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Abstract: This paper presents the Discontinuous Galerkin Generalized
Multiscale Finite Element Method (DG-GMsFEM) for solving poroelasticity
equations. The method is designed to capture fine-scale variations

in pressure and displacement by using multiscale basis functions,
enabling efficient computation on coarse grids. Two test cases are
considered: one with homogeneous elasticity and permeability coefficients,
and the other with heterogeneous coefficients. The accuracy of

the method is validated by calculating the relative Lo errors for

both pressure and displacement, which decrease as the number of
multiscale basis functions increases. The results demonstrate that

the DG-GMsFEM method provides accurate approximations for

both pressure and displacement, significantly reducing computational
cost compared to the fine-scale solutions. Numerical experiments

show that the DG-GMsFEM approach is robust and accurate for
complex poroelasticity problems, even in highly heterogeneous media.
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1 Introduction

Poroelasticity, the study of fluid-saturated porous media, plays a critical
role in many engineering and geophysical applications, such as subsurface
flow, reservoir simulation, and biomechanics. The poroelasticity equations
describe the interaction between mechanical deformations and fluid flow
within porous materials, which often requires resolving fine-scale heterogeneities
in material properties, such as permeability and elasticity. These fine-scale
variations introduce a significant computational challenge, as capturing them
across large domains using traditional numerical methods on fine grids leads
to a substantial increase in computational cost [1, 2, 3, 4].

To address this challenge, multiscale methods have been developed to
efficiently capture fine-scale effects while performing computations on a coarse
grid. One such method is the Generalized Multiscale Finite Element Method
(GMsFEM), which constructs localized multiscale basis functions to account
for subgrid variations in material properties |5, 6, 7, 8]. Unlike traditional
methods, GMsFEM enables computational savings by reducing the need for
fine-scale resolutions across the entire domain. The Discontinuous Galerkin
(DG) version of GMSFEM (DG-GMsFEM) further enhances this approach
by combining the flexibility of discontinuous Galerkin methods with the
efficiency of multiscale modeling, allowing for the accurate resolution of
complex phenomena, such as jumps in material properties and fluxes across
element boundaries [9, 10, 11, 12].

In recent years, several studies have extended the GMsFEM to poroelasticity
problems. Fu, Chung and Mai [13] developed a constraint energy minimizing
GMSsFEM for nonlinear poroelasticity and elasticity, demonstrating its effectiveness
in capturing complex material behaviors. Tyrylgin et al. [14] introduced a
GMsFEM framework for poroelasticity in multicontinuum media, addressing
the challenge of modeling interactions between multiple porous media types.
Brown and Vasilyeva [15] proposed a GMSFEM approach specifically for
linear poroelasticity, showing its applicability in heterogeneous media. Their
results indicate that multiscale methods can significantly reduce computational
costs while preserving solution accuracy.

Moreover, the method has been extended to fractured and heterogeneous
media. Ammosov et al. [16] applied GMSFEM to thermoporoelasticity problems,
handling the additional complexity of thermal effects in fractured media.
Similarly, Tyrylgin et al. [17, 18, 19] have developed GMsFEM approaches for
coupled poroelasticity problems, focusing on efficient modeling of fractured
and heterogeneous media using embedded fracture models.
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In this paper, we extend the DG-GMsFEM framework to solve the poroelasticity
equations. The DG formulation is chosen for its flexibility in handling discontinuities
in material properties and ensuring stability across coarse grids, which is
particularly beneficial for heterogeneous media. Our goal is to develop a
method that efficiently solves for both displacement and pressure in poroelastic
materials, while reducing computational cost compared to fine-scale methods.
The key idea behind DG-GMsFEM is to construct multiscale basis functions
for both pressure and displacement by solving local problems on fine grids,
and then using these basis functions to approximate the global solution on
a coarse grid.

We consider two test cases to evaluate the performance of our method: one
with homogeneous coefficients for elasticity and permeability, and another
with heterogeneous coefficients. The accuracy of the method is validated
by comparing the coarse-grid multiscale solutions with reference fine-grid
solutions.

The remainder of this paper is organized as follows: Section 2 formulates
the problem of poroelasticity and outlines the governing equations. Section
3 describes the fine grid and mixed finite element formulation. Section 4
presents the multiscale basis construction using DG-GMsFEM for pressure
and elasticity. Section 5 provides numerical results, and finally, Section 6
concludes the paper with a discussion of the method’s advantages.

