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Abstract: In this paper, we derive a multicontinuum time-fractional
diffusion equations based on Caputo fractional derivative using a
multicontinuum homogenization approach. For this purpose, we
formulate cell problems with constraints considering various effects.
As aresult, we obtain a decomposition of the solution into macroscopic
variables (continua). Assuming the smoothness of these macroscopic
variables, we derive multicontinuum equations for the general case.
Then, we consider a particular case of a dual-continuum model in
an isotropic medium. We present numerical experiments for two-
dimensional model problems with different fractional derivative
orders, demonstrating the high efficiency of the proposed approach.
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Awnnoramus: B nanHON cTaThe BBIBOAATCH MHOTOKOHTHHYAJIbHBIE
ypaBHeHUsI aucdy3un ¢ ApoOHOI MPOM3BOAHOI IO BpEMEHHU Ha
ocHOBe JpobHON mpom3poanoit KamyTo ¢ mcmosb3oBaHmEM MeETO-
Jla MHOTOKOHTHHYaJbHOTO ycpenuerus. s storo dopmyaupy-
FOTCs 3aJ[a9i Ha sT9eiiKaX C OrPAHUYEHUsIMU, YIUTHIBAIOIINE pa3-
simanble 3 dexThl. B pe3ysbrare cTpoUTCsi Pa3iioyKeHNe PeIleHmst
HA MaKPOCKOIUYeCKue repeMentble (KoHTuHyyMbl). [Ipeamonaras
IJIAJIKOCTh JAHHBIX MAKPOCKOIUYECKUX MMEPEMEHHBIX, BBIBOJATCS
MHOTOKOHTHUHYaJIbHbIE YPABHEHMUsI JJIsT ODIIETO CJIydast. 3aTeM pac-
CMATPUBAETCS YACTHBIN CJIydail MOJEIHN C JBONHBIM KOHTHHYYMOM
B M30TPOIHON cpejie. [IpuBomsiTCsT YMC/IEHHBIE SKCIIEPUMEHTHI JIJTsT
JBYMEPHBIX MOJIEJBHBIX 33/1a9 C PA3JUIHBIMU MOPIKAMA JTPOO-
HOIi TPOU3BBO/THOMN, KOTOPBIE JIEMOHCTPUPYIOT BHICOKYIO 3D heKTUB-
HOCTB IIPEJJIAraeMoro MoJIX0/Ia.

KittoueBbie cjioBa: MHOIMOKOHTHUHYAJbHOE YCPEIIHEHUE, ypaBHe-
are audy3un ¢ poOHON TPOU3BOMHON 110 BpEMEHU, HEOTHOPOI-
HBIE CPeJibl, TPOOHBIE MPOU3BOIHBIE, MHOTOMACIITAOHOE MOJIETUPO-
BaHUeE.

1 Introduction

Time-fractional diffusion equations have developed as an effective mathematical
tool for describing anomalous diffusion processes in which the rate of diffusion
differs from the traditional Fickian behavior. In contrast to conventional
diffusion equations that utilize integer-order derivatives, time-fractional diffusion
equations integrate derivatives of non-integer order, thus encapsulating the
memory and heredity characteristics of the system. In this context, we employ
the Caputo derivative, which is especially appropriate for starting value
issues and facilitates the integration of initial conditions in a physically
significant manner [1]. These equations are widely used to describe transport
phenomena in various complex media, including porous materials and fractured
reservoirs, where diffusive behavior exhibits long-term dependence and non-
local effects |2, 3]. The fractional derivative, generally of order 0 < a <
1, incorporates a time-dependent kernel that considers the history of the
diffusive process, resulting in enhanced explanations of anomalous transport
[4].

It should be noted that many real applications are complicated by heterogeneous
multiscale media. For accurate modeling in such cases, it is necessary to use
detailed computational grids, which significantly increase the computational
cost of the problem. Moreover, the resulting huge matrices may be ill-conditioned
and require special treatment. The presence of fractional derivatives in time
additionally complicates the calculations. An alternative approach is to apply
various homogenization methods that allow computations on coarse computational
grids, reducing the computational costs [5, 6, 7]. The main idea of the
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homogenization methods is to compute effective properties at macroscopic
points by solving cell problems.

