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THE SOBOLEV-POINCARE INEQUALITY AND
THE L,,-COHOMOLOGY OF TWISTED CYLINDERS

V.GOL'DSHTEIN, YA.A. KOPYLOV

ABSTRACT. We establish a vanishing result for the L, ,-cohomology
(g > p) of a twisted cylinder, which is a generalization of a warped
cylinder. The result is new even for warped cylinders. We base on the me-
thods for proving the (p,q)-Sobolev—Poincaré inequality developed
by L. Shartser.
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1. INTRODUCTION

The Lqp-cohomology HY (M) of a Riemannian manifold (M, g) is, by definition,
the quotient of the space of closed p-integrable differential k-forms by the exterior
differentials of g-integrable k-forms. If p = ¢ then L, ,-cohomology is usually
referred to simply as L,-cohomology and the index p is used instead of p,p in
all the notations.

A twisted product X x5 Y of two Riemannian manifolds (X, gx) and (Y, gy) is
the direct product manifold X x,Y endowed with a Riemannian metric of the form

(L.1) g:=gx +h*(z,y)gy,

where h: X XY — R is a smooth positive function (see [5]). If X is a half-interval
[a,b) then the twisted product X xp Y is called a twisted cylinder.
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We refer to an m-dimensional Riemannian manifold (M, gys) as an asymptotic
twisted product (respectively, as an asymptotic twisted cylinder) if, outside an m-
dimensional compact submanifold, it is bi-Lipschitz equivalent to a twisted product
(respectively, to a twisted cylinder).

In this paper, we prove some vanishing results for the L, ,-cohomology of twisted
cylinders [a,b) xp N for a positive smooth function h : [a,b) x N — R in the case
where the base N is a closed manifold and p > ¢ > 1, ]% — % < q(diqm;]\h_l).

If in (1.1) the function i depends only on z then we obtain the familiar notion
of a warped product (see [1]). Twisted products were the object of recent investiga-
tions [4, 6, 8, 9, 10, 16, 21]. The L, ,-cohomology of warped cylinders [a, b) X}, N,
i.e., of product manifolds [a,b) x N endowed with a warped product metric

g = dt* + h*(t)gn,

where gn is the Riemannian metric of N and h : [a,b) — R is a positive smooth
function, was studied by Gol’dshtein, Kuz'minov, and Shvedov [11], Kuz'minov and
Shvedov [19, 20] (for p = ¢), and Kopylov [17, 18] for p, ¢ € [1, c0), %—% < m.
In particular, in [18|, the second author found a sufficient condition for the Lg,-
cohomology of a warped cylinder to be nontrivial (and even infinite-dimensional)
in terms of Hardy’s inequality.

The main result of the paper (Theorem 7.1) states that the L, ,-cohomology
Héip(Cf,bN) of the twisted cylinder C’éﬁbN with ¢ > p > 1 and % — % < q(diqm;j\hl)
is zero provided that the de Rham cohomology H]’SR(N ) of the base N is trivial and
some integral conditions on the twisting function involving p, ¢ and an auxiliary

parameter p are fulfilled.

The paper is organized as follows: In Section 2, we recall some basic definitions
concerning the L, ,-cohomology of Riemannian manifolds. Section 3 describes the re-
presentations of differential forms on a twisted cylinder obtained in [10] and analo-
gous to the representations of forms on a warped product proposed by Gol’dshtein,
Kuz'minov, and Shvedov in [12]. In Section 4, we develop a version of the weighted
Sobolev—Poncaré inequality for convex sets in R™ by introducing a homotopy operator
and consider some of its consequences; the exposition is based on the ideas of Shartser
suggested in [22] and [23]. In Section 5, we consider a new homotopy operator A,
on differential forms defined on a convex domain in R™ and show that it guarantees
the fulfillment of an inequality of Sobolev—Poincaré-type for ¢>p >1 and % - % < %
In Section 6, using the ideas of Shartser’s article [23], we “glue” local homotopy
operators on a twisted cylinder to obtain a global homotopy operator. In Section 7,
we use this global homotopy operator for proving our above-metioned main result
on the triviality of the L, ,-cohomology of a twisted cylinder (Theorem 7.1), and
in Section 8, we extend this theorem to asymptotic twisted cylinders (Theorem 8.2).
Section 9 contains some examples.

2. BASIC DEFINITIONS

We recall the main definitions and notations.

Below we tacitly assume all manifolds to be oriented.

Let M be a smooth oriented Riemannian manifold. Denote by D* (M) := C§° (M, A¥)
the space of all smooth differential k-forms with compact support contained in M\OM
denote by L} (M, A*) the space of locally integrable differential forms.

loc
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Denote by LP(M, A*) the Banach space of locally integrable differential k-forms
1
endowed with the norm [|0]|zo(arar) := ([}, 10|Pdz)? < oo (as usual, we identify

forms coinciding outside a set of measure zero). Of course, we can add a positive
(smooth) weight ¢ : M — R and thus integrate |6|PoP to obtain the weighted
LP-space LP(M,A*, o).

Definition 2.1. We call a differential (k + 1)-form 6 € L} (M, A**) the weak

loc

exterior derivative (or differential) of a differential k-form ¢ € Li (M,A*) and
write d¢ = 0 if

/ OANw= (DT [ ¢Adw
M M
for any w € D" F(M).

Remark 2.2. Note that the orientability of M is not substantial in this definition
since one can take integrals over orientable domains on M instead of integrals
over M.

