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INTRODUCTION

The algebraic classification (up to isomorphism) of algebras of small dimensions from a certain
variety defined by a family of polynomial identities is a classic problem in the theory of non-
associative algebras. Another interesting approach to studying algebras of a fixed dimension is
to study them from a geometric point of view (that is, to study the degenerations and deforma-
tions of these algebras). The results in which the complete information about degenerations of a
certain variety is obtained are generally referred to as the geometric classification of the algebras
of these varieties. There are many results related to the algebraic and geometric classification of
Jordan, Lie, Leibniz, Zinbiel, and other algebras (see, [1-7,(9-11},13-17,/19~26,(35]). Degenerations
are related to deformations and cohomology [8,(12,34].

Superalgebras emerged in physics to provide a unified framework for the study of super symme-
try of elementary particles. Jordan algebras, originating from quantum mechanics, gained impor-
tance due to their close connection to Lie theory. Finite-dimensional simple Jordan superalgebras
over an algebraically closed field of characteristic zero were classified by Kac [27] in 1977. One
case remained unresolved, which was considered by Kantor [28]] in 1990. Recently Racine and
Zelmanov [33] presented a classification of finite-dimensional simple Jordan superalgebras over
arbitrary fields of characteristic distinct from 2, focusing on cases where the even part is semisim-
ple. For the opposite case, where the even part is not semisimple, a classification was obtained by
Martinez and Zelmanov [32] in 2002, completing the entire project.

In [31]], the authors focus on the classification of Jordan superalgebras of dimension up to three
over an algebraically closed field of characteristic distinct from 2. The mail goal of this paper is
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to determine the minimal dimension of exceptional Jordan superalgebras, raised in [29]. In [18],
authors obtained all four dimensional indecomposable Jordan superalgebras.

In the present paper, we obtain an algebraic and geometric classification of four-dimensional
Jordan superalgebras and find all irreducible components within that variety. Section 1 outlines
the foundational concepts and establishes several key preliminary results. In Section 2, we proceed
to classify all four-dimensional Jordan superalgebras. Based on this classification, we determine
the irreducible components within the variety in Section 3.

Our main results are summarized below.

Theorem A. The variety of complex 4-dimensional Jordan superalgebras of type (1,3) has dimen-
sion 12. It is defined by 11 rigid superalgebras and can be described as the closure of the union of
GL4(C)-orbits of the superalgebras given in Theorem

Theorem B. The variety of complex 4-dimensional Jordan superalgebras of type (2,2) has dimen-
sion 13. It is defined by 24 rigid superalgebras and one one-parametric families of superalgebras
and can be described as the closure of the union of GL4(C)-orbits of the superalgebras given in The-
orem

Theorem C. The variety of complex 4-dimensional Jordan superalgebras of type (3,1) has dimen-
sion 15. It is defined by 21 rigid superalgebras and can be described as the closure of the union of
GL4(C)-orbits of the superalgebras given in Theorem

1. PRELIMINARIES
1.1. Jordan superalgebras.
Definition 1. A commutative algebra is called a Jordan algebra if it satisfies the identity
(%y)x = x2(yx).

Definition 2. A superalgebra <f is an algebra with a Z-grading. So of = oy ® <1 is a direct sum
of two vector spaces and

Al Sty j, where i,j€ Zs.

Let G be the Grassmann algebra over [ given by the generators 1,¢{1,...,{,,... and the defining
relations é? =0 and ¢;¢; = —{;¢;. The elements 1,¢;,¢;,...¢;,, 11 <i2 <...<ig, form a basis of the
algebra G over F. Denote by Gy and GG the subspaces spanned by the products of even and odd
lengths, respectively; then G can be represented as the direct sum of these subspaces, G = Go o G1.
Here the relations G;G; S G+ jmmod 2), t,J = 0,1, hold. In other words, G is a Z3-graded algebra (or a
superalgebra) over F. Suppose now that A = Ay @ A is an arbitrary superalgebra over . Consider
the tensor product G ® A of F-algebras. The subalgebra

G(A):G() ®A0+G1 ®Aq

of G ® A is referred to as the Grassmann envelope of the superalgebra A. Let Q2 be a variety of
algebras over . A superalgebra A = Ay @ A1 is referred to as an Q-superalgebra if its Grassmann
envelope G(A) is an algebra in Q. In particular, A = Ay ® A1 is referred to as a Jordan superalgebra
if its Grassmann envelope G(A) is a Jordan algebra.

Definition 3. A Jordan superalgebra is a superalgebra J = Jo+ J1 satisfying the graded identities:
xy = (_1)|x||y|yx,



((xy)z)t+(_1)|y||Z|+|y||t|+|Z||t|((xt)z)y+(_l)lxl|y|+le|Z|+|x||t|+|2||t|((yt)z)x:
(xy)(zt) + (=D D @) (y2) + (1P @2)(y),

where |x| =1 for x €J;.

For convenience, we use the following notation in the next sections.

J(x,y,2,t) = ((xy)2)t + (= D)WIHDIEHIE (x4)2) gy 4 (= 1)Vl 2 (1) 2)x — (xy)(2t) —
(—1)|t|(|y|+|zl)(xt)(yz) _ (—l)lyllzl(xz)(yt).

Definition 4. For arbitrary elements x,y € Jo UJ1 of a Jordan superalgebra, the operator D: J —J
satisfying
D(xy) =D(x)y +(-1)P'™xD(y)
is a derivation of J, where |D| =0 if D preserves the gradation and |D| =1 otherwise.
In 2013, M.E.Martin [30] described all Jordan algebras up to dimension four over an alge-
braically closed field. Based on that paper, we present the list of indecomposable Jordan algebras

and superalgebras of dimension less than or equal to 3 in the following tables, as they will be used
in the sequel.

Table 1: Indecomposable Jordan algebras

J Multiplication table dim
/4 e?=e 1
U, e2=0 1
%1 e%:el ejeg =ey e%zO 2
By e%:el 61622%62 e%zO 2
PBs e%:ez e1e2=0 e%zO 2
T e%:el e§:e3 e%zO ejeg=eg ejeg=eg ege3=0 3
P e%:el e%zO e%zO ejeg=eg eijeg=e3z egez3=0 3
I3 e%:ez e%zo e§:0 eieg=e3 e1e3=0 egez =0 3
T4 e%:ez e%zO e§:0 e1eq=0 eieg=eg egez3=0 3
I5 e%:el e%zeg e%zel+ez e1e9=0 6163:%63 6263:%63 3
Te e%:el e%zO e%zO 6162:%92 eieg=eg3 ege3=0 3
I7 e%:el e%zo e§:0 6162:%62 61632%23 egez =0 3
Is e%:el e%zeg e%zO 61622%62 e1ez3=0 egez =0 3
I e%:el e§:e3 e%zO 6162:%92 eijeg=eg egegz=0 3
J10 e%:el e%zez e%zO e1eg=0 e1e3:%e3 9263:%63 3

Below we list indecomposable superalgebras denoted by 5”].“ where the exponent i represents its
dimension.

Table 2: Indecomposable superalgebras

Multiplication table J Multiplication table

[




s f2=0 Sy el=e efi=f1i  efz=fo
FE i el=e ef=3f F3 e’=e efi=3f1 efe=3fs fife=e
S i e’=e ef=f I el=e efi=fi efe=f2 fife=e
I3 o efi=f2 fifa=e I e2=ey ejes=es eif =1f
Syt fifz=e S o ei=er eles=es eif =3f
Syt oefi=f2 LY e2=e; ejea=3es eif =3f
FB 1 el=e  efi=fi efe=3f2| F e?=e; ejea=3es eif=f
S f=e  efi=gfi efi=3fa | Hy ¢ el=er eh=es eif =3f esf =%f

1.2. Degenerations. Given an (m,n)-dimensional vector superspace V = Vy @ V1, the set
Hom(VeV,V)=Hom(VeV,V))yseHom(VeV, V)

is a vector superspace of dimension m2 + 3mn2. This space has a structure of the affine variety
cm’+3mn® If we fix a basis {e1,..-,em,f1,---,fn} of V, then any y € Hom(V ® V,V) is determined by
m?2 + 3mn? structure constants aﬁj, ﬁ?’j,y;{j,égq € C such that
m n n m
/J(ei ®ej) = kZ: a?,jEk, ,U(ei ®fp) = Zlﬁzpfq, U(fp ®ei) = Zlyz,ifq’ /“t(fp ®fq) = I; aﬁ,qek'
=1 q= q= =1

A subset L(T") of Hom(V ®V,V) is Zariski-closed if it can be defined by a set of polynomial equations
T in the variables af’ .,,ng,yg i,6f,,q (1<i,j,k<m, 1<p,q<n).

Let ™" be the set of all sﬁperalgebras of dimension (m,n) defined by the family of polinomial
super-identities T, understood as a subset L(T') of an affine variety Hom(V ® V,V). Then one can
see that ™" is a Zariski-closed subset of the variety Hom(V ® V,V). The group G = (AutV)y =
GL(Vy) @ GL(V7) acts on ™" by conjugations:

(g*mx®y)=gug 'x®g 'y)
forx,yeV,uel(T)and g€@.
Thus, #™" is decomposed into G-orbits that correspond to the isomorphism classes of superal-
gebras. The dimension of the orbit is found via

dim O(u) = n? — dim Dev(J), (1)

where Der(J) denotes the Lie algebra of derivations of J corresponding to pu.

Denote by O(u) the orbit of u € L(T') under the action of G and by O(u) the Zariski closure of O(u).
Let J,J' € ™" and A,u € L(T) represent J and J', respectively. We say that A degenerates to u
and write A — p if gy € O(1). Note that in this case we have O(u) c O(1). Hence, the definition of a
degeneration does not depend on the choice of u and A, and we right indistinctly J — JJ’ instead of
A — p and O(J) instead of O(A). If J Z J', then the assertion J — ¢J' is called a proper degeneration.
We write J £ J' if J' ¢ O(J).

Let J be represented by A € L(T'). Then J is rigid in L(T) if O(A1) is an open subset of L(T).
Recall that a subset of a variety is called irreducible if it cannot be represented as a union of two
non-trivial closed subsets. A maximal irreducible closed subset of a variety is called irreducible
component. In particular, J is rigid in ™" iff O(}) is an irreducible component of L(7"). It is well
known that any affine variety can be represented as a finite union of its irreducible components in
a unique way. We denote by Rig(.#™") the set of rigid superalgebras in .#"".
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Remark 5. There is no degeneration between two superalgebras of types (n—1i,i) and (n—j,j) if
i #].

This statement follows from the fact that superalgebras of different types correspond to affine va-
rieties of different dimensions. Suppose that superalgebras of types (n—1i,7) and (n—j,j) correspond
to the same variety CP’+304” when i # j. In that case we have the following equality:

(n - +3(n—0i? = (n - j)> +3(n— ) 2.
Therefore, we obtain

(i — j)3n®—6n(i+ /) +4G* +ij+ ;%) =0,
Since i # j, the second bracket, which contains quadratic term with respect to n, must be zero.
However, this requires

36(i+ )2 — 482 +ij+ %) =24ij - 12G%+ j*) = 0,
leading to
(i-j)? <0,

which cannot hold unless i = ;.

1.3. Principal notation. Let JS™" be the set of all Jordan superalgebras of dimension (m,n).
Let J be a Jordan superalgebra with a fixed basis {e1,...,em,f1,-...fr}, defined by

m n L
k k 4
eiejzkzlaijek, eifj:kz,lﬁijfk’ fifj:kzlyijek'

In the sequel, we use the following notation:
(1) a(J) is the Jordan superalgebra with the same underlying vector superspace as J and de-
n

fined by fif; =) v%;en.
k=1

@) Jl=d,J =d" 1 +J"2J%+-.-+JJ 71, and in every case J” = (J ) & (J ).
tr(L(x)") - tr(L
3) cij= rl(x) ). x (y.y) is the Burde invariant, where L(x) is the left multiplication. This
| tr(L(x)" - L(y)/)
invariant c; ; is defined as a quotient of two polynomials in the structure constants of <, for
all x,y € J such that both polynomials are not zero and c; ; is independent of the choice of

x,y.

