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INTRODUCTION

Bai et.al. [3] introduced a dual notion of the Poisson algebra, which is called a transposed Poisson
algebra, by changing the roles of the two multiplications in the Leibniz rule. Poisson algebra is
introduced to commutative associative algebras by their derivation. Similarly, on a Lie algebra, the
concept of a transposed Poisson algebra is defined by the 1

2
-derivation. This way of defining not only

shares some properties of a Poisson algebra, such as the closedness under tensor products and the
Koszul self-duality as an operation, but also admits a rich class of identities [3, 5, 8, 10, 25–27].

The description of all Poisson algebras with a fixed Lie or associative part [11, 15, 30] is one of
the natural tasks in the theory. In this paper, we present transposed Poisson algebras that demonstrate
quasi-filiform Lie algebras of maximum length. Abdurasulov et.al. [1], obtained the description of all
transposed Poisson algebra structures on solvable Lie algebras with filiform nilradical.

It is worth noting that any unital transposed Poisson algebra is a particular case of a “contact
bracket” algebra and a quasi-Poisson algebra [5]. Every transposed Poisson algebra is a commuta-
tive Gelfand-Dorfman algebra [27], and is also an algebra of Jordan brackets [8]. Ferreira et. al. [7]
established a relation between transposed Poisson algebras and 1

2
-derivations of Lie algebras. These

ideas played an active role in describing all transposed Poisson structures on Witt and Virasoro alge-
bras in [7]. Twisted Heisenberg-Virasoro, Schrödinger-Virasoro and extended Schrödinger-Virasoro
algebras were studied in [32]. The fact that the original deformative Schrödinger-Virasoro algebras
have nontrivial 1

2
-derivations, indicating that they possess nontrivial transposed Poisson structures

is shown in [28]. In [23] Transposed Poisson structures on deformative Schrödinger-Witt algebras,
non-finitely graded Witt algebras, and non-finitely graded Heisenberg-Witt algebras are classified.
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Moreover, in [24] authors computed 1
2
-derivations on the deformed generalized Heisenberg-Virasoro

algebras and on not-finitely graded Heisenberg-Virasoro algebras, and classified all transposed Pois-
son structures on such algebras. δ-derivations of simple Jordan algebras with values in irreducible
bimodules studied in [33] Meanwhile, Schrödinger algebra in (n + 1)-dimensional space-time was
discussed in [29]. Then, in [17] Witt type Lie algebras were discussed and [18] studied generalized
Witt algebras. The papers [16, 18] studied Block Lie algebras, while [19] examined Lie algebras
of upper triangular matrices and a transposed Poisson structures on Lie algebra of upper triangular
matrices. Additionally, [20] was devoted to the study of Lie incidence algebras. In [6] considered a
new family of modified double Poisson brackets and mixed double Poisson algebras. It was proved
in [22] that any complex finite-dimensional solvable Lie algebra admits a non-trivial transposed Pois-
son structure. In [4] authors gave the algebraic and geometric classification of three-dimensional
transposed Poisson algebras. The list of actual open questions on transposed Poisson algebras can
be seen in [5]. Recently, all transposed Poisson algebra structures on oscillator Lie algebras, i.e., on
one-dimensional solvable extensions of (2n + 1)-dimensional Heisenberg algebra; on solvable Lie
algebras with naturally graded filiform nilpotent radical; on (n+ 1)-dimensional solvable extensions
of the (2n + 1)-dimensional Heisenberg algebra; and on n-dimensional solvable extensions of n-
dimensional algebra with the trivial multiplication were described in [21]. This paper also gave an
example of a finite-dimensional Lie algebra with non-trivial 1

2
-derivations without non-trivial trans-

posed Poisson algebra structures. In [4], the algebraic and geometric classification of all complex
3-dimensional transposed Poisson algebras was obtained, whereas [31] focused on the algebraic clas-
sification of all complex 3-dimensional transposed Poisson 3-Lie algebras.

The purpose of this article is to find all transposed Poisson algebras that demonstrate quasi-filiform
Lie algebras of maximum length. Building on our previous work [2], where we addressed the case
of quasi-filiform Lie algebras in dimensions 5 and 6, this paper extends the results to dimensions
7 and higher, thereby providing a general solution to the problem. In order to achieve our goal,
we have organized this paper as follows: in Section 2, we describe 1

2
-derivations of quasi-filiform

Lie algebras of maximum length and Section 3, describes all non-trivial transposed Poisson algebras
with quasi-filiform Lie algebras of maximum length. Next, by using descriptions of 1

2
-derivations of

Lie algebras, we establish commutative associative multiplication to construct a transposed Poisson
algebra associated with given Lie algebra.

1. PRELIMINARIES

This section discusses the concepts and known results on algebras over the field C unless the
otherwise is stated.

A Poisson algebra consists of a vector space L equipped with two bilinear operations, denoted ·
and [·, ·], which map L × L to L. In this structure, (L, ·) is a commutative associative algebra, while
(L, [·, ·]) forms a Lie algebra. The operations must satisfy a compatibility condition known as the
Leibniz rule, expressed as

[x, y · z] = [x, y] · z + y · [x, z],
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where the adjoint operators of the Lie algebra act as derivations on the commutative associative
algebra.

Poisson algebras arose from the study of Poisson geometry in the 1970s and have appeared in an
extremely wide range of areas in mathematics and physics. Below we give the definition of transposed
Poisson algebra, which was given in the paper by Bai, Bai, Guo, and Wu [3].

〈TPA〉Definition 1. Let L be a vector space equipped with two bilinear operations

·, [−,−] : L⊗ L→ L.

The triple (L, ·, [−,−]) is called a transposed Poisson algebra if (L, ·) is a commutative associative
algebra and (L, [−,−]) is a Lie algebra which satisfies the following compatibility condition

2z · [x, y] = [z · x, y] + [x, z · y]. (1) eq:dualp

Eq. (1) is called transposed Leibniz rule because the roles of two binary operations in the Leibniz
rule in a Poisson algebra are switched. Further, the resulting operation is rescaled by introducing a
factor 2 on the left-hand side.

〈halfderiv〉Definition 2. Let (L, [−,−]) be an algebra with a multiplication [−,−], and ϕ be a bilinear map.
Then ϕ is a 1

2
-derivation if it satisfies:

ϕ([x, y]) =
1

2
([ϕ(x), y] + [x, ϕ(y)]). (2) halfderiv1

Note that 1
2
-derivations are a particular case of δ-derivations introduced by Filippov in [9] (see,

[13,14] and references therein). It is easy to see from Definition 2 that [L,L] andAnn(L) are invariant
under any 1

2
-derivation of L. Definitions 1 and 2 immediately imply the following lemma.

?〈lemma1〉? Lemma 3. Let (L, [−,−]) be a Lie algebra and · a new binary (bilinear) operation on L. Then
(L, ·, [−,−]) is a transposed Poisson algebra if and only if · is commutative and associative, and for
every z ∈ L the multiplication by z in (L, ·) is a 1

2
-derivation of (L, [−,−]).

Lower central series for a given Lie algebra L is defined as follows:

L1 = L, Lk+1 = [Lk,L], k ≥ 1.

Definition 4. An n-dimensional Lie algebra is called quasi-filiform if Ln−2 6= {0} and Ln−1 = {0}.

A Lie algebra L is Z-graded, if L =
⊕

i∈ZVi, where [Vi, Vj] ⊆ Vi+j for any i, j ∈ Z with a finite
number of non-null spaces Vi. We say that a nilpotent Lie algebra L admits the connected gradation
L = Vk1 ⊕ · · · ⊕ Vkt , if Vki 6= {0} for any i (1 ≤ i ≤ t).

Definition 5. The number l(⊕L) = l(Vk1⊕· · ·⊕Vkt) = kt−k1+1 is called the length of gradation.
A gradation is said to be of maximum length, if l(⊕L) = dim(L).

We denote l(L) = max{l(⊕L) such that L = Vk1 ⊕ · · · ⊕ Vkt is a connected gradation} of the
length of an algebra L.

Definition 6. A Lie algebra L is called of maximum length if l(L) = dim(L).
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Since we covered the dimensions 5 and 6 in our previous work [2], we will consider n ≥ 7 in
this work. In the following theorem we present the classification of quasi-filiform Lie algebras of
maximum length given in [12].

