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Abstract:In this study, we introduce an algorithm for the Darcy—
Forchheimer model in perforated media using the online generalized
multiscale finite element method (Online GMsFEM). A nonlinear
Darcy flow with a high inertial effect and flow speed is described
by the mathematical model. The finite element method (FEM) is
used to perform the fine grid approximation. We employ a model
reduction technique known as Online GMsFEM, which is predicated
on coarse neighborhood local residuals. We employ another offline
multiscale basis functions to characterize a boundary condition on
perforations in the multiscale approximation. In each local domain,
the online multiscale basis functions are built using residuals. The
Darcy-Forchheimer equation can now account for the effects of
nonlinear coefficients because to the existence of such online multiscale
basis functions. We present numerical results in a two-dimensional
heterogeneous preforated domain. We analyze the method’s accuracy
in relation to the impact of nonlinearity. The numerical tests demonstrate
the excellent accuracy of the Online GMSFEM for these kinds of
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nonlinear problems. The accuracy weakly depends on the magnitude
of the nonlinear part of the equation.

Keywords: Darcy—Forchheimer model, Online generalized multiscale
finite element method, multiscale model reduction, finite element
method, perforated domain, nonlinear flow problem.
Annoranus: B mannoit pabore npepcrapiiee aJropuTM JIJIsS MOJIE-
s [Tapcu—®@opxreiimepa B mepdOpUPOBAHHBIX CPEJIaX € UCIOJIb30-
BaHUEM OHJIAIH 00OOIIEHHOTO MHOIOMACIITAOHOTO METOIa KOHEY-
ubix 1eMeHToB (Online GMsFEM). Henuneiinsrit norok Japcu c
BBICOKUM HWHEPIUOHHBIM 3(PEHEKTOM U CKOPOCTHIO IOTOKA OIHUCHI-
BaeTcd MaTeMaTHuYeCKOu MOJIEJIbIO. MeTO,/:L KOHEYHBIX 3JIEMEHTOB
(MKD) wucnonb3yercs: Jjisi alllIpOKCUMAIIUE MeJIKOH cerku. IIpu-
MEHEH MeTOJ] [IOHUKEHUS TIOPsIIKa MOJIen, n3BecTHbI Kak Online
GMSsFEM, koTopblit OCHOBaH Ha HEBSI3KaX B JIOKAJIbHBIN 00JIACTAX
rpy6oit cetku. st yeTa rpaHUYIHOTO yCJIOBUS Ha TePPOpaInIx
B aIIPOKCHUMAINK Ha I'py0OO0il CeTKe CTPOSATCH CIEIUAJIbHbIE Od-
dutaiin mornosHUTEIbHBIE Oa3uCcHBIE (DYHKIMH. B KaxK 1011 JIOKaJIb-
HOI1 00J1aCcTU OHJIAIH MHOTOMACIITaOHBIE Oa3ucHbIe (DYHKIUNA CTPO-
ATCH C UCIIOJIL30BaHNEM HEBA30K. ¥ paBHenue Jlapcu—Popxreitmepa
Tenepb MOYKET YIUTHIBATL dPPEKTHI HETMHEHHBIX KO3(pDUIIeH-
TOB OJ1arosiapsi CyIieCTBOBAHUIO TAKUX OHJIAMH MHOTOMACIITAOHBIX
GasucHbIX (pyHKIMI. HucIeHHbIE Pe3YJIbTaThI IIPEJICTABJIEHBI B JIBY-
MEepHOI HeoIHOPOIHOI pedopupoBanHoil 0bjactu. TouHOCTH Me-
TOJ@ UCCJIEIYETCs B 3aBUCHUMOCTH OT BEJIUYUHBI HEJIMHEHHON da-
CTH ypaBHeHUsl. UUCJE€HHBIE TECTHI JEMOHCTPHUDPYIOT IIPEBOCXOJI-
Hyto TouHocTb Online GMSFEM j1st 3TuX BHJIOB HEJIMHEHHBIX 3a-
nad. TouHocTh cj1ab0 3aBUCUT OT BEJIMYMUHBLI HEJIMHEHHON dYacTu
YDABHEHMUSI.

