COBEPIIIEHHBIE PACKPACKW CKPEIIIEHHOW IIPU3MHEI

M.A. JIUCUIIBIHA, C.B. ABI'YCTUHOBUY

ABsSTRACT. A coloring of vertices of a given graph is called perfect if
the color structure of each sphere of radius 1 in the graph depends only
on the color of the sphere center. The crossed prism graph is a graph
obtained by taking two disjoint infinite cycles (the vertices of the upper
cycle are even integers, and the vertices of the lower cycle are odd ones)
and adding edges (i,4+ 3) for i = 4p and (3,5 — 1) for i = 4p+2 (p € Z).
A complete description of perfect colorings with an arbitrary number of
colors is obtained for crossed prism graph. It is proved that all its perfect
colorings are exhausted by disjunctive ones, except for six sporadic cases.

Keywords: crossed prism graph, perfect coloring, disjunctive perfect
coloring.

BBEJIEHUE

Packpacka Bepuun rpada G B usera I = {1,2,...,k} naspiBaerca cosepuennot
¢ MaTpumeii napamerpos M = (m;;), €C/M IUCIO0 BEPIIUH BT j B 1-OKpeCcTHOCTH
BEPLIUHBL 1[BETa ¢ HE 3ABHCUT OT BbIOODA IOC/IEAHEH U PABHO Mjj. 3AMETUM, YTO
M saBnsieTcs KBaJapaTHON Marpuieil mopanska k. MyIbTEMHOXKECTBO IIBETOB OKPY-
JKEHUST BEPITUHBI I[BETA ¢ B COBEPINEHHON PACKPACKE ¢ HA30BEM Nasumpoti IBETa i
u obo3uaunM Ppy (7).

I'pad cxpewennoti npusmovr C Py — 310 Tpad, MOTy9IeHHBIN U3 IBYX HEMEPECeKa-
I0IUXCs GECKOHEUHBIX Lemeil (BePIIMHbL BEPXHEl 1elK — YeTHbIE YUCIIa, & BePIIUHbBI
HUKHEl ey — HedeTHble) nobasienueM pebep (4,7 +3) aust ¢ = 4dp u (4,9 — 1) pya
i=4p+2 (p € Z) (cMm. puc. 1).

B pabore m3yuatorcs coeepuienubie packpacku rpada C'P., B TpOH3BOJIBHOE
KOHEYHOE YUCJIO I[BETOB.

Puc. 1. JlokanbHOe CTpOeHUEe CKPEIEHHON TPU3MBbI
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IlepBbie pe3ysbTaThl O COBEPIIEHHBIX PACKPACKAX TPAH3UTUBHBIX KyOMIECKUX
rpados noaydenst B [1]. B pabore nepeduncienbl Bce JOIyCTUMbIE APAMETPBI CO-
BEPIIIEHHBIX 2-PACKPACOK IIECTH OECKOHETHBIX CEMEHCTB: KOHEYHbIX IIPU3M, JIECTHUI]
Mebuyca, CKPEIIeHHbIX MPU3M, XOPJAATLHBIX ITUKJIOB, 00001eHHbIX rpadon Ilerep-
ceHa, yceueHHbIX rpadoB. Beckoneunol yenvio Cy Ha3BIBAETCS Tpad, MHOKECTBO
BEpIIUH KOTOPOTO COBMAIAET C MHOMXKECTBOM IIEJIBIX YUHCEJI, JBE BEPIIUHBI U U U
cMexnbl, ecin |u — v| = 1. Ppad npusmsr P, pasen npsamomy npoussegeruio Co,
Ha pebpo. B [2] onucanbl Bece coBepilieHHble PACKPACKM B KOHEYHOE YHCJIO LIBETOB
qis rpadoB 6eckonednoit e Cu 1 npu3Mbl Pa.

I'pad ckpeleHHoit MpU3MbI TAKXKE COIEPKUT DECKOHEUHYIO IIeNh B KAYECTBE MO/~
rpada. Bau3kumu B 9TOM CMBICIE K HEMY SBJISIOTCS OECKOHEUHbBIE ITUPKY/ISTHTHBIE
rpadsl 1 G-KpaTHbIe GECKOHEYHBIE IIETIH.

IlepBble pabOTHI O COBEPIMEHHBIX PACKPACKAX MUPKYJISTHTHBIX IPadOB MPUHAI-
aexar 1. B. Xopommusosoii |3, 4]. Cosepiniennbie 2-packpacku rpados Cu (1) def
Coo(1,2,...,n) u Cx(1,3,...,2n — 1) momyduens! B [5] u [6] coorBercrBenno. B [7]
ommcanbl copepirieHnbre k-packpackn mis rpada Co (1, 2) 1 Mpon3BOIHLHOTO KOHEY-
HOTO k.

B [8] BBIABHHYTA IHIIOTE3a O TOM, YTO COBEpIeHHbIe packpacKu rpabdoB Coo (1) B
MPOU3BOJIBHOE KOJUYECTBO I[BETOB MCUYEPIIBIBAIOTCS OPOUTHBIMU CEPUSIMU U COBEP-
LIEHHBIMU pacKpackamu ¢ nepuojamu 2n, 2n + 1 u 2n + 2. B pabore [9] nouayyeno
MHOXKECTBO COBEPILIEHHBIX pacKkpacok 1pados Coo(N) mist n = 3m+ 1 ¢ uepuogamu
JIUHBL 41 + 2, OTIpOBepTaloIee TUTIOTE3Y.

Bce cosepiennbie k-packpacku rpada Cu (1) mua k > 3n + 3 nepedncyienbt
B [10]. Bamerum, 9TO OHU B TOYHOCTHU COBHAJAIOT C COBEPIIEHHBIMU PACKPACKAMU
OECKOHEYHOH 11enu B k 1IBETOB.