?〈thm26〉? Theorem 7. Let L be an n-dimensional (n ≥ 7) quasi-filiform Lie algebra of maximum length. Then
the algebra L is isomorphic to one of the following pairwise non-isomorphic algebras:

g1(n,1) :

{
[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en−i] = (−1)ien, 2 ≤ i ≤ n−1
2
, n is odd;

g2(n,1) :

{
[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en] = ei+2, 2 ≤ i ≤ n− 3;
g3(n,1) :


[e1, ei] = ei+1, 2 ≤ i ≤ n− 2,

[ei, en] = ei+2, 2 ≤ i ≤ n− 3

[e2, ei] = ei+3, 3 ≤ i ≤ n− 4;

g17 :


[e1, ei] = ei+1, 2 ≤ i ≤ 5,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[ei, e7−i] = (−1)ie7, 2 ≤ i ≤ 3;

g29 :



[e1, ei] = ei+1, 2 ≤ i ≤ 7,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[e2, e5] = 3e7,

[e2, e6] = 5e8,

[e3, ei] = −2ei+3, 4 ≤ i ≤ 5,

[ei, e9−i] = (−1)ie9, 2 ≤ i ≤ 4;

g311 :



[e1, ei] = ei+1, 2 ≤ i ≤ 9,

[e2, ei] = ei+2, 3 ≤ i ≤ 4,

[e2, ei] = −ei+2, 6 ≤ i ≤ 7

[e3, e7] = −e10,
[e3, ei] = ei+3, 4 ≤ i ≤ 5,

[e4, ei] = ei+4, 5 ≤ i ≤ 6,

[ei, e11−i] = (−1)ie11, 2 ≤ i ≤ 5,

where {e1, e2, . . . , en} is a basis of the algebra.

2. 1
2
-DERIVATION OF QUASI-FILIFORM LIE ALGEBRAS OF MAXIMUM LENGTH

In this section, we will derive and calculate 1
2
-derivation of quasi-filiform Lie algebras of maximum

length with dimension n ≥ 7. We start with the following theorem.
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〈halfderiv1〉Theorem 8. Any 1
2
-derivations of the algebra g1(n,1) has the form

ϕ(e1) =
n∑

i=1

αiei,

ϕ(e2) = α1e2 + βn−2en−2 + βn−1en−1 + βnen,

ϕ(e3) = α1e3 +
1
2
βn−2en−1 − 1

2
αn−2en,

ϕ(ei) = α1ei +
(−1)i

2
αn−i+1en, 4 ≤ i ≤ n− 1,

ϕ(en) = α1en.

Proof. It is easy to see that g1(n,1) has 2 generators. We use these generators to calculate 1
2
-derivation.

ϕ(e1) =
n∑

i=1

αiei, ϕ(e2) =
n∑

i=1

βiei.

Now consider the condition of 1
2
-derivation for the elements e1 and e2 :

ϕ(e3) = ϕ([e1, e2]) =
1
2
([ϕ(e1), e2] + [e1, ϕ(e2)])

= 1
2
([

n∑
i=1

αiei, e2] + [e1,
n∑

i=1

βiei]) =
1
2
((α1 + β2)e3 +

n−1∑
i=4

βi−1ei − αn−2en).

We prove the following equality for 3 ≤ i ≤ n− 1 by induction:

ϕ(ei) =
1

2i−2

(
(2i−2 − 1)α1 + β2

)
ei +

1
2i−2

n−1∑
t=i+1

βt−i+2et +
(−1)i

2
αn−i+1en.

If i = 3, the relationship holds according to the above equality. Now, we prove that it is true for i and
i+ 1. By considering the condition of 1

2
-derivation for the elements e1, ei we have

ϕ(ei+1) = ϕ([e1, ei]) =
1
2
([ϕ(e1), ei] + [e1, ϕ(ei)])

= 1
2

(
[

n∑
k=1

αkek, ei] + [e1,
1

2i−2

(
(2i−2 − 1)α1 + β2

)
ei +

1
2i−2

n−1∑
t=i+1

βt−i+2et +
(−1)i

2
αn−i+1en]

)
= 1

2

(
α1ei+1 + (−1)i+1αn−ien +

1
2i−2

(
(2i−2 − 1)α1 + β2

)
ei+1 +

1
2i−2

n−2∑
t=i+1

βt−i+2et+1

)
= 1

2i−1

(
(2i−1 − 1)α1 + β2

)
ei+1 +

1
2i−1

n−1∑
t=i+2

βt−i+1et +
(−1)i+1

2
αn−ien.

Now, consider the condition of 1
2
-derivation for the elements e2, en−2 :

ϕ(en) = ϕ([e2, en−2]) =
1
2
([ϕ(e2), en−2] + [e2, ϕ(en−2)])

= 1
2

(
[
n∑

i=1

βiei, en−2] + [e2,
1

2n−4

(
(2n−4 − 1)α1 + β2

)
en−2 +

1
2n−4β3en−1 +

(−1)n−2

2
α3en]

)
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= 1
2

(
β1en−1+β2en+

1
2n−4

(
(2n−4−1)α1+β2

)
en

)
= 1

2
β1en−1+

1
2n−3

(
(2n−4−1)α1+(2n−4+1)β2

)
en.

Thus, we obtain that

ϕ(en) =
1

2
β1en−1 +

1

2n−3

(
(2n−4 − 1)α1 + (2n−4 + 1)β2

)
en. (3) fien1

Now, we consider the condition of 1
2
-derivation for the elements e2 and ei, 3 ≤ i ≤ n− 3 :

0 = ϕ([e2, ei]) =
1
2
([ϕ(e2), ei] + [e2, ϕ(ei)])

= 1
2

(
[
n∑

i=1

βiei, ei] + [e2,
1

2i−2

(
(2i−2 − 1)α1 + β2

)
ei +

1
2i−2

n−1∑
t=i+1

βt−i+2et +
(−1)i

2
αn−i+1en]

)
= 1

2

(
[β1ei+1 − (−1)iβn−ien + 1

2i−2βn−ien

)
.

By the comparison of coefficients at the basis elements we obtain that

β1 = βi = 0, 3 ≤ i ≤ n− 3.

By considering the condition of 1
2
-derivation for the elements e3 and en−3 we have

ϕ([e3, en−3]) =
1
2
([ϕ(e3), en−3] + [e3, ϕ(en−3)])

= 1
2

(
[1
2
((α1 + β2)e3 + βn−2en−1 − αn−2en), en−3] + [e3,

1
2n−5

(
(2n−5 − 1)α1 + β2

)
en−3 +

1
2
α4en]

)
= 1

2

(
− 1

2
((α1 + β2)en − 1

2n−5

(
(2n−5 − 1)α1 + β2

)
en

)
.

On the other hand,

ϕ([e3, en−3]) = −ϕ(en) = −
( 1

22
((α1 + β2) +

1

2n−4

(
(2n−5 − 1)α1 + β2

))
en. (4) fien2

By comparing the coefficients at the basis elements in expressions (3) and (4) we obtain that α1 = β2.
This completes the proof of the theorem. �

Now we study the 1
2
-derivation of the algebra g2(n,1).

?〈halfderiv2〉? Theorem 9. Any 1
2
-derivations of the algebra g2(n,1) has the form

ϕ(e1) =
n−1∑
i=1

αiei,

ϕ(e2) = α1e2 + βn−2en−2 + βn−1en−1,

ϕ(e3) = α1e3 +
1
2
βn−2en−1,

ϕ(ei) = α1ei, 4 ≤ i ≤ n− 1,

ϕ(en) = −
n−2∑
i=3

αi−1ei + γn−1en−1 + α1en.
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Proof. From the multiplication table of the algebra g2(n,1) we conclude that e1, e2 and en are the gen-
erator basis elements of the algebra. We use these generators to calculate 1

2
-derivation:

ϕ(e1) =
n∑

i=1

αiei, ϕ(e2) =
n∑

i=1

βiei, ϕ(x) =
n∑

i=1

γiei.