Kurouessie cioBa: Mogens lapcu—®opxreiivepa, 0000IIEHHbII
MHOTOMACIITAOHBI METOJ] KOHEUHBIX JIEMEHTOB, MHOTOMACIITA0-
HOE IIOHVKEHUE IIOPSIKA MOJEJM, METOJ KOHEYHBIX JJIEMEHTOB,
nepdopupoBaHHas 00/1aCTh, HeJTUHeHAS 3a/1a19a (DUILTPAIINAN.

1 Introduction

In this paper, we consider a multiscale modeling of the Darcy—Forchheimer
model in a perforated medium. In nonlinear filtration problems, two cases are
distinguished. This are high and low speed flows. At high speed flows, when
the inertial component is significant, the Darcy—Forchheimer formula is used
[?]. Fluid flow in porous media is an essential element in understanding oil
and gas production processes, as well as in reservoir hydrology, environmental
protection, and many other [?].

The basic law of filtration of liquids and gases in porous media is Darcy’s
law; it expresses the dependence of fluid filtration rate on the pressure
gradient. Many scientific works are devoted to checking and investigating
the limits of the applicability of Darcy’s law [?, ?|. In cases where the
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filtration rate is relatively high, inertial effects cannot be ignored, the Darcy—
Forchheimer model is used [?, ?]. High filtration rates can occur in highly
heterogeneous media and near perforations due to infulence of boundary
condition. In this paper, we consider the multiscale method for the nonlinear
flow model in a perforated porous medium based on the Darcy—Forchheimer
model [?].

Standard modeling approaches imply the use of well-known methods of
approximation on a fine grid. One of such methods is well-proven in the
field of mathematical modeling, the finite element method [?]. For modeling
the Darcy—Forchheimer model, the mixed finite element method is most
commonly used, providing the law of conservation of mass [?, ?]. In this
paper, we use the finite element method to solve a problem on the fine grid.

One way is to solve the problem on a coarse grid. One of these methods is
the homogenization method [?, ?|. In this study, we use multiscale modeling
techniques to reduce the dimensionality of the original problem [?, ?]. There
are many modifications of multiscale methods, each modification of the
method may be suitable for a specific task. The most famous is the multiscale
finite element method (MsFEM) [?, ?]. The simple MsFEM has a high error
in high contrast domains. In this regard, a method was invented that allows
adding more basis functions by solving spectral problems, this method is
known as the generalized multiscale finite element method (GMsFEM) |?,
?, ?]. Based on the finite volume method, a multiscale finite volume method
(MsFVM) was developed [?, ?|. For problems with complex heterogeneity,
such as channels or fractures and perforations, multiscale methods with an
oversampling strategy are well suited, one of such method is the constraint
energy minimizing generalized multiscale finite element method (CEM-GMsFEM)
[?, ?7]. Oversampled local domains allow multiscale basis functions to take
into account the influence of heterogeneity in neighboring local domains.
The Darcy—Forchheimer model is often written in a mixed formulation, a
mixed finite element method (Mixed-FEM) has been developed to solve such
problems |?]|. Another approach of multiscale modeling of Darcy—Focrhheimer
flow is Non-local multi-continuum method (NLMC) |?]. For nonlinear problems,
the online generalized multiscale finite method (Online GMsFEM) is well
suited that allows to take into account changes in properties by adding
additional multiscale bases while solving the problem [?, 7, ?].