IIycrs G — npousBosibhblil Tpan3uTuBHbIi rpad. Berapum konuio rpada G Bme-
CTO KazKIIOi BepIUHBI OECKOHEUHOH Ienu, mo0b6aBuM pebpa, COeTUuHSIONINe JI00hIe
JIBe BepIUHBI u3 coceaunx komuii. [loaydennsiii rpad HazoBem G-KpaTHOIT GECKO-
HEYHO 1enbio u 00o3HaunM Co - G. Ompesiesiennbiii TakuM 00pa3om rpad ABISEeTCs
B TOYHOCTH JiekcuKorpadudeckum npoussejgennem rpadgos Co, Ha G (M., HAIPU-
mep, [11]).

Hasee Bciomy n — mHarypanabroe uncyio. B [12] Oblan onmcans! coBepIrieHHbIE k-
packpacku mnpoussenennii Coo - K, 1 Coo - K, my1s1 m060r0 KOHEUHOTO K, rme K,
u K, — nycroit u nounsiit rpadsl Ha n BepimHax coorsercrsenHo. A B [13] Bce
Takue packpacku mosyuensl qus Co, - M, toe M, — rpad mapocoderanus Ha 21
BEpIITUHAX.

1. /IN3bIOHKTHBIE COBEPIIEHHBLIE PACKPACKHN CKPEIIEHHON MPU3MBI

Ins onucanusi koHCTPYKIuu Ha rpade CP.,, KOTOPO# TOCBAIIEH 3TOT Tapa-
rpad, HeOOXOANMO BBECTH HOBBLIE TIOHATHSI.

ITapa BepiuH OHON M0/ B 4-1IUKJIE€ CKPEIEHHONW Tpu3Mbl 00pasyer 6.40%. /IBa
coceTHUX OJIOKA, He TTPUHAIEKAIINX ONHOMY 4-1THKITY, HA30BeM kKomn.aercom. OQupe-
JIeJIEHHbBIE TAKUM 00PAa30M MHOXKECTBA BEPIIUH TPOUJLIIOCTPUPOBAHBI HA, PUCYHKE 2.

I'pad, nonyuennnsiii u3 C'P,, OTOXKIECTBJIEHUEM BEPLUIMH B KaxKJ0M OJIOKE U
YMEHBIITEHNEM KPATHOCTH pedep B IBa pa3a, Ha30BeM fetters-like-rpadom u 0bo3HA-
quM Fl, (cM. puc. 3). YKa3aHHOE OTOXKJIECTBIICHUE 33JAeT eCTECTBEHHOE HAKPBITHE
rpada F,, rpadom ckpemenHoi npusmbl. Pebpo fetters-like-rpada, koropoe siiisi-
ercst 00pa30M KOMILIEKCA TIPH TAKOM HAKPBITHH, HA30BEM NPOMENCYMOUHDLM.
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Puc. 2. 4-nmkn, 670K ¥ KOMILIEKC CKPEIEHHOM MPU3MbI

So—a Zo—a So—a o—a o—a o—a o—a o—a_o—

Puc. 3. Jlokanbhoe crpoenue fetters-like rpacda

Hamomuwm, uto k — HarypaabHOe 9nciio. Ecanm m3BecTHA MATPUIIA TApAMETPOB
COBEPIIEHHOM PACKPACKU U IIBETA MMaphl CMEXKHBIX BepIwH rpada Fio, JIErKO mpo-
JIOJIZKUATH PACKPACKY HA COCEIHUE BEPIIUHBL U T.J1. T.K. YUCIO PA3TUIHBIX PACKPa-
COK JIByX BEpIIWH B k IBETOB KOHEYHO [JI 3aJJAHHOTO k, TO BCSAKAasl COBEPIIEHHAS
packpacka 3Toro rpada mepuogudHa. Takum 00pa3oM, JJjisi OMHCAHUS COBEPIIEH-
ot packpacku fetters-like rpada mocrarouno ykasaTh ee HAMMEHBITHI TIEPUOJI.
3anuceBaTh TAKO mepmon OymaeM 3aKII0YEHHONH B KBaJIpaTHbIE CKOOKW CTPOKOIA,
KOJIMYECTBO 9JIEMEHTOB B KOTODOil PABHO /IJINHE TIEPHUO/IA.

e packpacku rpada C P, Oyaem cauTarh 9K8UBAAEHMHbLMU, ECTTH MOXKHO yKa-
3aTb aBTOMOPdU3M rpada U MePEeCTAHOBKY IIBETOB TAaK, UYTOOBI MEPBYIO €ro pac-
KPACKY TEPEBECTH BO BTOPYIO. 3/1€Ch CIEAYET OTMETUTh, UTO TPYIIIa aBTOMOPQU3-
MOB rpada C' P, HACKIIEHA MAPHBIMU TPAHCITO3UIUAMY, KOTOPHIE MEHAIOT MECTaMU
BEpXHUE W HUKHUE BEPIMUHBI B OJIOKAX W3 OJHOTO KOMILIEKCA. ITOT (HakKT Tpedy-
eT 0coboit aKKypPATHOCTH MPHU BHIOOPE KAHOHUYECKHUX TPEICTABUTENEH B KJIACCAX
9KBUBAJIEHTHOCTH COBEPIIEHHBIX PACKPACOK HCCIIEIyeMoro rpada.