We then introduce an analog of Sobolev spaces for differential k-forms, i.e., the
space of g-integrable forms with p-integrable weak exterior derivative:

Qs,p(M) ={we LM, AR |dw € LP(M,A’“‘H)},

This is a Banach space for the graph norm

/
llap = (10 aqarae + ldloqaranssy) -

The space Qg,p(M ) is a reflexive Banach space for any 1 < ¢,p < oco. This can be
proved using standard arguments of functional analysis.
We now define our basic ingredients (for three parameters r, g, p).

Definition 2.3. Put
(a) Zk (M) =Ker[d : QF (M) — L"(M, AF+1)].
(b) BE (M) =Tm[d : QF 1 (M) — L (M, A")].
The subspace Z;,f_yr(M) does not depend on 7 and is a closed subspace in L? (M, A¥)

(see Lemma [14, Lemma 2.4(i)]). This allows us to use the notation Z}(M) for all
Zk (M). Note that Z}(M) C LP(M,A*) is always a closed subspace but that is in

general not true for B§7P(M ). Denote by El;p(M ) its closure in the LP-topology.
Observe also that since d o d = 0, one has Es’p(M) C Z}’f (M). Thus,

BE (M) C By (M) C Z¥(M) = Z(M) C LP(M, A¥).

Definition 2.4. Suppose that 1 < ¢,p < oo. The L, ,-cohomology of (M, g) is
defined as the quotient

Hy (M) := Z;(M)/Bg (M),
and the reduced L ,-cohomology of (M, g) is, by definition, the space

H, (M) := Z5(M)/Be (M) .

q.p
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Since B}’; 4 18 not always closed, the L,-cohomology is in general a (non-Hausdorff)
semi-normed space, while the reduced L,-cohomology is a Banach space.
Below | X| stands for the volume of a Riemannian manifold (X, g).

It follows from the results of [13] that, under suitable assumptions on p, ¢, the
L p-cohomology of a Riemannian manifold M can be expressed in terms of smooth
forms.

Let C°>°(M, A¥) be the space of smooth k-forms on M.

Introduce the notations:

C®LP(M, AF) := C>(M, A*) N LP (M, AF);
C®LP(M, A, o) := C=(M,A*) N LP (M, A, o);
CoQ (M) := C™(M,A*)nQ} (M);

0o k k
Coon (M) — C (M’A )mZp(M) :
op C>(M,AF)N Bk (M)
- C>°(M, A*)n zE(M)
C Hq,p(]\/[) = 7:’ .
Co°(M,AF) N B, (M)

Theorem 2.5. [13, Theorem 12.5 and 12.8, Corollary 12.9]. Let (M,g) be a n-
dimensional Riemannian manifold and suppose the fulfillment of one of the following
conditions:

e p,q€ (1,00) and % -

11
qg — n’
®p,q€[l,o0) and%—é<%

Then the cohomology Hy (M) can be represented by smooth forms, and thus
Hy (M) =C>Hy ,(M).

More exactly, any closed form in Z;f(M) is cohomologous to a smooth form
in LP(M). Furthermore, if two smooth closed forms o, f € C*° (M, A¥)NZF (M) are
cohomologous modulo QX (M) then they are cohomologous modulo dC*°QF 1 (M).

Similarly, any reduced cohomology class can be represented by a smooth form.

3. DIFFERENTIAL FORMS ON A TWISTED CYLINDER

From now on, CZ;”,bN is the twisted cylinder [a,b) X N, that is, the product
of a half-interval [a,b) and a closed smooth n-dimensional Riemannian manifold
(N, gn) equipped with the Riemannian metric dt? + h%(t,x)gn, where h : [a,b) x
N — R is a smooth positive function.

Every differential form on [a,b) x N admits a unique representation of the form
w = w4 +dt ANwp, where the forms wy and w; do not contain dt (cf. [12]). It means
that wy and wy can be viewed as one-parameter families wa(t) and wp(t), t € I,
of differential forms on N.

The modulus of a form w of degree k on C’ibN is expressed via the moduli
of wa(t) and wp(t) on N as follows:

(31) |t @)len v = [t D) walt, o)k + R (o) wp )R]
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Consequently,
(3.2)
b v
”w”LP(Cg’bN,Ak): //(}ﬁ(%—k)(t,x)pA(t,x)ﬁ\,+h2(%—k+1)(t,x)|wB(t,x)ﬁv)id:pdt
N
Put
—in ik
frp(t) = i%l}v‘{h (t,m)}
and

Frp(t) = grlea]%({h%_k(t, )}

4. THE WEIGHTED SOBOLEV—POINCARE INEQUALITY FOR CONVEX SETS IN R"

Denote by Q. .(M) the space all locally integrable differential forms with locally
integrable weak differential.

Suppose that D C R™ is a convex set and ¢, : D x [0,1] = D, ¥,(z,t) =
tr + (1 — t)y, is the homotopy induced by the convex structure. For a k-form

w € Qf (D) the pullback ¢}w can be written as
Wl t) = (670), (0.0) + dt A (7). (2.1),

where (’(/sz)o and (’(/JZ&))l do not contain dt.
For each y € D define a homotopy operator

KZ/ E Qécoc(D) - Qk_l(D)

loc

as follows: )
Kw(z) = /0 (6w), (1) dt

It is easy to see that K, takes smooth forms to smooth forms. It is proved
in [15] that K,dw + dKyw = w The following proposition is a generalization of
results from [2] and Shartser’s thesis [22] (see also [23]) to the weighted case and to
unbounded convex domains.