Now consider the condition of 1
2
-derivation for the elements e1 and e2 :

ϕ(e3) = ϕ([e1, e2]) =
1
2
([ϕ(e1), e2] + [e1, ϕ(e2)])

= 1
2
([

n∑
i=1

αiei, e2] + [e1,
n∑

i=1

βiei]) =
1
2

(
(α1 + β2)e3 + (β3 − αn)e4 +

n−1∑
i=5

βi−1ei

)
.

We prove the following equality for 3 ≤ i ≤ n− 2 by induction:

ϕ(ei) =
1

2i−2

(
(2i−2 − 1)α1 + β2

)
ei +

1
2i−2

(
β3 − (2i−2 − 1)αn

)
ei+1 +

1
2i−2

n−1∑
t=i+2

βt−i+2et

and

ϕ(en−1) =
1

2n−3

(
(2n−3 − 1)α1 + β2

)
en−1.

If i = 3, the relationship holds according to the above equality. Now, we prove that it is true for i
and i+1. By considering the condition of 1

2
-derivation for the elements e1, ei , we have the following:

ϕ(ei+1) = ϕ([e1, ei]) =
1
2
([ϕ(e1), ei] + [e1, ϕ(ei)])

= 1
2

(
[

n∑
k=1

αkek, ei]+[e1,
1

2i−2

(
(2i−2−1)α1+β2

)
ei+

1
2i−2

(
β3−(2i−2−1)αn

)
ei+1+

1
2i−2

n−1∑
t=i+2

βt−i+2et

)
= 1

2

(
α1ei+1 − αnei+2 +

1
2i−2

(
(2i−2 − 1)α1 + β2

)
ei+1 +

1
2i−2

(
β3 − (2i−2 − 1)αn

)
ei+2

+ 1
2i−2

n−2∑
t=i+2

βt−i+2et+1

)
= 1

2i−1

(
(2i−1 − 1)α1 + β2

)
ei+1 +

1
2i−1

(
β3 − (2i−1 − 1)αn

)
ei+2 +

1
2i−1

n−1∑
t=i+3

βt−i+1et.

From

0 = ϕ([e1, en]) =
1

2
([ϕ(e1), en] + [e1, ϕ(en)]) =

1

2

(
[

n∑
k=1

αkek, en] + [e1,
n∑

k=1

γkek]
)

=
1

2

( n−3∑
k=2

αkek+2 +
n−2∑
k=2

γkek+1

)
=

1

2

( n−1∑
k=4

αk−2ek +
n−1∑
k=3

γk−1ek

)
,

we obtain,

γ2 = 0, γi = −αi−1, 3 ≤ i ≤ n− 2.
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Now consider the condition of 1
2
-derivation for the elements e2, en :

ϕ([e2, en]) =
1
2
([ϕ(e2), en] + [e2, ϕ(en)]) =

1
2

(
[
n∑

i=1

βiei, en] + [e2,
n∑

i=1

γiei]
)

= 1
2

( n−3∑
i=2

βiei+2 − γ1e3 + γne4

)
= 1

2

(
− γ1e3 + (β2 + γn)e4 +

n−1∑
i=5

βi−2ei

)
.

Thus,

ϕ([e2, en]) = ϕ(e4).

By Comparing the coefficients at the basis elements, we obtain that

γ1 = 0, 2γn = 3α1 − β2; β3 = −3αn, βi = 0, 4 ≤ i ≤ n− 3.

By using the property of 1
2
-derivation for the products [e2, e3] = 0 and [e3, en] = e5, we have

β1 = 0; βn = 0, β2 = α1; β3 = αn = 0.

This completes the proof of the theorem. �

Now, we will study the 1
2
-derivation of the algebra g3(n,1).

〈halfderiv3〉Theorem 10. Any 1
2
-derivations of the algebra g3(n,1) has the form

• for n = 7 : 

ϕ(e1) = α1e1 + α2e2 + α3e3 + α4e4 + α5e5 + α6e6,

ϕ(e2) = α1e2 + 4α2e4 + β5e5 + β6e6,

ϕ(e3) = α1e3 + 2α2e5 +
1
2
(β5 − α3)e6,

ϕ(e4) = α1e4 +
3
2
α2e6,

ϕ(e5) = α1e5, ϕ(e6) = α1e6,

ϕ(e7) = −α2e3 − α3e4 − α4e5 + γ6e6 + α1e7,

• for n ≥ 8 : 

ϕ(e1) = α1e1 +
n−1∑
i=3

αiei,

ϕ(e2) = α1e2 +
n−3∑
i=5

αi−2ei + βn−2en−2 + βn−1en−1,

ϕ(e3) = α1e3 +
1
2
(βn−2 − αn−4)en−1,

ϕ(ei) = α1ei, 4 ≤ i ≤ n− 1,

ϕ(en) = −
n−2∑
i=4

αi−1ei + γn−1en−1 + α1en.

Proof. The algebra g3(n,1) has generators e1, e2 and en. Then, we have the following
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ϕ(e1) =
n∑

i=1

αiei, ϕ(e2) =
n∑

i=1

βiei, ϕ(en) =
n∑

i=1

γiei.

Now, consider the condition of 1
2
-derivation for the elements e2 and en we obtain

ϕ(e3) = ϕ([e1, e2]) =
1
2
([ϕ(e1), e2] + [e1, ϕ(e2)]) =

1
2
([

n∑
i=1

αiei, e2] + [e1,
n∑

i=1

βiei])

= 1
2

(
α1e3 −

n−4∑
i=3

αiei+3 − αne4 +
n−2∑
i=2

βiei+1

)
= 1

2

(
(α1 + β2)e3 + (β3 − αn)e4 + β4e5 +

n−1∑
i=6

(βi−1 − αi−3)ei

)
.

We can prove the following equalities by induction:

ϕ(ei) =
1

2i−2

(
(2i−2 − 1)α1 + β2

)
ei +

1
2i−2

(
β3 − (2i−2 − 1)αn

)
ei+1

+ 1
2i−2

(
(2i−2 − 2)α2 + β4

)
ei+2 +

1
2i−2

n−1∑
t=i+3

(βt−i+2 − αt−i)et

for 3 ≤ i ≤ n− 4 and

ϕ(en−3) =
1

2n−5

(
(2n−5 − 1)α1 + β2

)
en−3 +

1
2n−5

(
β3 − (2n−5 − 1)αn

)
en−2

+ 1
2n−5

(
(2n−5 − 2)α2 + β4

)
en−1,

ϕ(en−2) =
1

2n−4

(
(2n−4 − 1)α1 + β2

)
en−2 +

1
2n−4

(
β3 − (2n−4 − 1)αn

)
en−1,

ϕ(en−1) =
1

2n−3

(
(2n−3 − 1)α1 + β2

)
en−1.

From

0 = ϕ([e1, en]) =
1

2
([ϕ(e1), en] + [e1, ϕ(en)]) =

1

2

(
[

n∑
k=1

αkek, en] + [e1,
n∑

k=1

γkek]
)

=
1

2

( n−3∑
k=2

αkek+2 +
n−2∑
k=2

γkek+1

)
=

1

2

( n−1∑
k=4

αk−2ek +
n−1∑
k=3

γk−1ek

)
,

we obtain that

γ2 = 0, γi = −αi−1, 3 ≤ i ≤ n− 2.

Now, we consider the condition of 1
2
-derivation for the elements e2, en :

ϕ([e2, en]) =
1
2
([ϕ(e2), en] + [e2, ϕ(en)]) =

1
2

(
[
n∑

i=1

βiei, en] + [e2,
n∑

i=1

γiei]
)
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= 1
2

( n−3∑
i=2

βiei+2 − γ1e3 +
n−4∑
i=3

γiei+3 + γne4

)
= 1

2

(
− γ1e3 + (β2 + γn)e4 + β3e5 +

n−1∑
i=6

(βi−2 − γi−3)ei
)
.

Thus, we have

ϕ([e2, en]) = ϕ(e4) =
1
4
(3α1 + β2)e4 +

1
4
(β3 − 3αn)e5 +

1
4
(2α2 + β4)e6 +

1
4

n−1∑
t=7

(βt−2 − αt−4)et.

Comparing the coefficients at the basis elements, we obtain

γ1 = 0, 2γn = 3α1 − β2, β3 = −3αn, β4 = 4α2, βi = αi−2, 5 ≤ i ≤ n− 3.