2 Problem formulation

Let the domain  C R? represent a poroelastic medium where d = 2
for two-dimensional problems. The fluid flow and mechanical behavior in
this poroelastic medium are governed by a system of coupled equations. The
fluid’s movement is described by the mass conservation equation along with
Darcy’s law:

. 1
aM+—@+V-q:f, :EEQ,

ot M ot (1)

q=—kVp, z€q,

where u is the displacement vector, q represents the fluid velocity, p is the
fluid pressure, and k is the effective permeability (related to the intrinsic
permeability k via k = ﬁ, where p is the dynamic viscosity of the fluid). The
term f accounts for external sources or sinks of fluid, « is the Biot coefficient,
and M is the Biot modulus, which relates fluid pressure to volumetric strain.

The mechanical response of the poroelastic material is described by a stress
balance equation, where the forces due to fluid pressure and solid deformation
are combined. The equation for the displacement field u is given by:

—V-or(u,p) =0, ze€Q,
(2)

or(u,p) =o(u) —apl, z€Q,
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where o is the total stress tensor, o(u) is the mechanical stress tensor, and
I is the identity matrix. The term apl represents the contribution of pore
pressure to the total stress.

The coupled system of poroelasticity equations then becomes:

d(V-u) 10p B
QT—FME—VUGVP)—]C, T €€,

—V.o(u)+aVp=0, zell

(3)
For a linear elastic material, the stress-strain relationship is given by:

o(0) = 2ue(u) £ A(V-w)I, e(u) = %(Vu +vul),

where €(u) is the strain tensor, and A and p are the Lame’s parameters.
The system of equations (3) is solved with the following initial conditions:

p(x,0) = po(z), u(x,0)=ug(x), ze€Q, (4)

where po(x) and ug(x) are the initial pressure and displacement fields, respectively.
The boundary conditions are defined as follows:

—kVp-n=0, €0, p=g, xe€lp,
u,=0,0,=0, z€l'yUl'g, uy=0,0,=0, ze€l'rUIlp,

(5)

where I'r, I'r, I'r, and I' g represent the left, right, top, and bottom boundaries
of the domain €, respectively, and n is the outward-pointing normal vector
on the boundary 0f).

3 Fine grid approximation

In this section, we present the fine grid approximation for the poroelasticity
system using the mixed finite element method. The computational domain
Q is discretized into a fine grid partition T}y, where h is the characteristic
element size of the fine grid (see Figure 1).

Let Ty, be the fine grid partition, defined as the union of all cells K; such

that:
Ncell

Ty = U K;,
i—1

where Ny is the total number of cells in the fine grid. We use £ to denote
the set of facets in 7" with £* = ! U &), where £ and &£ are the set of
interior and boundary facets (see Figure 1).

In the mixed finite element formulation, the displacement field uy and the
pressure field py are solved simultaneously. The mixed finite element space
is defined as a product of two spaces: one for the displacement and one for
the pressure.

We define the discrete spaces for displacement and pressure as:

Vh = {Vh S [Lz(Q)]d : Vh|K c [Pl(K)]d,VK S Th},
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FiG. 1. Tllustration of fine grid 7" (right).

Qn = {an € L*(Q) : qulx € Pi(K),VK € T},}.

The mixed finite element space is then the product space V}, x Qp, where
we approximate the displacement as up € Vj, and the pressure as p, € Q.

The discretized unknowns are uy, for the displacement field and pj, for the
pressure field, defined in the spaces V} and @y, respectively.

The weak form of the governing system (3) is obtained by multiplying the
first equation by a test function vy € @)y and the second equation by a test
function vy € V. After integrating by parts over each element K € T}, we
obtain the following weak form:

oV -up) 1 Opy B
/I( (OZT + Mﬁ — V . (thph) Uh, dIIZ‘ = A f’Uh d.’E,

(6)

/ on(up) : Vvpde = / aVpy, - vy dz.
K K

To handle discontinuities between neighboring elements, numerical flux
terms are introduced. The flux for the pressure pj, across an interior face F
between two elements K and K~ is defined as:

(Vo +Vp,), [pnl=pi —pj-

[N

{Vpn} =

The full weak form of the system in the mixed space, including the flux
terms for the pressure and displacement, becomes:
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AV -up) 1 Jpy,
Z A{ <Oé ot + Mﬁ -V (k:thh) Vh dx

KeT,

+E;h/E({thph-n}-[vh]+{thvh~n}'[Ph]) ds

:K;h /K Fonde + EZ; /E Lo fon]on] s ;
K;h /K on(up) : Vvp dz

+E§L/E({Uh} vl +{vn} : o)) ds

- / RCRLEDY [ vl as.