However, standard homogenization approaches can lead to inaccurate solutions
in cases with high contrast. This is because having only one homogenized
coefficient per macroscopic point may be not sufficient. Multicontinuum
modeling approaches identify several continua in the medium and introduce
separate effective properties (8, 9, 10, 11, 12|. Thus, both low-conductivity
and high-conductivity regions are taken into account. One of the new methods
in this approach is the multicontinuum homogenization method [13, 14, 15].
This method provides a rigorous and, at the same time, flexible methodology
for deriving multicontinuum models. The main idea of this method is to
construct special cell problems to account for different solution effects. As a
result, we obtain a function decomposition over continua. Using this decomposition,
we can rigorously derive the multicontinuum equations. This method has
already been applied to the derivation of various multicontinuum models
[16, 17, 18, 19].

Note that one can also use multiscale finite element approaches to solve
the problems with high-contrast coefficients and fractional derivatives in time
on a coarse grid [20, 21, 22, 23|. These methods provide accurate solutions
and can handle complex high-contrast heterogeneous media. However, they
result in discrete coarse-grid models and not in the form of macroscopic laws.

In this paper, we apply the multicontinuum homogenization method to
derive a multicontinuum time-fractional diffusion model based on Caputo
fractional derivative. We construct cell problems to account for gradient
effects and averages. After solving these problems, we obtain the expansion
of the solution over continua. We then derive a general multicontinuum
model for an arbitrary number of continua. As a particular case, we present
a dual-continuum model with isotropic effective properties. To verify the
proposed approach, we consider two-dimensional model problems with a
high-contrast diffusion coefficient. We consider different orders of fractional
derivatives. We compute the relative Lo errors to evaluate the accuracy
of the multicontinuum model. Numerical results show that the proposed
multicontinual model provides high accuracy for different orders of the fractional
derivative, significantly reducing the computational cost.

The paper has the following structure. In Section 2, we present the derivation
of a multicontinuum time-fractional diffusion model in general form using a
multicontinuum homogenization approach. Section 3 presents a dual-continuum
model with isotropic coefficients. In Section 4, we conduct numerical experiments
to check the proposed multicontinuum model. Finally, we present conclusions
in Section 5.
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2 Multicontinuum time-fractional diffusion model
derivation

This section presents the derivation of a multicontinuum time-fractional
diffusion model in general form using a multicontinuum homogenization
approach. First, let us consider the following time-fractional diffusion equation
in the domain Q C R (d = 2,3)

0%u

a? -V (/iVu) = f, T € Q, t e (0, tmax]- (1)
Here, u := u(x,t) is a sought field, x := x(x) is a heterogeneous coefficient,
and f := f(z) is a source/sink term. Note that x possesses high contrast

such that maxzcor(z)/mingeqr(z) > 1. In fluid filtration applications, u
can be a pressure field, and k can be a permeability coefficient of the porous
medium with highly conductive channels.

For the time derivative term, gt% denotes the Caputo derivative that can
be expressed as

0%ul(t 1 t ou
ﬁt‘g‘) = F(l—a)/o (t—s)_ag(s)ds, 0<a<l, (2)
where I' is the gamma function.

The multicontinuum homogenization procedure starts with the variational
formulation of the original fine-scale model. Let us complement (1) with zero
Dirichlet boundary conditions and set some appropriate initial conditions.
Then, we can obtain the following variational formulation

6]
Qaat:v+/QKVu'VU:/va, Yo € HY(Q). (3)

Next, let us make the following assumptions. First, let us assume that
the computational domain €2 is partitioned into coarse blocks w. We suppose
that we can define Representative Volume Elements Rf (RVEs) inside each
coarse block w. Each RVE can approximate the whole coarse block in terms of
heterogeneity. Moreover, we can define an oversampled RVE R by extending
a target (central) RVE R, = R’ with other RVEs RY, around it (see Figure
1). We assume that, within each RVE, there are N distinct average states,
which we call continua. For each continuum j, we define a characteristic
function 1; such that

i = 1, in continuum j,
! 0, otherwise.

Multicontinuum expansion. Inside each RVE, we define N macrosopic
variables, representing the averages of the solution in the corresponding
subregions (continua) as follows

Ui(z,t) = W
R, 7
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Ro

Q

F1G. 1. Illustration of Q, w, R}, and R,

where z,, is a point in R,. We assume that U; are smooth functions, if we
take them over all RVEs.