Proposition 4.1. Suppose that D is a convex set inR", g >p>1,andf: D — R
s a positive smooth function.
If the inequality

1
O(kapv q, n)ﬁ) = / Sug ||ﬁ(x)1tw+(17t)D(Z)||L‘7(D,dw)tk(1 - t)_n/pdt <0
0 z€

holds then the inequality

K,dw(x
B(z) |;_(> < C(k,p,q;n, B) ||dw||Lp(D,A,€+1) .
Yl NlLe(D,dy) La(D,dx)
is valid for every w € QF (D) such that dw € LP(D,A**1). Here 1,41 1_pp is the
loc +( )

characteristic function of the set xt + (1 —t)D.
Proof. By the definition of K, we have

=|8(z)

Kydw(z)
Sl T

/1 (qudw) (1) ”

|z —yl

L (D,dy) L»(D,dy) || La(pda)
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1 (w;;dw)l (z,t)
o]

dt
|z —y

Lr(D,dy) La(D,dx)

q/p /4
|wia), @0

S/ / / > dy dx dt.

0 |z — y|

As usual, we identify the tangent space to R™ at any of its points with R™.
By easy calculations,

(W), (2.0)] < lo = y1¢* dw (0, (2, 1))

Therefore,

‘wdw
// / LA e e ) I
0 |x—y\

<[ { [ [ o |dw<wy<w,t>>|”dy]de}l/th
:/01{/ng(35) [/Dtkp|dw(tx+(1—t)y)|pdy]q/pdx}1/th —1.

The change of variables z = tx + (1 — t)y in the inner integral yields

1 a/p 1/a
= / / B9(x) / ldw(2)|Pdz|  dzx th(1— )/t
0 D tz+(1—t)D

Since D is convex, the set tx + (1 — t)D is contained in D for all z € D and
t € [0,1]. Using Minkowski’s integral inequality, we infer

/D o [/t:c+(1—t)p ()" dZ] " dz
{/ e [/ Liat-p(2) [de(2)]" dz] " dx}l/q

a/p p/q
/Bp )1yt (1—1yp(2) |dw(z)|pdz} da:)

1/p
La/P(D, dac)}

1/p
/ Hﬂ )iy (1-t)p(2) [dw(z ) HLq/p(D dl‘)d }

1/q

1/p

7)lypr(1—4)p(2) [dw(z )P dz

{
L
|
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p/q 1/p
{ /Bq 7)1y (1—4)p(2) |dw(z )|qu) dz}
p/q p
{ / B(x 1tm+ 1— t)D( )dl’) |dw(z)|pdz}
1/q 1/p
(jgg/ BU(x) 1zt (1—typ (2 )dx) (/ |dw (2 sz>

Slelp | B(x )1tz+(1 t)D( )||L<1 (D,dx) HdW”Lp(D Ak+1y -

The proposition follows. 0
Estimate
1
C(k,p,q,n,B) = / sup [|8(2)Leg+(1—6)p ()| La(panyt™ (1 — ) ~"/Pdt
0 z€D

in particular cases.

Corollary 4.2. Suppose that D is a convex set of finite measure in R™, g > p > 1,

11 < = and the weight 5(x) = 1. Then

p n’

1
C(k,p,q,n,1) < |D|1/q/ th=n/9(1 — £)™/P min(¢"/9, (1 — t)™/9)dt.
0

Remark 4.3. It is easy to see that the integral of the corollary exists because
of the conditions imposed on p and gq.

Proof. Using the change of variables v = tx, we obtain
1
/ sup Hlm+(1_t)p(z)||Lq(D i) (1 — )"/t
0 z€D )

1
N / SUP || Lus 100 ()|l paep,auy R a1 — )Pt
0 z€D
Note that [tD N {u+ (1 —¢)D}| < |D|min(t", (1 —¢)"). It follows that
11ura-00 ) Lo .an) < |D|Y 4 min(t"/?, (1 — t)"/9);

C(kypg,m, 1) < ||/ / £ /91— )72 mmin (4779, (1 — £)/9)dt
0

([l
Corollary 4.4. Suppose that U z's a convex set of finite measure |U| in R™, D =
[a,b) x U, ¢g>p>1, 5 -2 < q(n+1), and B : [a,b) — R is an integrable positive
Junction. If || B]| a((a,py) < oo then

C(k,pvqanvﬁ) < |U|1/q ||6HL‘1([(L,I))) :

Proof. It © € D then x = (7,w), where T € [a,b) and w € U. Using the special type
of the weight §(z) := S(7) and representing z € D as z = (1, () with n € [a,b) and
¢ € U, we obtain

n+1

1
/ sup HB 1tw+(17t)D(z)”Lq(D da) tk(l _t)det
0 z€eD ’
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1 1
q 7 e
S/ sup ( 3 ]-t'rJr(l t)[a, b)( )d7'> SUP(/ 1tw+(1t)U(C)dw> tk(l—t) v dt,
0 a<n<b ¢ceUN\JU

where x = (7, w).
Using the change of variables u = tw and the estimate

10 O {u -+ (1= OU}| < U] min(e", (1 - 1)),
we finally get

1
q

1
a _n+41
/ sup ( BUT) Ly (1-t)ap) (1 )dT> Sup(/ 1tw+(1_t)U(C)dw> t(1—t)" % dt
0 U

a<n<b ceu
1
< IUll/qllﬁllLa([a,b))/o tE= a1 — )= D min (879, (1 - )"/ 9)dt

The conditions on p and ¢ imply the finiteness of the last integral. O

Corollary 4.4 is a key ingredient in the proof of out main result, Theorem 7.1.
Unfortunately, for being able to “separate” the variable t, we have to impose the stronger
Constralnt S—= < n—_H q(n+1) than the condition 5—7 < nT-l given by Proposition 4.1.