1.4. Methods. First of all, if J — J' and J Z J’, then dim Aut(J) < dim Aut(J’), where Aut(J) is the
space of automorphisms of /. Secondly, if J — J' and J' — J”, then J — J". If there is no J' such
that J — J' and J' — J" are proper degenerations, then the assertion J — JJ" is called a primary
degeneration. If dim Aut(J) < dimAut(J") and there are no J' and J" such that J' — J, J" — J",
J' / J"" and one of the assertions J' — J and J" — J" is a proper degeneration, then the assertion
J # J" is called a primary non-degeneration. It suffices to prove only primary degenerations and
non-degenerations to describe degenerations in the variety under consideration. It is easy to see
that any superalgebra degenerates to the superalgebra with zero multiplication. From now on we
use this fact without mentioning it.

Let us describe the methods for proving primary non-degenerations. The main tool for this is the
following lemma [4].

Lemma 6. If J — J/, then the following hold:
(1) dim(J7); =dim(J");, for i € Zo;




(2) () — (J)o;

3) a(J) — a(J");

(4) If the Burde invariant exists for J and J', then both superalgebras have the same Burde
invariant;

(5) If J is associative, then J' must be associative. In fact, if J satisfies a PI. then J' must satisfy
the same P.1.

In the cases where all of these criteria can’t be applied to prove J # J', we define Z by a set of
polynomial equations and give a basis of V, in which the structure constants of A give a solution
to all these equations. Further on, we omit the verification of the fact that Z is stable under the
action of the subgroup of upper triangular matrices and of the fact that u ¢ Z for any choice of a
basis of V. These verifications can be done by direct calculations.

Degenerations of Graded algebras. Let G be a trivial group and let 7 (&) be a variety of
algebras defined by a family of polynomial identities . It is important to notice that degeneration
on the G-graded variety G7 (%) is a more restrictive notion than degeneration on the variety 7 (%),
In fact, consider A,A’ € GV(&) such that A,A’ € (&), a degeneration between the algebras A
and A’ may not give rise to a degeneration between the G-graded algebras A and A’, since the
matrices describing the basis changes in G7 (%) must preserve the G-graduation. Hence, we have
the following result.

Lemma 7. Let A,A' e GV(F)NV(ZF). If A /~ A’ as algebras, then A / A’ as G-graded algebras.

Additionally, we need the following results from [15]

Theorem 8. The graph of primary degenerations for two-dimensional Jordan algebras has the
following form:
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Theorem 9. The graph of primary degenerations for three-dimensional Jordan algebras has the
following form:
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2. ALGEBRAIC CLASSIFICATION OF FOUR DIMENSIONAL JORDAN SUPERALGEBRAS

All four dimensional indecomposable Jordan superalgebras are obtained in [18]] while classifying
low-dimensional commutative power-associative superalgebras. Below we present our classifica-
tion of all four dimensional Jordan superalgebras. Dimensions of orbits in the theorems below are
calculated using the formula ().

Theorem 10. Up to isomorphism there are 19 Jordan superalgebras of the type (1,3), which are
presented below with some additional information:

Ne | Orbit | Multiplication rules Decomposition
J1 6 |fife=e S o S}

Ja 6 efi=12 5%3@,?11

Js 9 |efi=fs fife=e S S}

Jy 9 efi="fq, f1fs=e Indecomposable
Js 12 |efi=fo, fofs=e Indecomposable
Jg 11 |efi=fo,efo=13 Indecomposable
J; | 7 |e?=e Uro Sl o FLe s
Js | 10 |e’=e, efs=1fs FloFle sl
Jg | 10 |e®=e,efs=f3 FroSle st
Jio| 9 |e=e efo=1%fs, efs=13f3 S oS}

Jin| 10 |e’=e, efo=1fo, efs=13f3 fofs=ce Fe L

Jiz| 12 |e’=e, efa=35f2 ef3=3 S o S}

Jis| 11 |e®=e, efo=1fo, efs=f3 Feo L

Jiu| 12 |e®=e, efo=fs, efs=f3, fof3=e Sy oS}

Ji5| 4 e2=e, efi = %fl, efo = %f2, efs= %fg Indecomposable
J16 9 e2=e, ef1 = %fl, efo = %fg, efs="f3 Indecomposable



Jiz| 10 |e?=e, efi= %fl, efo=1/fo, efs=1f3 Indecomposable
Jis 7 |e2=e, efi=f1, efo=[2, efs=f3 Indecomposable
Jig| 10 |e®=e, efi=f1, efo =12, efs=fs, fife=e | Indecomposable

Proof. As Jo is a Jordan algebra, we have subcases Jg = %/1 and Jg = .
Then we have the following multiplications for e € Jy, f1, f2,f3€ J1

efi =aifi+asfo+asfs, fifa=¢1e,
efo=P1f1+Bafe+Psfs, [f1fs=¢ze,
efs=vi1f1+vafe+vsfs, faofz=¢se.

The linear operator L, : J — J,x € J such that L,(y) = xy is called a left multiplication operator.
It is obvious that:

x €30, Ly :Jo— Jo, Lx:J1— J1,
x €J1, Ly :Jo— J1, Lx:J1— Jo.
For the action of the operator L, on J; we can write the following matrix
a1 &g dd3
P1 Bz PBs|.
Y1 Y2 73

However, it is easy to prove that, by using a simple change of basis, the matrix of L, has one of the
following forms:

pr 0 0 pr 10 pr 10
0 we O |, 0 w 0 |, 0 w1 1
0 0 M3 0 0 M3 0 0 H1
Let 305%2.
g 00
i)LetL,=| 0 wu2 O |,then the rule of multiplication can be written as follows:
0 0 wus

efi=u1f1, efe=upafe, efs=pu3f3, fife=<%1e, fifs=4&ze, fafz=¢ze.

In this case, from J(e,e,e,f1) =0, J(e,e,e,f2) =0, and J(e,e,e, f3) =0 we get u; =0, i =1,3.
If ({1,¢2,¢3) # (0,0,0), then by changing e’ = {1e, f; = &1f3—¢af2 +¢3f1 we obtian the Jordan
superalgebra:

8,2:07 f1f2:e,-
We denote this superalgebra by J;.
g 10
ii) LetL,=| 0 pu; O |[,then the rule of multiplication can be written as follows:
0 0 pus

efi=mfi+fe, efe=uife, efs=usfs, fife=<%1e, fifs=<Eze, fafs={se.



In this case, from J(e,e,e,f2) =0 and J(e,e,e,f3) =0 we get 2u§ =0, 2,u§ = 0, respectively. So
p1 = p3 =0. When (¢1,¢2,¢3) =(0,0,0) we get the superalgebra
ef1=f2,
which we denote by Js. Hence, if (¢1,2,¢3) #(0,0,0), then we can change the basis as follows:

fi=aifi+asfe+asfs, fify=aiéie—aiaséze=_{le,
fa=aife, fifs=a1biéie +aibaése +agzbaize —azbiize = {he,
f3="b1fe+bafs, fofs=a1baize.
We proceed as follows:
a) If {3 =0 then &} =a?¢éy, & = a1b1&1 +ar1bads.
a.l) If &1 # 0 then by choosing b1 = —?—152, a1 = 51 we get &, = 0 and ¢} = 1 which gives the
superalgebra Jg:
=0, efi=f3, fifs=e.
a.2) If {1 =0 then 62 =a1b9és. In this case by choosing a1bg = - we get the superalgebra
J4:
=0, ef{ =y, fify=e
b) If 3 # 0 then by choosing a3 U po=_L  gy= ‘“62 and taking bs = 1 for simplicity we

¢3 aiés’ &
get the superalgebra J5: e2 =0, ef1 = f2, f2f3 =e.
M1 1 0
ili) Let L,=| 0 pu; 1 |, then the rule of multiplication can be written as follows:
0 0 m

efi=up1fi+fe, efe=pife+fs, efs=uifs, fife=¢1e, fifs=¢2e, fafs={ze.

In this case from J(e,e,e, 1) = 0 we get u; = 0. Moreover, from J(e,e, f1, f2) =0 and J (e, f1,f1,f2) =0
we get {3 =0 and {9 =1 =0, respectively. As a result, we have the superalgebra Jg :

ef1=f2, efe=f3.

Let 30 = %1.
g 00

i)LetL,=| 0 wuo O |, then the rule of multiplication can be written as follows:
0 0 pus

efi=u1f1, efe=pafe, efs=usfs, fife=<1e, fi1fs=<%ze, fafs=¢se.

From J(e,e,e,f1) =0, J(e,e,e,f2) =0, and J(e,e,e, f3) =0 we obtain equations below
(4 = Dpi2u; —1)=0, i=1,3.
Up to permutation of f1, fo and f3 we have ten possibilities:
(1, p2, 1) €1(0,0,0),(0,0,1),(0,0,1),(0,3,3),(0,3,1),(0,1,1),(3, 3, 4),(5,3,1,(5,1,1),(1,1,)}.
1. (u1,p2,us) =(0,0,0). In this case, we have the following results
J(e,e,f1,f2)=0 = ¢1=0, J(e,e,f1,/3)=0 = $2=0, J(e,e,f2,/3)=0 = {3=0.
Hence, the obtained superalgebra is J7.
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2. (u1,u2,us3)=(0,0, %). In this case, we have the following results

J(e,e,f1,f2)=0 = §1=0, J(e,e,f3,/1)=0 = {2=0, J(ee,f3,f2)=0 = {3=0.
Hence, the the obtained superalgebra is Jg.
3. (u1,u2,us3)=1(0,0,1). In this case, we have the following results
J(e,e,f1,f2)=0 = §1=0, J(ee,f1,/3)=0 = {23=0, J(e,e,f2,f3)=0 = {3=0.

Hence, the the obtained superalgebra is Jg.
4. (u1,p2,u13)=(0, %, %). In this case, we have the following results

J(e,e,f1,f2)=0 = {1 =0, J(e,e,f1,f3)=0 = {2=0.

Hence, the obtained superalgebras are J19 and J11.
5. (u1, pe,us) = (0, %, 1) In this case, we have the following results

J(e,e,fo,f1)=0 = é1=0, J(e,e,f1,f3)=0 = {3=0, J(e,e,fo,f3)=0 = &3=0.
Hence, the obtained superalgebra is Jy3.
6. (u1,u2,u3)=(0,1,1). In this case, we have the following results
J(e,e,f1,f2)=0 = &1=0, J(e,e,f1,/3)=0 => & =0.
Hence, the obtained superalgebras are J13 and J14.
7. (u1, e, us) = (0, %, %). In this case, we have the following results

J(f1,f2,e,f3)=0 = {1 =E62=¢3=0.
Hence, the obtained superalgebra is Jy5.
8. (u1,u2,us) = (%, %, 1). In this case, we have the following results

J(e,f1,f2,f3)=0 = §1=¢3=0, J(e,e,f1,f3)=0 = {2=0.
Hence, the obtained superalgebra is Jyg.
9. (u1,u2,us) = (%, 1,1). In this case, we have the following results

J(e,f1,f2,f3)=0 = §1=¢3=0, J(e,e,f1,f3)=0 = {2=0.
Hence, the obtained superalgebra is J17.
10. (u1,p2,us) =(1,1,1). In this case, the multiplication rules in the obtained superalgebra are

e?=e, efi=/f1, efo="fo, efs =fs, fife=¢E1e, f1fs = Ege, fofs = Ese. When (¢1,&9,E3) =
(0,0,0) we get the superalgebra Jsg.

However, when (£1,¢9,¢3) #(0,0,0) we can assume that {; # 0 and by changing the basis
as follows

f{:5—11f1+f2, fo=rf2, f5=¢1f3—&afa+E3f1,

we get the superalgebra Jyg.

g 10
ii) LetL,~| 0 pu3 O |[,then the rule of multiplication can be written as follows:
0 0 pus

efi=pi1f1+f2, efe=pi1fe, efs=usfs, fife=<%1e, fifs=<Eze, fafz={ze.