Then, we can define the following expansion of the solution w into these
macroscopic variables in each R,, [14]

u= ;U + ¢"Vu Ui + ¢ V2, Ui + ..,

where ¢ function are solutions of cell problems. Note that we suppose Einstein
summation convention over repeated indices.
However, in our work, we consider the following expansion

Therefore, we consider only the averages and gradients.

Cell problems. We formulate the cell problems in the oversampled RVEs
R}, with contstraints to consider various homogenized effects of the solution.
The first cell problem considers the averages of the solution

p

Z pr w’P RP

[ooor=su

The second cell problem imposes constraints to consider gradient effects

/ kV¢; - Vv — Q,bfv =0,

()

mp
m B D _
/R KV - Vo Z pr wp ¢ v =0,
/ ¢m¢p 52] (xm - Cm])¢p (6)
RY

/po (T — cmj)d}ﬁ?o = 0 condition for c.
R,
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Note that we can obtain the following estimates of the cell problems’
solutions [13]

lodll = 0(1), Vil = 0()

19" = O(e), IVe;*[l = O1),

where € is a diameter of RVE.

(7)

Derivation. By definition, R, can represent the whole coarse block w in
terms of heterogeneity. In this way, one can obtain the following approximation
of the variational formulation (3)

/fv— atav—i—/nVu VU—Z/WU—FZ/HVU-VU%
|w] 9u |w]
;!Rd . 8tav+;|Rw| Rw/iVu V.

Let us substitute the multicontinuum expansion (4) into the diffusion term

(8)

/ /iVu-Vv%/ /@V(qbiUi)-Ver/ KV (VU - Vo, (9)

According to our assumptions, macroscopic variables U; are smooth functions.
Hence, the variations of U; and V,,,U; are minor compared to the variations
of ¢; and ¢]*. That is why we assume that the following approximations
hold wa kV (¢:U;) - Vo = wa kU;V; - Vv and wa kV(¢I"V i, U;) - Vo &~
wa KV UiV - V.

Moreover, let us introduce the expansion of v
v Vs + QEVL V. (10)

Next, let us consider each term of the right-hand side of (9) separately.
If we consider the first term and apply our assumptions above and the
expansion (10), we obtain the following approximation

/ kV (¢iU;) - Vo = Ui(xw)/ kVo; - Vo ~

w W

Us()Va() / KV - Vs + Us() Vi Vi) / Vg vem = (1)

w RLJJ
Ui(xw)BisVs(xw) + Bl Ui(x,) VVs(xy,),
where

33:/ KV - Vo, Bz’k:/ kV @i - V. (12)
Ry Ry,

Note that we use midpoint approximations of macroscopic variables in (11),
according to our assumptions about their smoothness.
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We can appropriate the second term of (9) in a similar way.

/ KV (7', Us) - Vo = VUi () /+ KV - Vo ~
w RS

VonUi(#4,) Vi Vs(2) / KV - VoF + YV, Ui(2,)Va(z) / KV - Vs =

VonUi(2,) Vi Vs (20) AF™ + V.U (2,) Vi (20) B,
(13)

where

Aﬂ”=1/ KV V. (14)

Then, we apply continuous approximations for U; and V; and obtain the
following approximation of the diffusion term

/ kVu- Vv = UzBZVnV] + UZBZ]V} + valAvanV] + valBZLVJ
’ (15)

Before we proceed to the time-fractional derivative term, let us make some
remarks. First, as one can see from the cell problems (5) and (6), ¢; and
qS;” do not depend on time, since we suppose that 1; does not change in
time. Next, the following approximations hold u ~ ¢;U; + ¢!"V,,U; =~ ¢;U;
and v & ¢;V; + ¢7V,V; = ¢;V; due to the estimates (7). Then, we can
approximate the time-fractional derivative term as follows

0%(¢sUs + ¢V U;)

(6;Vi + 7VLVj) =

- ata ate
(U ) 0°Uj(zy) : ) ,_aan(xW) : L
/ ° MX@V~—afwwwRﬁM— A8y ),
(16)
where
Cy= [ o0, a7
Ry,

Again, we apply continuous approximations for U; and V; and obtain the
following approximation of the time-fractional derivative term

aau U,
w0t e
Next, let us estimate B;;, B, Al’", and Cj; using their definitions (12),

17
(14), and (17) and the estimates of ¢z and ¢ (7)

Rl
), Apn = O(IRul), Cij = O(IR)).