This paper considers an Online generalized multiscale finite element method
(Online GMsSFEM) for Darcy—Forchheimer flow in a heterogeneous perfrated
domain. The algorithm consists of two parts: offline and online stages. In the
offline stage, we construct an offline multiscale basis functions, which do not
change throughout the entire modeling process. Also, in the offlien stage
we calculate an additional multiscale basisd functions to take into account
boundary conditions on perforations. We solve the system on a coarse grid
and construct a residual-based online multiscale basis functions at the online
stage using the obtained bases. Note that the approximation is based on the
finite element method. Numerical results are presented for a two-dimensional
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perforated heterogeneous domain. The numerical experiment includes investigating
the nonlinearity effects on the Online GMsFEM accuracy. We note that one
can, in general, design various online approaches for nonlinear problems. Our
goal is to have a simple and efficient online approach, which was proposed
here.

The paper is organized as follows. Section 2 presents the Darcy—Forchheimer
model in a perforated heterogeneous domain. Section 3 describes a fine
grid approximation using the finite element method. Section 4 presents an
algorithm of the online generalized multiscale finite element method (Online
GMSsFEM) for the Darcy—Forchheimer model. We provide a numerical experiment

to investigate the influence of nonlinearity on the method accuracy in Section
5.

2 Problem formulation
The filtration process is described by the well-known Darcy law equation
pk™lu+Vp=0.
Let us supplement the basic equation of Darcy’s law with a nonlinear term.
And we can obtain a Darcy—Forchheimer single phase flow model
pk~'u+ pBlulu+Vp=g, ze€Q, Q)
V-u=fxeq,

where p is the pressure, u is the velocity, k is the heterogeneous permeability,
1 is the viscosity, p is the density and § is the Forchheimer coefficient. The
impact of nonlinearity on the overall physical process is determined by the
Forchheimer coefficient.

The system (??) is complemented with Dirchlet boundary condition,

p=pp, =z

In the continuous level, the Darcy—Forchheimer equation can be rewritten
into a nonlinear primary formulation. For simplicity, we assume that the
permeability is a scalar. Taking the norm of the Darcy—Forchheimer equation,
we obtain

(uk™" + pBlul)|ul = | — Vp +gl,
pBlul® + pk ™ u| — |Vp — g| =0,

and can solve for |u|

|u| = —pk ™" 4+ /(uk~1)? + 4pB|Vp — ¢
2p8 ’

and consequently wu:

Vp—g 2(Vp —g)

kT e pBlul k=t (kD)2 + 4BV — g
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Then, substituting back to the divergence equation, we get the primary
formulation of pressure p only

. 2(Vp —g) _
v <uk‘1+\/(Mk‘1)2+4pﬁlvp—gl> I ?

The well-posedness of primary formulation of pressure can be found in [?].

In this study, we take a dynamic nonlinear filtration process into consideration
and include a temporal derivative and g = 0. Therefore, the dynamic incompressible
single-phase Darcy—Forchheimer flow equation can be written as follows

Op 2Vp
r_y. = f.
‘ot <M€1 +/(uk=1)2 + 4pB|Vpl> d ®

In this paper, we consider the nonlinear filtration process in fractured
media. We define the porous matrix domain as Q € R¢. In our implementation,
we consider problems in the two-dimensional domain d = 2. And we can
define the nonlinear Darcy—Forchheimer flow in a perforated domain:

0
ca—f+v-u=f, zeQ, t>0, (4)
where,
2Vp

k4 (k)2 4+ 4pB|Vp|
We apply the following vounary condition for (?7?):

p=g, z€lp, p=0, z€0Q/Tp, (5)

and set the initial condition p = pg for ¢ = 0, I'p is the boundary of
perforations inside domain 2.

3 Fine grid approximation

Next, we consider the fine grid approximation of the problem (??), (?7?).
We use the finite element method with a discrete fracture model. We define
unstructured triangular fine grid T, with perforations. For the time-dependent
problem, we note n as a number of time layers, 7 as the time step, and
Tinaz = n7 as the final time. We consider Ny as the number of elements in
fine grid.