By using the property of 1
2
-derivation for the products [e2, e3] = e6 and [e3, en] = e5, we have

β1 = 0, βn = 0, β2 = α1;

β3 = αn = 0, and for n ≥ 8 we have β4 = α2 = 0.

This completes the proof of the theorem. �

The following theorems, we present an analogous descriptions of 1
2
-derivation for quasi-filiform

Lie algebras of maximum length g17, g
2
9 and g311.

〈halfderiv4〉Theorem 11. Any 1
2
-derivations of the algebra g17 has the form

ϕ(e1) = α1e1 + α3e3 + α4e4 + α5e5 + α6e6 + α7e7,

ϕ(e2) = α1e2 − 1
3
α3e4 + β5e5 + β6e6 + β7e7,

ϕ(e3) = α1e3 − 2
3
α3e5 +

1
2
(β5 − α4)e6 − 1

2
α5e7,

ϕ(e4) = α1e4 − 1
3
α3e6 +

1
2
α4e7,

ϕ(e5) = α1e5 − 1
2
α3e7,

ϕ(e6) = α1e6,

ϕ(e7) = α1e7.

?〈2halfderiv12〉? Theorem 12. Any 1
2
-derivations of the algebra g29 has the form

ϕ(e1) = α1e1 + α5e5 + α6e6 + α7e7 + α8e8 + α9e9,

ϕ(e2) = α1e2 +
1
3
α5e6 + β7e7 + β8e8 + β9e9,

ϕ(e3) = α1e3 − 4
3
α5e7 +

1
2
(β7 − 5α6)e8 − 1

2
α7e9,

ϕ(e4) = α1e4 +
1
3
α5e8 +

1
2
α6e9,

ϕ(e5) = α1e5 − 1
2
α5e9,

ϕ(ei) = α1ei, 6 ≤ i ≤ 9.
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〈2halfderiv3〉Theorem 13. Any 1
2
-derivations of the algebra g311 has the form

ϕ(e1) = α1e1 + α6e6 + α7e7 + α8e8 + α9e9 + α10e10 + α11e11,

ϕ(e2) = α1e2 − α6e7 − α7e8 + β9e9 + β10e10 + β11e11,

ϕ(e3) = α1e3 +
1
2
β9e10 − 1

2
α9e11,

ϕ(e4) = α1e4 +
1
2
α7e10 +

1
2
α8e11,

ϕ(e5) = α1e5 − 1
2
α6e10 − 1

2
α7e11,

ϕ(e6) = α1e6 +
1
2
α6e11,

ϕ(ei) = α1ei, 7 ≤ i ≤ 11.

3. TRANSPOSED POISSON STRUCTURE FOR QUASI-FILIFORM LIE ALGEBRAS OF MAXIMUM
LENGTH

In this section, we describe all transposed Poisson algebra structures on quasi-filiform Lie algebras
of maximum length.

Theorem 14. Let (g1(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on the Lie alge-
bra g1(n,1). Then, the multiplication of (g1(n,1), ·) has the following form:

TP1(g
1
(n,1)) :


e1 · e1 =

n∑
j=4

αjej, e1 · e2 = β1en−2 + β2en−1 + β3en,

e1 · e3 = 1
2
β1en−1 − 1

2
αn−2en, e1 · ej = (−1)j

2
αn−j+1en, 4 ≤ j ≤ n− 3,

e2 · e2 = β4en−2 + β5en−1 + β6en, e2 · e3 = 1
2
β4en−1 − 1

2
β1en;

TP2(g
1
(n,1)) :


e1 · e1 = e3 +

n∑
j=4

αjej, e1 · e2 = β1en−2 + β2en−1 + β3en,

e1 · e3 = 1
2
β1en−1 − 1

2
αn−2en, e1 · ej = (−1)j

2
αn−j+1en, 4 ≤ j ≤ n− 3,

e1 · en−2 = −1
2
en, e2 · e2 = β4en−1 + β5en, e2 · e3 = −1

2
β1en;

TP3(g
1
(n,1)) :


e1 · e1 = e2 +

n∑
j=3

αjej, e1 · e2 = 2β1en−1 + β2en,

e1 · e3 = −1
2
αn−2en, e1 · ej = (−1)j

2
αn−j+1en, 4 ≤ j ≤ n− 2,

e1 · en−1 = 1
2
en, e2 · e2 = β1en;

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and the
remaining products are equal to zero.

Proof. Let (g1(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on the Lie algebra g1(n,1).
Then, for any element x ∈ g1(n,1), the operator of multiplication ϕx(y) = x ·y is a 1

2
-derivation. Hence,

by Theorem 8, we derive the following relations for 1 ≤ i ≤ n:



12



ϕei(e1) =
n∑

j=1

αi,jej,

ϕei(e2) = αi,1e2 + βi,n−2en−2 + βi,n−1en−1 + βi,nen,

ϕei(e3) = αi,1e3 +
1
2
βi,n−2en−1 − 1

2
αi,n−2en,

ϕei(ej) = αi,1ej +
(−1)j

2
αi,n−j+1en, 4 ≤ j ≤ n− 1,

ϕei(en) = αi,1en.

By considering equality ϕei(ej) = ei · ej = ej · ei = ϕej(ei), we have following restrictions:

{e1, e2}, ⇒ α2,1 = 0, α2,2 = α1,1, α2,t = 0, 3 ≤ t ≤ n− 3,
α2,n−2 = β1,n−2, α2,n−1 = β1,n−1, α2,n = β1,n,

{e1, e3}, ⇒ α3,1 = α3,2 = 0, α3,3 = α1,1, α3,t = 0, 4 ≤ t ≤ n− 2,
α3,n−1 =

1
2
β1,n−2, α3,n = −1

2
β1,n,

{e1, ej}, ⇒ αj,t = 0, 1 ≤ t ≤ j − 1, αj,j = α1,1,

4 ≤ j ≤ n− 1, αj,n = (−1)j
2
α1,n−j+1, αj,t = 0, j + 1 ≤ t ≤ n− 1,

{e1, en}, ⇒ αn,t = 0, 1 ≤ t ≤ n− 1, αn,n = α1,1,
{e2, e3}, ⇒ β3,n−2 = 0, β3,n−1 =

1
2
β2,n−2, β3,n = −1

2
β1,n−2,

{e2, ej}, ⇒ βj,n−2 = βj,n−1 = βj,n = 0,
4 ≤ j ≤ n− 1,
{e2, en}, ⇒ βn,n−2 = βn,n−1 = βn,n = 0,
{e3, ej}, ⇒ α3,t = 0, 2 ≤ t ≤ n− 3,
4 ≤ j ≤ n− 1.

Thus, we have the following table of commutative multiplications of the transposed Poisson algebra
structure (g1(n,1), , ·, [−,−]):



e1 · e1 =
n∑

j=2

αjej,

e1 · e2 = β1en−2 + β2en−1 + β3en,

e1 · e3 = 1
2
β1en−1 − 1

2
αn−2en,

e1 · ej = (−1)j
2
αn−j+1en, 4 ≤ j ≤ n− 1,

e2 · e2 = β4en−2 + β5en−1 + β6en,

e2 · e3 = 1
2
β4en−1 − 1

2
β1en.

(5) gn1
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Considering the identity x·(y ·z) = (x·y)·z in (5), we obtain the following restrictions on structure
constants:

{e1, e2, e3}, ⇒ α2β4 = 0,

{e1, e2, e2}, ⇒ α3β4 − α2β5 = 0,

{e1, e1, e3}, ⇒ α2β1 = 0,

{e1, e1, e2}, ⇒ 2α2β5 + α3β4 = 0, α2(2β6 − β2) = 0,

{e1, e1, ei}, ⇒ α2β4 = 0, α3β4 = 0, α2β5 = 0, α2β1 = 0, α2(2β6 − β2) = 0,

4 ≤ i ≤ n− 1.

Now we consider the general change of basis:

e′1 =
n∑

j=1

Ajej, e
′
2 =

n∑
j=1

Bjej, e
′
i+1 = [e′1, e

′
i], 2 ≤ i ≤ n− 2, e′n = [e′2, e

′
n−2],

where B1 = 0 and A1B2 6= 0. Then, from the multiplication e1 · e1 =
n∑

j=2

αjej, we discover that the

structure constant α2 changes as follows:

α′2 =
A2

1

B2

α2.

