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Abstract: In the paper is given a survey of publications by Yu.F.
Borisov. Also we present some information and results on two-
dimensional manifolds of bounded curvature in the sense of A.D.
Alexandrov, metric foundations of Riemannian geometry, and Buse-
mann spaces, connected by the subject with publications and problems
of Borisov. At the end, we cite some reminiscences of A.D. Alexandrov,
Yu.F. Borisov, N.V. Efimov, Yu.G. Reshetnyak.
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1 Bsegenne

15 mromst 2025 roma ncmoaanTest 100 jsteT co aus poxkaenns B JleHmHTpame
HOpua ®enoposuua Bopucosa (1925-2007). On xapakTepu3oBaH B HEKPO-
aozore [94], [95] kak “3ameuaresbHBIN pyCCKuil reomerp, JOKTOP (DU3UKO-
MaTeMaTUIeCKuil HayK, mTpodeccop, BeIyIuil HaydHbI coTpyaank MucTu-
ryta maremarukn uM. C.JI. Cobogesa CO PAH”. Tawm ke roBOpUTCS O TOM,
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9TO OCHOBHBIE HayuHble jocTuxkenust FOpus PegqopoBuda OTHOCATCS K KPY-
ry I/IrZLeI‘/’I, BBCJACHHbLIX B I'€COMCTPUIO €I'0 BEJIMKUM Yy4YUTEJIEM — aKaJICMUKOM
Anexcannpom JannmosudeMm AnekcauapoBbiM. Oco60 OTMETHM BayKHBIE pe-
syabraThl FO.@. Boprcosa B Teopun JBYMEpPHBIX MHOTO0Opa3nii OrpaHudeH-
HOII KPUBU3HEI, TIOBEPXHOCTE C MapaJLIebHBIM IIEePEHOCOB BeKTOpoB, C1a-
M30METPUYCCKUX TOTPYKEHUN M BJIOXKEHUI MOBEPXHOCTEH M aKCHOMaTHde-
CKOM TTOCTPOECHUN TEOPUH OTHOCUTETBHOCTH (XPOHOTEOMETPHUN ).

Taxeke oH penaxkTupoBay cOOPHUK U IyOJIUKOBA CTATBU, MOCBSANIEHHBIE
MeTOoZoIorHIecKnM 1 dumocodeknm npobaemam maremaTuku (62, [63].

10.®. Bopucos okoHuYM/I MaTeMaTUKO-MexaHu4ueckKuilt daxyabrer JlenunH-
rpajckoro yanepcuTeta B 1948 romy, 3amm T KaHIMIATCKYIO TUCCEPTAITIIO
[47] B 1950 r. u mokTopckyto [48] B 1962 r. B 1964 r. IOpwuit ®enoposut me-
peexas B HoBocubupck u ¢ Tex mop u JI0 MOCTETHUX JHeH KU3HU paboralt
B MucTuryre Mmarematuku u mpernogasan B HI'Y, rie 6bu1 ogum u3 aydmmx
JIEKTOPOB MEXaHWKO-MareMaTudeckoro gakysbrera. llpuBenem kax npumep
ero Kypc Jieiwii [61] u omyGauKoBaHHBIE 3aIMCH HEKOTOPBIX JieKnuit [42],
[43] crienikypca 1968 r. 10 pruMaHOBO#H reoMeTpu.

Bocewmn acrimpanTos Hpuga ®enoposuya Bopucosa sammruiim Kasmiar-
ckue quccepramun: Pycnermsunn [, (1957), Tyrkesua FO.T. (1964), ®pan-
ryaos C.A. (1971), Bepecrosckuit B.H. (1979), Ycos B.B. (1980), Ncanos
T.I. (1980), ITedens I'.C. (1986), ITogokcenos M.H. (1989).

OcHOBY 9TO¥ CTATHU COCTABUJI TEKCT MOEro mokjaana 7 centabps 2015 r.
B Uncturyre maremarnku um. C.JI. Cobomesa CO PAH, mocsamernmoro 90-
JaeTuo co JgHg poxkienust Opus ®enoposuua Bopucosa. f cmor ckazarb
TOTJa JIUITH O HEKOTOPBIX OCHOBHBIX PE3YyJIbTaTax I’OpI/IH cDe,ZLOpOBI/ILIa " I1I10-
CTABJIEHHBIX UM 33a9aX. B JOKIa/e s BRIPA3WT HAJEKTY, 9TO MO JTOKIAT
JTOTIOTHAT BOCTIOMUHAHMUS KOJIJIET W YICHUKOB O “Tpyzax u quax’ K. @.