We have the following approximation on the fine grid:

/capvdzn—l—/ 2Vp , Vo | dx =
o Ot o \ ph=t + /(uk=1)2 + 4p8| V| (6)

:/fvdx, vev,
Q

where p € V' and
V={veH Q) :v=g,2€Tp,v=0 z¢cdNTp},
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V={veHY Q) :v=0,xzc 0}

For the approximation of the time derivative, we use the backward Euler
method. To resolve non-linearity we use Picard iteration method and obtain
the following approximation on the fine grid

n+1 N 2v n+1
T _ _
o @ \ k=t 4 (uk )2 + 4pB| V|
= / fvdx, ve V,
Q
(7)
where t denotes a Picard iteration step. Note that p™ is no subindex ¢ since

they show a previous time iterate. We use the following termination criteria
in the Picard iterations:

I — it s

[yl

<&,

in our implementation, we took & = 1073.
We can write approximation, in the matrix form as

1 1 1 1 n+1 1
;Sffl (p?-:_l —p") + A7 p?—:_l = FtTE (8)

where Sﬁ:ﬁl is a mass matrix that corresponds to the first term, A?H is a

stiffness matrix that corresponds to the second nonlinear term and Fgfll is

a source term in (77).

4 Coarse grid approximation

To make approximation on the coarse grid, we apply an Online Generalized
Multiscale Finite Element method. A coarse grid 7z is denoted by

T = JK;,
J
here K is the cell of coarse grid. Following that, we create a local coarse

neighborhood domain w; it is produced by merging all coarse cells around
one coarse grid vertex:

Wi:UKjeT : xiEKj,
J

where ¢ = 1, N. and N, — the number of coarse grid vertices.
We can identify two stages in GMsFEM, online and offline.
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4.1. Offline Stage. We start from the constructing a snapshot space Vg, .
The snapshot space are obtained by solving next local problems

2V ¢} 4
/ ,Vw' |dxr =0,
wi \pkTt 4/ (pk™1)? +4pB

with boundary condition:

oLk
on
where §; is the discrete delta function which takes the value 1 at the j-th
fine grid node x = z; and zero elsewhere (j =1, ..., J¢ J' is number of fine
grid nodes on boundary dw; ).

The snapshot space and the projection matrix on the snapshot space are
defined as follows

ynar = span{¢}, ..., qﬁfh}, and R;"" = ( L ¢31)T

On the snapshot space we solve the next local spectral problem in each w;
to obtain an offline multiscale basis functions

¢§‘ =0j, x€0w;/I'p, =0, zelp, (9)

Aq];nap,j = )‘S\Iﬂsnap,jﬂ
with . .
A= Rsnap,iAwi Rz;mp,i? S = Rsnap,iswiRznap,ia
where
2V
| v Vibn | d,
wi \pkTt+/(pk™1)? + 4pB
2
S« = {Sln}7 Sin = / Vq/]l wn dzx.
wi T4/ (pkT1)2 4+ 4pp
We use solution of the spectral problem \IJ; = Rsnap,i\i’inap, j in offline basis

construction. We should note that, we construct the offline multiscale basis
functions only once in the offline stage. Because of that, we take |[VpP!| = 1
for offline bases computation. We obtain offline multiscale basis functions by
multiplication on the linear partition of unity function w; = Xi\Ilé-, where
X is the linear coarse grid nodal basis function that is equal to zero on the
boundary of local domain w; and one at the coarse grid node 1.

Now, we can determine the offline space

1 1 . Ne
Vins = span(1y, s VN s ey 76, ...,1/JMNC).

and the offline projection matrix

T 1 1 N, N,
R = (¢17...’¢1M1,...., lc,...,chJVC).

Additional offline multiscale basis functions.

Inside the computation domain 2 we have parforations. And to take into
account the influence of boundary condition I'p we need to introduce an
additional basis function in the offline stage. This function we denote as 6°
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and we calculte it only in local domains w; which contains perforations. Let
Np is the number of w; with perforations. To obtain an additional basis
function we solve the next problem in w; with perforations:

2VH
-V v =0, x€uw,
pk=t 4/ (uk=1)% + 4pp
=0, z¢ Ow; /Ty,
=g, z€ r,.

