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Abstract: This paper presents the Discontinuous Galerkin Generalized
Multiscale Finite Element Method (DG-GMsFEM) for solving poroelasticity
equations. The method is designed to capture �ne-scale variations
in pressure and displacement by using multiscale basis functions,
enabling e�cient computation on coarse grids. Two test cases are
considered: one with homogeneous elasticity and permeability coe�cients,
and the other with heterogeneous coe�cients. The accuracy of
the method is validated by calculating the relative L2 errors for
both pressure and displacement, which decrease as the number of
multiscale basis functions increases. The results demonstrate that
the DG-GMsFEM method provides accurate approximations for
both pressure and displacement, signi�cantly reducing computational
cost compared to the �ne-scale solutions. Numerical experiments
show that the DG-GMsFEM approach is robust and accurate for
complex poroelasticity problems, even in highly heterogeneous media.

Alekseev V.N., Discontinuous Galerkin Generalized Multiscale Finite

Element Method for Poroelasticity Equations in Heterogeneous Media.

© Alekseev V.N..

The work is supported by the Russian government project Science and Universities
(project FSRG-2024-0003) aimed at supporting junior laboratories and the Russian
Science Foundation grant 23-71-30013.

Received September, 30, 2024, Published September, 30, 2024.

144

https://orcid.org/0000-0002-6952-3139


DG-GMSFEM FOR POROELASTICITY EQUATIONS IN HET. 145

Keywords: poroelasticity, DG-GMsFEM, multiscale methods, �nite
element method, pressure, displacement, permeability, heterogeneous
media, coarse grid.

1 Introduction

Poroelasticity, the study of �uid-saturated porous media, plays a critical
role in many engineering and geophysical applications, such as subsurface
�ow, reservoir simulation, and biomechanics. The poroelasticity equations
describe the interaction between mechanical deformations and �uid �ow
within porous materials, which often requires resolving �ne-scale heterogeneities
in material properties, such as permeability and elasticity. These �ne-scale
variations introduce a signi�cant computational challenge, as capturing them
across large domains using traditional numerical methods on �ne grids leads
to a substantial increase in computational cost [1, 2, 3, 4].

To address this challenge, multiscale methods have been developed to
e�ciently capture �ne-scale e�ects while performing computations on a coarse
grid. One such method is the Generalized Multiscale Finite Element Method
(GMsFEM), which constructs localized multiscale basis functions to account
for subgrid variations in material properties [5, 6, 7, 8]. Unlike traditional
methods, GMsFEM enables computational savings by reducing the need for
�ne-scale resolutions across the entire domain. The Discontinuous Galerkin
(DG) version of GMsFEM (DG-GMsFEM) further enhances this approach
by combining the �exibility of discontinuous Galerkin methods with the
e�ciency of multiscale modeling, allowing for the accurate resolution of
complex phenomena, such as jumps in material properties and �uxes across
element boundaries [9, 10, 11, 12].

In recent years, several studies have extended the GMsFEM to poroelasticity
problems. Fu, Chung and Mai [13] developed a constraint energy minimizing
GMsFEM for nonlinear poroelasticity and elasticity, demonstrating its e�ectiveness
in capturing complex material behaviors. Tyrylgin et al. [14] introduced a
GMsFEM framework for poroelasticity in multicontinuum media, addressing
the challenge of modeling interactions between multiple porous media types.
Brown and Vasilyeva [15] proposed a GMsFEM approach speci�cally for
linear poroelasticity, showing its applicability in heterogeneous media. Their
results indicate that multiscale methods can signi�cantly reduce computational
costs while preserving solution accuracy.

Moreover, the method has been extended to fractured and heterogeneous
media. Ammosov et al. [16] applied GMsFEM to thermoporoelasticity problems,
handling the additional complexity of thermal e�ects in fractured media.
Similarly, Tyrylgin et al. [17, 18, 19] have developed GMsFEM approaches for
coupled poroelasticity problems, focusing on e�cient modeling of fractured
and heterogeneous media using embedded fracture models.
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In this paper, we extend the DG-GMsFEM framework to solve the poroelasticity
equations. The DG formulation is chosen for its �exibility in handling discontinuities
in material properties and ensuring stability across coarse grids, which is
particularly bene�cial for heterogeneous media. Our goal is to develop a
method that e�ciently solves for both displacement and pressure in poroelastic
materials, while reducing computational cost compared to �ne-scale methods.
The key idea behind DG-GMsFEM is to construct multiscale basis functions
for both pressure and displacement by solving local problems on �ne grids,
and then using these basis functions to approximate the global solution on
a coarse grid.