B Tom umce Torma u mocste s crapaJcs codbpaTh BO3MOXKHO OoJ1ee OTHBIH
CIUCOK ero myOJMKaInmit, OMyCcTuB ero mybankanuu ¢ 6osee 9eM OJHUM CO-
daBTOPOM, CBA3aHHbIC C IO6I/I.H€$[MI/I n HCKPOJIOI'aMHU M3BECTHBLIX MAaTEMAaTUKOB.
Bosbmyo momoiib B 3TOM MHe okazasia 3aB. 6ubnmorexoit UM um. C.JI.
Cobonea CO PAH Upuna Hwukomaesna Coxosiosa. Hekoropwre gomosHu-
TeJIbHbIE UCTOYHUKYM ¥ HYKHYIO WH(MOPMAINIO S W3BJAEK U3 KHUT U KYp-
HAJIOB Moeil jinuHoit bubsmoreku. Ho st BCIOMHUWI HEIABHO, UTO B KAKOM-TO
BBIMTUCAHHOM MOUM OpaToM AJIEKCAHIPOM (IT037Ke HHZKEHEPOM-3HEPTeTHKOM )
kypHaste “Suanue-cuia’ B gagekue 1970 rr. g auTast B JoMe MOUX pojuTeseit
crareio FO.®@. Bopucosa o C1®-nosepxnoctax. Ho g He momumI 6oJ1blne HiI-
4uero o6 sroit crarbe. Jlumib 6urarogaps nomorru corpyaaukos 'IIHTE CO
PAH, B ToMm umcie bubanorpada 1 xkar. Annol Angpeesnn! Tyroaykosoit u
bubsmorexkapss Hunbt Cepreesubl KpuBIioBoii, s1 y3HAJ BBIXOJHBIE JAHHBIE
9TOI CTATbU U MOIYUIHS caMy crarbio [64]. CTaThs BBINLIA TOYHO B MECSII
[OJIyYeHUsi MHON AUIIOMa 00 OKOHYAHUU MEXaHUKO-MaTeMaTUIecKoro da-
kysbrera HI'Y. 9Ta crares npogcauia mue maoroe o FOpun ®enoposuye.

I[Tomumo nybsukanuii FO.®. Bopucosa, B crarbe yIOMUHAIOTCH, [IPUBO-
JATCA HUJIN O6cy}K,Z[aIOTCH TEMATUYICCKN CBA3aHHBIC C €ro UCCJICJOBAHUAMMN
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OOHSITHUS, PE3YAbTaThl, CTATHU, KHUIHM, BOCIOMUHAHUS I'€OMETPOB U 0030p-
ublit gokian AL Anekcangposa [4] Ha Mex/iyHapojHOM MaTeMaTruiecKkoMm
kourpecce 1958 1. B DauHOypre.

WcTouHuKy B CIIUCKE JTIUTEPATYPHI PACIIONOKEHBI B OCHOBHOM B aJi(haBUT-
HOM ¥ XPOHOJIOTHYECKOM TOpsiiKe. KpoMme Toro, mopsiiok cebliok Ha H).O.
Bopucosa crenyrommuii: 1) crarbyn B MaTeMaTHIeCKUX KypHatax [21] — [46],
2) aBropedeparsl auccepraruii [47], [48], 3) Te3uck u Tpynbl KoHbEpeHITHii,
CAMTIO3UYMOB, Che3I0B, MEKIYHAPOTHOTO MaTeMATHIeCcKOro Kourpecca 1966
roga B Mockse [49]-[57|, 4) 3amaqn [58], 5) nBa rekcra B kHnre A.Jl. Anek-
caraposa “Beimykssie Maororpanauku” [59], [60], 6) sexmum [61], 7) pemak-
THPOBAHUE U CTaThs B MeTOJOJOrHYecKoM cOopruke [62], [63], 8) crarbu B
KypHaJste u razerax [64]-[68], 9) Bocnmomunamnmsa [69].

Samernm, uro “raajgkuit’ B Texcrax H0.D. Bopucosa o3Havaer mpuHaI-
nexxHOCTh Kiaccy O, a ceifuac, HanpuMmep, “Iiajkoe MHOroobpasue” miam
“pUMAHOBO MPOCTPAHCTBO 06BIMHO 03HaUa0T C°°-MHOr00Opa3e U PUMAHO-
BO TTPOCTpaHCTBO Kjaacca C°.