(10)

After that, we include additional basis functions in multiscale space Vi,
and projection matrix R:

Vms = Span(w%w":widla“ *y 1 7 awMN 9 "'79NP)7
T 1 c N
= (Vs s Yy e U1, ,z/;MN, ey ONP),

4.2. Online Stage. In online GMsFEM, we update projection matrix R"
by adding online residual based multiscale basis functions at n-th time step.
Therefore, we solve next system on the coarse grid

P -l

n+1 Fei+l c n+1, n+1 n+1

Serpi———— + AL e = Foibas (11)
where coarse scale matrices and vectors are constructed using current projection
matrix R+

Sg?—_&l — RnJrISn—i-l (Rn+1)T7 An+1 Rn+1An+1(Rn)

n+1 n+1 rn+1 n+1 __ n+1\T n+1
Fct+1 R Ft+1 y  Pms (R ) Pe

Note that, when we use pre-constructed offline multiscale basis functions
for given heterogeneity and fracture distribution in coarse scale system construction,
we can use predefined projection matrix without updating it at n-th time
step
T T 1 1 c N
(R")" = R" = (1,0 Uhgy o 07, ,1/1MN 0b, ., 0N,

In online GMSFEM, we set R" = R at first time step (n = 0), then
we construct and solve coarse scale system (?7). Next, at time step n =
1,2, ..., we enrich multiscale space by residual based online multiscale basis
functions. In order to enrich space, we solve system (??) with R® = R"" !,
then we calculate online multiscale basis functions 9% locally in w; using
current residuals and update the projection matrix

(Rl,n)T = (ﬁ, ..-,7#]1\/[1, ...,7¢1 °, .. ’wMN , 7?911\/})

We can reiterate the process with residual calculation and add more online
basis functions on the nth time step

(Rn)T = (RL,n)T = (¢%7 "'71/]]1\417 ""7¢1 Cv 7¢MN ) "79NP7
DY, OV 9T 00,
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where L is the number of online iterations. We can enrich multiscale space
not for every time steps, for example, every 4-th. Then, when we keep R"
for the time steps where we do not want to update online basis functions.
Next, we present construction of the online multiscale basis functions in local
domain wj; in details.

Construction of the local residual based online multiscale basis functions
is based on the solution of the following local problem in w;:

awi(ﬁf,v) = rtl,_;i(?)), l=1,.. L,

where
4 Vi 2V
g, ( ?,v)z/ clvda:—l—/ L — , Vo | da+
w T oo \ k=t 4/ k1) + 4pB V9L
pl,n+1 _pl,n
rf,w(v):/ fvdx—/ et T dp—
¢ ) ) T
w; w;
AVA I,n+1
_/ pms,t+1 l - ,V’U dx
o \ kL (k=12 + 4pB| Wl

with the following Dirichlet boundary conditions:
9i =0, x€0w/Tp, ¥i=g, xcTp. (12)

Using constructed online multiscale basis functions, we enrich the multiscale
space by adding online basis functions ¥;:

i ) 1 Np gl N
Vins = span (i, ..., Y, 07, .., 077 0, .0 i =1, Ne, L =1,..., L.).
Here we can add several online multiscale basis functions in local domain
w; based on the current solution pf;ﬂs
I,n+1

3
Int1Pet+1 — Pe In ln+l _ plntl
Seen ——— +ALpo = Fod

where coarse scale matrices and vectors are constructed using current projection
matrix RL"

In+l _ pln+lan In+1\T In+1l _ pln+l gn+l/pln+INT
Sc,tJrl =R St+1(R ) ’ Ac,t =R At (R ) )

In+1 _ pln+l pntl Iin+1 In+1N\T, l,n+1
Fc,t+1 =R F Pmsitr1 = (R ) Dett1-
with projection matrix

Int1 1 1 Ne gl Np g1 N, 1 Ne\T
RV — (@Z)l,...,q/)Ml,....,@Z)lC,...,wMCNC,H e 00 07, 0O, L 0)0) T

wherel =1, ..., L, R** = RL™ 1 and L is the number of the online iterations.
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5 Numerical results

In this section, we use Online GMSFEM to provide numerical results for
the Darcy—Forchheimer problem. We consider the flow problem in the two-
dimensional perforated heterogeneous domain. We show the heterogeneous
coefficient k,, in Figure 77.