However, the following two equations

J(e,e,e,f1)=0 = 1-6u1+6u2=0, J(e,e,e,fs)=0 = (u1—Du1(2u1—1)=0,
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which can not be satisfied at the same time, give a contradiction, thereby no superalgebras can be
found in this subcase.

g 10
iii) Let L,=| 0 pu; 1 |, then the rule of multiplication can be written as follows:
0 0 m

efi=u1f1+f2, efe=upife+f3, efs=uifs, fife=%ie, fifs=¢2e, fofz=¢se.

However, the following two equations
J(e7e’e)f2) =0=>1- 6:”1 +6IJ% = 07 J(eae’eafS) =0 > (Hl - 1)I~t1(2,u1 - 1) = 07

which can not be satisfied at the same time, give a contradiction, thereby no superalgebras can be
found in this subcase. 0

Theorem 11. Up to isomorphism there are 71 Jordan superalgebras of type (2,2), which are pre-
sented below with some additional information:

Ne | Orbit | Multiplication rules Decomposition
S| 12 |ei=er, ei=ey Ur® U0 S & S}
fg 13 6%261, e%:ez, 62f2=f2 02[1695%2698}
f3 13 6%261, 63262, €2f2:%f2 %1695”12@8}
Ja | 12 |e2=ey, el=eg, eaf1 =11, eafo="f2 U S}
Is | 13 |el=ey, el=eg, eaf1=f1, e2f2=3f2 Ur® S
Jo | 13 |ef=e1, el =eq, eaf1 =11, eafo=fa, fife=e2 Ur® S
J1 | 10 |e?=eq, el=es, eaf1=3f1, e2f2=32f2 UL & S
Fs | 11 |el=eq, el =e3, eafi1=5f1, eafo=5f2 fife=e2 U F3
Fo | 13 |e2=ey, el=ey, e1fo=5f2 eafo=1%fs S50 S}
Jro| 12 |el=ey, el=es, ei1fa=3f2 e2f1=f1 FLo S}
Ju| 13 |el=ey, el=es, ei1fo=35f2, eaf1=Ff1, eafa=3f2 Indecomposable
J12| 12 | e2=ey, el=ey, e1fo=5f2 eaf1=3%f1 FLo S?
J13| 12 |el=ey, e=es, eifo=1fs, eaf1=13f1, eafa=13f2 Indecomposable
J1a| 12 |ed=ey, el =e9, e1fa=fo, e2f1=/1 S o Sy
Ji5| 10 | e?=eq, e =es, e1f1=35f1, e1fe = 3f2.e2f1=5f1, eafe = 3f2 | Indecomposable

t 12 |e2=eq, e2=ey, e1f1= lfl, ei1fe = lfz, Indecomposable

16 1 2 2 2

eaf1=3f1, eafa = 3f2, fife=e1+tes

Fr| 6 | fife=ex U ® S
J1s| 7 |eafi=f2 U ® S
H19 9 esf1="f2, fife=e1 Indecomposable
20| 10 |eaf1=f2, fife=e2 U ® S}
Foa| 7 |ei=eq UroUs® FL o S}
Foz| 10 |e2=eq, fifo=es Uro Sy
Jo3| 11 |e2=eq, eafi=f2 U FP
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Foa | 12 2
ey =
1—¢€1, € =
a5 | 10 | 2= of1="r2, [1fa=e2
1~ ey, elf2 — lfz
Fog| 10 |e2= 2 U S}
1= €1, elf2:f2 1
For| 9 |e=eq, erf1=1 Us® S2& S}
Jog | 10 8:21:61, . fl_gfl’ eif2=3f2 Us o S} & S}
» €1/1= 3 _
oo | 10 |e2=ey, erf %;1, e1fe=3f2 fifz=e2 U ® F3
»e1f1=35 _1
2/1, e = =
Fso| 11 |eP=ey, erfi=1if elfz %fz, fife=e1 Indecomposable
a1 | 11 |e=ey, erf %fl, 1fo =512, fife=e1+e2 Uz & S
s e1f1=35 _1
2 1, € = =
§32 12 e:21 “er, e1fy = %fl e1]/:2 %fz, esf1=fo ;ndecomposable
’ 1 = =
33 12 e% =eq, elfl _ lf 2 2f2, lel = f2, flfz e ndecomposable
Faa| 11 |e2=ey, erf 5f1, e1fa=f2 Indecomposable
, €1 = —
s | 12 | Fmer e fl f1, eife="r2 Uy ® S
, €11 = —
a6 | 11 |e2=ey, ere f1, eife = fo2, fifa=e1 U ® S
, €1 =
Fzr| 12 | eP=ey, e 92 ¢2 Uy © F3
, €1 =
Fsg| 11 |e?= 2= e, e1f2 =312 Bro S oS!
1 e1, e1eg=e9, € f _ 3 1 1
Fso| 9 |e2=eq, ere , e1f2 =12 Flo S}
, €1€2 =¢€ 1
f40 10 e%:el ere 25 elfl_ﬁfl, e]_fz:%f2 LSp]_3()eatsp11
,e1eg=e _1
I | 11 | 2= 2, e1f1= 31, e1f2 = 3 Indecomposabl
1 e1, e1eg=e9 ef_l 2 25 f1f2=ez e
j42 12 e% — ey, eqey » €171 = %fl, e1f2 = %fZ e2f1 _ f IndeCOmpOSable
’ =e9, e 1 ’ =J2
f43 10 e% ey, eren=e lfl %fl, elfz = %f2’ erl _ fz f IndeCOmpOSable
G| 7 |ei=ey, ere 2, e1f1 = 3f1, e1fz = fa , f1f2 = es | Indecomposable
) 2 :ez, e1 —
§45 8 e% —eq, e1es = ey ell;:l ) fl; e]_f2 = f2 ;ndecomposable
6| 10 |=ey, eren=es, e L =f1, e1fo = fa, fifs = e2 ndecomposable
| 11 | 2= , e1f1=/r1, eife=f2, fifa = Indecomposabl
2=e1, ereg=eg, e1f1 = 2, fif2=e1 e
Fug| 10 |e%= , e1fi=11, exf2=f2, fife = Indecomposabl
1 e1, e1eg9=e9, € f _ 2, 1f2—el+e2 e
Fa9 | 11 e% 1. eres ,ei1fi=1f1, eife=1f2, eafi =12 Indecomposable
4 =ey, elfl = _ - T
j50 10 e% =eq, e1e9 = le fl; elfz - fz? erl = f2, f1f2 _ ndecomposable
I 9 |e?= 2€2 ez | Indecomposabl
1—61, elezzle e 1 abre
Iz | 11 |e®=ey, eqe 2" 1f2 =512 B e S e Sl
» €1€2 =5 _
Is3| 11 |e2=ey, eqe %ez, e1fe=3f2, fif2=e2 S 0 S}
, e1e2 = 5e _1
2€2, €1 = =
§54 12 e% —eq, e1e9= %62 . /;2 %f2, esfo="r1 jndecomPOS(lble
’ 1 = =
j55 11 |e2=ey, eres=1ley, o fz %f2, eafa = f1, fifs = es Indecomposable
2 ’ = =
f56 13 e% ey, eqeq = %ez elfz %fz, eaf1=fo Indecomposable
’ 1 = =
51| 12 | e2=ey, eren= 2” 2= 1f2, eaf1=fa, fif2=e2 ndecomposable
58 4 e% —eq, eqe % 2, e1fa = f2 Indecomposable
, €162 =75 _1
Fso| 9 |el=eq, ere %ez, e1fi=3f1, eife = 3f2 oS!
, e1e9 = 5e _1
2 2, € = =
§60 10 e% ey, eqeq = i, 81;1 %f1, e1fe = fo ;ndewmposable
2 9 1 = =
61| 10 |e2=e1, eren=1les, e fl - %fl, e1fo=fa, fifs=e3 ndecomposable
s€2, e1f1= 511, e1fe = f2, eafe =11 Indecomposable
Indecomposable
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Jo2 | 11 |e2=ey, erea=3es, e1f1=3f1, e1f2=f2, eaf2 = f1, fif2 = e | Indecomposable
Je3 | 11 e% =ej, e1€9= %ez, e1f1= %fl, e1fe="r2, eaf1="r2 Indecomposable
Joa | 12 |el=ey, e1ea=3es, e1f1=3f1, e1f2 = f2, e2f1 = f2, fife =es | Indecomposable
Jes | 10 e% =eq, e1€9= %ez, e1fi="11, eife=fo Indecomposable
fgs 6 e% =e9 B3 & yll D yll

B7Yi 7 e% =e9, fifo=e9 Indecomposable
Jes | 10 e% =eq, fife=e1 Indecomposable
Feo | 11 e% =e9q, esf1=/,o Indecomposable
F0 8 e% =e9, e1f1=12 Indecomposable
In | 10 e% =e9, e1f1="[2, fife=e2 Indecomposable

Proof. Let Jo = %1 9%. Here we are looking for Jordan superalgebras such that J = (Fe; + Feg) +
(Ff1 + Ff3) with multiplication rules

e?=e1, el =ey, e1f1=a1f1+asfe, e1fo=asfi+asfo,

eaf1=P1f1+ Bafe, f1fe=E1e1+&zez, eafo=P3f1+ Pafo.

For the action of the operator L., on J; we can write the following matrix

a; ag
as ag)

However, it is easy to prove that, by using a simple change of basis, the matrix of L., have one of

the following forms:
p1 0 pr 1
0 w2) \0 m)

0
i) Let L., = (,161 ) then the rule of multiplication can be written as follows:
U2

el =e1, el =es, e1f1=p1f1, ei1fe=pafo,
eaf1=P1f1+Paf2, fife=C1e1+ges, eafa=Psf1+ Pafo.
From J(eq,e1,e1,f1) =0, J(e1,e1,e1, f2) =0, we obtain equations below
(u1— D12 -1 =0, i=1,2.
Up to permutation of f1 and f2 we have six possibilities:

(11, p2) € 1(0,0),(0,3),(0,1),(3,5),(3, 1), (1, 1))

1. (u1,u2) = (0,0) In this case, we can consider the action of eg. By using a simple change of
basis, the matrix of L., have one of the following forms:

T10 ‘L'11
0‘[2, 0‘[1.
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When L., = T01 TO we have &1 =0, (11 - 1D711271-1) =0, (79— 1)719(279—1) = 0 from
2
J(e1,e1,f1,f2)=0, J(eg,eq,e9,f1) =0 and J(eg,eq,eq, f2) =0, respectively.
e If 71 =0 then from
J(eg,e9,f1,f2) =0 = &2(212-1)=0, J(eg,ez,f2,f1)=0 = &a(12—1)=0.
we get {oa=0and 79€0,1, %, which gives superalgebras #1, % and _¢#s.
e If 71 =1 then we have
J(eg,ez,f2,f1)=0 = &a(12—1)=0.
So, either {3 = 0 and we have Jordan superalgebras ¢4 and _¢5 with 79 € {1, L oré #0
and 7o = 1 which gives us the Jordan superalgebra _%.

o If 11 = % then from

J(eg,ez,f1,fe) =0 = {2(272-1)=0.
So, either {9 = 0 and we have a Jordan superalgebra _¢#; with 79 = % (19 €1{0,1} repeat the
previous superalgebras), or o # 0 and 79 = % which gives us the Jordan superalgebra

Ss-
1
When L., = (Tl ) we have:
0 T1

J(eg,e,e2,f1)=0 = (1-671+672)=0, J(ez,ese2,f2)=0 = (11— D11(211-1)=0.

This contradiction implies that no superalgebras can be found in this case.
2. (u1,u2)=1(0, %). In this case we have the following results

J(ei,e1,e2,f1)=0 = P2=0, J(ey,e1,f2,e2) =0 = P3=0,
J(e1,e1,f2,f1)=0 = £{1=¢2=0, J(ey,ez,e2,f2)=0 = B4(264-1)=0,
J(eg,ez,e2,f1)=0 = (f1—-1)P1(261-1)=0.