BBumy crenmaabHOTO XapakTepa CTAThU o PEITuJI, 9TO [jis OCHOBHOTO
TEKCTa CTATHhU JIyHUIIe TPUMEHNTH PYCCKUH S3BIK.

BayMbIBagach cTarThss 00bemoM He 6osiee 30 CTPAHUIL, HO MOy IHIOCH 32
(B xypHampaOM hbopmaTe okazanoch 35 crpanun). [Torom permua, 910 3T0
3aMedaTeNbHO, Tak Kak 32 B asowuHoit 3ammcu — 100000, u eme cro (100 B
/I[QC?{TI/I“IHOI?I CI/ICTeMe) NCTOYHUKOB B CIIUCKE JIUTEPATYPBI.

2 Ily6mawukamuu FO.®. Bopucosa o asymepabix MOK c
Kpaem

Pa6orsr FO.®@. Bopucosa |21]-]23], |30], ero xammunarckas auccepranus
[47], mesucsr [54] u eknust [56] TOCBSIIEHBI NOANBIM 08YMEPHBIM MHO2000DA-
suam ozparuuennoti xpueushv, (MOK) ¢ xpaem, n nomasim MOK 6e3 kpas.

OksusasenTubie onpegenenns MOK panb B Havase paszgesa 9.

Bamernm, uro [21] u [22] — nepssie crarbun 0 MOK nocae crareit A.JT. Asex-
canaposa. ITpu srom 3amerka [21] npejcrasnena akagemukom B.JM. Cmup-
HOBBIM 9 HOsi6pst 1948, B ro nybamkanuu nepsbix asyx crarei [1], [2] AL
Anekcangaposa o MOK.

B zamerke [21] paccmarpuBaioTcs HEKOTOPbIE TEOPEMbI 0 KpaTJaimx Ha
MOK ¢ kpaeM 1 IpHUIOXKEHUS 9TUX TeopeM st 0D0bIIeHrs Ha pacCMaTpy-
BaeMble MHOTOOODA3Ms ¢ KpaeM HeKOTOPhIX pedynbraros C.9. Kon-Poccena
[74], nosyuenHBIX jj1st JIByMEPHBIX MHOI000Opa3uii ¢ pUMaHOBONH METPHUKOIL.

B meopeme 1 w3 n. 1 “Vroa” ang AByx Kpardafiimmx ¢ OOMIMM HAIAIOM
JIOKA3bIBAETCs CYIIECTBOBAHUE yIUla MEXK/Y HUMU U JABYX “YIVIOB CEKTOPOB”.

B u. 2 dopmysupytorces reopembl 2 u 3 0 noBopore kparuaitieit. [lepsasg:

Teopema 1. Bcaxasa xpamuatuias, uMerwues NOAYOKPECMHOCTID, 02PAHU-
YEHHYIO 2€00€3UMECKOT AOMAGHOT, UMEEM CO CIMOPOHBL MOt NOAYOKPECTIHO-
CMAU KOHEUNDIT HENOAOANCUMENDHHT NOGOPOM.
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II. 3 Bxiouaer Teopemy 4 O CyIIECTBOBAHWM KPATYANIINX, UMEIOIIUX C
KpaeM MHOroobpa3us JiMiib OjHy 0011yi0 TouKy. s 910t TeopeMbr HEOOX0-
JUMO YCIOBHE OTPAHUYEHHOCTH KPUBU3HBLI “BHYTPEHHOCTH MHOTOOOPA3H.
Takue KpaTdaiiliiie UTPAIOT BayKHYIO POJIb B TIOCTPOEHUSAX U3 cTarhu [21].

B Teopemax 5 m 6 cooTBeTcTBeHHO U3 1. 4 YCTAHABJIMBAETCSI CBA3L KPU-
BU3HBI C MOBOPOTOM [IJIsi TE€O/IE3UYIECKOT0 MHOTOYI'OJIbHUKA W C MTOMOIIBIO
obmiett Teopemer A.Jl. Asmekcannpoa 06 yriax TpeyroJbHUKa B KOMITAKT-
HOM METPHYECKOM MPOCTPAHCTBE C BHYTPEHHEH METPUKON JTaeTcsd CpaBHEHUE
VIJIOB I'€0JIE3UYECKOr0 TPEYTOJIbHUKA B MHOI0OOpa3UM C yIJIaMU ILJIOCKOTO
TPEyroJIbHUKA CO CTOPOHAMU TOH Ke JIJIMHBL.