We consider two test cases to evaluate the performance of our method: one
with homogeneous coe�cients for elasticity and permeability, and another
with heterogeneous coe�cients. The accuracy of the method is validated
by comparing the coarse-grid multiscale solutions with reference �ne-grid
solutions.

The remainder of this paper is organized as follows: Section 2 formulates
the problem of poroelasticity and outlines the governing equations. Section
3 describes the �ne grid and mixed �nite element formulation. Section 4
presents the multiscale basis construction using DG-GMsFEM for pressure
and elasticity. Section 5 provides numerical results, and �nally, Section 6
concludes the paper with a discussion of the method's advantages.

2 Problem formulation

Let the domain Ω ⊂ Rd represent a poroelastic medium where d = 2
for two-dimensional problems. The �uid �ow and mechanical behavior in
this poroelastic medium are governed by a system of coupled equations. The
�uid's movement is described by the mass conservation equation along with
Darcy's law:

α
∂(∇ · u)

∂t
+

1

M

∂p

∂t
+∇ · q = f, x ∈ Ω,

q = −k∇p, x ∈ Ω,
(1)

where u is the displacement vector, q represents the �uid velocity, p is the
�uid pressure, and k is the e�ective permeability (related to the intrinsic
permeability κ via k = κ

µ , where µ is the dynamic viscosity of the �uid). The

term f accounts for external sources or sinks of �uid, α is the Biot coe�cient,
andM is the Biot modulus, which relates �uid pressure to volumetric strain.

The mechanical response of the poroelastic material is described by a stress
balance equation, where the forces due to �uid pressure and solid deformation
are combined. The equation for the displacement �eld u is given by:

−∇ · σT (u, p) = 0, x ∈ Ω,

σT (u, p) = σ(u)− αpI, x ∈ Ω,
(2)



DG-GMSFEM FOR POROELASTICITY EQUATIONS IN HET. 147

where σT is the total stress tensor, σ(u) is the mechanical stress tensor, and
I is the identity matrix. The term αpI represents the contribution of pore
pressure to the total stress.

The coupled system of poroelasticity equations then becomes:

α
∂(∇ · u)

∂t
+

1

M

∂p

∂t
−∇ · (k∇p) = f, x ∈ Ω,

−∇ · σ(u) + α∇p = 0, x ∈ Ω.
(3)

For a linear elastic material, the stress-strain relationship is given by:

σ(u) = 2µε(u) + λ(∇ · u)I, ε(u) =
1

2
(∇u+∇uT ),

where ε(u) is the strain tensor, and λ and µ are the Lame's parameters.
The system of equations (3) is solved with the following initial conditions:

p(x, 0) = p0(x), u(x, 0) = u0(x), x ∈ Ω, (4)

where p0(x) and u0(x) are the initial pressure and displacement �elds, respectively.
The boundary conditions are de�ned as follows:

− k∇p · n = 0, x ∈ ∂Ω, p = g, x ∈ ΓT ,

ux = 0, σy = 0, x ∈ ΓL ∪ ΓR, uy = 0, σx = 0, x ∈ ΓT ∪ ΓB,
(5)

where ΓL, ΓR, ΓT , and ΓB represent the left, right, top, and bottom boundaries
of the domain Ω, respectively, and n is the outward-pointing normal vector
on the boundary ∂Ω.

3 Fine grid approximation

In this section, we present the �ne grid approximation for the poroelasticity
system using the mixed �nite element method. The computational domain
Ω is discretized into a �ne grid partition Th, where h is the characteristic
element size of the �ne grid (see Figure 1).

Let Th be the �ne grid partition, de�ned as the union of all cells Ki such
that:

Th =

Ncell⋃
i=1

Ki,

where Ncell is the total number of cells in the �ne grid. We use Eh to denote
the set of facets in T h with Eh = Eh

o ∪ Eh
b , where Eh

o and Eh
b are the set of

interior and boundary facets (see Figure 1).
In the mixed �nite element formulation, the displacement �eld uh and the

pressure �eld ph are solved simultaneously. The mixed �nite element space
is de�ned as a product of two spaces: one for the displacement and one for
the pressure.