Fi1g. 1. Heterogeneity and computational domain 2. Left:
computational domain €). Right: Coefficient k,,

We consider numerical experiments for coarse grid 10 x 10 and fine grid
with 14649 vertices. We consider results with different values of 3 to investigate
the effect of nonlinearity. In the implementation, we consider results for
B =10° B = 104 B = 103, p = 102, 3 = 10 And we take maximum
time Tipae = 1.5, Tinar = 0.5, Thar = 0.17, Tige = 0.05, T = 0.017
respectively for each value of f and we use 20 time layers for each test
case. We set u = 1.0, p = 1.0, ¢ = 1.0, f = 0. We put Dirichlet boundary
condition on perforations p = ¢g,¢g = 1.0 and zero Dirichlet boundary on
the all external boundaries of €. To investigate the accuracy of the Online
GMsFEM algorithm, we compare the multiscale solutions with the reference
solutions. We take a fine-grid solution as a reference solution. The fine grid
system’s size equals 14649 x 14649.

We compare solutions by using Le and H; norm errors

fQ by _pms ) fQ pf _pms))Qd‘T )
100%, el 100%
Jo pfd:c ’ Jo(Vp)2de ;

where py,,s is the multiscale solution, py is the solution on the fine grid.
The numerical results are presented in Fig. ?? for 3 = 10°. The first
row shows a solution on a fine grid, the second row shows a solution using
GMsFEM using only 12 offline multiscale basis functions without online
correction, the third row shows a solution using Online GMsFEM using 12
offline multiscale basis functions and 2 online multiscale basis function. We
present solutions for the 2-nd, 10-th, and final time layers to demonstrate
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F1G. 2. Numerical results for § = 10° at the 2-nd, 10-th,
and last time layer. First row: fine grid solution. Second row:
multiscale solution on using only 12 offline multiscale basis
functions. Third row: multiscale solution on using 12 offline
multiscale basis functions and 2 online multiscale basis
function.

time distribution. In the figures, we can see small oscillations in the offline
GMSsFEM solution near perforations. Online GMsFEM solution and fine grid
solution looks very similar, in the Online GMsFEM solution we don’t see any
oscillations.

We present relative Lo and Hy errors in Tables 77-77 for multiscale solution
using 0, 1, and 2 online basis functions for different number of offline basis
functions. In the tables, DOF, denotes the vector size on the coarse grid.
By this tables we can see that, the accuracy behavior is similar for all values
of . In all test cases, when we use 12 offline and 1 online basis functions
we can obtain a solution with accuracy good accuracy. But, without online
correction, we can’t achieve high accuracy, we have very large value of H;
error. We can conclude that it is necessary to use online correction in this
problem. Using online basis functions, we can obtain a solution using a
system with a smaller number of unknowns. Adding a second online basis in
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Number of Offline basis 1 Online basis 2 Online basis
offline .baSIS DOF, | el2 el | DOF, | el2 e | DOF, | e et
functions

1 202 | 5.951 | 76.667 | 323 |6.289 |48.488 | 444 |3.145 | 33.133
2 323 | 5.281 | 73.391 | 444 |5.525|45.693 | 565 |2.777 | 31.578
4 569 |3.054 | 54.298 | 686 | 2.847|29.362 | 806 1.872 | 22.797
6 807 | 2.731 | 52.331 928 | 2.241 | 24.967 | 1049 | 1.538 | 19.927
8 1049 | 2.249 | 50.524 | 1170 | 1.717 | 21.179 | 1291 1.271 | 17.653
12 1533 | 2.026 | 49.641 | 1654 | 1.357 | 18.943 | 1775 | 0.962 | 15.971
16 2017 | 1.905 | 49.065 | 2138 | 1.093 | 17.201 | 2259 | 0.741 | 14.418
24 2985 | 1.788 | 48.412 | 3106 | 0.807 | 14.874 | 3227 | 0.568 | 12.541
32 3953 | 1.756 | 48.348 | 4074 |0.743 | 14.481 | 4195 | 0.492 | 12.014