Teopembl 3 1 6 TO3BOJSIOT YCTAHOBUTH B TeopeMe 7 u3 I. 5 “BapUaIlUio
IAHB [($) KpaTdaiimeir” mpyu CMeIeHnn ee KOHIIOB BIOJTb Kpasi MHOr0oOpa-
3Us B CBs3M C yIJlaMU, KOTOpbIe Kpardaiiiias obpa3yeT ¢ KpaeM; COIJIACHO
nonpaske B [22], “npasyio npoussojanyio” I'(s) B Teopeme 7 HyKHO B3sThb C
[POTUBOIOJIOKHBIM 3HAKOM.

IIpusojiumbie B 11. 6 Teopembl 8—13 npejcrasiisiior coboil mepenecenne Teo-
pem Kou-@®occemna ma paccMaTpwBaeMble MHOTO0Opasns ¢ Kpaem. x moka-
3aTeIHCTBA, OCHOBAHBI HA TEOpeMe 7 U MPOBOIATCS B OCHOBHOM TaK K€, KaK
y C.9. Kou-®occena. Teopemnr 8, 9, 10, 11 aHaJOrUYIHBI COOTBETCTBEHHO
teopemam 1, 2, 3, 4 u3 [74].

Teopemsl 12 u 13 He nmeroT npsaMoil anasorun ¢ TeopeMamu u3 [74].

B Teopeme 12 paccmarpusatorcs MOK ¢ kpaem, oty aarommecs mOmoTHe-
HUeM BBINMYKJIBIX obsmacreit B MOK mipu ycmosuu, 94To 06/1aCcTh rOMEOMOPGd-
Ha OECKOHETHOMY KYCKY IJIOCKOCTH W BCSIKOE COMEPIKAIeecs B HEM MHOMKe-
CTBO UMEeT HeOTPpHUIaTeIbaY 0 Kpuenusny. Fean rakoe MOK we romeomopdHo
IJIOCKOCTH, TO OHO MOYKET OBbITh JIMIIb Caeaytomee: 1) roMeoMopdHO moTy-
[JI0CKOCTH; 2) W30METPUYHO 00JIACTH HA TIOBEPXHOCTH DECKOHEUHOTO TIHJIMH-
JApa, OrpaHUM4YEHHON IIPOCTOR 3aMHYTOU KPUBOI; 3) U30METPUYHO IIJIOCKOT
HOJIOCE MEXKAY JABYMI IaPAJIC/IbHBIMEA IIPAMbBIMH.

B teopeme 13 yTBepkKIA€TCs CYNMIECTBOBAHUE CIEIUAIBHON Me0/1e3UIeCKOit
MET/IH, OXBATHIBAIOIIEN MTPOU3BOIbHOE OTPpAHUYEHHOE MHOXKecTBo M B 1OJI-
som MOK 9, eciu 9 romeomopdHO MI0CKOCTH U ero KpususHa w(9) < .

Crarbs [22] BrIO9aeT Teopembl 0 “paspesbBanun u ckiensarnn’ MOK.

B Teopemax 1, 2 . 1 mpu HEKOTOPLIX YCAOBUAX YCTAHABINBAETCS SKBUBA-
JIEHHOCTD CYIIECTBOBAHMH yIrita MexK 1y KpuBbIMu L1 1 Lo B Touke O € L1, Loy
u (paBHOTrO emy) mpejesa yriaos Mexay kpardaimmvu OX, OY, X € Ly,
Y eLlsupu X, Y — O.

B 1. 2 onpenensiercs odnocmoponnul yeon meocdy kpusvimu Ly, Lo co
CIMOPOHBL 02PAHUMEHHO020 UMY CEKMOPG TTPU OJHOM U3 JIBYX YCJIOBHUIL.

Teopema 2. (8) Ecau cywecmeyem yzoa cekmopa, 02paHuUerHo20 KPUGhLMU
L1, Ly, mo odnocmoponnuti yeon meocdy L1, Lo cyuecmeyem u pasen yaay
2MO20 CEKMOPa.
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Teopema 3. (4) Ecau kpusas umeem nosopom 02paruseHtot 6apuayul, mo
OMG 8 Kaocdol mouKe umeem HANPASAECHUE, M.e. 00pa3yem HYyae60l Yaon ¢
camoti cobo.