Hence, in this case, we obtain 6 Jordan superalgebras with f4 € {0,1} and B1 € {0,1,%}.
Among them we have %o, %10, _%11, %12, %13, While ;1 = 4 = 0 gives a superalgebra isomor-

phic to previously obtained one.
3. (u1,u2)=(0,1) In this case we have the following results
J(e1,e1,e2,f1)=0 = P2=0, J(e1,e1,e2,f2)=0 = P3=P4=0,
J(e1,e1,f1,f2)=0 = {1=0, J(e1,e1,f2,f1)=0 = &3=0,
J(eg,ez,e2,f1) =0 > (,31 - 1)ﬂ1(2ﬁ1 - ].) =0.
Hence, in this case, we obtain 3 Jordan superalgebras with f; € {0,1,1}. Only 8; =1 gives a
new superalgebra #14.

4. (u1,u2) = (%, %). In this case, we can consider the action of e9. By using a simple change of
basis, the matrix of L., has one of the following forms:

T10 ‘L'11
0‘[2, 0‘[1.

J(e17e2,627f1):0 = T1(2T1_1):07 J(elae2’e2af4):0 = T2(2T2_1):0-

0
When L., = (TOI ) we have:
72

o If (11,79) = (%, %) then we get the well-known one parametric family of four-dimensional
Jordan superalgebras, which we denoted as jlt()..
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o If (11,79) = (O,%) then from J(eq,eq,f1,f2) =0 we get {1 = {3 = 0 which gives a Jordan
superalgebra isomorphic to _#13.

e If (11,72) = (0,0) then from J(eq1,e9,f1,f2) = 0 we get {3 = 0 and hence the following
Jordan superalgebra: e% =eq, eg =eg, e1f1= %fl, e1fe= %fg, fifo = &1e1. Though only

¢1 =0 gives us a new superalgebra _¢;5.

1
When L., = (TOI ) we have:
71

J(elyeZan,fl)ZO = 27'-1_%:0, J(€1,62,62,f4):0 = T1(2T1_1):O-

This is a contradiction.
5. (u1,u2) = (%, 1). In this case we have the following results

J(e1,e1,e2,f2)=0 = P3=L04=0, J(e1,e1,f1,e2)=0 = P2=0,
J(e1,e1,f1,f2)=0 = {1=¢2=0, J(ey,ez,e2,/3)=0 = f1(261 -1 =0.
Hence, we have two Jordan superalgebras with f; € {0, %}, which are isomorphic to _#5 and

H11-
6. (u1,u2) =(1,1). In this case, we can consider the action of e3. By using a simple change of
basis, the matrix of L., has one of the following forms:
0
) we have:

T1 0 T1 1
0 T2 ’ 0 T1 '
T2

J(e1,e1,e2,/1)=0 = 11=0, J(ey,e1,e2,f2)=0 = 172=0, J(e,e1,f1,/2)=0 = &=0.

Hence, we have the following Jordan superalgebra: e% =eq, e% =eq, e1f1 = f1, e1fe =

fo, f1f2 = &1e1 which repeats o and _g.
T1

When L., = 1

When L, = we have:

T1
J(ey,e1,e2,f1)=0 = f2=0.

Thus, there are no superalgebras in this case.

1
ii) Let L., = ('L:)l ) then the rule of multiplication can be written as follows:
1

el =e1, e3=eg, e1f1=p1f1+f2, eife=pife

eaf1=Pi1f1+ Pafa, fife=E1e1+ e, eafo=Paf1+ Pafa.

From J(eq,e1,e1,f1) =0, J(e1,e1,e1,f2) =0, we obtain equations below
1-6u1+6u2=0, (u1—1)ui1(2u—1)=0.

Evidently, this is a contradiction.
Let Jo = %9 ®%5. Here we are looking for Jordan superalgebras such that J = (Feq +Feg) + (Ff1 +
Ff2) with multiplication rules

e1f1=a1f1+azfe, e1fe=asfi+aafe, eaf1=P1f1+Paf2, fife=<C1e1+2e2, eafo = PB3f1+ Pafo.

For the action of the operator L., on J; we can write the following matrix
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a; g
a3 a4 '

However, it is easy to prove that, by using a simple change of basis, the matrix of L., has one of

the following forms:
pr 0 pro 1
0 pz)” (0 m

0
i) Let L., = (lf)l ) , then the rule of multiplication can be written as follows:
K2

e1f1=p1f1, e1fe=paf2, eaf1 =P1f1+Pef2, fifa=<{1e1+C2e2, eafo=P3f1+ Pafo.

Using Jordan super identity we get the following results:
J(ey,e1,e1,/1)=0 = p1 =0, J(ey,er,e1,f2)=0 = us=0.

Thus, we can consider the action of es. By using a simple change of basis, the matrix of L., has one

of the following forms:
T1 0 T1 1
0 T9 ’ 0 T1 ’

When L., = 1

0
) we have:
T2

J(eg,e2,e2,/1)=0 = 11 =0, J(eg,ez,e2,/2)=0 = 12=0.

Hence, we have the Jordan superalgebra: f1fo =¢&1e1+qe0.

o If (£1,¢2) =(0,0) the superalgebra is trivial.
o If (£1,¢9) #(0,0) then by changing the basis as follows

eg, 1if¢1#0,

! !/
e;=¢1e1+&gea, ey = )
1 T2 ey, 1if&=0.

we get the superalgebra #7.

1
When L., = (Tol ) we have:
T1

J(eg,ez,e2,f/1)=0 = 71 =0.

Hence, we have the Jordan superalgebra: eaf1 = fo, f1fo=<¢1e1+¢2ea.
o If (¢1,¢2) = (0,0), we have the superalgebra #ig.
e If {3 =0,¢1 #0, then by changing f] = ﬁfl’ fo= ﬁfg we get the superalgebra #1g.

o If {5 #0, then changing f] = 1 = ¢ we have

1 1
ﬁfl, f2’=ﬁf2, &
esf1=fy fifs =tei+es.

Further, by changing e'2 =te1 +eg we obtain the superalgebra _#og.
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Let Jo = %1 @ %5. Here we are looking for Jordan superalgebras such that J = (Fe1+Feg)+(Ff1+Ff2)
with multiplication rules

e?=e1, eifi=aif1+asfe, eife=asfi+asfs, esf1=Pif1+Paf2, fife=Ere1+Eges,

eafe = P3f1+ Pafe.

For the action of the operator L., on J; we can write the following matrix

a1 a2
az a4 .

However, it is easy to prove that, by using a simple change of basis, the matrix of L., has one of

the following forms:
pr 0 pro 1
0 p2)” {0 m

0
i) Let L., = (I:)l ) then the rule of multiplication can be written as follows:
H2

e?=e1, eifi=p1f1, e1fe=pafe, esfi=Pif1+Paf2, fife=CE1e1+Eaes, eafo=Psfi+ Pafa.
From J(ey,e1,e1,f1) =0, J(e1,e1,e1,f2) =0, we obtain equations below
(i = Dpi2u; —1)=0, i=1,2.
Up to permutation of f1 and f2 we have six possibilities:
(1, 12) €1(0,0),(0, 5),0,1),(3, %), (3,1),(1, 1)},

1. (u1,u2) =(0,0). In this case, we can consider the action of e2. By using a simple change of
basis, the matrix of L., has one of the following forms:

T10 T1].
0‘[2’ 01’1.

J(e1,e1,f1,f2)=0 = £1 =0, J(eg,ez,e2,/1)=0 = 11 =0, J(eg,ez,e2,/2)=0 = 12=0.

0
When L., = (Tol ) we have:
72

T1

1
So we have the superalgebras #2; and _#29. When L., = ( 0 ) we have

T1
J(e1,e1,f1,f2)=0 = &1 =0, J(eg,eg,e9,f2)=0 = 11 =0.
Which gives us the superalgebras #o3 and _#o4.
2. (u1,u2)=1(0, %). In this case, we have the following results
J(ey,e1,e2,f1)=0 = P2=0, J(e1,e1,f2,e2)=0 = P3=0,
J(e1,e1,f2,f1)=0 = £{1=E{2=0, J(ey,ez,e2,f2)=0 = f4=0,
J(eg,eg,e0,f1)=0 = B1=0.
Hence, we obtain the superalgebra _#as.
3. (u1,u2) =(0,1). In this case, we have the following results
J(ei,ez,e1,/2)=0 = B3=P4=0, J(e1,f1,e1,f2)=0 = {1={2=0,
J(ey,e1,e2,f1)=0 = P2=0, J(eg,ez,e2,f1)=0 = B1=0.
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Hence, we get the superalgebra _#og.
11

. (41, 12) = (5,%). In this case, we can consider the action of es. By using a simple change of

basis, the matrix of L., has one of the following forms:
71 O 71 1
0 T2 ’ 0 T1 .

J(ey,ez2,e2,f1)=0 = 71 =0, J(ey,ez,e2,f2)=0 = 72 =0.

T1
When L., =
T2

0
) we have:

So we have the following superalgebra:

e =e1, e1fi=3f1, eife=3%fe, fife=Ere1+Eges.
If {1 = {2 = 0 then we have the superalgebra _#o7.
If &1 =0,&9 #0 then by the change f{ = % f1 we get the superalgebra _#as.

If {1 #0, &2 =0, then by changing f] = %1 f1 we get the superalgebra _#a9.

If {1 #0, {2 #0, then by changing f] = % f1 and e’2 = %eg we obtain the superalgebra
F30-
1
When L., = (Tl ) we have
0 T1

J(ey,ez2,e9,f1)=0 = 71 =0, J(ey,e2,f1,f1)=0 = {1 =0.
So we have the superalgebras #3; and _#32.

. (u1,pe) = (%, 1). In this case, we have the following results

J(er,e1,e2,/2)=0 = P3=P4=0, J(e1,e1,f1,e2)=0 = P2=0,
J(e1,e1,f1,f2)=0 = {1 =¢2=0, J(ey,e2,e2,/1)=0 = f1=0.

Hence, the obtained superalgebra is _#s3.

. (u1,u2) = (1,1). In this case, we can consider the action of es. By using a simple change of

basis, the matrix of L., has one of the following forms:
T1 0 T1 1
0 T2 ’ 0 T1 .

J(ey,eq,e2,f1)=0 = 11=0, J(ey,e1,e2,f2)=0 = 12=0, J(e1,e1,f1,f2)=0 = {2 =0.
So we have superalgebras ¢34 and _#35.

0
When L., = (Tol ) we have:
72

1
When L., = (TOI ) we have
T1

J(ey,e1,e2,f1)=0 = 1=0.

Which is, obviously, a contradiction.

Let Jo = %1. Here we are looking for Jordan superalgebras such that J = (Fe; +Feg) + (Ff1 + Ff2)

with multiplication rules

e? =e1, e1fi=a1f1+asfs, erez=ez, e1fo=asfi+aafs, eafi=P1f1+Pof2, fife=E1e1+Ezes,

eafe = P3f1+ Pafo.
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For the action of the operator L., on J; we can write the following matrix

a1 a2
as ay4 '

However, it is easy to prove that, by using a simple change of basis, the matrix of L., has one of

the following forms:
[ pr 1
0 w2) \0 m

0
i) Let L., = (%1 ) then the rule of multiplication can be written as follows:
M2

e =e1, e1fi=pi1f1, etea=ez, e1fo=pafo, eaf1=P1f1+Pof2 fife=Ere1+Ezes,

eafo = Psf1+ Pafa.
From J(ey,e1,e1,f1) =0, J(e1,e1,e1,f2) =0, we obtain equations below
(- Dpa@u1—1)=0, i=1,2.
Up to permutation of f1 and f2 we have six possibilities:
(u1, 1) € 1(0,0),(0,3),(0,1),(3,3),(3,1),(1, 1)}.
1. (u1,u2) =(0,0). In this case, we have the following results
J(e1,e1,e2,f1) =0 = Pf1=LP2=0, J(e1,e1,e2,f2) =0 = Pf3=LP4=0,

J(ey,e1,f1,f2)=0 = §1=¢2=0.
Hence, the obtained superalgebra is _#3¢.
2. (u1,u2)=1(0, %). In this case, we have the following results
J(ey,e1,e2,f1)=0 = B1=P2=0, J(e1,e1,f2,e2)=0 = B3=0,
J(ey,ez2,e9,f2)=0 = P4 =0, J(ey,e1,f2,f1)=0 = {1=¢(2=0.
Hence, the obtained superalgebra is _#37.
3. (u1,u2)=(0,1). In this case, we have the following results
J(ey,eg,e1,/1)=0 = B1=P2=0, J(e1,e1,e2,f2)=0 = P3=0,
J(e1,e1,f1,f2) =0 = §1=¢2=0, J(fg,e2,e2,e2)=0 = B4 =0.
Hence, the obtained superalgebra is _#3s.
4. (u1,u2) = (%, %). In this case, we can consider the action of es. By using a simple change of
basis, the matrix of L., have one of the following forms:
0
) we have:

T1 0 T1 1
0 T2 ’ 0 T1 '
T2

J(e1,ez,e2,f1)=0 = 11 =0, J(ey,ez,e2,f2)=0 = 172=0, J(ey,ez2,f1,/2)=0 = &1 =0.
So we have the superalgebras _#39 and _%4.