We de�ne the discrete spaces for displacement and pressure as:

Vh = {vh ∈ [L2(Ω)]d : vh|K ∈ [P1(K)]d, ∀K ∈ Th},
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Fig. 1. Illustration of �ne grid T h (right).

Qh = {qh ∈ L2(Ω) : qh|K ∈ P1(K),∀K ∈ Th}.

The mixed �nite element space is then the product space Vh ×Qh, where
we approximate the displacement as uh ∈ Vh and the pressure as ph ∈ Qh.

The discretized unknowns are uh for the displacement �eld and ph for the
pressure �eld, de�ned in the spaces Vh and Qh, respectively.

The weak form of the governing system (3) is obtained by multiplying the
�rst equation by a test function vh ∈ Qh and the second equation by a test
function vh ∈ Vh. After integrating by parts over each element K ∈ Th, we
obtain the following weak form:

∫
K

(
α
∂(∇ · uh)

∂t
+

1

M

∂ph
∂t

−∇ · (kh∇ph)
)
vh dx =

∫
K
fvh dx,∫

K
σh(uh) : ∇vh dx =

∫
K
α∇ph · vh dx.

(6)

To handle discontinuities between neighboring elements, numerical �ux
terms are introduced. The �ux for the pressure ph across an interior face E
between two elements K+ and K− is de�ned as:

{∇ph} =
1

2

(
∇p+h +∇p−h

)
, [ph] = p+h − p−h .

The full weak form of the system in the mixed space, including the �ux
terms for the pressure and displacement, becomes:
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∑
K∈Th

∫
K

(
α
∂(∇ · uh)

∂t
+

1

M

∂ph
∂t

−∇ · (kh∇ph)
)
vh dx

+
∑
E∈Eh

∫
E
({kh∇ph · n} · [vh] + {kh∇vh · n} · [ph]) ds

=
∑
K∈Th

∫
K
fvh dx+

∑
E∈Eh

∫
E

γf
h
kh[ph][vh] ds,

∑
K∈Th

∫
K
σh(uh) : ∇vh dx

+
∑
E∈Eh

∫
E
({σh} : [vh] + {vh} : [σh]) ds

=
∑
K∈Th

∫
K
α∇ph · vh dx+

∑
E∈Eh

∫
E

γf
h
[σh][vh] ds.

(7)

For the time discretization, we use an implicit backward Euler scheme.
Let tn denote the n-th time step, and ∆t be the time step size. The time
derivatives of displacement and pressure are approximated as:

∂ph
∂t

≈
pn+1
h − pnh

∆t
,

∂uh

∂t
≈

un+1
h − un

h

∆t
.

Substituting these into the weak form of the governing equations, we get:∑
K∈Th

∫
K

(
α
∇ · un+1

h −∇ · un
h

∆t
+

1

M

pn+1
h − pnh

∆t
−∇ · (kh∇pn+1

h )

)
vh dx

+
∑
E∈Eh

∫
E

(
{kh∇pn+1

h · n} · [vh] + {kh∇vh · n} · [pn+1
h ]

)
ds

=
∑
K∈Th

∫
K
fn+1vh dx+

∑
E∈Eh

∫
E

γf
h
kh[p

n+1
h ][vh] ds,

∑
K∈Th

∫
K
σh(u

n+1
h ) : ∇vh dx

+
∑
E∈Eh

∫
E

(
{σn+1

h } : [vh] + {vh} : [σn+1
h ]

)
ds

=
∑
K∈Th

∫
K
α∇pn+1

h · vh dx+
∑
E∈Eh

∫
E

γf
h
[σn+1

h ][vh] ds.

(8)

The resulting system of equations can be written in matrix form as:

AhU
n+1
h = Fn+1

h ,
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Fig. 2. Coarse grid TH with coarse cell Ki

where Un+1
h is the vector of unknowns, consisting of displacement un+1

h and

pressure pn+1
h at the current time step, and Ah is the system matrix derived

from the weak form.
The system matrix incorporates both the mass balance and elasticity

equations in the mixed form, with �ux terms ensuring weak continuity across
element boundaries.