Thus, we have the following cases.

(1) If α2 = 0. Again, by using a change of basis and from the product e1 · e1 =
n∑

j=3

αjej, we

obtain the following relation:

α′3 =
A1

B2

α3.

Now, we consider the following subcases.
(a) If α3 = 0. Then, we have the algebra TP1(g

1
(n,1)).

(b) If α3 6= 0, then, we have β4 = 0, and via transformation

φ(e1) = e1, φ(ei) = α3ei, 2 ≤ i ≤ n− 1, φ(en) = α2
3en,

we get the algebra TP2(g
1
(n,1)).

(2) If α2 6= 0, then we derive β4 = β5 = β1 = 0, β2 = 2β6, and via the transformation

φ(e1) = e1, φ(ei) = α2ei, 2 ≤ i ≤ n− 1, φ(en) = α2
2en,

we obtain the algebra TP3(g
1
(n,1)).

�

Theorem 15. Let (g2(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra
g2(n,1). Then, the multiplication of (g2(n,1), ·) has the following form:
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TP1(g
2
(n,1)) :



e1 · e1 = e2 +
n−1∑
i=3

αiei, e1 · e2 = 2α1en−2 + αnen−1, e1 · e3 = α1en−1,

e1 · en = −e3 −
n−2∑
i=4

αi−1ei + αn+1en−1, e2 · en = −α1α3en−1,

en · en =
n−2∑
i=4

αi−1ei + αn+2en−1;

TP2(g
2
(n,1)) :


e1 · e1 = e3 +

n−1∑
i=4

αiei, e1 · e2 = αnen−1, e1 · en = −e4 −
n−2∑
i=5

αi−1ei + αn+1en−1,

e2 · e2 = αn+3en−1, e2 · en = αn+4en−1, en · en = e4 +
n−2∑
i=5

αi−1ei + αn+5en−1;

TP3(g
2
(n,1)) :



e1 · e1 =
n−1∑
i=4

αiei, e1 · e2 = 2α1en−2 + αnen−1, e1 · e3 = α1en−1,

e1 · en = −
n−2∑
i=5

αi−1ei + αn+1en−1, e2 · e2 = 2αn+2en−2 + αn+3en−1,

e2 · e3 = αn+2en−1, e2 · en = αn+4en−1, en · en =
n−2∑
i=5

αi−1ei + αn+5en−1;

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and the
remaining products are equal to zero.

Proof. Let (g2(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g2(n,1).
Then, for any element x ∈ g2(n,1), we have operator of multiplication ϕx(y) = x · y is a 1

2
-derivation.

Hence, for 1 ≤ i ≤ n, we derive

ϕei(e1) =
n−1∑
j=1

αi,jej,

ϕei(e2) = αi,1e2 + βi,n−2en−2 + βi,n−1en−1,

ϕei(e3) = αi,1e3 +
1
2
βi,n−2en−1,

ϕei(ej) = αi,1ej, 4 ≤ j ≤ n− 1,

ϕei(en) = −
n−2∑
j=3

αi,j−1ej + γi,n−1en−1 + αi,1en.

It is known that ϕei(ej) = ei · ej = ej · ei = ϕej(ei). Then for some pair elements, we derive the
following restrictions:

{e1, e2}, ⇒ α2,1 = 0, α2,2 = α1,1, α2,j = 0, 3 ≤ j ≤ n− 3,
α2,n−2 = β1,n−2, α2,n−1 = β1,n−1,

{e1, e3}, ⇒ α3,1 = α3,2 = 0, α3,3 = α1,1, α3,j = 0, 4 ≤ j ≤ n− 2,
α3,n−1 =

1
2
β1,n−2,

{e1, ej}, ⇒ αj,j = α1,1, αj,t = 0, 1 ≤ t 6= j ≤ n− 1,
4 ≤ j ≤ n− 1,
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{e1, en}, ⇒ αn,1 = αn,2 = 0, αn,t = −α1,t−1, 3 ≤ t ≤ n− 2,
αn,n−1 = γ1,n−1, α1,1 = 0,

{e2, e3}, ⇒ β3,n−2 = 0, β3,n−1 =
1
2
β2,n−2,

{e2, ej}, ⇒ βj,n−2 = βj,n−1 = 0,
4 ≤ j ≤ n− 1,
{e2, en}, ⇒ βn,n−2 = 0, βn,n−1 = γ2,n−1,
{ei, en}, ⇒ γi,n−1 = 0, 3 ≤ i ≤ n− 1.

Thus, we have the following table of commutative multiplications of the transposed Poisson algebra
structure defined on g2(n,1):

e1 · e1 =
n−1∑
i=2

αiei, e1 · e2 = 2α1en−2 + αnen−1, e1 · e3 = α1en−1,

e1 · en = −
n−2∑
i=3

αi−1ei + αn+1en−1, e2 · e2 = 2αn+2en−2 + αn+3en−1,

e2 · e3 = αn+2en−1, e2 · en = αn+4en−1, en · en =
n−2∑
i=4

αi−1ei + αn+5en−1.

(6) 2klas

Considering the associative identity x ·(y ·z) = (x ·y) ·z in (6), we obtain the following restrictions
on structure constants:

{e1, e1, e2}, ⇒ α2αn+2 = 0, α2αn+3 + α3αn+2 = 0,

{e1, e1, en}, ⇒ α1α3 + α2αn+4 = 0.

Similarly, by using the multiplication of Lie algebra g2(n,1) we consider the general basis change:

e′1 =
n∑

t=1

Atet, e
′
2 =

n∑
t=1

Btet, e
′
n =

n∑
t=1

Ctet.

Then the product e′1 · e′1 =
n−1∑
i=2

α′ie
′
i gives

α′2 =
A2

1

B2

α2.

We have the following cases.
(1) Let α2 6= 0. Then by choosing B2 = A2

1α2, we put α′2 = 1. In this case we obtain the algebra
TP1(g

2
(n,1)).

(2) Let α2 = 0. Then from above restrictions we have α3αn+2 = α1α3 = 0. If we apply a general
change of basis, then we have

α′3 =
A1

B2

α3.

(a) If α3 6= 0, then α′3 = 1 and we have the algebra TP2(g
2
(n,1)).

(b) If α3 = 0, then we have the algebra TP3(g
2
(n,1)).
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�

Theorem 16. Let (g3(7,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra
g3(7,1). Then, the multiplication of (g3(7,1), ·) has the following form:

TP1(g
3
(7,1)) :


e1 · e1 = α4e4 + α5e5, e1 · e2 = 2α6e5 + α7e6, e1 · e3 = α6e6,

e1 · e7 = −α4e5 + α8e6, e2 · e2 = 2α1e5 + α9e6, e2 · e3 = α1e6,

e2 · e7 = α10e6, e7 · e7 = α11e6;

TP2(g
3
(7,1)) :


e1 · e1 = 2e3 + α4e4 + α5e5, e1 · e2 = 2α6e5 + α7e6, e1 · e3 = (α6 − 1)e6,

e1 · e7 = −2e4 − α4e5 + α8e6, e2 · e2 = α9e6, e2 · e7 = α10e6,

e7 · e7 = 2e5 + α11e6;

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and remain-
ing products are equal to zero.