B 0. 3 3amkuyToe monmuoKecTBO ' B MOK ¢ xpaem F' HazbIBAGTCS KYCKOM
MH02000pasus F, ecmm MHOyIIMpOBaHHAs BHYTpEHHEH MeTpukoil pp Ha E
TOIOJIOTHS COBIAJAET C UHIYIIUPOBAHHON u3 F' TomoJiorueit Ha F.

Teopema 4. (5) /lasa ecaxol cnpamasemots kpusoti L 6 MOK, umerowed
noayoxpecmuocmsd Ur, cywecmsyem nocaedosamesbHocms 2e00e3UMeckus
aomanniz Ry, C U, R, — L, dauns, xomopwx crodamea x daune L.

Teopema 5. (6) IIycmo xpuswie Ly, Lo, 6xodauue 6 epanuyy kycka E mmo-
2006pasus F, oepanuyusarom cexmop U C E C F u nycms meocdy Ly, Lo
cyuwecmsyem o0nocmoponnul yeoa co cmopons, U, pasund «. Toeda odro-
cmoponnut yeon meocdy Ly, Lo 6 xycke B cywecmeyem u pasen a.

OcHoBbIBasiCh Ha TOCEHEN TEOPEME, JIETKO MTOJYIUTh HEOOXOIUMOE YCJI0-
BHE M30METPUIHOCTH MHOTOOGOpasust ¢ KpaeMm Kycky B MOK (reopema 7).

Teopema 6. (8) Ilycmo kpusas L, sxodawas 6 epanuyy xycka E mmoz006-
pasua F', umeem nosopom @ co cmoporst noAYoOKPpeCHoOCT, codeparcauweltica
s E. Tozda nosopom xpusot L, usmepennnd ¢ F, cyuecmsyem u pasen .

B n. 4 paccmarpuBaercs ckaeusarue MOK u3 HeCKOabKUT MHO2006pa3uT
¢ xpaem. B Teopeme 9 npuseenbl HEOOXOANMBIE U IOCTATOUHBIE YCIOBUS JIST
storo. M3 Teopembr 9 jrerko BeIBOAUTCA CJiemyiormast Teopema 10.

Teopema 7. (10) Ecau xaoscdoe us mHoz006pasuti ¢ Kpaem 02paHUMEeH0 Kpu-
80T ¢ NOBOPOMOM 02PAHUNEHHOT BAPUAUUL, ThO OAA UL CKACUBAEMOCTNUY HEOD-
TOOUMO U JOCTATOUHO, 4MOOYbL OAUHDL OMONCICCMBAAEMBIL JY2 ObLAYU DAEHDL.

Teopema 11 — Bupousmenenne reopembl 9 nisa ckaensanus MOK ¢ mer-
PUKO TOTOKUTETHHOM KpruBu3HbL. 113 Teopemsbr 11 jerko BeITeKaeT TeOpeMa
12, nmarormasg HeobxoauMBbIe YCAOBUSA Jis M30METPUYHOCTH MHOTO0Opa3us C
KpaeM U 3aMKHYTOH 00acTu HAa OECKOHEUHON BBIMTYKJIONH TTOBEPXHOCTH.

st crarbu [23] orpannanmcs nuTUpoBaHUeM ee 1epBoro ab3ara.