5. A NEw HoMoTOPY OPERATOR FOR ¢q > p.
THE CASE OF A CONVEX DoOMAIN IN R"

In the previous section, we considered the homotopy operator on € _ of the form

A= /D aly) K yw()dy

for a convex set D in R™. We will need to modify A for obtaining some estimates.
Consider the same operator K, as in the previous section:

loc

Uylant) = tr+ (1= 0y, Kyola) = [ (0wt

Recall that dKyw + Kydw = w. Choose a smooth positive function o : D — R such
that [, a(z)dr =1 and put

Aqw(x) :z/ a(y) Kyw(x)dy, we Q..
D

By a straightforward calculation,

dAgw =d ( /D a(y)Kyw(x)dy) = /D o(y)d Kyw(x)dy;
Aadw:/ a(y)Kydw(x)dy;
D

dAsw + Apdw = /D a(y) [de Kyw(z) + Kydw(x)] dy = /D a(y)w(z)dy = w.

In particular, if dw = 0 then
dAw = w.
The definition of A, easily implies the following

Proposition 5.1. The homotopy operator A, takes smooth forms to smooth forms.
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Definition 5.2. Call a smooth positive function o : D — R an admissible weight
for a convex domain D C R™ and p > 1 if

/D a@)dz =15 lallp ) <005 @)yl [l ) < -

For p > 1, we as usual put
o = p’%l ifp>1,
o0 ifp=1

Theorem 5.3. Suppose that ¢q > p > 1, D C R™ is a convex set, B: D — R is a
positive smooth function, and o : D — R is an admissible weight. If

1
Cl(k7p7Qanvﬂ) = / sup ||B( )1tm+(l—t)D(’z)||L‘1(D,d$)tk(1 - t)_n/pdt < 005
0

zeD

1
02(k7pa qvnaﬁ) = / Sug H|x|6(l‘)1tm+(17t)D(z)||Lq(D,d:L’)tk(1 - t)—n/Pdt <0
0 z€
then for any w € C®LP(D, A¥) we have

[AawllLa(p,ar-1,8) < Clk,p,q,a,B,n)||wllLr (D ar)
where

C<k7p7 q, x, ﬂ7 TL) = ||Oé(y)|y| HLP’(D)Cl <k7p7 q,n, 6) + ||a||LP/(D)CQ(kap7 q,n, 6)
Proof. Put £ := Ayw. If p > 1 then, by Holder’s inequality, we infer

W Hﬂ(m) [ Kty
D La(D,A*~1,da)
Kyw(z)

|z -yl

la@)lz = ylll Lo (p,ay)
LP(D,AF—1 dy)

< Hﬁ(w)‘

La(D,A*-1 dz)
The above estimate also obviously holds for p = 1.
By the triangle inequality,

la@)lz = ylll Lo (p,ay) < |2l Lo (p,ay) + 1Y Le (D,ay)-
Therefore,
[AawllLacs,p,a%-1)
Kyw(l“)
lz —yl

< lla@)lylllze (p.ay)

ﬂ()]

L?(D,AF—1 dy) La(D,AF=1 dz)

+ Ha(y)”LP’(D,dy) |33 — y‘

Lr(D,AR=1 dy) La(D,Ak=1 dz)

By Proposition 4.1,
Kyw(z )
|z -yl

6|

H ol |72

< Cl(k7pa Q7n76) ||w||LT’(D,Ak) )
La(D,A*—1 dx)

Ak 1 dy)

< 02(k7p7Q7na 5) HwHLP(D,Ak) .
La(D,A*=1 dx)

le =yl y| LP(D, AR~ dy)
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The theorem is proved. O

Corollary 5.4. Suppose that ¢ > p > 1, D CR"™ is a convex set, « : [a,b) — R is
an admissible weight, 3,7~ : D — R are positive smooth functions. If the conditions

1
Ci(k,p,q,n, B) = / sup [|B(x) Leas (1) (2) | Lo( D,y ¥ (1 — t)"/Pdt < oo;
0

zeD

1
CZ(IC’?) q,n, ﬂ) = / Sug |||x|ﬂ(x)1tm+(1—t)D(Z)||L‘1(D,dz)tk(1 - t)in/pdt < 09
0 z¢€

— o —1
Q(k,]%p, ’7) T ||Py HL;DF/(P*?)(D) <o
are fulfilled for somep, 1 <p < p (forp=p, we put % = 00), then the inequality
||A0tw||Lq(D,A’“*1,,B) < C(k7p7 Qaa76777n)||w”LP(D,Ak,'y)a

where

C(k,p,q,a,B,7,n) = Q(k,p,p,7) C(k,p,q,n, a, B),
holds for any w € C*LP(D, A¥).

Proof. By Theorem 5.3,

||A04wHLq(D,Ak*1ﬁ) < C(k/’7T)7 q,n, «, 6) ||w||LF(D,Ak) .
If p < p then, using Hélder’s inequality, we have

(5.1) ||w||Lf(D,Ak) < ||’Yw||Lp(D,Ak) ||771HLPE/(17*5)(D) .
Inequality (5.1) also holds for p = p.