Proof. Let (g3(7,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g3(7,1).
Then for any element x ∈ g3(7,1), the operator of multiplication ϕx(y) = x · y is a 1

2
-derivation. Hence,

for 1 ≤ i ≤ 7 by Theorem 10 we derive the following:



ϕei(e1) = αi,1e1 + αi,2e2 + αi,3e3 + αi,4e4 + αi,5e5 + αi,6e6,

ϕei(e2) = αi,1e2 + 4αi,2e4 + βi,5e5 + βi,6e6,

ϕei(e3) = αi,1e3 + 2αi,2e5 +
1
2
(βi,5 − αi,3)e6,

ϕei(e4) = αi,1e4 +
3
2
αi,2e6,

ϕei(e5) = αi,1e5,

ϕei(e6) = αi,1e6,

ϕei(e7) = −αi,2e3 − αi,3e4 − αi,4e5 + γi,6e6 + αi,1e7,

Considering the property ϕei(ej) = ei · ej = ej · ei = ϕej(ei), we obtain the following restrictions:
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{e1, e2}, ⇒ α2,1 = 0, α2,2 = α1,1, α2,3 = 0, α2,4 = 4α1,2, α2,5 = β1,5, α2,6 = β1,6,

{e1, e3}, ⇒ α3,1 = α3,2 = 0, α3,3 = α1,1, α3,4 = −2α1,6, α3,5 = 2α1,2, α3,6 =
1
2
(β1,5 − α1,3),

{e1, e4}, ⇒ α4,1 = α4,2 = α4,3 = 0, α4,4 = α1,1, α4,5 = 0, α4,6 =
3
2
α1,2,

{e1, e5}, ⇒ α5,1 = α5,2 = α5,3 = α5,4 = 0, α5,5 = α1,1, α5,6 = 0,

{e1, e6}, ⇒ α6,1 = α6,2 = α6,3 = α6,4 = α6,5 = 0, α6,6 = α1,1,

{e1, e7}, ⇒ α1,1 = 0, α7,1 = α7,2 = 0, α7,3 = −α1,2, α7,4 = −α1,3, α7,5 = −α1,4, α7,6 = γ1,6,

{e2, e3}, ⇒ β3,5 = 0, β3,6 =
1
2
β2,5,

{e2, e4}, ⇒ β4,5 = β4,6 = 0,

{e2, e5}, ⇒ β5,5 = β5,6 = 0,

{e2, e6}, ⇒ β6,5 = β6,6 = 0,

{e2, e7}, ⇒ β7,5 = −4α1,2, β7,6 = γ2,6,

{e3, e7}, ⇒ α1,6 = 0, γ3,6 = −3
2
α1,2,

{e4, e7}, ⇒ γ4,6 = 0,

{e5, e7}, ⇒ γ5,6 = 0,

{e6, e7}, ⇒ γ6,6 = 0.

Thus, we have the following table of commutative multiplications of the transposed Poisson algebra
structure (g3(7,1), , ·, [−,−]):

e1 · e1 = 2α2e2 + 2α3e3 + α4e4 + α5e5, e1 · e2 = 8α2e4 + 2α6e5 + α7e6,

e1 · e3 = 4α2e5 + (α6 − α3)e6, e1 · e4 = 3α2e6, e1 · e7 = −2α2e3 − 2α3e4 − α4e5 + α8e6,

e2 · e2 = 2α1e5 + α9e6, e2 · e3 = α1e6, e2 · e7 = −8α2e5 + α10e6,

e3 · e7 = −3α2e6, e7 · e7 = 2α2e4 + 2α3e5 + α11e6.

Considering the associative identity for the triples {e1, e1, e7} and {e1, e1, e2}, we obtain the fol-
lowing restrictions, respectively:

α2 = 0, α1α3 = 0.

Using multiplication of Lie algebra g3(7,1) and multiplication e1 · e1 = 2α3e3 + α4e4 + α5e5, and
considering a general change of basis, we can show that α3 is an invariant.

If α3 = 0. Then, we have the algebra TP1(g
3
(7,1)).

If α3 6= 0. Then, we obtain α1 = 0. By choosing change of basis, we can assume that α3 = 1 and
obtain the algebra TP2(g

3
(7,1)). �

?〈thm3klas〉? Theorem 17. Let (g3(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra
g3(n,1) and n ≥ 8. Then, the multiplication of (g3(n,1), ·) has the following form:
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TP(g3(8,1)) :


e1 · e1 =

7∑
t=4

αtet, e1 · e2 = β1e6 + β2e7, e1 · e3 = 1
2
(β1 − α4)e7,

e1 · e8 = −α4e5 − α5e6 + γ1e7, e2 · e2 = β3e6 + β4e7,

e2 · e3 = 1
2
β3e7, e2 · e8 = γ2e7, e8 · e8 = α4e6 + γ3e7;

TP1(g
3
(9,1)) :



e1 · e1 =
8∑

t=4

αtet, e1 · e2 = β1e7 + β2e8, e1 · e3 = 1
2
(β1 − α5)e8,

e1 · e9 = −
7∑

t=5

αt−1et + γ1e8, e2 · e2 = β3e7 + β4e8, e2 · e3 = 1
2
β3e8,

e2 · e9 = −α4e7 + γ2e8, e3 · e9 = 1
2
α4e8, e9 · e9 =

7∑
t=6

αt−2et + γ3e8;

TP2(g
3
(9,1)) :


e1 · e1 = e3 +

8∑
t=5

αtet, e1 · e2 = e5 + β1e7 + β2e8,

e1 · e3 = 1
2
(β1 − α5)e8, e1 · e9 = −e4 −

7∑
t=6

αt−1et + γ1e8,

e2 · e2 = e7 + β4e8, e2 · e9 = −e6 + γ2e8, e9 · e9 = e5 + α5e7 + γ3e8;

TP1(g
3
(n,1)) :



e1 · e1 =
n−1∑
t=4

αtet, e1 · e2 =
n−3∑
t=6

αt−2et + β1en−2 + β2en−1,

e1 · e3 = 1
2
(β1 − αn−4)en−1, e1 · en = −

n−2∑
t=5

αt−1et + γ1en−1,

e2 · e2 =
n−3∑
t=8

αt−4et + β3en−2 + β4en−1, e2 · e3 = 1
2
(β3 − αn−6)en−1,

e2 · en = −
n−2∑
t=7

αt−3et + γ2en−1, e3 · en = 1
2
αn−5en−1, en · en =

n−2∑
t=6

αt−2et + γ3en−1;

TP2(g
3
(n,1)) :



e1 · e1 = e3 +
n−6∑
t=4

αtet +
n−1∑

t=n−4
αtet, e1 · e2 = e5 +

n−4∑
t=5

αt−2et + β1en−2 + β2en−1,

e1 · e3 = 1
2
(β1 − αn−4)en−1, e1 · en = −e4 −

n−5∑
t=5

αt−1et −
n−2∑

t=n−3
αt−1et + γ1en−1,

e2 · e2 = e7 +
n−2∑
t=8

αt−4et + β4en−1, e2 · en = −e6 −
n−3∑
t=7

αt−3et + γ2en−1,

en · en = e5 +
n−4∑
t=6

αt−2et + αn−4en−2 + γ3en−1;

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and re-
maining products are equal to zero.

Proof. Let (g3(n,1), ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g3(n,1).
Then for any element x ∈ g3(n,1) the operator of multiplication ϕx(y) = x · y is a 1

2
-derivation. Hence,

for 1 ≤ i ≤ n we derive
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

ϕei(e1) = αi,1e1 +
n−1∑
t=3

αi,tet,

ϕei(e2) = αi,1e2 +
n−3∑
t=5

αi,t−2et + βi,n−2en−2 + βi,n−1en−1,

ϕei(e3) = αi,1e3 +
1
2
(βi,n−2 − αi,n−4)en−1,

ϕei(ej) = αi,1ej, 4 ≤ j ≤ n− 1,

ϕei(en) = −
n−2∑
t=4

αi,t−1et + γi,n−1en−1 + αi,1en.

It is known that ϕei(ej) = ei · ej = ej · ei = ϕej(ei). Then for some pairs of elements, we derive
the following restrictions:

{e1, e2}, ⇒ α1,1 = α2,1 = α2,3 = α2,4 = 0, α2,t = α1,t−2, 5 ≤ t ≤ n− 3,
α2,n−2 = β1,n−2, α2,n−1 = β1,n−1,

{e1, e3}, ⇒ α3,1 = 0, α3,t = 0, 3 ≤ t ≤ n− 2, α3,n−1 =
1
2
(β1,n−2 − α1,n−4),

{e1, ej}, ⇒ αj,1 = 0, αj,t = 0, 3 ≤ t ≤ n− 1,
4 ≤ j ≤ n− 1,
{e1, en}, ⇒ αn,1 = αn,3 = 0, αn,t = −α1,t−1, 4 ≤ t ≤ n− 2, αn,n−1 = γ1,n−1,
{e2, e3}, ⇒ β3,n−2 = 0, β3,n−1 =

1
2
(β2,n−2 − α1,n−6),

{e2, ej}, ⇒ βj,n−2 = βj,n−1 = 0,
4 ≤ j ≤ n− 1,
{e2, en}, ⇒ βn,n−2 = −α1,n−5, βn,n−1 = γ2,n−1,
{e3, en}, ⇒ γ3,n−1 =

1
2
α1,n−5,

{ei, en}, ⇒ γi,n−1 = 0,
4 ≤ i ≤ n− 1.