For the time discretization, we use an implicit backward Euler scheme.
Let t, denote the n-th time step, and At be the time step size. The time
derivatives of displacement and pressure are approximated as:

Ipn pptt—pp uy, ~ ut —up

ot At ot At

Substituting these into the weak form of the governing equations, we get:

V-uZ“—V-uZ 1p2+1—p’,}
o o (k n+1 d
Z/K<O‘ At M A V- (knVpy) | vnde
KeTy,

£y /E ((kn Vo™ n - [on] + (knVon -1} - [p0]) ds

Eecéy
= Z / ey, dao + Z / ﬁkh[pzﬂ][vh}ds,
K E h
KeTy, Eegy,
Z / on(u)t) : Vvy do
KeTy K
+ 3 [ oy s tval + v o) ds
Ecé&y B
= Z / aVpptt vy, dx + Z / ﬁ[aﬁ“][vh]ds.
K E h
KeTy, Ecé&y,

(8)
The resulting system of equations can be written in matrix form as:

AhUZJrl — FZ+1,
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Fi

ri

T

Fia. 2. Coarse grid Ty with coarse cell K;

where UZ“ is the vector of unknowns, consisting of displacement uZH and
pressure pZH at the current time step, and Ay, is the system matrix derived
from the weak form.

The system matrix incorporates both the mass balance and elasticity
equations in the mixed form, with flux terms ensuring weak continuity across

element boundaries.

4 Coarse Grid Approximation using DG-GMsFEM

In this section, we describe the coarse grid approximation using the Discontinuous
Galerkin Generalized Multiscale Finite Element Method (DG-GMsFEM) for
the system of poroelasticity. The computational domain is discretized into
a coarse grid, and multiscale basis functions are constructed to solve the
system of equations on this grid. We present the algorithm separately for
pressure and elasticity, followed by details of the construction of multiscale
basis functions.

Let ©Q be the computational domain, and let Ty denote the partition
of Q into a coarse grid, where H is the characteristic size of the coarse
grid elements. The domain € is divided into a set of non-overlapping coarse
elements:

Neen

TH = U Ki>
=1

where Ny is the number of coarse grid elements. In Figure 2, we present
illustration of the coarse grid.
Defining Vi and Qg as the multiscale space for displacement and pressure:

N,
Vir = span{¢; )",  Qu = span{u;}."

where N, = dim(Vp) is the number of basis functions for displacement and
N, = dim(Qx) is the number of basis functions for pressure.
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For the coarse grid approximation, we use a DG approach and have the
following variational formulation:

e Flasticity problem: find uy € Vi such that
a(ug,v) =1(v), YveVy. (9)
e Pressure problem: find pyg € Wg such that

alp,v) =1(v), VveQg. (10)

Note that the coarse-scale system can be formed by projecting the fine-
scale system onto the coarse grid. The projection matrix can be assembled
using the multiscale basis functions.

We aim to solve the poroelasticity system on this coarse grid by constructing
multiscale basis functions within each coarse element K;. The system is
solved for pressure and displacement separately, and the details for each
are provided below.

To construct the multiscale space, we start with the construction of the
snapshot space that contains a set of basis functions formed by the solution
of local problems with all possible boundary conditions up to the fine grid
resolution in each coarse cell K; (local domain) for ¢ = 1,--- , N, where N
is the number of coarse blocks in €. After that, we solve a spectral problem
to select dominant modes of the snapshot space.

4.1. Multiscale Basis Functions for Pressure. The construction of
multiscale basis functions for pressure is a crucial step in the DG-GMsFEM
framework. These basis functions are designed to capture fine-scale features
of the pressure within each coarse element and represent the pressure solution
at the coarse scale.

The generation of the multiscale basis functions for pressure consists of
the following key steps:

(1) Generation of a local snapshot space.
(2) Reduction of the dimension of the snapshot space by solving a local
spectral problem.