When L., = o

71
we have

When L., = (
T1
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J(e1,e0,e9,f1)=0 = 11=0, J(e1,eo,f1,f2)=0 = {1 =0.
which gives us the superalgebras _#4; and _#y9.
5. (u1,u2) = (%, 1). In this case, we have the following results
J(ey,e1,e2,f2)=0 = P3=0, J(ey,e1,f1,e2)=0 = f2=0,
J(e1,e1,/1,/2)=0 = §1=82=0, J(e1,eg,e2,/1) =0 = P1=0, J(eg,ez,e2,/2) =0 = L4 =0.
Hence, the obtained superalgebra is _#43.
6. (u1,u2) =(1,1). In this case, we can consider the action of e2. By using a simple change of
basis, the matrix of L., have one of the following forms:

71 O 71 1
0‘[2’ 0‘[1.

J(eg,ez,e2,f1)=0 = 11 =0, J(eg,ez,e2,/2)=0 = 12=0.

When L., = '

0
) we have:
T2

So we have the following superalgebra:

e?=e1, e1fi=f1, etea=ea, e1fo="fa2, fifo=E1e1+Egen,

o If (¢1,¢2) = (0,0) we have the superalgebra _¢44.

o If (£1,62) #(0,0)
(a) When ¢; =0, by changing f] = é f1 we get the superalgebra Z4s.

(b) When ¢; #0, by changing f] = é f1 and denoting % =t we can write

el =ey, ereg = e, e1f1 = f1, e1f2 = fa, fifa=e1+tes.
In this case, we get #46 when ¢ =0 and _#47 when ¢ # 0.

When L., = '

1
) we have
T1

J(eg,ez,e2,f2)=0 = 11 =0, J(eg,e2,f1,f1)=0 = {1 =0.
So we have the superalgebras #43 and _Z49.
H1

ii) Let L., =
M1

) then the rule of multiplication can be written as follows:

2
el =e1, eteg =eg, e1f1=pu1f1+fe, e1fe = pife,

eaf1=P1f1+ Bafa, f1fa=C1e1+Ez2e2, eafa = P3f1+ Pafo.

However, from
J(e1,e1,e1,f1)=0 = 1—-6u; +6u2=0, J(e1,er,e1,f2)=0 = (u1—u1(2u1—1)=0.

we get a contradiction.
Let Jo = %s. Here we are looking for Jordan superalgebras such that J = (Fe; +Feg) + (Ff1 + Ff2)
with multiplication rules

2
el=e1, eifi=aifi+azfs, erea = PRe e1fe = asf1+asfo,

eaf1=Pi1f1+ PBaf2, f1fa=¢E1e1+Ez2e2, eafa = P3f1+ Pafo.

For the action of the operator L., on J; we can write the following matrix
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a; a2
a3 a4 '

However, it is easy to prove that, by using a simple change of basis, the matrix of L., has one of

the following forms:
[ pr 1
0 pg)” (0 m

0
i) Let L., = (I:)l ) then the rule of multiplication can be written as follows:
K2

1
2
el=e1, e1f1=p1f1, ertez = 2% e1fa = uaf2,

eaf1=P1f1+ Bafe, fife =C1e1+E2ea, eafo = P3f1+ Pafo.

From J(e1,e1,e1,f1) =0, J(e1,e1,e1,f2) =0, we obtain equations below
(i1 = D12 -1 =0, i=1,2.
Up to permutation of f1 and f2 we have six possibilities:
(1, 12) €4(0,0),(0,3),(0,1),(3,3),(3,1),(1, 1)}

1. (u1,u2) =(0,0). In this case, we have the following results

J(e1,e1,e2,f1)=0 = B1=02=0, J(e1,e1,e2,f2)=0 = P3=P4=0,
J(ey,e1,f1,fe)=0 = {1=¢{2=0.
Hence, the obtained superalgebra is _#s.
2. (u1,u2)=1(0, %). In this case, we have the following results

J(ey,eq,e2,f1)=0 = B1=0, J(er,e1,f2,f1)=0 = {1 =0, J(e1,ez,e1,fo)=0 = P4 =0,
J(e1,ez,e2,f1)=0 = P2f3=0.
We consider the following subcases:
(a) P2 =0. If B3 = 0 then we take the superalgebra _#5; when {3 = 0, and when {3 # 0 we
can change f] = é f1 and thereby obtain superalgebra _#sa.
If B3 # 0, we get the superalgebra _#s3 when {3 = 0, and when {2 # 0 then we change the

basis by taking f] =/ % f1, fo = \//% f2, which gives us the superalgebra #s4.

(b) B3 =0, B2 #0. In this subcase we obtain superalgebras #s5 (when g = 0) and _%s¢
(when &9 #0).
3. (u1,u2)=(0,1). In this case, we have the following results

J(e,e1,e2,/1)=0 = P1=P2=0, J(er,e1,e2,/2)=0 = P3=P4=0,
J(e1,e1,f1,f2)=0 = {1 =¢2=0.
This gives us the Jordan superalgebra Zs7.
4. (ug,u2) = (%, %). In this case, we have the following results
J(ei,ez,e1,f1)=0 = P1=P2=0, J(e1,e9,e1,f2)=0 = B3=P4=0,
J(e1,f1,e1,f2) =0 = {2 =0, J(eg,f1,e1,fo)=0 = {1 =0.
This gives us the Jordan superalgebra #ss.
5. (u1,u2) = (%, 1). In this case, we have the following results
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J(e1,e1,e2,f2)=0 = B4=0, J(e1,e1,f1,/2)=0 = {1 =0, J(ey,ez,e1,f1)=0 = p1=0,
J(e1,ea,e2,f2)=0 = Paf3=0.

This case, being similar to the second one, gives us the Jordan superalgebras #s9 — _%e4.
6. (u1,u2) =(1,1). In this case, we have the following results

J(ei,e1,e2,/1)=0 = B1=P2=0, J(ey,e1,e2,f2)=0 = B3 =P4=0,
J(e1,e1,f1,f2)=0 = {2=0, J(eg,f1,e1,f2)=0 = &1 =0.

Here we obtain the Jordan superalgebra _#gs.

1
ii) Let L., = ('L:)l ) then the rule of multiplication can be written as follows:
M1

1
2 2
e]=e1, e1fi=p1f1+f2, erea = 52 e1fa = uif2, e5=0,

eaf1=P1f1+ PBafa, f1fa=¢E1e1+Ez2ea, eafo = P3f1+ Pafo.

However, from the following
J(e1,e1,e1,/1)=0 = 1—6u1+6,u%:0, J(e1,e1,e1,/2)=0 = (u1 —Du1(2u; -1)=0,

we get a contradiction.

Let Jo = %B3. Here we are looking for Jordan superalgebras such that J = (Feq + Feg) + (Ff1 + Ff2)
with multiplication rules

2
el =eg, e1fi=aif1+azsfe, e1fe = asfi+asfo,

eaf1=P1f1+ PBafa, f1fa=CE1e1+Ez2e2, eafa = P3f1+ Pafo.

For the action of the operator L., on J; we can write the following matrix

a; ag
as ag)

However, it is easy to prove that, by using a simple change of basis, the matrix of L., has one of

the following forms:
pr O pr 1
0 we) \0 mf

0
i) Let L., = 'Lé)l ) then the rule of multiplication can be written as follows:
M2

e? =eg, e1fi=pif1, e1fe=pafe, eafi=Pif1+Pafe, fife=<E1e1+Eses, eafo=Psfi+Pafe.
Let’s assume that u; # 0. Then, from
J(e,e1,e1,/1)=0 = P2=0, J(ez,ez,e2,f1)=0 = p1=0, J(ey,e1,e1,f1)=0 = p; =0,

results, we get a contradiction. So y; =0.
Further, let’s assume that ug # 0. Then, from

J(ey,e1,e1,/2)=0 = PB3=0, J(e1,e1,e2,f1)=0 = p1=0,
J(eg,ez,e2,f2)=0 = P4 =0, J(e1,e1,e1,/2)=0 = us=0.



23
results we get a contradiction again. So ug = 0.

With obtained results we can consider the action of the operator L., on JJ; which can be written in

one of the following forms:
T1 0 T1 1
0 T9 ’ 0 T1 ’

0
il) L., = (Tol . ) gives the following results:
2

J(ey,e1,e2,f1)=0 = 171 =0, J(ey,e1,e2,f2)=0 = 172 =0,

by which we obtain the following superalgebra:

et =ey, fife=¢Ere1+Eges.

a) If {; =0,{2 = 0 we have the superalgebra _#g.
b) If {1 =0,¢9 #0, then by changing f{ = é f1 we get the superalgebra _#g7.

c) If {1 # 0, then by changing f] = é firande|=e;+ %62 we obtain the superalgebra _Zs.

1
i2) L., = (Tol Tl) gives the following results:

J(e1,e1,e2,/1)=0 = 11=0, J(e1,e1,f1,f1)=0 = {1 =¢2=0,
by which we obtain _#gg.

1
ii) Let L., = ('L:)l ) then the rule of multiplication can be written as follows:
1

e =eg, e1fi=p1f1+fo, e1fo=pife, eafi=Pif1+Pafe, fife=<E1e1+Eaes, eafo=Psfi+ Pafo.

Then we have the following results:

J(ey,e1,f1,e1) =0 = P3=0, J(eg,ez,e2,f2)=0 = P4 =0, J(ey,e1,e1,f2)=0 = pu1 =0,
J(e1,e1,f1,e1)=0 = 1 =0, J(e1,e1,f1,f1) =0 = Pag1=0, B2i2 = 2¢;.
If B2 = 0 then we have ¢; =0 and get the superalgebras _#;o and _#7;.
If B2 # 0 then we have {; = {2 = 0. Then by changing the basis as e’ =e; - ﬁ—lzeg, fg = Baf2 we obtain
the superalgebra
e’?=ey, eaf1=fy.
However, this superalgebra is isomorphic to _Zs9. 0

Theorem 12. Up to isomorphism there are 59 Jordan superalgebras of type (3,1), which are pre-
sented below with some additional information:

Ne | Orbit | Multiplication rules Decomposition

J1 15 6%261, e%zez, e§=e3 02/169@/1@%1@5”11
J2 14 e%:el, e%:eg, e§:e3, eif =1 5”226962/16902/1