IIpu dpukcupoBaHHOM JIMHEHHOM HOPSJIKE HA MHOYKECTBE [IBETOB PACKPACKY BEp-

IITUH KOMILIEKCA OyJIeM Ha3bIBATh MOHOMOHHOU, €CJIU IBET BEPXHEH BEPIIWHbBI Jie-
BOro 0JI0KA B KOMILIIEKCE He ITPEBOCXOIUT IIBETA €r0 HUXKHel BeprnHbl. Jlaree mpu-
BEJIEM BCE COBEPIIEHHBIE PACKPACKH K BU/Y, KOTJIa BCE €e KOMILIEKCHhI OKPAIIEHbI
MOHOTOHHBIM 0Opa3om. HeTpyaHo 3aMeTuTh, 9TO Takas PACKPACKA MEPUOIMIHA.
Ee uepuos Oyiem sanuceiBarb rtabiuieii pazmepa 2 X | B Kpyruibix ckobkax (I —
JUTMHA, TIEPUOJA), TJIe MEPBbIH CTOIOEI, — 9TO PACKPACKA JIEBOrO OJIOKA HEKOTOPOro
KOMTLJIEKCA.
C11 Ci2 ... C1l
C21 C22 ... C21
qomebl 2] Buga: (c11, €91, €12, €22, ..., C1, Cop). HaszoBem ero zapaxmepu-
cmuveckum. PaccMOTpUM pa3sMeTKy MHOXKECTBA, IIBETOB HATYPAJIbHBIMU YUCIAMU
1,2,..., k. Kamonuueckoit B CBOEM KJacCe 3KBUBAJIEHTHOCTH OyIeM CIHUTATDL CO-
BEPIIIEHHYI0 PACKPACKY, XapaKTEPUCTUIECKUN BEKTOP KOTOPOHl JieKcuKorpadude-
CKM MUHUMAJIEH CPEJIU BCEX TAKUX PA3METOK, 4 TAKIKE CPEJIU HUKJIUICCKUX CJIBUTOB
EePUOIA.

Packpacky CKpemneHHOi Tpu3Mbl HA30BEM JU3sHOHKMHOU, €CJIU IBETOBBIE COCTA~
BBI OJIOKOB B Heil OO He TepeceKaroTcs, TUOO0 COBIAIAIOT. Permras 3agady Xapak-
TEPU3AIUHN COBEPIIEHHBIX PACKPACOK OECKOHEYHOTO rpada, yIaercs, KaK MPABUIIO,

Beakomy nepuomy ( ) [I0CTaBUM B COOTBETCTBUE BEKTOD
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BBIJIEJTUTH OJIHY MJIM HECKOJIBKO CepHil CTaHJaPTHBIX PACKPACOK, 33 PAMKaMU KOTO-
PBIX MOXKET OCTAThCs JIAIb KOHEIHOE YUCJIO CIIOpaandecKkux ciaydaes. lasee Oymer
JIoKazano, 4to miis rpada C' Py, Takoil cepueil aBasroTcs TU3bIOHKTHBIE COBEPIIEH-
HbIe PACKPACKH.

st BCAKOM MM3BIOHKTHON COBEPIEHHONH PACKPACKHW CKPENIEHHONW TPU3MBI IMO-
CTPOUM pedyuyuposanHyt0 PACKpacKy cJieayonmm obpaszom. Kaxkiomy BapuanTy
OKparuBanus 6JI0Ka B Heil HA3HAYNM HEKOTOPBIH JOMOTHUTEIbHBINA I[BET TaK, 4TO-
OBbI PA3JIUIHBIM PACKpacKaM OJIOKOB COOTBETCTBOBAJIN PA3IWYIHbBIE 1IBeTa. Ilepekpa-
CUM BepPIIUHbI OJIOKOB B COOTBETCTBYIOIINE MM JIONOJHUTEIbHBIE [IBETA.

Bepmmabr ogHOro 610Ka B peaynUpPOBAHHON PACKPACKE CKPEIIEHHON MpU3MbI
COIIBETHBI TIO0 TOCTPOEHMI0. Takum 00pa3oMm, peaylnupOoBaHHBIE pacKpacku rpada
C P, saBRsA0TCSH GIIOYHOMOHOXPOMHBIMHA. JlJTsT HUX BepHA CJI€IYIONAsT JTEMMA.

Jlemma 1. PedyyuposarHbie PAcKpacku CKPeW,eHHOl NPU3MbL AGAANMCA CO8EP-
UEHHDLMU.

Zokasameavcmeo. Bo3dbMeM JBe COIBETHBIE BEPITHHBI PEIYIMPOBAHHON pacKpac-
ku tpada CP,. Eciu onn mpunamiekar oqHOMY OJIOKY, TO IIBETOBOM COCTAB WX
OKDY2KEHUS COBIAAET, TAK KAK PEAyIHPOBAHHAS PACKPACKA SABJISIETCH OJIOIHOMO-
HOXPOMHOIA.

Paccymorpum ciydaii, Korjga 5Tu BEPIINHBL U3 Pa3HbIX 0,10KOB — By u By, B qu3b-
IOHKTHOH COBEPITIEHHON pacKpacke OJOKU, KOTOPhIE HAXOMSTCS B OJHUX 4-TUKJIAX
¢ B1 u By OKpallleHbl OJUHAKOBO. AHAJIOTHYHOE YTBEPIKICHUE CIPABEIIUBO U IJIst
0JIOKOB, KOTOPbHIE PACIIOJIOKEHBI B OJHUX C HUMHU KOMILJIEKCAX. SJHAYUT, B PEIYITUPO-
BaHHOI pacKpacke 1Bera cocesieit B u By coorBercrBeHHO paBHbL. ClemoBarenibHo,
IBETOBBIE COCTABbI 1-OKPECTHOCTEHl PACCMATPUBAEMBIX COIBETHBIX BEPIIMH TAKKE
COBITQTAIOT. O

Tak kak pemynupoBannbie packpacku rpada C Py, gBisgiorcs 6J109HOMOHOXPOM-
HBIMHU, TO OHU HAXOIATCS BO B3AMMHOOIHO3HAYHOM COOTBETCTBHUU C COBEPITEHHBIMU
packpackamu fetters-like-rpada.

Ilociiennune onmucaunl B jiemme 2.

JIemma 2. Cosepuennvie packpacku epaga Foo 6 k ysemos ucuepnuearomces cie-
QYIoUWUM CRUCKOM:

1. yuksuvecKue PacKpacKy:

S(k)y=[012 ... k=2 k—1] npu wemnwz k;

2. 3epKanbHble PACKPACKU:

Soa(k) =[k=1k=2 ... 1001 ... k—2k—1].