For each coarse element K; € Ty, we generate a local snapshot space,
which is used to capture the fine-scale variations of the pressure field within
K;. The local snapshot space is constructed by solving local fine-scale problems
with different boundary conditions.

The local snapshot functions are solutions of the following local problem:

V- (kVp)) = x e K;,
Py = (5 x el
where [ = 1,---,J7, J7 is the number of fine grid facets on I, and 5;

represents the Kronecker delta function that has value 1 if ¢ = [ and value 0
otherwise.
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The local snapshot space is denoted by V2

snap
bhap = 0l 1 1S U< T3},

and the snapshot space projection matrix is defined as:

. i T
Rsnap [pl,...,pjf} .

To reduce the dimension of the local snapshot space, we solve a local
spectral problem within each coarse element. This step allows us to extract
the most significant modes that capture the fine-scale behavior while reducing
the computational cost.

The local spectral problem is formulated as follows:

Alfit = XS5, (11)
where:

° AKZ' is the stiffness matrix defined on the snapshot space, given by
ARt = B3P AT (R o)

) SKZ is the mass matrix defined on the snapshot space, given by SKi —
RiyapSy, " (Rinap) "

e )\jand 1/1‘ are the eigenvalues and eigenvectors, respectively, representing

the solution to the spectral problem.
Here AhK “and S }]f * are matrix representations of the bilinear forms a%i (p, v)
and s%i(p, v).
In the DG-GMsFEM framework, the bilinear forms include terms that
account for jumps and averages across the boundaries of fine grid elements
inside each coarse element K;. The bilinear forms are written as:

CLK"‘(p,V): Z /thp Vvdzx

KGT}—L

- > [ (twvpn)- [1+{khvV-n}-[p1—%f{kh}[p]-M)ds,

Ee&h(K;)

SSipv) = ) / knpv ds.

Ee&h(K

We remark that the integral in s%i(p, v) is defined on the boundary of the
coarse block, and T}, is the fine grid for the local domain K.

After solving the local spectral problem, we select the dominant eigenfunctions
corresponding to the smallest eigenvalues A;. These eigenfunctions form the
multiscale basis functions 1/15 for pressure in each coarse element K;:

Qu = Span{wk I<i< Ncelh 1<k< M;;}a
where ¢, = (Riyap) ¥}
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We also add one interior basis function, constructed by solving the following
local problem:

~V - (kVp})=f, z€K, (12)
with f =1 and homogeneous boundary conditions:
p'=0, =zell
Thus, the final multiscale space for pressure is:
Qp =span{yi, ' 1<i<NH 1<k< M;,}

To construct the coarse grid system, we generate a projection matrix using
the multiscale basis functions:
T
1 N
R, = |¢i,..., M;,”’wl?'“’wl\fﬁ“
Using the projection matrix, we obtain the following coarse grid system
in matrix form for pressure:

Appn = Fu,
where:
P _ pAPpT po_ P
Ay =RAR', Iy =RF.
After solving the coarse-scale system, the fine-scale solution for pressure is
recovered as pms = R py.

4.2. Multiscale Basis Functions for Displacement. The construction
of multiscale basis functions for displacement is similar to the process for
pressure, but now we consider the displacement field u as a vector. These
basis functions are designed to capture fine-scale features of the displacement
within each coarse element and represent the displacement solution on the
coarse grid.

The construction of the multiscale basis functions for displacement consists
of the following key steps:

(1) Generation of a local snapshot space for the displacement vector u.
(2) Reduction of the dimension of the snapshot space by solving a local
spectral problem.

For each coarse element K; € Ty, we generate a local snapshot space
that captures the fine-scale variations of the displacement field u within Kj.
The local snapshot space is constructed by solving local fine-scale elasticity
problems with different boundary conditions. The snapshot functions are
solutions of the following local problems:

u =g, T€ I,
where l = 1,...,d-J?, d is the dimension, J7 is the number of fine grid facets
on I'', gt = (6L,0) and (0, 6!) for d = 2.
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The local snapshot space is denoted as Vs’nap'

Vsilap:{u%':lslsz"]igh

and the snapshot space projection matrix is defined as:

. . T
i _ g i
Rsnap |:1117 ce . 7u2"]f] .