J3 14 e%:el, e%zeg, e§:e3, elf:%f 5”126502116502[1

Ja 14 e%:el, e%zeg, e§:e3, elf:%f, egf:%f 5”13369%1
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J
~5 12 e%:el, e%zez
J6 13 2 _
3 91—91, e%:ez elf_f
b) —_—
V! 13 |ef=ei, e3=e 1 UL & UL & Uz & S
Js | 13 | e2 p =€z, e1f =35/ F2 !
, =1
Jo | 7 el =e 3/ eaf =3f SLoU oS
Jwo| 1 2 3
N 0 el =ey, eif=f 5”13@911
Ju| 11 | %= U U
po 2=ey, e1f =3f 1@ Us & Uz ® S}
J1a| 14 |e2= 2 S2oU !
1 p e2=ej, erez = ey 2 22 2®y11
3 2 »€3=¢€
~ 3 |ej=eq, eleg= 5 ’ S oU® S
J14 13 2 , €1€2 =€2, ég=¢€3 ef_ B L
~ e?=eq, erea =ey, € vesf =1 198
Ji5| 12 |e2= 2, €3 =eg, e3f = 1 B @S2
1—¢€1, € = 2f !
Jie| 13 2 ,e1ea=eg, e5=e B %
3 elzel’ e1e0 = e9 e2 3> elf:f 1@,?21
1 2 , ez =e _1 3
7| 13 |ej=ey e B 3=es, e1f =5f L3 e U
e|=e — 3aelf:§f ef:l 96962/1
Jie | 11 | e2 1, €162 = €2 » eaf = 5f I
~ e;j=e1, ejeg=e ndecomposable
Joo | 12 |e2= 9, eif =f B
= e2=ej, ereg=e ] 19952/2695%1
Jo1| 13 |e€2 2, e1f =3f S eUy
9€2 eqg = 3
322 12 | e =eq, eren= leg, eg, es S @ Uy
2 =
~23 12 e% — ey, e1eq= 1e ’ 3 €s, egf:f Bs @%1695011
=5€9, €5 =
324 13 |e?=ey, eres= %e e es, esf = 3f By ® 2
J —g9¢€2 eq =
~25 10 |e?=ey, eres=1le 43 es, e1f =f By o S}
Joe| 12 | é? ~ 3262, €37¢ g
_ 3 eif=1
3 e]=e1, ejeg= %32 2 3, e1f =35f 5%326902[1
a7 | 10 |ei=e —2 2=e3, eif=3f, esf =3 S8
Jog | 12 1761 c1e27 502 2f> esl =5f
v ej=e1, ejeg= 1, Indecomposable
3 el =ey, elez:le2 eif 1 2@%2635”11
30 2 2€2, €1/ =3 3
S 11 |e?=eg, el=e;3 sf Lo ®Us
31| 1 2 3
~ 2 |ef=eg er=e3, e S0 Uy
Jsa | 12 |e%= cesf=f B
~ el =es, el=e 1 3@ U &S]
Js3| 6 5 s=es, e3f =5f P2 1
34| 1 2 2
5 3 |ei=e1, etea=e9, ere 5 S @UL U
335 11 e%:el’ e1e2:e2, el 3=¢es, 92263 %3 69%2@{5011
eq = 2
36 12 e2=¢ _ , €1€3 =¢€3, €9 =¢€3 eif = 3-1@501
Jaz | 11 1= %L °192 792, °1%8 N / Indecon
" e2=ey, ereg=e ,e3=es, eif =3f decomposable
d38 7 2 2, €1€3=¢€g3 2 Ind
3 61261, e1e9 =e9, e1e3 = ecompOsable
39 10 |ef=e1, eren=e - e1e3=es, e1f =f Toe ]
J40 10 ) =e9, e1e3=¢ 1
_ 3, e1f=3 Ind
S e%_e% o1es =03 ,eif =5f p ecomposable
3 e?=ey, e1e3=es ndecomposable
o,
2| 14 |el=ey, el= 5 Tz S}
’ 2-@2, es=e1+ o7, 1
g=e1tey, ere -1 Ty .S}
Ts o S}



Jag | 12 e% =eq, e% =eg, eg =ej+eq, ejez= %63, eges = %63, Indecomposable
eif =3f, eaf = 3f

Jaa 12 6%261, 61622%62, eiegz =es3 %695”11

Jas | 10 e% =eq, e1eg= %eg, eieg=eg, e1f =f Indecomposable
Ja6 9 e% =eq, e1e9 = %82, eieg=es, e1f = %f Indecomposable
347 9 6%281, 6162:%62, elegzéeg 3—7@5&11

Jas 9 e% =eq, e1e9 = %eg, eieg = %eg, eif=f Indecomposable
Ja9 4 e% =eq, e1e9 = %62, eijeg = %e3, eif = %f Indecomposable
Js0 12 6%261, 6162:%62, e§:e3 3—869;5”11

Js1 | 13 e% =eq, e1eg = %eg, e% =eg, e1f =f Indecomposable
Js2 | 11 e% =eq, e1e9 = %62, e% =e3, e1f = %f Indecomposable
Js3 | 13 e%:el, 6162:%62, e%:eg, eijeg=e3 %695”11

Js4 | 12 e% =eq, e1e9 = %eg, e% =eg, e1eg=es3, e1f =f Indecomposable
Js5 | 11 e%:el, 6162:%62, e%:eg, eijeg =es, elf:%f Indecomposable
356 13 8%281, 63262, 61632563, 82632%63 %0@.5”11

Js7 | 13 e% =eq, e% =eq, e1e3= %63, egeg = %63, eif=f Indecomposable
Jss | 12 e% =eq, e% =eg, e1e3= %63, egeg = %eg, e1f = %f Indecomposable
Js9 | 10 e% =eq, e% =eg, e1e3 = %63, egeg = %e3, e1f = %f, eof = %f Indecomposable

25

Proof. Let Jo = %1 9% 9% 1. Here we are looking for Jordan superalgebras such that J = (Fe; +

Feg +Feg) +Ff1 with multiplication rules

2 _ 2 _ 2 _
el—el, 63—83, 62—62,

eifi=Bif1,i=1,3.

Using the Jacobi super identity we obtain the following results:

J(er1,e1,e1,/1)=0 = (B1—-1DP1(261-1)=0, J(ez,ez,e2,f1)=0 = (B2—1)B2(262—-1)=0,

J(esz,es3,e3,f1)=0 = (f3-1)P3(2B3-1)=0, J(ey,ez,e3,f1)=0 = B1f263=0.

e If 1 =1 then from J(ey,e1,e92,f1) = 0 and J(e1,eq,es,f1) =0 we get fo =0 and B3 = 0,
respectively, which gives us the superalgebra Jo.

e If f1 =0 then

a) When B2 = 0, from J(es,es,es,f1) = 0 we get three superalgebras with f3 € {0,1,%}.
While 3 = 1 gives a superalgebra that is isomorphic to Jo, from B3 € {0,1} we obtain
superalgebras J; and J3.

b) When B2 =1, from J(eg,eq,e3,f1) =0 we get B3 =0, which gives Jo.

c) When o = %, from J(eg,es,es,f1) =0 we get B3 € {0, %}, which gives superalgebras iso-
morphic to J3 and J4.

o If B1 = % from J(eq,e2,eq, f1) =0 we get either B3 =0 or B2 = % When the former occurs, we

have two superalgebras with f3 € {0, %}, and when the latter does we have 3 = 0. However,
all superalgebras obtained here are isomorphic to those of previous steps.

Let Jo = %1 %1 ®%. Here we are looking for Jordan superalgebras such that J = (Fe; +Feg +

Feg) + Ff1 with multiplication rules
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e?=e1 e5=es eifi=Pif1,i=13.
Using the Jacobi super identity we obtain the following results:
J(e1,e1,e1,/1)=0 = (B1—-1)pB1(26:-1)=0,
J(eg,ez,e2,f1)=0 = (B2 —1)B2(2B2—-1)=0, J(es,es,es,f1)=0 = P3=0.

o If 1 =1 then from J(e1,e1,e2,f1) = 0 we get B2 =0, which gives Js.
o If B; = 0 then from J(eg,eq,e92,f1) = 0 we get three superalgebras with fs € {0, 1, %}. New
superalgebras here are J5 and J7.
o If 1 = % from J(e1,eq,e2,f1) = 0 we get either f3 =0 or o = % The only new superlgebra
here is Js.
Let Jo = %1 %> ®%5. Here we are looking for Jordan superalgebras such that J = (Fe; +Feq +
Feg) + Ff1 with multiplication rules

et =e1, eifi=Pif1,i=13.
Using the Jacobi super identity we obtain the following results:
J(e1,e1,e1,f1)=0 = (f1—-1DP1(261-1)=0,
J(eg,ez,e2,f1)=0 = P2=0, J(es,es,e3,/1)=0 = P3=0.

In this case we have three superalgebras with §; € {0,1, %}, which give us Jg,J10 and J11.
Let Jo = %9 & %o ®%5. Here we are looking for Jordan superalgebras such that J = (Fe1 +Feq +
Feg) + Ff1 with multiplication rules

eif1=Pif1, i=1,3.
Using the Jacobi super identity we obtain the following results:
J(e1,e1,e1,/1)=0 = f1=0, J(ez,ez,e2,/1)=0 = P2=0, J(es,es,e3,f1)=0 = P3=0.

So in this case we obtain a trivial superalgebra.
Let Jo = %1 @ %1. Here we are looking for Jordan superalgebras such that J = (Fe;+Feg+Fes3)+Ff
with multiplication rules

2 _ 2 _ _ — F_1 9
ej=e1, e3=es, eteg=eg, e;f1=Pif1,1=1,3.

Using the Jacobi super identity we obtain the following results:

J(eg,eg,e2,/1)=0 = P2 =0, J(e1,e1,e1,f1)=0 = (B1—1p1(261-1) =0,
J(es,es,e3,f1)=0 = (f3—1)P3(2B3—-1)=0, J(ey,e1,e3,f1)=0 = 163261 -1)=0,
J(ey,es,es,f1)=0 = PB1P3(2B3—-1)=0.

o If 1 =0, then B3 € {0,1,3}, which gives J12, J13 and J14.
e If f1 =1, then B3 =0, which gives us the superalgebra _#is.
o If B1 = %, then B3 € {0, %}, which gives us J16 and J17.
Let Jo = %1 @ %5. Here we are looking for Jordan superalgebras such that J = (Fe1+Feg+Feg3)+[Ff
with multiplication rules

et =e1, erea=es, eif1=Pif1,i=1,3.

Using the Jacobi super identity we obtain the following results:
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J(eg,e2,e2,f1)=0 = P2=0, J(f1,f1,f1,e3)=0 = P3=0,
J(e1,e1,e1,/1)=0 = (B1-1)B1(2:-1)=0.

So, we have three superalgebras with 81 €{0,1, %}, which give us J1s, J19 and Joo.
Let Jo = %9 & %1. Here we are looking for Jordan superalgebras such that J = (Fei+Feg+Feg)+Ff;
with multiplication rules

2 _ 2 _ _1 _ L
e]__e].7 93—83, 6162_582’ eifl_ﬁifl) l_1>3'

Using the Jacobi super identity we obtain the following results:

J(eg,eg,e2,/1)=0 = P2 =0, J(e1,e1,e1,f1)=0 = (B1—1)P1(261-1) =0,
J(es,es,e3,f1)=0 = (f3—-1P3(203-1)=0, J(ey,e1,es3,f1)=0 = B163(261-1)=0,
J(ey,es,es, f1)=0 = PB1P3(2B3—-1)=0.

o If 81 =0, then B3€{0,1, 1y which gives us Jo1, Joo and Jo3.
o If f1 =1, then B3 =0, which gives us the superalgebra Jo4.
o If B = %, then B3 € {0, %}, which gives Jo5 and Jo6.
Let Jo = %9 @ %5. Here we are looking for Jordan superalgebras such that J = (Fe1+Feg+Fe3)+Ff1
with multiplication rules

e2=ey, erea=zes e;f1=Pif1,i=1,3.
Using the Jacobi super identity we obtain the following results:

J(ez,e2,e2,f1)=0 = P2=0, J(esz,es,e3,f1)=0 = P3=0,
J(e1,e1,e1,/1)=0 = (B1-1)B1(2:-1)=0.

So we have superalgebras Jo7, Jog and Jog from 81 €{0,1, %}.
Let Jo = %3 @ %1. Here we are looking for Jordan superalgebras such that J = (Fe;+Feqo+Feg)+Ff;
with multiplication rules

e?=ey, e2=e3 e;fi=pPif1,i=13.
Using the Jacobi super identity we obtain the following results:

J(eg,ez,e2,f1)=0 = Pf2=0, J(e1,e1,e1,f1)=0 = p1=0,
J(es,es,e3,/1)=0 = (f3—1)B3(2f3-1)=0.
So we have Jordan superalgebras Js30, J31 and Js2 from B3 €{0,1, %}.