The corollary follows. U
Corollary 5.5. Suppose thatq>p>1, +—= < U is a bounded convex set

(n+1) ’
inR", D =la,b) xU, a:[a,b) = R is (m admzsszble weight, and B, : [a,b) = R
are positive smooth functions. If the conditions ||| La(ja,p))<00, [|76(T) || La([a,6)) <00,
and ||7_1||Lpﬁ/(p7@([a,b)) < oo are fulfilled for some p, 1 <p <p (for p=p, we put
PP _

2 = o0), then the inequality

|Aawl|La(p,ar-1,8) < const ||| r(p Ak )
with some constant depending k,p,q,n,a,3, andy holds for any w € C*LP(D, A* 7).
Proof. Suppose that a number p < p satisfies the conditions of the corollary.

If x € D then x = (1,w), where 7 € [a,b) and w € U. By Corollary 4.4, since
— = < and [|B||£a([a,p)) < 00, We have

1
D q(n+1)

1
/ Sup || (7)o (10 (2)| o 4y £ (1 = 1) Pt
0 z€D ’

1
< |U|1/q”/8||Lq([a,b))/O tFra(1L — )" min (/9 (1 - 1)/ 9)dt.

On the other hand, since ||75(7)||La(ja,p)) < o0, We have by Corollary 4.4:
1
/O sup || o3 L1900 ()|, (1 1)+

/0 supH\/Wﬁ T)lizr—t)p(2 )‘

zeD

th(1 — )=+ D/Pgy
La(D,dx)
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1 —
< \/5/0 sup 171+ 10D BT Lo 19D ()| o .y (1 = )+ Pt
1
< \/5/ sup I |T|ﬁ(7)1t1+(17t)D(Z)HLq(D i) t5(1 — )~/
0 z€ ,
1
i ﬁ/ sup || [w|B(T)Lez+1-00 (2| o awy 1 (1 = t)= Py
0 z€ ,
1
< \/§|U|1/‘1||7'5(T)||LQ([a,b)) / tkfn/lZ(l _ t)*(nJrl)/ﬁ min(t"/q, (1 B t)"/q)dt
0

1
+ V2 sup [w] |8/l La((ap)) / th=n/a(1 — )= FD/P i (/9 (1 — £)™9)dt < oo.
welU 0

The relations ||[78(7)||La(ap)) < 00 and ||[2]B(7)| Le(p) < oo enable us to apply
Corollary 5.4 and obtain the desired assertion. O

6. GLOBALIZATION: THE SOBOLEV—POINCARE INEQUALITY ON A CYLINDER

Here we globalize the Sobolev—Poincaré inequality to cylinders. The main assertion
of the section is

Theorem 6.1. Suppose that M is the cylinder [a,b) x N, where N is a closed
manifold of dimension n, ¢ > p > 1, 1% — % < q(qn;+11)’ and B,7v : [a,b) — R be
positive smooth functions. Let w be an evact k-form in C®°LP(M,AF ~). If the
conditions ||B||La(ap)) < 00, 1B La(ay) < 00, and |y~ Los/ -5 (jap)) < 00
are fulfilled for some p, 1 <p < p (for p = p, we put % = 00), then there exists

a (k—1)-form ¢ € C®°LI(M,A*=1  B) such that
(6.1) d¢=w and |[|€][Lear,ar-1,8) < const [[w]| Lo (ar,arx 4)-

Let U = {U,}, z € N, be a coordinate open cover of the base N. At each point
x € N, consider a geodesic ball U, that is geodesically convex (small balls are
geodesically convex, see [7, Proposition 4.2]) and such that its closure (a compact
set) is contained in U,. Then U’ = {U,} is an open cover of N. Extract a finite
subcover U = {U;}, i = 1,...,1, from U°. Since U consists of geodesic balls, it is
a good cover, i.e., all finite intersections Uy = U;y N---NU;,_,, I = (lg,...,05-1),
are bi-Lipschitz diffeomorphic to convex open sets with compact closure in R™.
With such a cover U, we associate the corresponding cover V = {V; = [a,b) x U,},
i=1,...,l,of M and put Vi =V;;Nn---NV; _, for I = (ig,...,is—1). Then each
intersection V7 is bi-Lipschitz diffeomorphic to a cylinder of the form [a,b) x Ugn,
where Ug- is a convex set with compact closure in R™. By analogy with [23], we
put

KR0= (M A KR = @ C(Vi, AR
G0 < <is—1
Given » € K™*, denote by sy, I = (ig,...,is-1), iop < --- < is, the components

of ». Define a coboundary operator § : K% — K*s5+1 a5 follows:

r=0

) J:(j07"'7j8)'
Vs
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Let LY(K**) be the space of elements » € K** with the finite norm

||%HL‘1(K’W,B) = Z ||%I||LQ(V1,A’“,B)'
i9<...ls—1
As usual, if 5 € K** has components s, I = (ig,...,is_ 1), ig < -+ < is, and v is
a permutation of the set {0,...,s — 1} then o,y = assignv.

The following proposition is a modification for our case of [23, Proposition 3.6],
which is in turn an adaptation of [3, Propositions 8.3 and 8.5].

Proposition 6.2. (K** §) is an exact compler. Moreover, if A € Li(K*s+1 3)
satisfies O\ = 0 then there exists 2 € LY(K** B3) such that A = 3 and

o >l Lacrer.s gy < const[[Al[Larro+1,p)
° Hd%||Lq(Kk+1,sﬁ) < const (H)\HLq(Kk,erl’lB) + Hd}\”Lq(Kkﬁ»l,erl’B)).