4 Coarse Grid Approximation using DG-GMsFEM

In this section, we describe the coarse grid approximation using the Discontinuous
Galerkin Generalized Multiscale Finite Element Method (DG-GMsFEM) for
the system of poroelasticity. The computational domain is discretized into
a coarse grid, and multiscale basis functions are constructed to solve the
system of equations on this grid. We present the algorithm separately for
pressure and elasticity, followed by details of the construction of multiscale
basis functions.

Let Ω be the computational domain, and let TH denote the partition
of Ω into a coarse grid, where H is the characteristic size of the coarse
grid elements. The domain Ω is divided into a set of non-overlapping coarse
elements:

TH =

Ncell⋃
i=1

Ki,

where Ncell is the number of coarse grid elements. In Figure 2, we present
illustration of the coarse grid.

De�ning VH andQH as the multiscale space for displacement and pressure:

VH = span{ϕi}Nu
i=1, QH = span{ψi}

Np

i=1

where Nu = dim(VH) is the number of basis functions for displacement and
Np = dim(QH) is the number of basis functions for pressure.
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For the coarse grid approximation, we use a DG approach and have the
following variational formulation:

• Elasticity problem: �nd uH ∈ VH such that

a(uH , v) = l(v), ∀v ∈ VH . (9)

• Pressure problem: �nd pH ∈WH such that

a(pH ,v) = l(v), ∀v ∈ QH . (10)

Note that the coarse-scale system can be formed by projecting the �ne-
scale system onto the coarse grid. The projection matrix can be assembled
using the multiscale basis functions.

We aim to solve the poroelasticity system on this coarse grid by constructing
multiscale basis functions within each coarse element Ki. The system is
solved for pressure and displacement separately, and the details for each
are provided below.

To construct the multiscale space, we start with the construction of the
snapshot space that contains a set of basis functions formed by the solution
of local problems with all possible boundary conditions up to the �ne grid
resolution in each coarse cell Ki (local domain) for i = 1, · · · , N , where N
is the number of coarse blocks in Ω. After that, we solve a spectral problem
to select dominant modes of the snapshot space.

4.1. Multiscale Basis Functions for Pressure. The construction of
multiscale basis functions for pressure is a crucial step in the DG-GMsFEM
framework. These basis functions are designed to capture �ne-scale features
of the pressure within each coarse element and represent the pressure solution
at the coarse scale.

The generation of the multiscale basis functions for pressure consists of
the following key steps:

(1) Generation of a local snapshot space.
(2) Reduction of the dimension of the snapshot space by solving a local

spectral problem.

For each coarse element Ki ∈ TH , we generate a local snapshot space,
which is used to capture the �ne-scale variations of the pressure �eld within
Ki. The local snapshot space is constructed by solving local �ne-scale problems
with di�erent boundary conditions.

The local snapshot functions are solutions of the following local problem:

−∇ · (k∇pil) = 0, x ∈ Ki,

pil = δij , x ∈ Γi,

where l = 1, · · · , Jg
i , J

g
i is the number of �ne grid facets on Γi, and δij

represents the Kronecker delta function that has value 1 if i = l and value 0
otherwise.
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The local snapshot space is denoted by V i
snap:

Qi
snap = {pil : 1 ≤ l ≤ Ji},

and the snapshot space projection matrix is de�ned as:

Ri
snap =

[
pi1, . . . , p

i
Jg
i

]T
.

To reduce the dimension of the local snapshot space, we solve a local
spectral problem within each coarse element. This step allows us to extract
the most signi�cant modes that capture the �ne-scale behavior while reducing
the computational cost.

The local spectral problem is formulated as follows:

ÃKi
g ψ̃i = λjS̃

Kiψ̃i, (11)

where:

• ÃKi is the sti�ness matrix de�ned on the snapshot space, given by
ÃKi = Ri,snapAKi

h (Ri
snap)

T .

• S̃Ki is the mass matrix de�ned on the snapshot space, given by S̃Ki =
Ri
snapS

Ki
h (Ri

snap)
T .

• λj and ψ̃
i are the eigenvalues and eigenvectors, respectively, representing

the solution to the spectral problem.