Jloxazameavcmeo. Panee yxKe orMedeHo, 4TO coBeplieHHble packpacku fetters-like-
rpada SBISIOTCS MEPUOAUIECKUMA. PAaCCMOTPUM €ro COBEPIIEHHYIO PACKPACKY ¢.
3amMeruM, YTO ¢ JIETKO BOCCTAHOBUTH, 3HAsI €€ MAPAMETPhI U PACKPACKY JIFOOBIX
JIBYX CMEYKHBIX BEPIIHUH.

Ecin mis kaxkaoro msera a OKpPy?KeHWe BEPINUHBLI 3TOTO [[BETa B ¢ UMEET OJiU-
HAKOBBIA IIOPAIOK LIBETOB, TO IIE€PUOJ] TAKOW COBEPIIECHHON PACKPACKU HUMeEeT BUJL
S(k)=[012 ... k=2 k—1], cne k — gerHoe (T.k. rpad> COAepPKUT KpaTHBIE peOpa).

IIycTs HaitmeTcs mBer ¢ Takoii, YTO JBE BEPIIWHBI HTOTO IBETA UMEIOT PA3JINY-
HBII MOPSIOK IIBETOB OKPYXKEHUS B PACKPACKE ¢. 3aMETHM, 9TO IPHU TOM IOPsi-
JIOK I[BETOB OTHOCHUTEIHHO JBYKPATHOrO Pedpa JOMXKEeH ObITh OJMHAKOBBIA. 3Hast
apaMerpbl ¢ JIETKO MPOJOIXKUTh PACKPACKY 3TUX (PPArMEHTOB [0 HAIPABIEHUIO
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Ipyr K apyry. Takoe mpomoszkenue OyleT CMMMETPUYIHBIM W OJHO3HATHO BOCCTA-
HABJIMBAETCs JI0 COBEPILNEHHOI packpacku ¢ mepuogoMm Soo(k) = [k—1 k—2
1001 ... k—2k—1]. O

Caencrsue 1. I[semosbie cocmasb, KOHUOE NPOMENCYMOWHBLL pebep 6 cosepuLeHt-
HOU packpacke epaga Foo aubo ne nepecexaromes, aubo cosnadarom.

Besikas peaynupoBaHHasi paCKpacKa CKPEIEHHON TPU3MbI TOJIY 9a€TCs IBYKPAT-
HBIM BOCIIPOM3BEIEHHEeM HEKOTOPOi coBeplieHHON packpacku fetters-like-rpada —
Ha BepxHell m Ha HMKHel OeckoHedHO# 1emu. UToObl OMMcaTh BCE MU3bIOHKTHBIE
copepiuennble packpacku rpada CPa,, HEOOXOAUMMO I[OJIyYUTh BCE COBEPLIEHHbIE
PACIIENIEHUs PEaYIIHPOBAHHBIX. 3aAMETUM, UTO IBA OJIOKA U3 OJHOrO KOMILIEKCA
HE MOTYT PACIIENUTHCA HE3ABUCHMO, TAK KAK BEPIIWHBI OTHOTO OJIOKA, MPUHAJJIE-
kar 1-oKkpecTHOCTH Apyroro. Packpacky KOMILIEKCa HA30BeM JOonycmumotl, eciu
cymiecTByer coepiiiennas packpacka rpada C Pa,, 9aCTbi0 KOTOPOi OHA SBJISETCS.
B caenpytoreit ieMMe 1mepedrcsieHbl BCe JIOMyCTUMbIE PACKPACKH KOMILIEKCOB.

Jlemma 3. Jlonycmumoie packpacku KOMMAEKCO8 € MOYHOCTYI0 00 Nepeobo3Hawe-
HUA YBEMOS UCHEPTIBLEAIOMCA CALOYIOUUM CRUCcKom (a,b, ¢ u d pasauunsie):

G GO G (O VA L VA

Puc. 4. Hoka3aresbCTBO JIeMMbI 3

Zloxazameavcmeo. Y BepuinH OZHOrO OJIOKA [IBA W3 TPEX COCEIell COBIAIAIOT, a
HECOBIIA/IAIONIUE IPUHAJIEKAT COCeHeMy OJI0KY B 9TOM KOMILIEKCE. SHAYUT, /1BA
6JI0Ka B OHOM OKPAIIEHHOM JOMYCTHMBIM 00Pa30M KOMTIIEKCE SIBIISTIOTCST OTHOBDE-
MEHHO JIN0O MOHOXPOMHBIMU, JTHOO — HET.

Kpome mepedncieHHbIX BbIIE PACKPACOK JAHHOMY YCIOBHIO (OZHOBPEMEHHOI
MOHOXPOMHOCTH JBYX OJIOKOB B OJHOM KOMILJIEKCE) YJOBJIETBOPSET €Ile OJHA Pac-

a

Kpacka — — u TOJIBKO OHA. [loKaxkem, 910 OHA He ABJISAETCSH JOILyCTUMOIA.

a
b

IIpeamoo:kumM, 9TO 9TO HE TaK, ¥ HAWIETCS COBEPIIEHHAs PACKPACKA ¢, B KOTOPOit

c
10 4-1UKJIOB, JIe7KaT B 1-OKPECTHOCTAX CMEYKHBIX BEPIIUH I[BETA @, 3HAYUUT, UX IBE-

N a a
€CTh KOMIIJIEKC, OKPAITIEHHBIH TaKUM 00pa3oM. BJIoKu, JOmoIHAIONMe 1 < )

x
TOBBIE COCTABbI COBMAIAOT. [IycTh OHM paBHBI (y> (z ¥ y He OUpPeIe/IeHbI), IIPUIEM
Py(x) = Py(y) = {a,b, c}. Ilpomomxaem packpacky dparmenra gauee onHuM 06510-

KOM BIIPaBO — . I3 ero monoxpomuocTy ciaeayer r = y. T.K. majuTpa mserta b

b
b
COZIEPZKAT [IBE€ BEPIIUHBI [BETa T, TO z = . Ho B 1-OKPECTHOCTH MOCTeaHel TexKaT
ZIBe BEPIINHBI IBEeTa b, IT0 mpoTuBOpednt coctaBy Py(x) (cM. puc. 4). a
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W3 nemmbl 3 11 MU3BIOHKTHBIX PACKPACOK MOIYYaeM CJIeIYIONee yTBEPK IeHTE.