Proof. The fact that (K** §) is an exact complex was established in [3, Propo-
sitions 8.3 and 8.5] but we will give the standard argument for completeness. If
s € LY(K** 3) then

(0(0¢))igrrrnin = Z(_l)i((s%)io...ﬁT...is+1
= Z 10...11.4.1r.4.15+1 + Z %io---%lu-%rmierl =0.

<r I<r

Suppose that A € LI(K*s+1 ) is such that A = 0. Let p; be a partition
of unity subordinate to the cover {U;} of N. Then the functions p; : M — R,
pi(t,x) = p;(x) for all (t,x) € M = [a,b) x N, constitute a partition of unity
subordinate to the cover {V;} of M. Put

(62) Hig..ig—1 ij)‘ji0~»-is—1'
J

Show that ds = A

We have
(5%)%1@ = Z(i]‘) 10...17"...15 = Z Io] ]10...17«...15

r

Since A is a cocycle,
(6N jio.ie = Mg + Y (=1 N; 5 . =0

Hence,
70 s § :pJE : jzo...u...is 75 :pJ i0...ls T 10 gt

Thus, (K**,6) is indeed an exact complex.

The element s defined by (6.2) admits the estimates of the norms mentioned
in the proposition.

Indeed, we infer

H%HL‘I(K’“=S,B) = Z

i< - <is—1

La(Ur,A¥,B)

> piNjigeies
j
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< D D piNiewieos lpay ax g)

i< <is—1 j
< Z Z ||/\ji04..is,1HL‘I(UJ-,I,A"‘,B) < HAHLG(K’C»S“,,B)v
i< <is—1 j

which gives the first estimate of the proposition.
Let us prove the second estimate. We have

dtiy.ivy = D _(dpj A Njig.iuy + PidNjig. i)
j

Therefore,

el agacrregy = D 1D dps ANjioiu s + P3N i

ig<r<is_1!l j

< >0 > (lldps ANjigia i lzaqrargy + 10idNjio.iu | Lo Ars).5)

io<-<ig1 j

< const Z Z (INjio..ie—s Loy, am,8) + 1dXjig.isi [l Laquy,ar+1,5))

i0<-<fs—1 J

La(Up,AF+L,B)

= const (H)\HLq(Kk,erl)ﬁ) + Hd}\||Lq(Kk+1,s+1“3)> .
(I

Now, applying the general scheme of [23], we first construct some elements £° €
La(K*=s=1s+1 3} and then elements z* € LI(K*~*~1* B) such that & = 20 ¢
C>®LI(M,A*=1 B) is an element satisfying the claim of Theorem 6.1.

Construction of the elements ¢* € LI(Kk—s—Ls+l ),
Put ¢! = w and define (by induction) £¢° by setting its component (£%); to be
a solution to the equation

(6.3) ey = (66> 1)1
in Vy, I = (dg,...,1s) such that
(6.4) €711 Lo vy an—s-1,6) < const [|(865 )1l La(vy an-2 5

for0<s<k-1.

Note that such a solution always exists due to the local Sobolev—Poincaré inequality
(Corollary 5.5) since V7 is bi-Lipschitz diffeomorphic to a cylinder over a convex
subset in R™ with compact closure.

We have the following estimate of the weighted g-norm of £°:

Proposition 6.3. If I = (ip,...,is) then
€71 Laqvy,ax—s-1,8) < const [|wl|La(ar,a%,)-

Proof. Use induction on s. For s = 0, the assertion follows from the local Sobolev—
Poincaré inequality. Let now s > 0. We infer

€3 Lo vy ak—s-1,5) < comst [[(865 1)1l Laqvy an—s )

S
S COnSt Z |‘£:0715T1g_1 ||Lq(VI7Ak7575)
r=0
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S
< constz;) &5t 1||L‘1(Vv
—

10w lpels— Q. ig

k—s
| AR=2.)

S
< ConStZ Wl o (a1, 4% ) < const [|wl| Lo (ar,a% )
r=0

O

Note that £€¥~! is a collection of 0-forms satisfying the condition dd¢k—! = 0.
Thus, the functions (§¢¥~1) are constants on each set V;, I = (ig, . . . ,ix). The global
constant functions (66¥~1); on M belong to L4(M, 3) due to the hypotheses on j3.

The following assertion is Theorem 3.10 in [23]:

Lemma 6.4. There exists c € K*F with constant components cr, I = (igy -+ yik—1),
such that
k
(60)1 = Z(_I)Tcio...'zr.“ik (55k—1)17 I= (i()v sy Zk)
r=0
In addition, there exist numbers by, € R, I = (ig,...,ik—1), L = (io,..., i), such
that

cr = Z br,.(66" )L,
L

where b; 1, depend on the chosen cover U of N.
We have
Proposition 6.5. The constants ¢y of Lemma 6.4 satisfy the estimate
lerllLaqvy 8y < const [|w|| Lr(ar,a% )
Proof. By Lemma 6.4, each c; is representable as ¢c; = Y, by ,(66*71) . Hence,
lerllzovey < > 1broll (665 ) Lll v 5)-
L

Since (66¥~1) is a globally defined constant function on M as in the proof of Pro-
position 6.3, we have

1Bl La((a.py) (vol(Ur))*

1Bl L ((apy) (voL(UL))!

(VOI(U]))I/‘] B
— WH@& I)L“L‘?(VL”@) < const [|w]| Lo (ar, A% )-

This gives the estimate of the proposition. ([l

/a
166" Ll Lacva ) yrL LCI P PRI

Construction of the elements z° € LI(K*F=s=15 ).