PaccmarpuBatorcs reomeTpuvdecKkue CBOWCTBA MOJTyOKPECTHOCTH KPUBOI B
MOK. OcHoBHOIT Pe3yIbTAT COCTOUT B TOM, UTO “B HECKOHEUHO MATOM” T€O-
MeTpHs IIOJYOKPECTHOCTH KPUBOI Takad 2Ke, KakK JJsd ILJIOCKOM KPUBOH, Yy
KOTOPOI IMOBOPOT 3a/aeTCsd TOM ke camoit pyHkimeil jpanubl. B gacroocTu,
9TO OTHOCHUTCH K BBHIPAYKEHUAM [IJIsi BAPUAIIMHU JIJIMHbI U [LI0Ma 1. B npume-
HEHUU K W30TEPUMETPUTIECKON 3a7aue 3TO JAeT Pe3y/bTAT, BIIOJHE AHAJIO-
TUYHBIA M3BECTHOMY JJIs PEryJsSpHBIX mopepxuocteil. [Ipencrasisercs nH-
TepecHbIM TOT (DAKT, UTO B CJIydae, KOTJla HU OJHA KPUBas C TOBOPOTOM
OTPaHUYEHHON BApUAIIUU HE MOXKET UMeTh OTPUIIATEILHON KPUBU3HBI, HEpe-
CYJSIPHOCTH METPUKHU BOOOIIE He BJIUseT Ha Pe3yJbTaT, & UMEHHO, 3aMKHY-
Tast KpUBasi, OPAHUIWBAIONIAS IPU 33 IaHHOMN JIJIMHE HANOOJIBITYIO L0,
IMeeT B TOYHOCTH MOCTOSIHHYIO [€0/Ie3NIeCKyI0 KDUBH3HY (B 00IIeM Caydae
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9TO HE UMEET MeCTa, 4To OOHapyzKuBaerca Ha npumepe). JlokazareabcrBa
OCHOBaHBI Ha BBEJCHUU B IIOJIYOKPECTHOCTU KPUBOU HEKOTOPOIO aHAJIOra, 110-
JYTEeOAE3NICCKUX KOOPJAWHAT.

B crarbe [30] m3yuaroTcst cBO#CTBA TOCTATOYHO Y3KOi MOJTYOKPECTHOCTH
OpPOCTON JYTH ¢ OTpAaHUYEHHOU Bapuaiueil mosopota Ha gsymepaom MOK.
OcHOBHOI1 pe3ysbrar, AaHOHCHPOBAHHBIH B 3aMeTke [23] — dopmymna 1jst Ba-
pHaNny JJIMHBI JIyTH B TAKOH MOJIyoKpecTHOCTH (Teopema 4 map. 3).

Teopema 8. (1). ITycmv L — npocmas dyea ¢ ozpanuuenhnoli 6apuayu-
eti nosopoma, U, — ee noayoxpecmmuocms, ozpanudernan oyzamu Lo, Lp,
ucxodawumu u3 xouyoe A, B dyeu L u obpasyrouumu ¢ L yeav o, 3,
0 <ac< @, 0< B < @. Cywecmsyem maxoe 6 > 0, wmo das ato-
6020 n < § wacms sxeuducmarmos L(n) dyeu L, codeporcawanca ¢ Ur, ecmo

npocmas dyza ¢ Kowyamu 1o LA, Lp u nogopomom 02panuueHHot 6apuayu.

Bnech 0(A), 0(B) — mommbre yrian BoKpyT Touek A, B.
ITpeanonaraercs, aro §(X) > 0 Bo Beex Toukax X € L.

Teopema 9. (2). [Tyecmv L — dyea ¢ ozpanuqennoti capuayueti nocopoma, L'
— docmamouno bauskas k¥ L sxeuducmanma, 02paHUNUGAIOULAA COBMECTTIHO
¢ L u xpamuatiwumy L4, g, ucrodawumu us xonuos A, B dyzu L, 2omeo-
moppryro xpyey obaacmov G. Ilycmo, dasee, o, B — yaav meoicdy L u wpam-
watiwumu g, g co cmoponw G; & = max{a — 5,0}, B = max{ — §,0};
o(L), o(L') — sapuayuu nosopomos L, L' co cmoponw G. Tozda npu ycao-

suar 0 < a < m— @, 0< B < @ CNPAsedAUBs OUEHKN

o(L') <o(L) +QUG) +a+ B.

Teopema 10. (3). Ilycmv n > 0 docmamouno Maso U OMHOCUMEALHO
sxeuducmanmo L(n) cnpasedauso ymeeporcderue meopemui (1). Ecau G(n)—

eomeomopdras kKpyay obaacmsv, ogparuvennas oyzamu L, A(n)B(n) C L(n),

AA(n) C La, BB(n) C Lp, mo uepes xascdyro mouxy M € G(n) npo-
xodum sxsuducmanma L(ny), ny < n, daa xKomopol makoice cnpasediugo
ymeepoicderue meopemvi (1).

B map. 2 BBogaTCH ox6uducmanmmsie kKoopdunams (n,t), BBOIUMBIE B TIO-
JyOKpecTHOCTH Jayru L, rime n — paccrosiane ot Toukn 1o L. Koopaumara ¢,
0<t<, BBO/IATCSI boJtee MPOU3BOTBHBIM ¥ JJOCTATOYHO CIIOKHBIM obpazoM.