TABLE 1. Numerical results for § = 10. Relative Lo and
H, (%) errors with different number of offline multiscale basis
functions using 1 and 2 online basis functions on the last time

layer.
Number of Offline basis 1 Online basis 2 Online basis
offline .ba51s DOF, | el2 et | DOF, | el? el | DOF, | el2 et
functions
1 202 6.261 | 76.274 | 323 5.879 | 48.605 444 | 3.481 | 31.172
2 323 5.251 | 73.037 | 444 | 5.561 | 45.345 565 3.165 | 29.598
4 569 3.007 | 53.975 686 2.875 1 29.548 | 806 1.874 | 22.111
6 807 | 2.688 | 52.035 928 2.254 | 24.811 | 1049 | 1.529 | 19.268
8 1049 |2.234|50.272 | 1170 | 1.731|21.063 | 1291 | 1.251 | 17.106
12 1533 | 2.024 | 49.389 | 1654 | 1.361 | 18.796 | 1775 | 0.967 | 15.435
16 2017 | 1.917 |48.821 | 2138 |1.098 | 17.029 | 2259 | 0.767 | 13.946
24 2085 | 1.801 | 48.179 | 3106 | 0.808 | 14.741 | 3227 | 0.565 | 12.299
32 3953 | 1.777 | 48.124 | 4074 | 0.747 | 14.361 | 4195 | 0.497 | 11.745

TABLE 2. Numerical results for 8 = 10%. Relative Ly and
H; (%) errors with different number of offline multiscale basis
functions using 1 and 2 online basis functions on the last time

layer.

each w; improves the accuracy of the method very slightly. Overall, we can

improve the accuracy of the method by about 4 times.

We need to discuss the results of the numerical experiment. We were able
to prove that the proposed algorithm of the Online GMsFEM has good
accuracy in all performed calculations. The method showed good accuracy
in a highly heterogeneous perforated domain. The accuracy of the method is
practically independent of the influence of the nonlinear part of the equation.
An online correction procedure greatly improve the accuracy of the method.




156

D.A. SPIRIDONOV

Number of Offline basis 1 Online basis 2 Online basis
offline .baSIS DOF, | el2 et | DOF, | el2 el | DOF, | el» et
functions

1 202 |5.991|76.613 | 323 |6.294|48.657 | 444 |3.933 | 32.897
2 323 | 5.355 | 73.374 | 444 |5.592 | 45.477| 565 |3.619 | 31.598
4 569 | 3.077|54.225| 686 |2.868|29.411| 806 |2.029 | 23.141
6 807 | 2.731|52.258 | 928 | 2.255|24.944 | 1049 | 1.631 | 19.862
8 1049 | 2.252 | 50.471 1170 | 1.721 | 21.161 1291 1.307 | 17.552
12 1533 | 2.032 | 49.568 | 1654 | 1.357 | 18.925 | 1775 | 1.011 | 15.736
16 2017 | 1.918 | 49.004 | 2138 |1.102 |17.212| 2259 | 0.811 | 14.172
24 2985 | 1.789 | 48.341 | 3106 | 0.813 | 14.865 | 3227 |0.593 | 12.501
32 3953 | 1.761 | 48.277 | 4074 |0.746 | 14.463 | 4195 | 0.528 | 11.934