So, we have the following table of commutative multiplications of the transposed Poisson algebra
structure (g3(n,1), , ·, [−,−])

For n = 8 :



e1 · e1 =
7∑

t=3

αtet, e1 · e2 = α3e5 + β1e6 + β2e7, e1 · e3 = 1
2
(β1 − α4)e7,

e1 · e8 = −
6∑

t=4

αt−1et + γ1e7, e2 · e2 = β3e6 + β4e7, e2 · e3 = 1
2
β3e7,

e2 · e8 = −α3e6 + γ2e7, e3 · e8 = 1
2
α3e7, e8 · e8 =

6∑
t=5

αt−2et + γ3e7;
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For n ≥ 9 :

e1 · e1 =
n−1∑
t=3

αtet, e1 · e2 =
n−3∑
t=5

αt−2et + β1en−2 + β2en−1, e1 · e3 = 1
2
(β1 − αn−4)en−1,

e1 · en = −
n−2∑
t=4

αt−1et + γ1en−1, e2 · e2 =
n−3∑
t=7

αt−4et + β3en−2 + β4en−1,

e2 · e3 = 1
2
(β3 − αn−6)en−1, e2 · en = −

n−2∑
t=6

αt−3et + γ2en−1,

e3 · en = 1
2
αn−5en−1, en · en =

n−2∑
t=5

αt−2et + γ3en−1.

Considering the associative identity for the triples {e1, e1, e2} and {e1, e1, en}, we obtain the fol-
lowing restrictions, respectively:

α3(β3 − αn−6) = 0, α3αn−5 = 0. (7) gn3

We have the following cases.
(1) Let n = 8. Then we get α3 = 0 and we have the algebra TP(g3(8,1)).
(2) Let n ≥ 9. Then by using the multiplication of the Lie algebra g3(n,1) we consider the general

basis change:

e′1 =
n∑

t=1

Atet, e
′
2 =

n∑
t=1

Btet, e
′
n =

n∑
t=1

Ctet.

The product e′1 · e′1 =
n−1∑
i=3

α′ie
′
i gives

α′3 =
A1

B2

α3.

(a) If α3 = 0. Then for n = 9 we derive the algebra TP1(g
3
(9,1)) and for the case when

n ≥ 10 we obtain TP1(g
3
(n,1)).

(b) If α3 6= 0. Then by choosing B2 = A1α3 we can assume α′3 = 1 and from the restrictions
(7) we get αn−5 = 0, β′3 = αn−6. In this case for the n = 9 we obtain TP2(g

3
(9,1)) and for

n ≥ 10 we have the algebra TP2(g
3
(n,1)).

�
?〈thm4klas〉? Theorem 18. Let (g17, ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g17 .

Then, the multiplication of (g17, ·) has the following form:

TP1(g
1
7) :


e1 · e1 = α4e4 + α5e5 + α6e6 + α7e7, e1 · e2 = α1e5 + α2e6 + α8e7,

e1 · e3 = 1
2
(α1 − α4)e6 − 1

2
α5e7, e1 · e4 = 1

2
α4e7,

e2 · e2 = α9e5 + α10e6 + α11e7, e2 · e3 = 1
2
α9e6 − 1

2
α1e7;
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TP2(g
1
7) :


e1 · e1 = 6e3 + α4e4 + α5e5 + α6e6 + α7e7, e1 · e2 = −2e4 + α1e5 + α2e6 + α8e7,

e1 · e3 = −4e5 + 1
2
(α1 − α4)e6 − 1

2
α5e7, e1 · e4 = −2e6 + 1

2
α4e7, e1 · e5 = −3e7,

e2 · e2 = −2
3
e5 + α10e6 + α11e7, e2 · e3 = 2

3
e6 − 1

2
α1e7, e2 · e4 = −e7, e3 · e3 = 2e7;

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and re-
maining products are equal to zero.

Proof. Let (g17, ·, [−,−]) be a transposed Poisson algebra structure defined on the Lie algebra g3(n,1).
Then for any element of x ∈ g17 , the operator of multiplication ϕx(y) = x · y is a 1

2
-derivation. Hence,

for 1 ≤ i ≤ 7 by using Theorem 11 we derive



ϕei(e1) = αi,1e1 + αi,3e3 + αi,4e4 + αi,5e5 + αi,6e6 + αi,7e7,

ϕei(e2) = αi,1e2 − 1
3
αi,3e4 + βi,5e5 + βi,6e6 + βi,7e7,

ϕei(e3) = αi,1e3 − 2
3
αi,3e5 +

1
2
(βi,5 − αi,4)e6 − 1

2
αi,5e7,

ϕei(e4) = αi,1e4 − 1
3
αi,3e6 +

1
2
αi,4e7, ϕei(e5) = αi,1e5 − 1

2
αi,3e7,

ϕei(e6) = αi,1e6, ϕei(e7) = αi,1e7.

By considering equality ϕei(ej) = ei · ej = ej · ei = ϕej(ei) for the some elements ei and ej , we
have the following restrictions:

{e1, e2}, ⇒ α1,1 = α2,1 = α2,3 = 0, α2,4 = −1
3
α1,3, α2,5 = β1,5, α2,6 = β1,6, α2,7 = β1,7,

{e1, e3}, ⇒ α3,1 = α3,3 = α3,4 = 0, α3,5 = −2
3
α1,3, α3,6 =

1
2
(β1,5 − α1,4), α3,7 = −1

2
α1,5,

{e1, e4}, ⇒ α4,1 = α4,3 = α4,4 = α4,5 = 0, α4,6 = −1
3
α1,3, α4,7 =

1
2
α1,4,

{e1, e5}, ⇒ α5,1 = α5,3 = α5,4 = α5,5 = α5,6 = 0, α5,7 = −1
2
α1,3,

{e1, e6}, ⇒ α6,1 = α6,3 = α6,4 = α6,5 = α6,6 = α6,7 = 0,

{e1, e7}, ⇒ α7,1 = α7,3 = α7,4 = α7,5 = α7,6 = α7,7 = 0,

{e2, e3}, ⇒ β3,5 = 0, β3,6 =
1
6
(3β2,5 + α1,3), β3,7 = −1

2
β1,5,

{e2, e4}, ⇒ β4,5 = β4,6 = 0, β4,7 = −1
6
α1,3,

{e2, e5}, ⇒ β5,5 = β5,6 = β5,7 = 0,

{e2, e6}, ⇒ β6,5 = β6,6 = β6,7 = 0,

{e2, e7}, ⇒ β7,5 = β7,6 = β7,7 = 0.

Thus, we have the following table of commutative multiplications of the transposed Poisson algebra
structure (g1(7), , ·, [−,−])
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
e1 · e1 = α3e3 + α4e4 + α5e5 + α6e6 + α7e7, e1 · e2 = −1

3
α3e4 + α1e5 + α2e6 + α8e7,

e1 · e3 = −2
3
α3e5 +

1
2
(α1 − α4)e6 − 1

2
α5e7, e1 · e4 = −1

3
α3e6 +

1
2
α4e7, e1 · e5 = −1

2
α3e7,

e2 · e2 = α9e5 + α10e6 + α11e7, e2 · e3 = 1
6
(3α9 + α3)e6 − 1

2
α1e7,

e2 · e4 = −1
6
α3e7, e3 · e3 = 1

3
α3e7,

The equality e1 · (e1 · e2) = (e1 · e1) · e2 gives α3 (α3 + 9α9) = 0. Using a general change of basis
in a similar way as above, we can show that α3 is an invariant.

(1) If α3 = 0, then we have the algebra TP1(g
1
7);

(2) If α3 6= 0, then we get the algebra TP2(g
1
7).