Iycrs 7(XY) — nmosopor ayru XY C L co cropons obracru G(ny), B
KOTOPOil BBejeHbl KoopauHarsl (n,t), 7(X) — noopor L B touke X € L
co cropoubl G(np). O6osmauast uepes N; Touxky myru L ¢ mapamerpom t,
ompeaeanm yHruuio g(t):

g(t) = _T<Xﬁt) + Z T(P;) — Z 2tg <7(2PZ)> )
7(P;)>0 7(P;)>0

Bnece ANy C L; P; € AN;; cyMMUPOBaHUE BEIETCs 1O BCeM ToYKaMm P; €
ANy, nst koropeix 7(F;) > 0 (MHOMKeCTBO BCeX TaKHMX TOUEK He Gosee tueM
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cuetno). Ilo onpenenennto, g(0) = 0. Ouesuano, Gyukuua g(t), 0 < ¢t < 1,
uMeeT OrpaHuveHHyro Bapuanuio. Beegem eme dynknuto f(6), oupenenen-
Hyto npu ¢ > 0 paBeHCTBOM

[ —ctgh, 0<m7/2
f(0>_{77/2—9, 0 >m/2.

Teopema 11. (/). ITyecmv dynryus n = n(t), 0 <t < 1, neompuyameavha,
ydosaemsopaem ycaosuro Junwuyae v maxn(t) < ny. Feau Ky — dyea 6
G(n1), 3adannas 6 3K6UUCTNAHMHKT KOOPIUHAMAT YpasHeruem 1 = An(t),
0 < A< 1, mo npu 6cex docmamowHo masvz \ dyza Ky umeem KoHeuwHy
oruny s(A) u cnpasedausa Popmysra

d 1
heo= [ n(tdg(t) + n(0)1() + (1)1 (5).
2de «, B umerom mom orce cmuica, wmo u 6 meopeme (1).

B sakmrouenue cratou [30] dbopmynupyercs Teopema, (5); MBI €€ OIIyCTHM.

3 IloBepxHOCTHU C IIapaJjjeJbHBIM IIEDEHOCOM BEKTODOB

Hazsanue sroro pasjena — Konus Ha3BaHUS OTJAEIBLHOTO, MOCBHAIIEHHO-
ro pesyabraram F0.®. Bopucosa, 7-ro pazjena u3 oueHb EMKOro 0630pHOro
mokmama A.JI. Amekcanmposa [4] Ha MexkayHapo HOM MaTeMaTHIECKOM KOH-
rpecce 1958 r. B Qaunubypre.

B obmeit gactu moksaga roopurcs: Heckogpko oTawdHbBIH (0T MHOTO-
obpasuit orpaHnYeHHON KPUBU3HBI U TIOBEPXHOCTEH OTPAHWMICHHON BHEITHETT
KPUBU3HBI) U B HEKOTOPBIX CIy4asx Jaxke 6osee o01mit moaxo | K TeOPUH mo-
BEPXHOCTEH MOYKET OBITH OCHOBAH HA MOHATHHU MAAIEIHLHOTO TEPEHOCA, KO-
TOPOE CBA3AHO C TMOHATHEM KPUBU3HBI BCASACTBIE W3BECTHOMN Teopembl ['ayc-
ca — Borms. TlapansmenbHBIN TepeHOC BEKTOPA BHOJH KPUBOH MOKeT OBITH
OTIPeIeIEH KAK BHYTPEHHWM, TaK W BHEITHUM 00pa30M MOCPEICTBOM TTOCTPO-
ennga Jlesu-Uusuto. [lpu cremoBannm 3TOMYy HATPABIEHWIO WA 00HEKTOM
TEOPUH ABJIFIOTCI METPUYIECKHNE MHOT00OPA3Us U TOBEPXHOCTH, HA KOTOPBIX
I TOCTATOYHO ODIMTMPHOTO0 MHOYKECTBA KPUBBIX OMPEICICH TAPaJIe bHBIH
nepeHoc BekTopa. Takne moBepxuocTu uzyders: FO.O. Bopucopsim.

B nmap. 7.1 goknama OnuchIBAKOTCS JBA BHENTHUX (JIAHHBIX JAJI€E) OIpejIe-
JIEHMS [1aPaJ/lIe/IbHOrO IIEPEHOCa BEeKTOpa BAoJb JauHuu L ¢ Konuamu A, B
na nosepxuoct F' € C1, dpakruuecku popmyiupyercs Teopema 13 u, kax eé
CJIe/ICTBYE, HECOBIIQIEHNE B ODIEM CIydae PE3y/IbTaTOB JIBYX KOHCTPYKIUI
MapasLIeTbHBIX TIePEHOCOB.