—1CyV; (18)

z]—O(
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Using these estimates, we introduce the scaled effective properties E\ij,

BZ’JL7 A;’;”, and C’ i in the following way

—~ 62 1

Then, with these effective properties, we obtain the following approximation
of the variational formulation (3)

0%u & a U —
1 1 —
/ B%?VmUiVj + / BgLUZ‘VmVj + 2/ BijUZ‘Vj.

Q € JQ € Q

€

(20)

Using integration by parts, one can show that the sum of the third and
fourth terms is negligible [13]. Thus, we obtain the following multicontinuum
time-fractional model in a strong form

— Ol o 1 —
CﬁWa] = VA" Vlj) + 5 BiUs = fi. (21)

As one can see, the reaction terms will dominant unless we have high
effective diffusivity.
3 Dual-continuum time-fractional diffusion model

Suppose that we have two continua in our medium. Let the first continuum
be low conductive, and the second continuum be highly conductive. Next,
we expand the general model (21)

—0%U; —0%Us
Cn 5o + Ci2 5o

1 —
*311U1 + fB12U2 = fi,
A@O‘Ul /\OO‘UQ
C (s

2 5 + Ca2 ot

1 —
7321(]1 + 7322U2 = fa.
€ €

— VATV, U1 — Vo (AT, Us) +

— Vo(AFV U1 — Vi (ABY,,Us) +

Let us assume that the microstructure of the medium results in isotropic
effective properties. Therefore, we can approximate the diffusion terms as
i~ Dy Omn. Next, note that we have the following properties of BU [18]

o~

Bia~ —Bi11, Bo1~ —B, Bia= DB, Bu~DBa~B>0 (22
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Therefore, we obtain the following dual-continuum time-fractional diffusion
model in the isotropic case

—0*U;  —0°U- _ - 1.

CllWal + ClQWaQ — V- (D11VUy) =V - (D12VUs) + ?B<U1 —Uy) = f1,

—0*U; —0°U- _ - 1.

Co 8ta1 + Cos 8t@2 — V- (D1 VUy) =V - (D22VUs) + G—QB(U2 —Uy) = fo.
(23)

Approximation of the time-fractional derivatives. We approximate
the time-fractional derivatives of the macroscopic functions U; by a numerical
scheme based on a finite-difference approach, which captures the non-local
and memory effects inherent in fractional derivatives. One can find the
stability and convergence of the time-fractional derivative difference scheme
in |24, 25].

Let Ny be a count of time steps, and 7 = ty,4,/N; be a time step size. The
time-fractional derivative difference scheme for has the following form

goUk

k
5o ~ gga) Uz'k _ Uik‘fl + Zgég)l(Uik*qul _ U-qu) ’

KA
q=2

where Uz.k ~ U;(tg), tp = k7, and the coefficients §$a) and féi)l are defined
as follows
1
(@) - =~ (@) _ l-a_(, _q1)l-«
§T TO‘F(Q _ O[)’ gq—l q (q ) .
In the next section, we present numerical results for the obtained dual-
continuum model.

4 Numerical results

Let us consider a computational domain 2 = Q; U Qg = [0, 1] x [0, 1] (see
Figure 2). We construct a fine grid by partitioning € into 400 x 400 square
and then dividing each square into two triangles. We consider two coarse
grids constructed similarly but using 20 x 20 and 40 x 40 squares (coarse
blocks).

We take each coarse block as an RVE, while the oversampled RVE is an
extension of the coarse block by [ layers of other coarse blocks. For choosing
the number of layes, we use the formula | = [—2 log(H)|, where H is a
coarse grid size [13]. Therefore, we have [ = 6 for the coarse grid 20 x 20 and
[ = 8 for the coarse grid 40 x 40.

We take the following high-contrast heterogeneous coefficient x

10_4, x € Q,
K =
1, T € Q.

For boundary conditions, we set zero Dirichlet boundary conditions on all
the boundaries. We set the duration of the simulated process as ;0. = 1
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Fi1c. 2. Computational domain (£ is blue, Q9 is red)

with Ny = 50 time steps. For the initial condition, we set ug = 0. We set the
following source term

f = exp(—40[(z1 — 0.5)% + (22 — 0.5)2]).