TABLE 3. Numerical results for f = 103. Relative Ly and
H, (%) errors with different number of offline multiscale basis
functions using 1 and 2 online basis functions on the last time

layer.
Number of Offline basis 1 Online basis 2 Online basis
offline .baSIS DOF, | el el | DOF, | el2 el | DOF, | el2 et
functions
1 202 |5.911|76.307| 323 |6.256 |48.572 | 444 |4.312 | 35.833
2 323 | 5.294 | 73.099 | 444 |5.586 | 45.344 | 565 |4.032 | 34.681
4 569 |3.028 | 54.005 | 686 |2.892(29.594 | 806 |2.182|24.134
6 807 | 2.701 | 52.059 | 928 |2.271|24.858 | 1049 | 1.757 | 20.488
8 1049 |2.243 | 50.305 | 1170 | 1.737|21.094 | 1291 |1.378 | 17.875
12 1533 | 2.031|49.394 | 1654 | 1.366 | 18.814 | 1775 | 1.061 | 15.862
16 2017 [1.929|48.845| 2138 |1.114 | 17.111 | 2259 | 0.848 | 14.209
24 2985 | 1.804 | 48.184 | 3106 | 0.815 | 14.763 | 3227 |0.617 | 12.504
32 3953 | 1.778 | 48.118 | 4074 | 0.751 | 14.371 | 4195 | 0.543 | 11.936

TABLE 4. Numerical results for 3 = 10%. Relative Lo and
H, (%) errors with different number of offline multiscale basis
functions using 1 and 2 online basis functions on the last time

layer.

The method obtains the exact solution on a coarser grid. Moreover, the
dimension of the original system differs significantly. From here, we can notice
significant savings in computational resources, which is the main advantage
of multiscale methods over standard mathematical modeling approaches.




ONLINE GMSFEM FOR DARCY-FORCHHEIMER

157

Number of Offline basis 1 Online basis 2 Online basis
offline .baSIS DOF, | el2 el | DOF, | el2 e | DOF, | e et
functions

1 202 | 5.888 | 76.288 | 323 |6.102 | 48.208 | 444 |4.517 | 39.052
2 323 | 5.273 | 73.083 | 444 |5.455|45.082| 565 |4.224 | 37.937
4 569 |2.996 | 53.986 | 686 |2.882|29.519| 806 |2.288 | 25.371
6 807 2.671 | 52.044 928 2.312 | 25.356 | 1049 | 1.858 | 21.651
8 1049 | 2.212 | 50.291 1170 | 1.763 | 21.559 | 1291 1.439 | 18.765
12 1533 | 1.996 | 49.376 | 1654 | 1.393 |19.404 | 1775 | 1.117 | 16.879
16 2017 | 1.901 | 48.838 | 2138 | 1.156 | 17.913 | 2259 | 0.911 | 15.478
24 2985 | 1.771 | 48.168 | 3106 | 0.871 | 15.695 | 3227 | 0.713 | 13.892
32 3953 | 1.742 | 48.086 | 4074 |0.813|15.339 | 4195 | 0.653 | 13.477

TABLE 5. Numerical results for f = 10°. Relative Ly and
H, (%) errors with different number of offline multiscale basis
functions using 1 and 2 online basis functions on the last time
layer.

6 Conclusion

This paper presents an Online generalized multiscale finite element method
(Online GMsFEM) algorithm for the time-dependent Darcy-Forchheimer
model in a perforated heterogeneous domain. We construct the fine grid

approximation using the finite element method. Model and method formulations

were given for two-dimensional cases. We investigated nonlinearity’s impact
by varying the coefficient S in the numerical experiments. The numerical
experiment showed that the proposed approach provided accurate results
without significant influence of the nonlinear part of the flow. We considered

a multiscale method with different numbers of offline and online basis functions.

Our experiments showed that online-correction procedure significantly reduces
the error of the method, especially in H; norm. Adding 2-nd online basis

functions gives very little improvement in the accuracy, from here we conclude

that, it is not necessary to use the 2-nd online basis. The performed numerical

experiment showed good accuracy of the method. We conclude that the

porosed algorithm of Online generalized multiscale finite element method

performed well in modeling the Darcy-Forchheimer model in the perforated

medium.
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