To reduce the dimension of the local snapshot space, we solve a local
spectral problem within each coarse element for the displacement vector u.
The local spectral problem is formulated as follows:

ARt = X555,
where:

o AKi is the stiffness matrix defined on the snapshot space and is given

by:
AR = RénapAK (R;nap) .
e SKi ig the mass matrix defined on the snapshot space and is given
by:
S t= RénapSK (Rénap) .

e )\jand ' are the eigenvalues and eigenvectors representing the solution
to the spectral problem.

The bilinear forms for the displacement vector u are written as:

afi(u,v) = Z / o(u) - Vvdr

KeTy(K:) " K

- Y [ (ot n o) -0y o) - ol V) ds

EeEh(K;)

sBi(u,v) = Z //\+2uu vds.
Eceh(K

After solving the local spectral problem, we select the dominant eigenfunctions
corresponding to the smallest eigenvalues A;. These eigenfunctions form the
multiscale basis functions gb}-‘ for displacement in each coarse element Kj:

Vi =span{¢t : 1 <i < NI, 1<k <M},

where ¢2 - ( snap)Tﬂ)k
We also add an interior basis function, constructed by solving the following
local problem:

~V.o(u)=f, =zck, (13)
with f = (1,1) and homogeneous boundary conditions:

u'=0, zel%
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Thus, the final multiscale space for elasticity is:
Vir = span{tf, 0" 1 1 <i < NX, 1 <k < M}

To construct the coarse grid system for elasticity, we generate a projection
matrix using the multiscale basis functions:
NH T
Ru: [w%r"?w]\/cie”)wla”'71/}Ng”:| .

u

Using the projection matrix, we obtain the following coarse grid system
in matrix form for elasticity:

Agug = Fy,

where:

U = R,AYRT FY = R,
After solving the coarse-scale system, the fine-scale solution for displacement
can be recovered as u,,s = RZuH.

5 Numerical Results

In this section, we present numerical results for two test cases to demonstrate
the effectiveness of the DG-GMsFEM method for solving the poroelasticity
equations. In both cases, we compare the reference fine-scale solution with the
multiscale solution obtained using the DG-GMsFEM approach. We consider
two scenarios:

e Test 1: Homogeneous coefficients for elasticity and permeability.
e Test 2: Heterogeneous coefficients for elasticity and permeability.

The computational domain is defined as Q@ = [0,L;| x [0,L,], where
L, = L, = 1. Both the coarse and fine grids were generated using the
gmsh software [20]. The coarse grid contains 121 vertices and 100 cells, while
the fine grid consists of 12,699 vertices and 25,396 cells.

For Test 1, the material properties are homogeneous with elasticity coefficient
E = 1 and Poisson’s ratio v = 0.3. The Biot coefficient is « = 1. The
boundary conditions for the displacement are defined as follows:

Uy =0,0p=0 zel1 ULz,

uy=0,0,=0 xe€lUly.

For the pressure, the boundary conditions are set as:
p=10 onle, Vp-n=0 onlyuUl3UTl}y.

The numerical simulations were carried out using the FEniCS library
implemented in C++ [21]. The multiscale coarse grid solution was obtained
using m = 20 multiscale basis functions, and the fine-scale reference solution
was used for comparison.

We first solve for displacement and pressure in the homogeneous case.
Figure 3 shows the fine and coarse grids used for the simulations. The fine
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I

Iy

F1a. 3. Coarse grid (red color) and fine grid (green color).

grid is used for the reference solution, while the multiscale coarse grid is used
for the DG-GMsFEM solution.

Figures 4, 5, and 6 show the distribution of displacement along the X and
Y directions, and the pressure distribution at three different time steps, n =
1,10, 20. The time steps n represent different moments during the simulation.
The top row in each figure corresponds to the reference fine-scale solution,
and the bottom row corresponds to the multiscale solution with m = 20
multiscale basis functions.

We also evaluate the accuracy of the multiscale solution by calculating the
relative Lo error for both displacement and pressure. The relative Lo error
is defined as:

- ||uref - ums”Lg

er, =
? ||uref||L2 ’

where ugt is the fine-scale reference solution and up,g is the multiscale solution.

Figure 7 shows the relative Ly errors for displacement (left) and pressure
(right) as a function of the number of multiscale basis functions m. The
error decreases as the number of basis functions increases, demonstrating
the effectiveness of the multiscale method. For n = 20, m = 40, the relative
error in displacement reduces to around 2.38%. Similarly, for pressure, the
relative error reduces to 11.45% for n = 20, m = 40.