Caencrue 2. [lyemv a < b < ¢ < d. Jonycmumsie du3sronkmusie packpacky
KOMNALKCO8 € OYHOCTDI0 00 Npuedenus K KAHOHUMECKOMY 6UJY UCHLEPTOLEAIOMCSA
CAEOYIOUUM CTIUCKOM:

G GO B A A B G GO B Y}

O0600mKM PE3yJIbTATHI MPOBEIEHHOTO WCCJIEIOBAHNS B KOHCTPYKIIUU, KOTOPAs
HCYEPIBIBAET BCE IU3BIOHKTHBIE COBEPIIEHHBIE PACKPACKU CKPEIIEHHONW TPU3MBbI.

Anzopumm nocmpoenus dussronkmuotl cosepuennoti packpacku zpagpa CPay

1. Paccmorpum coBepinenHyio packpacky rpada Fuo, B k nuseros (cMm. jtemmy 2).

2. Kazxkmoii packpacke IPOMEKYyTOYHOrO pedpa B Hell HA3HAYMM OIIYyCTHMYO
JM3BbIOHKTHYI0 PACKPacKy KOMILIEKCA TaK, YTOObI PA3JIMYHBIM LIBETAM €r0 KOHIIOB
COOTBETCTBOBAJIM PACKPACKK OJIOKOB C HELIEPECEKAIOIIUMUCS 1BETOBBIMM COCTABAMU
(cMm. cencTrue 2).

3aMeTnM, 9TO B AU3BIOHKTHON cOBepIreHHOi packpacke rpada C P,, KOMILIEKC
b
b p )» TPHIEM 9Ta pacKpacka

[OJTy YeHa, U3 3ePKATLHON packpacku rpada Fiu,. AHATOrHYHOE yTBEpKIEHUE BEPHO

a C C a
JJ1s1 KOMILJIEKCOB b d u d K

2. OCHOBHOI1 PE3YJILTAT

b a
( o | PCTPEUACTCS BMECTE € KOMILIEKCOM

JIn3BbIOHKTHBIE COBEPITEHHBIE PACKPACKN CKPEIIEHHOW TPU3MbI Y2Ke TIOJIYIeHbI,
IIO3TOMY OJid OIIKMCAaHHA BCEX €€ COBEPIIEHHBIX PACKPACOK OCTAaeTCA IIOJIYYHUTH BCE
HEeIU3BbIOHKTHBIE COBEPINEHHbIE DACKPAaCKHU.

Packpacka ucciemyemoro rpada sBisgeTcs HEeAU3IbIOHKTHON, €CJIH CyIIECTBYIOT
I1Ba, BJIOKA, IIBETOBBIE COCTABLI KOTOPHIX TIEPECEKAIOTCs, HO HE COBMAAaioT. VMeem
JIBa BAPWAHTA: B MMEPBOM — COBepIneHHas packpacka rpada C P, comep:KuT OJIOKI

a a a a
o) B\ ) aBoBropor — (5w (W15 pasnuuHbIX a,b u c).
J1y1s1 OKpy»KeHnst HeIN3bIOHKTHBIX OJIOKOB BEPHA CJIEIYIOMAS JEMMA.

Jlemma 4. B 6aokazr, 0onosnarowur HedussroHkmHoe 640KU 00 4-U4uk.a08, Hal-
demcs napa coy8emMHLT EPUIUH.

Zloxasamenvcmeo. 1lpenmnosokuM TpOTUBHOE: MYCTh OJIOK, JOMOJHAIONINAN OJIOK

a T . a
(a) J0 4-nMKIa, OKpaIleH (y)’ a OJI0K, JOmOJTHAIONHI 010K (b) 10 4-nukia,

OKDpaIlleH - SaMeTI/IM, YTO B OKPYZKEHUN BEPIINH IIBETA 4 BCTPEYAIOTCA BEPITH-

z
t
HBI I[BETOB X, Y, 2z U t. A T.K. rpad KyOuM4ecKuii, TO Cpey HUX HalIyTCs OJAMHAKOBbIE
1Bera.

a a
st 6/10K0B (b) u (c) pacCyKIeHusT aHATOTHIHBIE. O

Jlmunay Kpardaiireil menu, CoeInHAOmeR BEPITNHBL IBYX OTOKOB, HA30BEM PaC-
CMOAHUEM MEXKJTy ITUMU OJOKaMHU. 3a p 0DO3HAYMM MUHHMATIHLHOE PACCTOYHHE



COBEPINIEHHBIE PACKPACKU CKPEIIEHHOW TTPU3MBI 7

MEXK/Ty ABYMs HEIU3bIOHKTHBIMU OJIOKAMHU B COBEPITIEHHON pacKpacKe. XapaKTepu-
3aIUI0 HEIM3bIOHKTHBIX COBEPIIEHHBIX PACKPACOK CKPEMIEHHOM TPU3MbI BBITOTHAM
mepebopoM BCeX BO3MOXKHBIX 3HAYEHUU IapameTrpa p.

W3 onpenennus p caeayeT CipaBeIIuBOCTE JEMMBI 5.

Jlemma 5. Meowcdy nedussronkmusimu 6A0KaMU (Z) U (g) ((Z) U (i) ), pac-

TLOAOICEHHBLMY HO MUHUMAALHOM DACCTOANUY P, HEM OA0KOS, COJEPIHCAUUT 6ep-
wunsl ysemos a u b (a,b u c).