To check the effectivenes of the proposed multicontinuum approach, we
define the following relative Lo errors

. Sl [ Uide — ey udz|?
egz) _ ke Jx o koo - 100%,

1
2 k| EGeA fKﬂQi udz|?

where i = 1,2, and K is the RVE (taken to be w).

For spatial approximation, we use a finite element method with standard
piecewise linear basis functions. The numerical implementation is based on
the FEniCS computational package [26]. Visualization of the obtained results
are performed using the ParaView software [27].

Figure 3 depicts distributions of the fine-grid solution at different time
steps for the fractional order derivative a = 0.8. We observe an essential
influence of the heterogeneous coefficient x on the solution. The solution
field diffuses significantly faster in the high-conductivity regions (Q22) than
in the low-conductivity regions (€2;). In general, we observe that the solution
field gradually increases due to the source and diffuses over the domain.

We present the effective properties computed for different coarse grids in
Table 1. One can see that the effective diffusion properties are_isotropic.

Hence, in our dual-continuum model (23), we can take I/)Z\] = Azljl = A?jz.
Note that the reaction terms are consistent with the properties (22). Thus,

—

we can take B = Eﬁ = Bos.

Figures 4-5 present distributions of the numerical solution with the fractional
order derivative @ = 0.8 at different time steps for the first and second
continua, respectively. From top to bottom, we depict the reference averaged
and multiscale averaged solutions, respectively. One can see that the results
are very similar, indicating that our multicontinuum approach can provide
high accuracy.
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Fi1Gc. 3. Distributions of the fine-grid solution at different
time steps tg,k = 1,25,50 (from left to right) for the
fractional order derivative a = 0.8.

Coarse grid 20 x 20 Coarse grid 40 x 40
A1i/IRs| | Afi/IR.| | ATT/IR.| Afi/IRs| | Af1/IR.| | ATT/IR|
0.000925 ~ 0 0.000925 0.000463 ~ 0 0.000463
Ap/IRu| | Al3/|Ru| | AT3/IR.| A /IR| | Al3/1R.| | AT3/IR.|
-0.000759 ~0 -0.000759 -0.000297 ~ 0 -0.000297
Ay /IR | A%/1R.| | AS3/|R.| A3 /IRu| | AS3/1R.| | A53/IR.|

0.21946 ~0 0.21946 0.219039 ~0 0.219039
Bi1/|Ru| | Bia/|Rw| | Baa/|Ru| B11/|Ru| | Bia/|Ro| | Baa/|Ru|
4.78677 -4. 78677 4. 78677 4.78677 -4.78677 4.78677
Ci1/|Ru| | Cr2/|Ry| | Caa/|Ry| Ci1/|Ro| | Cr2/|Ry| | Ca/|Ru|
0.900799 | -0.260799 | 0.620799 0.900799 | -0.260799 | 0.620799

TABLE 1. Effective properties computed for different coarse grids.

In terms of the simulated process, it generally coincides with the dynamics
of the fine-grid solution. We observe how the solution fields gradually increase
due to the source in the middle and diffuse over the domain. As expected,
the solution of the second continuum spreads faster than the first one. In
terms of physical meaning, the solution of the first continuum represents the
average in the low conductive region (£21), and the solution of the second
continuum represents the average in the highly conductive region (€2).

Tables 2-3 present relative Lg errors (%) for coarse grids 20 x 20 and 40 x40,
respectively. In both tables, we consider three cases of a (0.8, 0.9, and 1.0).
Let us consider the errors of the coarse grid 20 x 20. We can see that the
errors gradually decrease with time for all the fractional order derivatives. At
the initial time steps, the higher order derivatives have slightly larger errors.
However, after some time, the difference between different o cases becomes
very small. At the final time, in all « cases, the relative Lo errors for the
first continuum are less than 1.86% and the relative errors for the second
continuum are less than 1.17%.
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0.00019 0.02 004 006 008 0.1 0.12 0.14 0.16
' '

Fi1G. 4. Distributions of the solution for the first continuum
at different time steps tg, k = 1,25,50 (from left to right) for
the fractional order derivative o« = 0.8. First row: reference
averaged solution. Second row: multiscale averaged solution.
Coarse grid 40 x 40, relative Lo errors: 2.1231%, 1.8163% and

1.8509%.