Let Jo = %Bs @ %5. Here we are looking for Jordan superalgebras such that J = (Fe;+Feg+Fes)+Ff
with multiplication rules

e?=ey, eifi=pif1,i=13.
Using the Jacobi super identity we obtain the following results:
J(eg,ez,e2,/1)=0 = P2=0, J(e1,e1,e1,/1)=0 = 1 =0, J(es,es,e3,/1)=0 = P3=0.

So the superalgebra in this case is J33.
Let Jo = 971. Here we are looking for Jordan superalgebras such that J = (Fe; +Feg +Feg) +Ff;
with multiplication rules

2 _ 2 _ _ _ _ _Ta
e]=e1, e;=e3, ejeg=ez, eieg=es3, e;f1=pPif1,1=13.

Using the Jacobi super identity we obtain the following results:
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J(es3,es3,e3,/1)=0 = P3=0, J(ez,ez,e2,f1)=0 = B2=0,
J(e]_,e]_,el,fl):O = (ﬁl_l)ﬁl(Zﬁl_l)ZO.

Thus, from B; €{0,1, %}, we get Js4, J35 and Jsg.
Let Jo = 95. Here we are looking for Jordan superalgebras such that J = (Fej +Feg + Feg) +Ff;
with multiplication rules

e?=eq, eteg=e3, erea=ez, e;f1=Pif1, i=1,3.
Using the Jacobi super identity we obtain the following results:

J(eg,ez2,e2,f1)=0 = P2=0, J(es,ez,es3,f1)=0 = P3=0,
J(e1,e1,e1,/1)=0 = (f1-1p1(26:-1)=0.

This we obtain J37, J3s and Jsg from f; € {0,1, %}.
Let Jo = 93. Here we are looking for Jordan superalgebras such that J = (Fej +Feg + Feg) +Ff;
with multiplication rules

e2=es, eifi=pPif1,1=13.
Using the Jacobi super identity we obtain the following results:
J(eg,ez,e2,f1)=0 = f2=0, J(es,es,e3,f1)=0 = P3=0, J(ey,e1,e1,f1)=0 = f1=0.

Thus we have J40.
Let Jo = 94. Here we are looking for Jordan superalgebras such that J = (Fej +Feg + Feg) +Ff;
with multiplication rules

et =ey, erez=es, eif1=Pif1,i=1,3.
Using the Jacobi super identity we obtain only the following result:
J(eg,ez,e2,f1)=0 = P2=0, J(es,es,e3,/1)=0 = P3=0, J(e,e1,e1,f1)=0 = f1=0.

Thus we obtain J4;.
Let Jo = 95. Here we are looking for Jordan superalgebras such that J = (Feq +Feg + Feg) + Ff3
with multiplication rules

2 _ 2 _ 1, 2 1 _ . _T=a
ej=ey1 e3=e1tey, ejez3=j;e3 e;=ey, egez=3e3 e;f1=Pif1,1=1,3.

Using the Jacobi super identity we obtain only the following result:
J(ey,e1,e1,f1)=0 = (B1—1B1(2B1-1)=0.
If 1 = 0 then from
J(ey,e1,es,f1)=0 = P3=0, J(e1,[f1,e3,e3)=0 = B2=0,

we get J49.
If 81 =1 then from

J(ey,eq,e2,f1)=0 = P2=0, J(e1,e1,e3,f1)=0 = P3=0,
J(e1,f1,e3,e3)=0 = —3(1+ B2 —2p2) =0.

we get a contradiction. So there is no superalgebra in this case.
If 1 = % then from

J(el,e3,e1,f1):0 = ﬁ3:O? J(63,€3,€1,f1):0 = ﬁ2:%.
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we have Jy3.
Let Jo = 9. Here we are looking for Jordan superalgebras such that J = (e1F + eoF + egF) + f1F
with multiplication rules

e2=ey, ejea=1eq, erez=es, e;f1=Pif1,1=1,3.
Using the Jacobi super identity we obtain the following results:

J(e1,e1,e1,/1)=0 = (B1—DP1(2B1-1)=0, J(eg,ez,e2,f1)=0 = P2=0,
J(f1,e3,e3,e3)=0 = f3=0.

Thus we get J44, J45 and J46 from f; =0,61 =1 and B; = %, respectively.
Let Jo = 97. Here we are looking for Jordan superalgebras such that J = (Fej +Feg +Feg) +Ff;
with multiplication rules

e =e1, ereg=ges, ejeg=gzes, e;fi=Pif1i=13.
Using the Jacobi super identity we obtain the following results:
J(eg,ez,e2,f1)=0 = Pf2=0

J(e3ae37e3’fl):0 = ﬁ3:0
J(er,er,e1,f1)=0 = (f1-1DP1(261-1)=0.

So, we get J47, J4s and J49 superalgebras from f; =0,6; =1 and B; = %, respectively.
Let Jo = 9. Here we are looking for Jordan superalgebras such that J = (Feq +Feg + Feg) +Ff;
with multiplication rules

e2=ey, ejes=3es, e2=es, e;f1=Pif1, i=1,3.

Using the Jacobi super identity we obtain the following results:

J(es,e3,e3,f1)=0 = P3=0, J(eg,ez,e2,f1)=0 = P2=0
J(e1,e1,e1,/1)=0 = (B1-1)B1(2:-1)=0.

Thus we get J50, J51 and Jse.
Let Jo = 99. Here we are looking for Jordan superalgebras such that J = (Feq + Feg + Feg) + Ff;
with multiplication rules

e?=ey, eres=3es, ereg=es, ei=es, e;f1=Pif1, i=13.
Using the Jacobi super identity we obtain the following results:

J(es,es3,e3,/1)=0 = P3=0, J(eg,ez,e2,f1)=0 = B2=0,
J(elae].’el:fl)zo = (ﬁl_l)ﬁl(2ﬁl_]—):0.

Thus we obtain Js3, J54 and Js5
Let Jo = J71¢0. Here we are looking for Jordan superalgebras such that J = (Fe1 +Feg +Feg) +Ff;
with multiplication rules

e2=e1, ere3=1es, e2=es, eses=zes, eif1=Pif1, i=1,3.
Using the Jacobi super identity we obtain the following results:
J(es,es,e3,f1)=0 = P3=0, J(es,e1,e1,f1)=0 = (f1—-1)f1(21-1)=0.
If f1 =0 then
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J(eg,ez,e2,f1) =0 = (B2—-1)B2(2B2-1)=0.
So we have three superalgebras isomorphic to Js6, J57 and Jss.
If B1 =1 then J(e1,e1,e2,f1) =0 = B2 =0 gives us J57.
If g1 = % then J(e1,e9,e9,f1)=0 = %,62(2,62 —1)=0. So we have Jsg and Js9. U

3. IRREDUCIBLE COMPONENTS

Theorem 13. The variety of 4-dimensional Jordan superalgebras of type (1,3) has dimension 12
and it has 11 irreducible components defined by
€1 =I5}, €a=17}, , 63= s}, 61=1{J9}, @5 = { J11},
66 ={J12}, €r=1J14}, G5 =1J15}, Go={T16}, G10=1J17}, 611 =1J19},
In particular, all of them are rigid superalgebras.

Proof. After carefully checking the dimensions of orbit closures of the more important for us super-
algebras, we have

dimO(J5) =dimO(J12) =dimO(J14) = 12,

dim@’(Jg) = dim@(Jg) = dim@’(Jll) = dim@’(J17) = dim@’(Jlg) = ].0,
dimO(J1g) = 9,

dimC(J;) = 17,
dimO(Jq15) =
If E;I,E;Q,E;3,Ei is a parametric basis for A — B, then we denote a degeneration by
A (Ef‘l’Ef‘z’Ef‘s’Eé)
Js (tf1,fatf3tte,f3t+te,te) J, | Js (tf1,tfe,f3,e) Js
Js (f1—f3,f2,tf3—te,e) Js | Js (tf1+f2,tf2.f3.e) J,
I (f1+2f2+2f3,tf2+2tf3,t2 f3,te) Je | I (f1.f2,tf3,e) I
I (f1,f2,tf3,e) Jis | I (tf1,f2.f3.e) Jis

Below we list all the important reasons for necessary non-degenerations.

Non-degenerations reasons

Js A Jr,ds,de,d11,d15,d16,d17,d19 | Z =] According to Lemma@](z)}

Jis A~ J7,ds8,d9,d11,d15,d16,J17,d19 | B=1 JJ e, fa,fs}, ¢y =2c2,, =3, }

Jis A~ JI7,d8,d9,d11,d15,d16,d17,J19 =1 JJ e, fa,f3}, ¢y =chy Gy =3y }

ds 7~ J7,d15,d16 %:{ cij =0, 2¢3, = ciy }

Jy A~ J7,d15,d16 %:{ CU_O C34 = Cas }

Ju A J7,d15,d16 %:{ ci; =0, 2¢3, = iy }

Jiz A~ J7,d15,d16 X = { A2A2CA2’ 2014 = Cly» Coy = Cagr €34 =Ciy }
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Jio A  J7,d15d16 G ={ AsAyc Ay, =cly, 3 =cl, e =cl, |
Jis A~ J7,d15 %:{ AgAsc Ay, 2ci4zci4, 20342034, 0342034 }
Jr A dis %z{ JJ < fe} }

Here c* i coefficients are structural constants in the x1 = f1, x2 = f9, x3 = f3, x4 = e basis.
O

Theorem 14. The variety of 4-dimensional Jordan superalgebras of type (2,2) has dimension 13
and it has 25 irreducible components defined by

€1={F1), Go={F}, C3=173}, 61=1F5}, €5=1{F6},

66 ={Fs}, €1=1{Fo}, 6s={F10}, 6o=1{F11}, €10={F12}, €11={F13}, G12=1{F1a}, G13= {jle}
€14 = { Fou), G15=1{F32}, €16 ={Fua}, €17 =110}, 618 =1{F50}, G19=1{Fs4}, €20=1{Fs6},
Go1={ F57}, oo =1{Fss}, 623 =162}, Coa=1{Fea}, Co5=1{ %65}

In particular, 24 of them are rigid superalgebras.

Proof. After carefully checking the dimensions of orbit closures of the more important for us super-
algebras, we have

dimO(F) = dimO( £3) = dimO( F5) = dimO( ) = 13,
dimO( %) = dimO( #11) =dimO( Fs6) = 13,
dimO(_¢1) = dimO(_#10) = dimO(_#12) = dimO(_#13) = dimO(_#14) = dim@’(jltG) = 12,
dim G (_Faq) = dimG(_F32) = dim O(_Zy42) = AimO(_F54) = dimO( Fs7) = dimO( Fgy) = 12,
dimO( #g) = dimO( F49) = dimO( Fe2) = 11,
dim@’(jm) = dim@)(f(ﬁ) = 10,

dimO(Fss) = 4.