In the second test, the elasticity coefficient F and permeability &k are
heterogeneous. The distribution of these coefficients is shown in Figure 8.
As in the first test, we compare the reference fine-scale solution with the
multiscale solution using m = 20 multiscale basis functions.

Figures 9, 10, and 11 show the distribution of displacement along the
X and Y directions, and the pressure distribution at three different time
steps, n = 1,10, 20, for Test 2. The top row in each figure corresponds to
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Fic. 4. Distribution of displacement along X at n =
1,10,20 for test 1 (from left to right). Top: reference
solution, DOF" = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOFH = 4100.

Fia. 5. Distribution of displacement along Y at n = 1, 10, 20
for test 1 (from left to right). Top: reference solution,
DOF! = 52050. Bottom: multiscale solution with 20
multiscale basis functions, DOFH = 4100.

157
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the reference fine-scale solution, and the bottom row corresponds to the
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Elasticity, test1
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A q
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Fia. 6. Distribution of pressure at n = 1,10,20 for test
1 (from left to right). Top: reference solution, DOF;1 =
26025. Bottom: multiscale solution with 20 multiscale basis
functions, DOF," = 2100.

Pressure, test1

NAREEE]

33

relative eror in L%

03 04 05 06 07

time step, t

08

0 01 02 03 04 05 06 07 08 09 1
time step, t

Fia. 7. Thermoelasticity problem for test 1. Relative Lo
error for displacement (left) and pressure (right) with a
different number of multiscale basis functions m.

multiscale solution with m = 20 multiscale basis functions.

The displacement and pressure distributions for Test 2 are similar to those
shown for Test 1. The relative Lo error for both displacement and pressure
is shown in Figure 12. As with the homogeneous case, the error decreases
as the number of multiscale basis functions m increases, demonstrating the
accuracy of the method even for heterogeneous coefficients. For n = 20, m =
40, the relative error reduces to around 4.34%. Similarly, for pressure, the

relative error reduces to 5.35%.
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u
3.6e+00 5 1.7e+01 74007 206 5e6 leb 25 5e500001 3.0e-04
| (!

—

Fic. 8. Elasticity coefficient E (left), heterogeneous
permeability k.

i_ _ —— _ —— _

A I
A

Fic. 9. Distribution of displacement along X at n =
1,10,20 for test 2 (from left to right). Top: reference
solution, DOF" = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOF = 4100.

The numerical results demonstrate the robustness and accuracy of the DG-
GMsFEM method for solving the poroelasticity equations. In both homogeneous
and heterogeneous cases, the method achieves significant computational efficiency
by reducing the number of degrees of freedom, while maintaining acceptable
accuracy levels as the number of multiscale basis functions m increases. This
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Fic. 10. Distribution of displacement along Y at n
1,10,20 for test 2 (from left to right). Top: reference
solution, DOF" = 52050. Bottom: multiscale solution with
20 multiscale basis functions, DOFH = 4100.
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Fic. 11. Distribution of pressure at n 1,10,20 for test
2 (from left to right). Top: reference solution, DOF;Z
26025. Bottom: multiscale solution with 20 multiscale basis
functions, DOF = 2100.
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Elasticity, test2 Pressure, test2
100 100
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60 m=32 —s—
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— \—q

0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
time step, t time step, t

40

relative error in Ly%
relative emor in L%

FiGa. 12. Thermoelasticity problem for test 2. Relative Lo
error for displacement (left) and pressure (right) with a
different number of multiscale basis functions m.

shows the potential of DG-GMsFEM for efficient and reliable modeling of
complex poroelasticity problems, even in heterogeneous media.

6 Conclusions

In this paper, we applied the Discontinuous Galerkin Generalized Multiscale
Finite Element Method (DG-GMsFEM) to solve the poroelasticity equations.
By constructing multiscale basis functions for pressure and displacement, the
method effectively captures fine-scale features while reducing the computational
cost associated with solving on a fine grid. We considered two test cases: one
with homogeneous coefficients and one with heterogeneous coefficients for
elasticity and permeability. In both cases, the multiscale method demonstrated
high accuracy, with relative Lo errors for pressure and displacement decreasing
as the number of multiscale basis functions increased. The computational
efficiency of the DG-GMsSFEM method allows for significant cost savings
while maintaining accuracy, making it a promising approach for solving
complex poroelasticity problems in heterogeneous media.
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