Cdopmynupyem u J0KaKeM OCHOBHON PE3YJIbTAT CTATHU:

Teopema 1. Cosepwennuvie packpacku epagpa C Py ¢ mounocmuio do sxsusasenm-
HOCTNU UCHEPNBLEAIOMCA CACOYOUUM CUCKOM:

1. dussroHKEMHDIE COBEPWEHHDLE PACKPACKU;

2. wecmb HedU3BIOHKMHLL COBEPUWEHHBLE PACKPACOK:

1 11 2 1 21 3 1
A_<1 1 1)’3_(2 13 1)’0_(2
12 4 1 21 4 1
D:(z 3 1>’E:<1 2 3 2)’F:(2

Loxazameavcmeo. Ilo cytu nema, HagO JOKa3aTh TOJIBLKO BTOPOIT MYHKT TEOPEMBI.
Ilyctb ¢ — HeIM3BIOHKTHAS COBEPIIEHHAS PACKPACKA CKPEIEHHON nmpu3Mbl. Boime-
JIUM Tpu Bapuanta s p: p = 1, p = 2 u p > 2. Kaxapiit u3 Hux, B CBOIO OY€peb,

=~ W N
Ut = W N
N —
N———

=W Wi

o a a
JEJIUTCA €eIlle Ha JABa CJIy4dasd: TEPBbIM COOTBETCTBYET Tape 0JIOKOB (a> n <b) Ha

. a a
PaCCTOSHUY p, BTOPOil — mape OJIOKOB (b) u <c> Ha TOM ke paccroguuu (a,b u

¢ pasauunbie). PaccMorpum (parMenT cOBepIIeHHONH PACKPACKU ¢, COmepIKalluii
JIBa HEIM3BbIOHKTHBIX OJI0Ka Ha paccroanuu p. He orpanmvuBas obiiHoCTH, CUYnTA-

a a
€M, 9TO B TIEPBOM CjIydae OJI0K <a) JIEKUT JieBee DJIOKA (

b
a a
( > JIeXKUT JieBee OJIOKa, < >
b c

Cayuati 1.1. JIBa G10Ka CKPEIEHHONH MPU3MbI HAXOISTCS HA paccTosHuu 1, ec-
Jii OHU JTUOO MPUHAJJIEXKAT OJHOMY KOMILIEKCY, JInb0o — ofxHoMy 4-nmkiy. IlepBbrit

), a BO BTOPOM — OJIOK

BAPMAHT MPOTHBOPEYNB B Uy JeMMbl 3. Paccmorpnm Bropoii: Korga 6iokm <Z)
u (Z) nexat B onuoM 4-mukse. Torna Py(a) = {a, a,b}, a Py(b) = {a,a,z} (v ue

b
omnpezenen). ITociemoBarebHO TPOJOIKUM ITOT (DparMeHT BIpaBo OJIOKaMU <w

u (Z) (cm. puc. 5).

T.x. masurpa 1BeTa ¢ U3BeCTHA, TO T = (, U OKPAIIEHHbIH Y9aCTOK OTHO3HAYHO

a a b) . ITocae
a

- a
IPOAOJIZKaeTCA 10 COBEPIIEHHON PaCKPACKU C IIEPHUOJIOM (a a b

1 11 2
nepeobo3HAYEHUsT IBETOB TIoMydaeM nepuon A = 1 1 92 Nk
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@'9 @'9
9‘@ @‘0

Puc. 5. HenuzbroukTHblE OI0KH (Z) u (Z) Ha paccrosgHuu p = 1

a a
Cayuati 1.2. Uccnemyem BapuaHT, KOTJa OJIOKH <b> u <c> JIEXKAT B OJIHOM
4-mukie. Torma Py(a) = {a,b,c}, a Py(c) = {a,b,z} (z me onpeznenen). IToce-
c b
JTIOBATEJILHO MPOJOJIZKIM OKPAIIEHHBIA Y4aCTOK BIPaBO OJIOKAMU <m) u (;v) Ta-

KO (bparMeHT OJIHO3HAYHO IIPOJIOJIZKAETCH J0 COBEPIIEHHOM PACKPACKY C IIEPUO/IOM

a c b a 1 2 3
(c R b> (puc. 6). lmu mocne mepeobo3nadenus nperos D = (2 3 4

a a
Puc. 6. Heguzbronkrabie 6J10Ku (b) u <c> B OJHOM 4-1uKJje

TeopeTnueckn x MOXKeT COBMAJAThH C IBeTamMu a,b wau c. asgs x = bn z =
€ TIOJIy9UM TPOTHBOPEUNE; & T = @ JaeT COBEPINEHHYI0 PACKPACKY C MEPUOIOM

GCbaoo"aeB—l 2 1 3
¢ a a ) ROTOPPHPABCILE = o g

YCeHUA IBETOB U MPUBEACHUA MPABOTO KOMIIJIEKCA K KAaHOHUYECKOMY BHU/TY.

ocye mepeodo3Ha-

a a
ajlee paccMOTPHUM CJydail, Koraa OJIOKH u NPUHAJJIEKAT OTHOM
P P Yy ) b c P Yy

xomtiekcy. CoryracHo jemme 3 ero packpacka WMeeT BU: . oomnpeneanm

a

b

HaJUTPy LBera a 1eMeHToM x. Taxum obpasom: Pg(a) = {b,c,x}. Torma 6moku,
a c x c

JTONOJTHATIOIIAE (b) u (a) 10 4-IIAKJIOB, OKPAIIEeHbI (b) u (x) COOTBETCTBEHHO

(puc. 7). A 3HAYMT, HOJHOCTHIO U3BECTHBI NATUTPHLI 1BETOB b, ¢ u x. Ilocienunee
3aMedaHue IO3BOJIIeT HAM OJHO3HAYHO IPOJOJIKHUTH (PPArMEHT [0 COBEPIIEHHON

a c c
ACKPACKH C IIEPUOIOM
packp PUOL (b a

1 23 4
BmyD(z 3 4 1)'

xz .
b) , KOTOPBIU MPUBOAVM K KaHOHUYIECCKOMY
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a c
Puc. 7. HeansbioHKTHBIE OJIOKH (b) n (a) B OJJHOM KOMIIJIEKCE