Let us now glue all the forms €%, s—0, ..., k—1, into a global form ¢ satisfying (6.1).
Construct by induction elements z* € LI(K*==1% 3), s = k—1,...,1,0, such that
¢ =2V is a desired form on M.

Put 5}“—1 = f_l — ¢y, where ¢y is as in Lemma 6.4, I = (ig,...,ix—1). We
have dé}“_l = d{?‘l and 55’;_1 = 0. By Proposition 6.2, there exists z*~1 €
LY(KO%%=1 3) such that daz*~1 = €1 and

da*™ | parer 1,5 < const €57 | o ),
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2%~ )| a(xo.x1 5y < const (”ék_lHL‘Z(KW,B) + ||d£k_1HLa(K1=kﬁ)> :
Propositions 6.3 and 6.5 yield
(6.5) ||33k71||Lq(K01k—1,/3) < const [|lwl| L (ar,a% )
and
(6.6) [ldz™" | pagrrn1 8y < const ([[wllo(arary) + 1862 Lagxr g))

< const ([|wl| Lo (ar,a% ) + 16572 Lagcrn1,6)) < const [|w| Lo (ar,a% 4)-

Suppose that 25~ ("=1) is already constructed. By Proposition 6.2, there exists z*~"
such that
6xk—r _ gk—r _ dmk—r—&-l
where
(6.7) ||:Ck_’"||Lq(KT71,k7T’B) < const [|€F7" — de'k_TJrl||LQ(K7‘71,k—r+1’B)
and

(6:8) Ndz* "l pagicrir p)
< const (/|67 — da* | Lager—rn—rer gy + 1AEN T | Lacreri-re )
< COnSt(ka_r||Lq(Kﬂ"71,k7T+1’5) + ”d.’l’}k_r—‘rl|‘L‘Z(K7‘71,k—r+175)
+ 11665 | La(reri-rsr g)
< const ([[wll Lo (ar.ak ) + 142 | Lagrer16rs1 ) -
Here the last inequality stems from the fact that
S(EFT — dgk=r+Ly = 552k = 0.

The above considerations imply the following
Proposition 6.6. The forms x® admit the estimates:

(1) (||| pager—1.0-r 5y < const ||lw|| zo(ar,ax )5

(2) [lda™ " || pa(acrk—r gy < const [|w| Lo ar,a% ) -
Proof. Use induction on r. For r =1, (1) and (2) are just estimates (6.5) and (6.6).

Assume that r > 1. For proving estimate (2), observe that, by the induction
hypothesis and (6.8),

1da® =" paacrn—r gy < comst (|lwll Lo (ar,an ) + 1de T pagaer—15-rs1 )

< const [|wl| Lo (ar,a% )

Now, Proposition 6.3 and estimates (6.7) and (2) yield
7 agser=rmr y < comst €47 = T+ | aicrsimron o
< const (Hgk_r||L<1(K'f*1,’“*r+1,ﬁ)+|‘d$k_r+1HLQ(K’"*L’C”‘“,E)) <const [|w||£o(ar,a% )
O
Finally, put & = 2°. Then d¢ = w. Indeed, we have
§(w — da®) = 0w — doz® = dw — d(£° — dat) = dw — de® = 0.
Since §(w — dz°); = (w — dz?)

v;, we infer that w = dxy on M. By Proposition 6.6,

1€l La(ar,an—1,8) = |x0||L4(Kk*1)0,6) < const [|w]| Lo (ar,a% )



THE SOBOLEV-POINCARE INEQUALITY AND THE L, ,-COHOMOLOGY 581
Theorem 6.1 is completely proved.

7. Lqp-COHOMOLOGY OF A TWISTED CYLINDER

Theorem 7.1. Suppose that N is a closed manifold of dimension n, H{%R(N) =0,
q>p>1, and7—7< (n+1) If

(| max(Fi—2,q, Fr—1,9) [ La(lap)) <00, [t max(Fr—2q, Fr—1,¢) ()l La(a,p)) < 00,
and

min s Jkp)s PP < o0
min s S}

for some p, 1 <p <p (for p=p, we put % = 0), then H’“ (Cth) =0.

Proof. Let M be the cylinder [a, b) x N with the usual product metric. By the Kiinneth
formula for the de Rham cohomology, we have
Hfyg (M) = Hfsp(N) = 0.
Let w € COOLP(Cg’bN, AF). Using expression (3.2) for the norm and the definition

of fip, we infer

(71) ||w||LP(M,A",min(fk,l,p,fk,p))

S

- V fmin( i1 (), fiep(t)}? / <|wA<t,x>|%v+|wB<t,x>|?v>‘5dmdt]

p

V/ (WG Bt x)|walt, x)| 3+ h2S k“)(t,x)wB(t,x)ﬁv)gdxdt]

= HWHLP(C%N,A’C)'
Thus, w € C®LP(M,A* min(fx—1,, frp)). Since the de Rham cohomology
HEL (M) is trivial, w is exact, and we can apply Theorem 6.1, by which there
exists £ € O°LI(M, A* max(Fj,_2 4(t), Fx_1,4(t)) with
(7.2) ||£||Lq(ﬁw/\k717max(Fk72,quk—l,q)) = ConSt||w||Lp(MyAkvmin(fkfl,pvfk,p)).