If EQI,E’;Z,E; ,E;Q is a parametric basis for A — B, then we denote a degeneration by
(Egl,Egz,E; EL )
17 f2

g lwethi) gl ge et g (e1,7€2.f1.f2) un
16
(te1,e2,f1,f2) (te1,e2,f1,f2) (e1,e2,tf1,f2)
Fog — 2T Fig | Fag ——2 oy | Far —2 gy
f24 (e1,ten,tf1,f2) f22 f24 (e1,e2,tf1,tf2) f23 f13 (e1,te,f1,f2) f25
f14 (e1,tea,f1,f2) f% fso (e1,tea,f1,tf2) f28 f30 (el’%e%fl’f?) f29
(e1,tea,f1,f2) (91’%92’tf1’f2) (e1,e2,f1,tf2)
It ———— P30 | Pz ———— I3 | J35 ———— P34
7 (e1+eg,tes,f1,f2) a6 | Fa0 (e1,e2,f1,tf2) a0 | Fas (e1,tea,tf1,f2) a0
ao (e1,e2,tf1,tf2) a1 | I (e1+esg,tes,fa,f1) as | s (e1,e2,tf1,f2) aa
f47 (e1,tea,f1,tf2) f45 j47 (917%927f1’f2) f46 f49 (e1,e2,tf1,tf2) f48
(e1,e2,f1,tf2) (e1,e2,tf1,tf2) (e1,e9,tf1,tf2)
Fsa —— Ia1 | Fsa —— Iss | Fee —— a5
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(e1,e2,f1,tf2) (e1,ten,tf1,/2) (e1,e2,tf1,tf2)
Joo ————— Is9| Fea — Feo| o2 ———— _Fe1

(e1,e2,tf1,tf2) (e1,e2,f1,tf2) (e1,e2,tf1,tf2)
Jea —— P3| o1 ———— Fee | In —————— Fro

(e1,ea+tf1+t2 fa,f1+tfa,tf2)

Fe Fa
2 1 5 .11

g (t3es— 5= fa,te1+ 2 eg+112 fo,t3 f1,3 fa) Y
42 19

y (e1+f1+f2,2ea,f1+f2.f2) Y
28 27

y (be1+(1+3)eq,Vie1+Vtes,Vif1+(2t—3)fs,f1+4Vif2) y
5 33

4 (—te1+(1+t)eg,Vie1+Vtea,f1,(1+20)f2) 7
6 35

P (A-te1+(1+t)es, T2 e 1 +/Ees, f1,f2) p
3 37

o2
(1+2t=12)e1+(1+£2)ey, VEZH D o 1 Vies f1,fo)

S2 J38
1+t e1tes+t’fy, teg, 11, tfa Y
16 47

y (ertea+f1+t3f2,3 f1,t%f2) Y’
54 52

(te1+eg,t?es,—t3f1,fa)
Jes Je1
2
1 (te1—tez,%e2,f1,tf2) Y
16 68

y (—\/%eﬁ\/%ez,tzez,f1+2f2,t2f2) y

9 69
(—t%e1+ea+t®f1,t%e2+26% f2,tf1,tf2)
F24 Fn

Below we list all the important reasons for necessary non-degenerations. All other nondegener-
ations which are not in this table, can be inferred from Theorem [§ and Lemma [6[2). Since the even
parts of Zs6, %54, P57, Fe4, P50, P65, F58 superalgebras coincide with %, we conclude that these
superalgebras do not degenerate to others whose even part is not isomorphic to %, and vice versa.

Non-degenerations reasons

1 _ 2 _ 3 0.3 .2 (2y2_
Iss - Z50, P54, F57, %_{ €41~ CYp— €13 = 0,¢5,¢45—(c5)" =0, }
- 2 _ 1 2 3 4 _
758, 762, F64, F65 €59 =0, 7y —cfg—Cj3—¢7,=0
_J 1 _q 1 _.2 .3 _ 4 _
Fsa 7~ F50,.758, F62, Y65 %—{ 012—0, 011_012_013_014—0 }
_J 1 _q 8 _q 1 _ 4 _
Fs1 7~ I50, 958, Y62, 65 %—{ c19=0, ¢73=0, c;;—¢c7,=0 }‘
ciz =0, 2‘3%1 _0%2 _‘7?3_0‘:{4 =0,
Fes 7 I50, 958, %62, Fe5 | A=
eS.+ed =cl e2.e3, +(c2)2=0
13 TC31 = €115 C34Coq T(Coy)" =
_J 1 1 _ 2 _ 3 _ 4 _
j62 s j50’j58,j65 ‘%_{ 012—07 2011_012_013_014—0 }
Is0 7~ _Is8 %:{C{Z:O,c%:O}
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1 _ 1
S5 7 I58 %—{012—0’ €€y = O}
21, 78, %10,
. A2, 713, F14, . A1Asc Ay, 2y=cl, c5 =,
% 16, %24, 732 | e et =t (et —cl)
S 24> /325 11623 =€13\€14 — €11
F42, Y49
21, .78, %10,
F12, 713, 14 A1Asc Ay, 2, =2c¢%,, 2¢2, =¢2
A ’ ’ ’ R = 143 4, C19 14> 4C24 = C22>
% F16, P24, P32 | 2 et = ct(2¢t, —cl))
S 24> /325 11623 = €13\4C14 — €11
F42, %49
21, 78, 710,
4 _ 2 4 _ 2 1 _0 3 0 2 _
9, F1s, P14 2c]y = C19> 2054 =C5y, €15 =0, ¢7, =0, 3, =0,
S 18, S 145 _ 3 _.2 3 _.2 1 _ 3 _ 1 _
I~ 16, Faa, Tao R =1{ Cl3=Clgs Cog = Chys €9 =0, ¢y, =0, c5, =0,
24> /325 2 .2 2.2 _n 2 4 _ 4 (o4 1
Tz, Io CooC 11+(011 clg)clp =0, c71¢53 = c13(2¢, —c1q)
9
21, 78, 210,
1 _ 1 _ 1 _n 4 _o0.2 .3
19, 13, Fia €39 =0, ¢15=0, ¢34 =0, cyy =2c59 — 3
b b b
_ _ _ 2
Je 7 16, Foa, 5 R = 023"’032 0, 024+C42 0, 034023 (034)
16,724, 732, c2 (c2)2%c2, +(ct,c2, —c2, et el e2, -t e, +c2,¢%)=0
19, F19 221C€34)7C11 T(C14C34 = C14C34)(C11C34 —C14C34 T C14C34
b
21, 78, 710,
j127j13,j149
_ 1 _ 4 _ 2 4 _ .1 .2
Fy A~ 16, Fots I .%’—{ A1Agzc Ay, c19=0, 2¢5, = c5y, 2¢7, = C11 +CTy }
b b b
42, F19
21, 78, 710,
1 _ 3 _ 2 4 _ 1 .2
S~ H12, 713, J14, - c19=0, €1, =0, c3, =0, c33=c3,, 23, =cj; + 3y,
11 B B g
F16, 524, 732, ‘322 0, Cz4 0, 034 0, 013 012’ 2024 Cog
a2, F19
A A~ I8, P49 %Z{Al }
1 _
S0 7~ P8, %19 93—{ ¢3o =0, 5, =0, c5,=0, 2¢55 =3, }
_ 1 _
f12 7 j87j49 %—{ 022—0, 634—0 C34—0}
_ 1 _
H13 7 I8 Ja9 %—{ 15 =0, ‘334—0 034—0 022—0 2‘313—‘312’ 2‘314—‘311"'012}
_ 1 _ 2
S 7~ I8 S9 %—{ c3p =0, ¢34,=0, ¢, =0, 023—022}
3 a4 2 1 1 2 , 4 _
H16 7 I8 ‘%_{ Cog T Coq =Cop+C1gy C1q T CIpTCy = 013+2c31}
_ 1
F1e 7 Fa9 %—{ 39 =0, cl2+c21—0 023+032—0 024+c42—0}
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_J 1 _0 .2 _0 2.2 __.3.2 .3 __1_3
Sz 7 a9 %—{ Cg9 =0, c39 =0, c74Co4 = —C14C5y> C31 =C13 013}

Here cfj coefficients are structural constants in the x1 =eq1, x9 =e9, x3 = f1, x4 = fo basis.
O

Theorem 15. The variety of 4-dimensional Jordan superalgebras of type (3,1) has dimension 15
and it has 21 irreducible components defined by
L €1 ={J1), €2a=1{J2}, €3={03}, €4={Ja}, €5={Ja2}, L
€6 =1{J21}, €7=1J51}, €s=1{Is3}, €9 ="1{Js7}, €10="1J22}, €11=1{J23}, €12 =1{J26}, €13=1{Jas},
614 = {J54}, €15 ={Js8}, €16 =I5}, G17=1{Jar}, €18 ={Jasl, €19 =1{Ja9}, G20 =1{J24}, 621 =1{Jas},
In particular, all of them are rigid superalgebras.

Proof. After carefully checking the dimensions of orbit closures of the more important for us super-
algebras, we have

dimO(J1) = 15,
dmO(J2) = dimO(Js) = HimO(Jy) = dimOQge) = 14,
dimO(J21) = dimO(Js51) = dimG(J53) = dim G (Jzq) = dimO(Js7) = 13,
dimO(Jz2) = dimO(Jz3) = dim O(Jz6) = dimO(Ja3) = dimO(J54) = dimO(Jss) = 12,
dimO(Js5) = 11,
dimO(J25) = 10,
dimO(J47) =dimOJag) = 9,
dimO(Js9) = 4.

If EZI,EZZ,EZ3,E; is a parametric basis for A — B, then we denote a degeneration by

N A
A (Ef1’Ef2’Ef3’Ee)

(e1,e9,tes,f) (e1,e2,tes,f)
B — B —

o
o
)
5]
=
N
o
=]

(e1,e2,tes,f) (e1,e2,tes,f)
_ > _

Js J7 | Ja Js
31 (e1,teg,tes,f) 39 3o (e1,teg,tes,f) 310
Js (e1,tes,tes,f) 311 | Ja (e1+eg,teg,es,f) Y1z
Jo (eg+es,teg,e1,f) 31 | Js (eg+es,tea,eq,f) J14
3o (e1+eg,teg,es,f) J15 | Js (e1+eg,tea,es,f) Y16
~ (ea+es,tea,e1,f) ~ ~ (e1+eg,tea,tes,f) ~
Ja - 17 | J1 — 18
Jo lertestes tes,) J19 | J3 lertestestes,f) Jo0
J21 Lreateal), J27 | Js1 Luteacal), J2s8
e (e1,e2,te3,f) a0 | 31 (t—tPe1+teg,t3eg,e3,f) o

(teg+t2es,t?ea+ttes,eq,f) N (teg+t2es,t?ea+ttes,eq,f)
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(t—t2)eq+tes,t3eq,tes,f) N (e1+eg+tes,(t—t2)eg+tes,tdes,f)

J1 J33 | J1 J34
3 (e1+e2+23,(t—t2)ez+te3,t3e3,f) 3 3 (e1+e2+e3,(t—t2)e2+teg,t3e3,f) 3

2 35 3 36
3 (e1+eg+es,teg,tes,f) ~ 3 (e1+eg+es,teg,tes,f) ~

1 37 2 38
~ (e1t+ez+es,teg,tes,f) ~ ~ (ter+eg,tea+es,tes,f) ~
J3 J39 | J34 J40
N (t91+%62,t63,82+83,f) o o (e1+es,ez,tes,f) ~
J40 J41 | J21 —_— J44
~ (e1+es,ez,tes,f) ~ ~ (e1+es,eg,tes,f) ~

22 . Ja5 | J23 - J46

(e1,tes,t?es,f) ~ ~ (e1,tes,t?es,f)

J42 —_— J50 | J43 —_— J52
~ (e1,e9,tes,f) ~ ~ (e1,e2,tes,f) ~
J42 — J56 | J43 —— 59

Below we list all the important reasons for necessary non-degenerations. All other nondegener-
ations which are not in this table, can be inferred from Theorem [9) and Lemma [6(2).

Non-degenerations reasons

B A 32083 %={ A1A;4=0 |

Jaz A J43,351,957,J58 | £ = { A1A4=0 }

J21 A J22,728,025,026 | = { A1A4=0 }

J24 7 J22,923,025,026 | £ = { AgsAgc Az, AsA4=0, ¢l =c], }

Ja71 A Ja9 R={ A1A4=0 }

Js3 7 Js4, J55 % =3 A1A4=0 }

Jas 7 Jao R=1 c1p=0, c13=0, cj; =y }

Jsa A Jss 99:{ c3,=0, ¢5,=0, cl; =c, }

Js7 A Jss 92:{ c3,=0, c5,=0, cl,=c, }

Je2 ~ J2s R = { 39 =0, ¢35 =0, c2;=0, c2,=0, c3,=c3, }

J23 7~ J2s ‘%:{ c3o =0, c33=0, ¢33 =0, c33=0, c3, = 5¢55, €3, = 535 }
J26 7~ J2s ?/2:{ ¢2,=0,cl;=0, c2,=0, 2, =0, c3, = 3¢5, c3, = 3c3, }

Here c* i coefficients are structural constants in the x1 = e, x9 = e9, x3 =e3, x4 = f basis.
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