IIBer x TeopeTwYecKHM MOXKET COBIAIATh C IBeTOM a,b mmm c. na ¢ = b n
T = ¢ HOJy4YWM LPOTUBOPEYUE; [PU T = @ MOJIYYUM COBEPIIEHHYIO PACKPACKY €

nepuogom | & ¢ ¢
PHOR b a a

1 2 2 1
2 3 3 2)

Cayuati 2.1. Ilycts MUHUMAIBHOE PACCTOSHIE p = 2 JTOCTUTAETCs HA ape OJI0KOB

b ) KOTODBII TPUBOAMM K KaHOHW4YeckoMmy Buay C =

a a
(a) u (b) Ha puc. 8 npuBesenbl BApUAHTHL X B3aMMHOI'O PACIIOJIOKEHUSI.

Puc. 8. HenuzbionkTHBIE GIOKH (Z) u (Z) HA PACCTOAHUU p = 2

.. . a
IMpucrynum K n. a). Biok, monosusonmii necTpoiii 610K <b> 0 KOMILJIEKCA,

T
OKpallleH y) pUYeM X U Y PA3IUYHbIE U HE PABHBI HU G, HA D COTJIACHO JeMMaM 3

u 5 (cM. puc. 9).

a a
Puc. 9. Heguzbroukrable 0J10K1 (a) u <b> Ha PACCTOSHUU p =

2, 1. a)
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IMasmurpst nBeroB = u y pasHbl Py(z) = {a,a,a} u Py(y) = {a,a,b} coorser-
CTBEHHO. A y IBeTa a W3BECTHBI TOJIBKO JBa IBeTa B 1-0KpecTHOCTH — = 1 Y. Bymem
IPOJIOJIZKATH () BIPABO COMVIACHO 3THM IapamerpaM. BJIOK, KOTOPbIH HAXOAUTC HA

a
PacCTOAHUHU 3 OT o COZEPXKHT BEDUIMHY IBETA Y Ha PACCTOAHMH 4 — Bepmu-

HYy I[BETA @; HA PACCTOSHUM 5 — BepriuHy nBera x. lajee nBuraeMcst B 0OpaTHOM
HAMPABJIEHUN ¥ BOCCTAHABJIMWBAEM I[BETA BCEX BEPINWH: HA pPacCcTOsHum 4 — OJIOK

a )
o > He PacCToAHu 3 — 60K f (B cuity MonoxpomHOCTH npeabiayiero). Ta-

KO# (bparMeHT OfHO3HAYMHO MPOOJIKAETCS /10 COBEPIIEHHOH PACKPACKH C IEPHOIOM
Y a x
Y o y L Ilociie mepeobo3nadeHnst BETOB W MPUBEICHNAS K KAHOHUIE-

1 2 3 2
JokazarebcTBo 11. 6) aHAJOTUYHO MPEbIAYIIEMY IyHKTY M IIPUBOAUT K DPac-

KPAaCKe C TeM Ke ITEPUO/IOM.

Caywat 2.2. Uccnenyem citydail, KOrJa MUHEMAJIBHOE PACCTOSIHUE ) = 2 JOCTHU-

(1 2 1 4)
CKOMY BHUIY monydaeMm — F = .

a a x
raerca Ha OJI0Kax <b) u <c> IIycTb 610K MeXKy HEUMU OKPAIIEH (y)’ a OJIoK,

. z
KOTOPBIH JIEXKUT HA PACCTOSHAU 1 CIIpaBa OT PACCMATPUBAEMOrO (DparMenTa — <y)

(Hanm4ume CONBETHBIX BepImuH rapanTupyer jgemma 4). Takoit dparment npencras-
e Ha puc. 10.

B cuny smemmbr 5 mpera T w y OTIMYHBI OT a,b u c. Kpome Toro = # y, Tax
KaK y HEHX pasmble mamutpsl: Py(z) = {a,a,b}, Py(y) = {a,b, c}. Cornacuo Py(y)
monydaem ¢ = b. B okpy:KeHum BepInuHbBI 1BeTa b MOMKHA OBITH X-OKPAIEHHAST
Bepmuna. He orpanmumBas oObmuOCTH, cauraem, 9to § = . Oupenesum Tenepb
nBera B ee 1-okpecTHOCTN: p = u = a. 3HaunT, Py(z) = {a,a,c}, n uBer z oTanven
or x u y. Jasee BoccranasiuBaeM manurpy usera a: Py(a) = {z,y,z}. Orxyna
naMeeM: ¢t = y.

IMony4ennsrit pparMenT OIHO3HAYMHO MIPOJOJIZKACTCA JO COBEPIICHHON PACKPACKT

C TIEePUOIOM r a2 ¢ KOTOpBIi paBen I’ = L 31 6 mocJe
PHOIOM {0y ¢y b)) peit b “\2 45 4
mepeobO3HAYEHHS TIBETOB U MPUBEJICHNS K KAHOHUIECKOMY BHTY.

Puc. 10. Henu3bioHKTHBIE OJIOKHT (Z) n (CCL) Ha PACCTOSHHUU p = 2
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Cayuat 3.1. IlycTb MUHUMAIBHOE PACCTOSHEE p OOJIbINEE 2 JOCTUTAETCS HA Mape

b)' BapmwaHTBI ©X B3aWMHOTO PACTOJIOKEHUST

a a
HEIN3BIOHKTHBIX OJIOKOB ( > " (
a

n300pazkeHnl Ha puc. 11.