0.19

a=0.8

a=20.9

a=1.0

k

By

A

&

A

AY

B

1
10
15
20
25
30
35
40
45
50

2.1231
1.8385
1.7997
1.8046
1.8163
1.8271
1.8355
1.8421
1.8471
1.8509

1.2931
1.2524
1.2157
1.1923
1.1787
1.1713
1.1674
1.1657
1.1652
1.1654

2.3511
1.8694
1.772
1.769
1.787
1.8064
1.8225
1.8347
1.8437
1.8502

1.3342
1.2995
1.2504
1.2127
1.1877
1.173
1.165
1.1613
1.1601
1.1604

2.6531
1.9599
1.7564
1.7241
1.7428
1.7727
1.8006
1.8228
1.8392
1.8508

1.3651
1.3611
1.3001
1.248
1.2073
1.1797
1.1633
1.155
1.1518
1.1517

TABLE 2. Relative Ly errors (%) for the coarse grid 20 x 20.

The index k denotes the time step’s number.

155
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0.00021 0.01 002 003 004 005 006 007 0.077
| | |

Fic. 5. Distributions of the solution for the second
continuum at different time steps ¢, k = 1,25,50 (from left
to right) for the fractional order derivative o = 0.8. First row:
reference averaged solution. Second row: multiscale averaged
solution. Coarse grid 40 x 40, relative Lo errors: 1.2931%,
1.1787% and 1.1654%.

Let us consider the relative Lo errors (%) for the coarse grid 40 x 40. One
can see that the errors are significantly smaller than in the coarse grid 20 x 20.
Again, we see that at the initial time steps, the higher order derivatives
possesses larger errors. However, with more time steps, the difference becomes
less noticeable. We observe the gradual decrease of the errors with time for
all the cases of «. At the final time, we have the relative Ly errors for the
first continuum less than 0.95% and the relative Lo errors for the second
continuum less than 0.55%.

The obtained numerical results demonstrate that our proposed multicontinuum
approach provides high accuracy with the significant reduction of the computational
cost for different orders of time-fractional derivatives.

5 Conclusion

In this paper, we have considered a time-fractional diffusion model based
on Caputo fractional derivative. Using the multicontinuum homogenization
approach, we have derived a multicontinuum time-fractional diffusion model.
We have formulated special cell problems that account for the different
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a=0.8 a=0.9 a=1.0

k egl) 622) egl) eg) egl) 652)

1 | 1.337 | 0.7067 | 1.5689 | 0.7838 | 1.876 | 0.9016
10 | 1.0533 | 0.6466 | 1.1047 | 0.6844 | 1.203 | 0.7377
15| 0.9882 | 0.6131 | 0.9944 | 0.6435 | 1.0132 | 0.6851
20 1 0.9651 | 0.5888 | 0.9589 | 0.6091 | 0.9556 | 0.6425
251 0.9547 | 0.5724 | 0.9451 | 0.5834 | 0.9344 | 0.6042
30 1 0.9492 | 0.5614 | 0.9396 | 0.5658 | 0.9272 | 0.5755
35 1 0.9461 | 0.5538 | 0.9374 | 0.5540 | 0.9261 | 0.5562
40 | 0.9439 | 0.5485 | 0.9365 | 0.5462 | 0.9272 | 0.5436
451 0.9423 | 0.5446 | 0.9361 | 0.5408 | 0.9289 | 0.5357
50 | 0.9411 | 0.5418 | 0.9357 | 0.5372 | 0.9304 | 0.5307

TABLE 3. Relative Lg errors (%) for the coarse grid 40 x 40.
The index k denotes the time step’s number.

homogenized effects of the solution. As a result, we have obtained a general
multicontinuum model. Based on it, we have derived a particular case of a
dual-continuum model in an isotropic medium.

To verify the proposed multicontinuum approach, we have performed
numerical experiments. For this purpose, we have solved two-dimensional
model problems for different fractional derivative order cases. The results
demonstrate the high accuracy of the multicontinuum model with a significant
reduction in computational costs. The proposed multicontinuum approach
allows us to consider different cases of fractional derivative orders.
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