For this form &, we have

(7.3) lElLagon, wae)

1
q

' q
— l/ /N(h2(%—k+1)(t,13)|5A(t,:1:)|?v+ h2(3_k+2)(t,0§)ﬁB(f,I)ﬁv)dedt]

Q=

b q
< [ {max(Fiag (1), Fior a0 [ (a0l + |fB<t,x>|?V>2dxdt]
a N
= ||€||LQ(M,A’C*1,max(Fk,Q’q,Fk,17q))'
Combining (7.1),(7.2), and (7.3), we obtain
1€l La(cn , n,an-1) < comst [[wl[Lacn , v ak)-

Thus, C*H} (Cl',N) = 0, and hence, by Theorem 2.5, also Hy ,(Cl,N) =0. O
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Remark 7.2. As was observed in the introduction, in [18], the second author
established sufficient conditions for the L4,-cohomology of a warped cylinder to be
infinite-dimensional in terms of “almost duality” and Hardy’s inequality. In [18], the
base manifold must have nontrivial L,- and L,-cohomology.

8. L4 p,-COHOMOLOGY OF AN ASYMPTOTIC TWISTED CYLINDER
Recall the following definition, given in [10]:

Definition 8.1. We refer to a pair (M, X) consisting of an m-dimensional manifold
M and an m-dimensional compact submanifold X with boundary as an asymptotic
twisted cylinder ACQ »0X if M\ (X\0X) is bi-Lipschitz diffeomorphically equivalent
to the twisted cylinder Cg7b8X .

For asymptotic twisted cylinders, Theorem 7.1 gives:

Theorem 8.2. Let (M,X) = ch;,baX be an asymptotic twisted cylinder with
dmM = dimX = m = n+ 1. Assume that ¢ > p > 1, %—% < %, and
HER(0X)=0. If

[ max(Fi—2,q; Fr—1,9) [ La(fap)) <00, [t max(Fi—2,q, Fr—1,¢) ()l La(fa,p)) < 00,

and

[{min(fr—1p, fk,p)}_l | e

LP=7 ([a,b))
for some p, 1 <p <p (for p=p, we put % = 0), then H(’ZP(M) =0.

Proof. Since bi-Lipschitz diffeomorphisms preserve L,, and L,, and extension by
zero gives a topological isomorphism between the spaces W (Cg’baX ) and
Wy oo (M ) for all py, pa, we have a topological isomorphism
* ~ * h
le,m (M) = thpz (Ca’baX)
for all py, p2. The theorem now follows from Theorem 7.1. O

9. EXAMPLES

Let us analyze the conditions of the last theorems for comparatively simple cases.
Suppose that N is the n-dimensional sphere S™. Then HSR(N) = 0 for any k£ # 0, n.

11 g1
By the hypothesess of the theorems, ¢ > p > 1 and >~ 7 < D) Put

s(t) == max h(t,z) and g¢g(t):= miSn h(t,x).
zeS™

reS™
Then, by definition,

I gk = max(F—2.4, Fi—1,4) = max(s%_k“, S%—kﬂ)’

Iy g (t) == tmax(Fy_o.q, Fr_1,4)(t)) = tmax(ss *2(t), s (1))
and
Ly pk o= {min(fr—1,, frp)} 7' = {min(gr 1 g7 )}

By the hypotheses of the theorems, we must check the integrability of these three
functions in the corresponding degrees under the above-mentioned restrictions on p
and gq.

Suppose for simplicity that s(¢) and g(t) are smooth increasing functions tending
to oo as ¢ — b — 0. Denote the maximal integrability intervals for s* and g¢"
by (—o0,a) and (—o0,f), i.e s* is integrable on [a,b) for every u < « and is
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not integrable for every u > « and similarly for g¥. Let also a; be the supremum
of p such that ts#(t) is integrable on [a, b).

For this case Iy g = s4 "2 I o x(t) = tss " T2(t), and I3, = " 7.

The conditions of the theorems are fulfilled if

ﬁ—k—f—2<min(04,041), E—k>—[3.
q p

Note that these inequalities cannot hold simultaneously if b = oo. In this case,
a, a1, and (3 are all negative, whence % —k> % — k + 2. We thus have % - % > %,
which contradicts the hypotheses.

Examine more closely the case of 0 < a < b < co. The function ¢ is bounded,
and hence oo = a;. Therefore, the inequalities for I; 45 and I5, ; can be combined
into one inequality

k—2+4+a 1 1 - k—p
n q - p n
It means that the additional condition &k — 24+ a < k — 3, i.e., a + 8 < 2, must be
fulfilled.
eps -1 1
The last condition is 5~ g < (n+1)’ ie,p<qg< n+1_

Summarizing, we conclude that for known integrability hmlts « and (3, we need
to check two simple conditions for p and ¢:
np
a+pf<2, p<g< ——
hs2p<q n+1l-—p

and the inequality
k—2+a<1§1 k—ﬂ’
n q P

3

for the degree k.
Under these conditions, the cohomology of the tw1sted cylinder C[ b)S" vanishes.

For example, if s(t) = g(t) = (b — )2 then a = 3 = 1/2. For p = 2 we have
2<q< 2%.
The last inequality yields
k—3 2 1 1 —1/2
(9.1) / -<= / .
n q 2 n
Let ¢ be an arbitrary number in (2, ) Then the second inequality ¢ < —1 gives

us the constraint n < ¢/(q — 2). Smce q/(q —2) < 4, we can take n = 4. We have
1/2 < (2k —1)/8, i.e., k > 2. For k = 3, the leftmost inequality gives us the valid
condition 3/8 < 1/q. Note that if ¢ = 2 then always ¢ < n2” If n is even and
k=% + 1 then all inequalities in (9.1) are fulfilled. Thus, we have

: 8
H}o(Cl St =0 ifge [2, 3)

and
"G (Ch 8% =0, 1>2
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