HereAKi
h and SKi

h are matrix representations of the bilinear forms aKi(p,v)

and sKi(p,v).
In the DG-GMsFEM framework, the bilinear forms include terms that

account for jumps and averages across the boundaries of �ne grid elements
inside each coarse element Ki. The bilinear forms are written as:

aKi(p,v) =
∑

K∈Th(Ki)

∫
K
kh∇p · ∇v dx

−
∑

E∈Eh(Ki)

∫
E

(
{kh∇p · n} · [v] + {kh∇v · n} · [p]−

γf
h
{kh}[p] · [v]

)
ds,

sKi(p,v) =
∑

E∈Eh(Ki)

∫
E
khpv ds.

We remark that the integral in sKi(p,v) is de�ned on the boundary of the
coarse block, and Th is the �ne grid for the local domain Ki.

After solving the local spectral problem, we select the dominant eigenfunctions
corresponding to the smallest eigenvalues λj . These eigenfunctions form the
multiscale basis functions ψp

j for pressure in each coarse element Ki:

QH = span{ψi
k : 1 ≤ i ≤ NH

cell, 1 ≤ k ≤M i
p},

where ψi
k = (Ri

snap)
T ψ̃i

k.
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We also add one interior basis function, constructed by solving the following
local problem:

−∇ · (k∇pil) = f, x ∈ Ki, (12)

with f = 1 and homogeneous boundary conditions:

pi = 0, x ∈ Γi.

Thus, the �nal multiscale space for pressure is:

QH = span{ψi
k, ψ

i : 1 ≤ i ≤ NH
cell, 1 ≤ k ≤M i

p}.

To construct the coarse grid system, we generate a projection matrix using
the multiscale basis functions:

Rp =
[
ψ1
1, . . . , ψ

NH
cell

M i
p
, ψ1, . . . , ψNH

cell

]T
.

Using the projection matrix, we obtain the following coarse grid system
in matrix form for pressure:

AHpH = FH ,

where:

Ap
H = RAp

hR
T , F p

H = RF p
h .

After solving the coarse-scale system, the �ne-scale solution for pressure is
recovered as pms = RT pH .

4.2. Multiscale Basis Functions for Displacement. The construction
of multiscale basis functions for displacement is similar to the process for
pressure, but now we consider the displacement �eld u as a vector. These
basis functions are designed to capture �ne-scale features of the displacement
within each coarse element and represent the displacement solution on the
coarse grid.

The construction of the multiscale basis functions for displacement consists
of the following key steps:

(1) Generation of a local snapshot space for the displacement vector u.
(2) Reduction of the dimension of the snapshot space by solving a local

spectral problem.

For each coarse element Ki ∈ TH , we generate a local snapshot space
that captures the �ne-scale variations of the displacement �eld u within Ki.
The local snapshot space is constructed by solving local �ne-scale elasticity
problems with di�erent boundary conditions. The snapshot functions are
solutions of the following local problems:

−∇ · σ(ui
l) = 0, x ∈ Ki,

ui
l = gli, x ∈ Γi,

where l = 1, . . . , d ·Jg
i , d is the dimension, Jg

i is the number of �ne grid facets

on Γi, gli = (δli, 0) and (0, δli) for d = 2.
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The local snapshot space is denoted as V i
snap:

V i
snap = {ui

l : 1 ≤ l ≤ 2 · Jg
i },

and the snapshot space projection matrix is de�ned as:

Ri
snap =

[
ui
1, . . . ,u

i
2·Jg

i

]T
.

To reduce the dimension of the local snapshot space, we solve a local
spectral problem within each coarse element for the displacement vector u.
The local spectral problem is formulated as follows:

ÃKi
g ψ̃i = λjS̃

Kiψ̃i,

where:

• ÃKi is the sti�ness matrix de�ned on the snapshot space and is given
by:

ÃKi = Ri
snapA

Ki
h (Ri

snap)
T .

• S̃Ki is the mass matrix de�ned on the snapshot space and is given
by:

S̃Ki = Ri
snapS

Ki
h (Ri

snap)
T .

• λj and ψ̃
i are the eigenvalues and eigenvectors representing the solution

to the spectral problem.