Puc. 11. Henusbroukruble 6j10Ku (Z) u (Z

) Ha pacCTOgHHUH p > 2

. [a
Haunem ¢ nynkra a). CoracHo semmam 3 u 5 6JI0OK, JOLOJIHSIOLIUIT o) H°
x
KOMII/IEKCa OKPAIIIeH MOHOXPOMHO (|, T7ie & % a, x # b. 3HAUNUT, B OKPYKEHUN a-

€CThb BEPUINHA IIBETA T . Ecau takas BEpIIUHA

. a
OKPAITIEHHON BEPIITUHBI 13 0JI0KA ( b

a x
MPUHAAIEKUAT OJIOKY, TOMOTHSAIONEMY JI0 KOMILJIEKCA, TO OH OKPAIlleH ,

b Yy
upudeM y # ¢ B cuiy jemmbl 3 (cm. puc. 12). Ionyuuiu nepusboHkTHbIE GI0KK

T T
(m) " ( Ha PACCTOSAHUU p — 2, YTO MPOTHBOPEIUT MUHUMAJIBLHOCTH p. Ecmm
Y

a
) 10 4-mukia, To b €

BEPIIUHA IBETA T TPUHAIIECKUT OJIOKY, JTOTOJIHSIONIEMY ( b

&€ " .
P,(x). Torga cupasa ot <x) PACHOJIOKEH OJI0K ¢ b-OKPAIEHHOH BEPIIMHON, UTO

MIPOTUBOPEYHUT JIEMME 5.
Paccyxnenust mnsg nyakros 6) u B) oxunakosbie. Corsacuo jgemmam 4 u 5 B

a a .
6J10Kax, JTOHOJHATONIHX <a> w () mo 4-IMKJIOB HAlyTCA JB€ BEPINUHBI OJH-
HAKOBOTO IIBeTa, JomycTnM, = (x # a, © # b). Ero nmagurpa pasna {a,a,b}. Torma
. a
6JIOK, PACITOJIO?KEHHBIA CIIPaBa, OT o ) 1@ paccrosmum 2, COIEPKUT BEPIINHY IIBETA,
b. Tlosyunnu nporuBopeuune c jgemmoii 5 (cm. puc. 13).
o a a
Cayuat 3.2. Uccinenyem BapuaHT, KOrjaa OJIOKH b) u (c) HAXOMATCS HA Pac-

crosianm p OosbiieM 2. Kak u B mpeapiayimneM cirydae, BOSMOXKHBI TPU BAPUAHTA UX
B3aMMHOI'O PACIOJIOXKEHUA.
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2, 1. a)

Puc. 13. HeauzbionkTHBIE 6/10KN <Z) u <Z) Ha PACCTOAHUU p >
2, 1. 6)

Paccmorpum myskT a). Corstacuo nemme 4 B GJI0KaX, JTOMNOJHSIONMX JAHHBIE 10
4-MKJI0B, Hali/IeTCA Tapa BEPITUH OJWHAKOBOTO IBeTa, AomycTuM z. Packpackm

- T
9TUX JIOIIOJIHEHUH COBIIaJIal0T — y), nHa4de uMX IIPOAOJIZKEeHHE 110 HaIIPpABJICHHUIO

APYT K ApyTy OPUBEAeT K IPOTUBOPEUHIO C JIEMMO 5.

Puc. 14. Hegn3bioHKTHBIE OJIOKT (Z) n <Z) Ha PACCTOAHUU p >

2, m. a)

a a
Urak, packpackn GJIOKOB, JIEXKAIUX C ( b) u <c> B OHUX 4-TIMKJIaX, PaBHBI.

Ilapa Bepmna B 1-OKPECTHOCTH a-OKPAIIEHHBIX U HE U3 JAHHBIX 4-TTMKJIOB COBETHBI
u paBubl z (cM. puc. 14). [Tpuyem, eciu t # s, Oy YUM IPOTUBOPEUUE C MUHUMATb-
HOCTBIO p. A B citydae £ = s, IpoozKasi pACKpacKy (pparMeHTa BOBHYTPb, IPUIEM
K [POTHBOPEYHIO C JIEMMOI 5. 3HAYUT, JJIsi TAKOrO PACIOJIOXKEHUS IaPhl HEJIU3b-

a a
IOHKTHBIX OJIOKOB <b> u <c) COBEPIIEHHBIX PACKPACOK HET.
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JlokazaTeabCcTBO MyHKTOB 0) W B) aHAJIOTHYHO caydaro 3.1. O

Taxum 06pa3oM, T0KA3aHO, 9TO BCE COBEPIIEHHBIE PACKPACKU CKPEIIEHHON mpu3-
MbI UCYEPILIBAIOTCS U3 BIOHKTHBIMHA, 33 HCKJIIOYEHUEM IECTU CIOPAIUIECKUX CILy-
JaeB.

SAKJIIOYEHUE

IIycts G — Geckomeunsrit rpad. Bpems paboTbl aaropurmoB, KOTOPBIE HIMYT
cpeau ero packpacok B Kk I[BETOB COBEPINEHHbIE, CTPEMHUTEILHO PACTET C POCTOM
k. Kpome Toro, maxe mjisg HeOOIbIMINX k MHTEPECHO HE TOJIHKO IEPEIUCIUTH BCE
TaKWe PACKPACKU, HO W MOJIYYATh UX Kjaaccuduramnmioo. TeMm OOMbIIYIO EHHOCTH
MIPUOOPETAIOT PE3YIHTATHI, KOTOPHIE XapaKTepnU3yIoT COBEPIIEHHbIE PACKPACKH Oec-
KOHEYHBIX I'padhOB B IIPOU3BOJILHOE KOHEUHOEe 4ucyo Iseros [2, 7, 10, 12, 13]. B
maHHOW paboTe omucaHbl Bce copepinennbie k-packpacku rpada C Py, mis ro0bix
HATypaIbHBIX k.
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