�

?〈thm4klas〉? Theorem 19. Let (g29, ·, [−,−]) be a transposed Poisson algebra structure defined on the Lie algebra
g29 . Then the multiplication of (g29, ·) has the following form:

TP(g29) :


e1 · e1 = α1e5 + α2e6 + α3e7 + α4e8 + α5e9, e1 · e2 = 1

3
α1e6 + α6e7 + α7e8 + α8e9,

e1 · e3 = −4
3
α1e7 +

1
2
(α6 − 5α2)e8 − 1

2
α3e9, e1 · e4 = 1

3
α1e8 +

1
2
α2e9,

e1 · e5 = −1
2
α1e9, e2 · e2 = α9e7 + α10e8 + α11e9,

e2 · e3 = 1
6
(3α9 − 5α1)e8 − 1

2
α6e9, e2 · e4 = 1

6
α1e9, e3 · e3 = 2

3
α1e9,

where the transposed Poisson algebra has its products with respect to the bracket [−,−], and remain-
ing products are equal to zero.

Proof. Let (g29, ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g29 . Then
for any element x ∈ g29 , the operator of multiplication ϕx(y) = x · y is a 1

2
-derivation. Hence, for

1 ≤ i ≤ 9 we derive


ϕei(e1) = αi,1e1 + αi,5e5 + αi,6e6 + αi,7e7 + αi,8e8 + αi,9e9,

ϕei(e2) = αi,1e2 +
1
3
αi,5e6 + βi,7e7 + βi,8e8 + βi,9e9,

ϕei(e3) = αi,1e3 − 4
3
αi,5e7 +

1
2
(βi,7 − 5αi,6)e8 − 1

2
αi,7e9,

ϕei(e4) = αi,1e4 +
1
3
αi,5e8 +

1
2
αi,6e9, ϕei(e5) = αi,1e5 − 1

2
αi,5e9, ϕei(ej) = αi,1ej, 6 ≤ j ≤ 9.

It is known that ϕei(ej) = ei · ej = ej · ei = ϕej(ei). Then for some pairs of elements, we derive
the following restrictions:
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{e1, e2}, ⇒ α1,1 = α2,1 = α2,5 = 0, α2,6 =
1
3
α1,5, α2,7 = β1,7, α2,8 = β1,8, α2,9 = β1,9,

{e1, e3}, ⇒ α3,1 = α3,5 = α3,6 = 0, α3,7 = −4
3
α1,5, α3,8 =

1
2
(β1,7 − 5α1,6), α3,9 = −1

2
α1,7,

{e1, e4}, ⇒ α4,1 = α4,5 = α4,6 = α4,7 = 0, α4,8 =
1
3
α1,5, α4,9 =

1
2
α1,6,

{e1, e5}, ⇒ α5,1 = α5,5 = α5,6 = α5,7 = α5,8 = 0, α5,9 = −1
2
α1,5,

{e1, ej}, ⇒ αj,1 = αj,5 = αj,6 = αj,7 = αj,8 = αj,9, 6 ≤ j ≤ 9,

{e2, e3}, ⇒ β3,7 = 0, β3,8 =
1
6
(3β2,7 − 5α1,5), β3,9 = −1

2
β1,7,

{e2, e4}, ⇒ β4,7 = β4,8 = 0, β4,9 =
1
6
α1,3,

{e2, ej}, ⇒ βj,7 = βj,8 = βj,9 = 0, 5 ≤ j ≤ 9.

So, we have the following table of multiplications of the transposed Poisson algebra structure
(g2(9), , ·, [−,−]). Note that the identity of associativity holds for any triple.


e1 · e1 = α1e5 + α2e6 + α3e7 + α4e8 + α5e9, e1 · e2 = 1

3
α1e6 + α6e7 + α7e8 + α8e9,

e1 · e3 = −4
3
α1e7 +

1
2
(α6 − 5α2)e8 − 1

2
α3e9, e1 · e4 = 1

3
α1e8 +

1
2
α2e9,

e1 · e5 = −1
2
α1e9, e2 · e2 = α9e7 + α10e8 + α11e9,

e2 · e3 = 1
6
(3α9 − 5α1)e8 − 1

2
α6e9, e2 · e4 = 1

6
α1e9, e3 · e3 = 2

3
α1e9.

�

?〈thm5klas〉? Theorem 20. Let (g311, ·, [−,−]) be a transposed Poisson algebra structure defined on the Lie algebra
g311. Then the multiplication of (g311, ·) has the following form:

TP(g311) :



e1 · e1 = α6e6 + α7e7 + α8e8 + α9e9 + α10e10 + α11e11,

e1 · e2 = −α6e7 − α7e8 + α1e9 + α2e10 + α3e11, e1 · e3 = 1
2
α1e10 − 1

2
α9e11,

e1 · e4 = 1
2
α7e10 +

1
2
α8e11, e1 · e5 = −1

2
α6e10 − 1

2
α7e11, e1 · e6 = 1

2
α6e11,

e2 · e2 = α6e8 + α4e9 + α5e10 + α12e11, e2 · e3 = 1
2
α4e10 − 1

2
α1e11,

e2 · e4 = −1
2
α6e10 − 1

2
α7e11, e2 · e5 = 1

2
α6e11,

where it is taken into account that the transposed Poisson algebra has its products with respect to the
bracket [−,−], and the remaining products are equal to zero.

Proof. Let (g311, ·, [−,−]) be a transposed Poisson algebra structure defined on Lie algebra g311. Then
for any element of x ∈ g311 the operator of multiplication ϕx(y) = x · y is a 1

2
-derivation. Further,
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using Theorem 13 for 1 ≤ i ≤ 11 we derive

ϕei(e1) = αi,1e1 + αi,6e6 + αi,7e7 + αi,8e8 + αi,9e9 + αi,10e10 + αi,11e11,

ϕei(e2) = αi,1e2 − αi,6e7 − αi,7e8 + βi,9e9 + βi,10e10 + βi,11e11,

ϕei(e3) = αi,1e3 +
1
2
βi,9e10 − 1

2
αi,9e11,

ϕei(e4) = αi,1e4 +
1
2
αi,7e10 +

1
2
αi,8e11,

ϕei(e5) = αi,1e5 − 1
2
αi,6e10 − 1

2
αi,7e11,

ϕei(e6) = αi,1e6 +
1
2
αi,6e11,

ϕei(ej) = αi,1ej, 7 ≤ j ≤ 11.

Considering the property ϕei(ej) = ei · ej = ej · ei = ϕej(ei), we obtain the following restrictions:

{e1, e2}, ⇒ α1,1 = α2,1 = α2,6 = 0,

α2,7 = −α1,6, α2,8 = −α1,7, α2,9 = β1,9, α2,10 = β1,10, α2,11 = β1,11,

{e1, e3}, ⇒ α3,1 = α3,6 = α3,7 = α3,8 = α3,9 = 0, α3,10 =
1
2
β1,9, α3,11 = −1

2
α1,9,

{e1, e4}, ⇒ α4,1 = α4,6 = α4,7 = α4,8 = α4,9 = 0, α4,10 =
1
2
α1,7, α4,11 =

1
2
α1,8,

{e1, e5}, ⇒ α5,1 = α5,6 = α5,7 = α5,8 = α5,9 = 0, α5,10 = −1
2
α1,6, α5,11 = −1

2
α1,7,

{e1, e6}, ⇒ α6,1 = α6,6 = α6,7 = α6,8 = α6,9 = α6,10 = 0, α6,11 =
1
2
α1,6,

{e1, ej}, ⇒ αj,1 = αj,6 = αj,7 = αj,8 = αj,9 = αj,10 = αj,11 = 0, 7 ≤ j ≤ 9,

{e2, e3}, ⇒ β3,9 = 0, β3,10 =
1
2
β2,9, β3,11 = −1

2
β1,9,

{e2, e4}, ⇒ β4,9 = 0, β4,10 = −1
2
α1,6, β4,11 = −1

2
α1,7,

{e2, e5}, ⇒ β5,9 = β5,10 = 0, β5,11 =
1
2
α1,6,

{e2, ej}, ⇒ βj,9 = βj,10 = βj,11 = 0, 6 ≤ j ≤ 11.

Thus, from the above restrictions we obtain the transposed Poisson algebra structure TP(g311) defined
on Lie algebra g311. �
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