The bilinear forms for the displacement vector u are written as:

aKi(u,v) =
∑

K∈Th(Ki)

∫
K
σ(u) · ∇v dx

−
∑

E∈Eh(Ki)

∫
E

(
{σ(u) · n} · [v] + {σ(v) · n} · [u]−

γf
h
{σ}[u] · [v]

)
ds,

sKi(u,v) =
∑

E∈Eh(Ki)

∫
E
(λ+ 2µ)u · v ds.

After solving the local spectral problem, we select the dominant eigenfunctions
corresponding to the smallest eigenvalues λj . These eigenfunctions form the
multiscale basis functions ϕuj for displacement in each coarse element Ki:

VH = span{ϕik : 1 ≤ i ≤ NH
cell, 1 ≤ k ≤M i

u},
where ϕik = (Ri

snap)
T ψ̃i

k.
We also add an interior basis function, constructed by solving the following

local problem:

−∇ · σ(ui
l) = f , x ∈ Ki, (13)

with f = (1, 1) and homogeneous boundary conditions:

ui = 0, x ∈ Γi.
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Thus, the �nal multiscale space for elasticity is:

VH = span{ψi
k, ψ

i : 1 ≤ i ≤ NH
cell, 1 ≤ k ≤M i

u}.

To construct the coarse grid system for elasticity, we generate a projection
matrix using the multiscale basis functions:

Ru =
[
ψ1
1, . . . , ψ

NH
cell

M i
u
, ψ1, . . . , ψNH

cell

]T
.

Using the projection matrix, we obtain the following coarse grid system
in matrix form for elasticity:

AHuH = FH ,

where:

Au
H = RuA

u
hR

T
u , F u

H = RuF
u
h .

After solving the coarse-scale system, the �ne-scale solution for displacement
can be recovered as ums = RT

uuH .

5 Numerical Results

In this section, we present numerical results for two test cases to demonstrate
the e�ectiveness of the DG-GMsFEM method for solving the poroelasticity
equations. In both cases, we compare the reference �ne-scale solution with the
multiscale solution obtained using the DG-GMsFEM approach. We consider
two scenarios:

• Test 1: Homogeneous coe�cients for elasticity and permeability.
• Test 2: Heterogeneous coe�cients for elasticity and permeability.

The computational domain is de�ned as Ω = [0, Lx] × [0, Ly], where
Lx = Ly = 1. Both the coarse and �ne grids were generated using the
gmsh software [20]. The coarse grid contains 121 vertices and 100 cells, while
the �ne grid consists of 12,699 vertices and 25,396 cells.

For Test 1, the material properties are homogeneous with elasticity coe�cient
E = 1 and Poisson's ratio ν = 0.3. The Biot coe�cient is α = 1. The
boundary conditions for the displacement are de�ned as follows:

ux = 0, σy = 0 x ∈ Γ1 ∪ Γ3,

uy = 0, σx = 0 x ∈ Γ2 ∪ Γ4.

For the pressure, the boundary conditions are set as:

p = 1.0 onΓ2, ∇p · n = 0 onΓ1 ∪ Γ3 ∪ Γ4.

The numerical simulations were carried out using the FEniCS library
implemented in C++ [21]. The multiscale coarse grid solution was obtained
using m = 20 multiscale basis functions, and the �ne-scale reference solution
was used for comparison.

We �rst solve for displacement and pressure in the homogeneous case.
Figure 3 shows the �ne and coarse grids used for the simulations. The �ne
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Fig. 3. Coarse grid (red color) and �ne grid (green color).

grid is used for the reference solution, while the multiscale coarse grid is used
for the DG-GMsFEM solution.

Figures 4, 5, and 6 show the distribution of displacement along the X and
Y directions, and the pressure distribution at three di�erent time steps, n =
1, 10, 20. The time steps n represent di�erent moments during the simulation.
The top row in each �gure corresponds to the reference �ne-scale solution,
and the bottom row corresponds to the multiscale solution with m = 20
multiscale basis functions.

We also evaluate the accuracy of the multiscale solution by calculating the
relative L2 error for both displacement and pressure. The relative L2 error
is de�ned as:

eL2 =
||uref − ums||L2

||uref||L2

,

where uref is the �ne-scale reference solution and ums is the multiscale solution.
Figure 7 shows the relative L2 errors for displacement (left) and pressure

(right) as a function of the number of multiscale basis functions m. The
error decreases as the number of basis functions increases, demonstrating
the e�ectiveness of the multiscale method. For n = 20,m = 40, the relative
error in displacement reduces to around 2.38%. Similarly, for pressure, the
relative error reduces to 11.45% for n = 20,m = 40.

In the second test, the elasticity coe�cient E and permeability k are
heterogeneous. The distribution of these coe�cients is shown in Figure 8.
As in the �rst test, we compare the reference �ne-scale solution with the
multiscale solution using m = 20 multiscale basis functions.

Figures 9, 10, and 11 show the distribution of displacement along the
X and Y directions, and the pressure distribution at three di�erent time
steps, n = 1, 10, 20, for Test 2. The top row in each �gure corresponds to
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Fig. 4. Distribution of displacement along X at n =
1, 10, 20 for test 1 (from left to right). Top: reference
solution, DOF h

u = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOFH

u = 4100.

Fig. 5. Distribution of displacement along Y at n = 1, 10, 20
for test 1 (from left to right). Top: reference solution,
DOF h

u = 52050. Bottom: multiscale solution with 20
multiscale basis functions, DOFH

u = 4100.



158 V.N. ALEKSEEV

Fig. 6. Distribution of pressure at n = 1, 10, 20 for test
1 (from left to right). Top: reference solution, DOF h

p =
26025. Bottom: multiscale solution with 20 multiscale basis
functions, DOFH

p = 2100.

Fig. 7. Thermoelasticity problem for test 1. Relative L2

error for displacement (left) and pressure (right) with a
di�erent number of multiscale basis functions m.

the reference �ne-scale solution, and the bottom row corresponds to the
multiscale solution with m = 20 multiscale basis functions.

The displacement and pressure distributions for Test 2 are similar to those
shown for Test 1. The relative L2 error for both displacement and pressure
is shown in Figure 12. As with the homogeneous case, the error decreases
as the number of multiscale basis functions m increases, demonstrating the
accuracy of the method even for heterogeneous coe�cients. For n = 20,m =
40, the relative error reduces to around 4.34%. Similarly, for pressure, the
relative error reduces to 5.35%.



DG-GMSFEM FOR POROELASTICITY EQUATIONS IN HET. 159

Fig. 8. Elasticity coe�cient E (left), heterogeneous
permeability k.

Fig. 9. Distribution of displacement along X at n =
1, 10, 20 for test 2 (from left to right). Top: reference
solution, DOF h

u = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOFH

u = 4100.

The numerical results demonstrate the robustness and accuracy of the DG-
GMsFEMmethod for solving the poroelasticity equations. In both homogeneous
and heterogeneous cases, the method achieves signi�cant computational e�ciency
by reducing the number of degrees of freedom, while maintaining acceptable
accuracy levels as the number of multiscale basis functions m increases. This
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Fig. 10. Distribution of displacement along Y at n =
1, 10, 20 for test 2 (from left to right). Top: reference
solution, DOF h

u = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOFH

u = 4100.

Fig. 11. Distribution of pressure at n = 1, 10, 20 for test
2 (from left to right). Top: reference solution, DOF h

p =
26025. Bottom: multiscale solution with 20 multiscale basis
functions, DOFH

p = 2100.
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Fig. 12. Thermoelasticity problem for test 2. Relative L2

error for displacement (left) and pressure (right) with a
di�erent number of multiscale basis functions m.

shows the potential of DG-GMsFEM for e�cient and reliable modeling of
complex poroelasticity problems, even in heterogeneous media.

6 Conclusions

In this paper, we applied the Discontinuous Galerkin Generalized Multiscale
Finite Element Method (DG-GMsFEM) to solve the poroelasticity equations.
By constructing multiscale basis functions for pressure and displacement, the
method e�ectively captures �ne-scale features while reducing the computational
cost associated with solving on a �ne grid. We considered two test cases: one
with homogeneous coe�cients and one with heterogeneous coe�cients for
elasticity and permeability. In both cases, the multiscale method demonstrated
high accuracy, with relative L2 errors for pressure and displacement decreasing
as the number of multiscale basis functions increased. The computational
e�ciency of the DG-GMsFEM method allows for signi�cant cost savings
while maintaining accuracy, making it a promising approach for solving
complex poroelasticity problems in heterogeneous media.
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