B map. 7.2 ropopurcst o Tom, uro FO.®D. Bopucos mokaswiBaer masee (B
[25], III, mpu cobatomenun mjist moBepxHOCTEl yeaosmii 3 [25], IT), uro mapas-
JIEJILHBIN TTEPEHOC UMEET BHYTPEHHUN CMBICH. KTo BHyTpeHHee ompeiesieHne
MO2KeT OBITH JJAHO JIJI STUX TOBEPXHOCTEH CIEAYIOMUM 00pa3oM: 8eKmop a
NEPEHOCUMCA NAPAAAEADHO N0 2e00€3UYECKOT, M.€. A0KAALHO Kpamualiwed
AUHUY, ECAU OAURE BEKMOPA U Y204 MENHCAY GEKMOPOM U AUHUET OCMAIOMCA
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Heu3MeHHuMU. BHYTpeHHNI napa/IebHbII IEPEHOC OIIPEIESIEH J1ist JIF000it
CIPAMJIACMON KPUBOW 1IIPW IIOMOIIM NAPAaJJICJIbHOrO IIEPEHOCA BJO0JIb BIIU-
CAHHBIX TEOIE3UIECKUX JIOMAHBIX C €CTECTBEHHBIM MEPEX0OJI0M K Mpeaeay u
SKBUBAJIEHTEH BHEITHEMY MapAJIeIbHOMY TEPEHOCY.

Pesynwrater, monydennbie FO.@. BopucoBbiM, SBISIOTCS JaJIEKO HE TPO-
CTBIMHU, TAK KaK BHaYaJI€ HYKHO J1aTh BHYTPEHHEE, HE 3ABUCHAIIEE OT CUCTEMBI
KOOD/IMHAT, YHCTO METPHUIECKOE OIpe/Ie/IeHre BEKTOPa (OCHOBAHHOE Ha MOHSI-
TUU HAIIPABJICHNsI) HA TOBEPXHOCTH U YIJIa MEKIY BEKTOPOM W KpaTUalIIIeii.

B pa6otax [24] -[26], [31] O.®.Bopucos u3yvas neperynspasie O -mopepx-
HocTH B R3, BO3MOXKHO HE yJI0BJIETBOPSAIONINE YCIOBHIO ONPAHHYCHHOCTH BHEIII-
HE{l KPUBU3HbBI, U T€JIbJIEPOBBI KPUBbIE B PUMAHOBBIX IIPOCTPAHCTBAX, JTOIYC-
KAIOIINe BBEJIEHUE TTAPAJIIEBHOTO [IEPEHOCA.

YHacrb pesysbpraToB n3JsoxeHa B Tesucax [49], [50].

U3BecTHO, 4TO reofesmdeckad Ha nosepxuoctu F' € C? ecrb Kpupas, y
KOTODO# IJIaBHAsi HOPMaJib B KaK/0#f TOYKE COBIIAJaeT C HOpMaJibio K F.
AHauTUIeCKOe BBIPAKEHUE 3TOr0 CBONCTBA, maeT nudhepeHImaIbHoe ypas-
Henue reoje3nueckux. Ecin xe Toapko F € Cl) ypaBHeHne reojie3mdecknx
TepsieT cMbIcI. OIHAKO BHICKA3aHHOE BHEITHE-TEOMETPHUTIECKOe CBOWCTBO Teo-
JIe3NTECKNX B HEKOTOPOM CMBICJIe coxpansercs u mas F € Cl, ecim nod
2€00e3uNMeckoti NOHUMAMY A0KAALHO Kpamyatiwyto. B [24] reonesndeckue Ha
F C R3? crpostest Kax npedenst HOPMAAOHBIT AOMAHDIL.

Jlomanas MoMsy ... My, tme M; € F, 1 =1,...n+ 1; nazsiBaerca HOp-
MaJIbHOM, eCau Jid Kaxkaoro ¢ = 1,...,n muaockoctb P; = M;_1M;M;
OPTOTOHAIBHA KACATENIHHON maockocTr K F' B Touke M;. Jlokazana

Teopema 12. ITycmv F' — npoussosvhas 2aadkas noseprrnocms, My, My
— ee mouku, codepotcawueca 6 obaacmu Uy, C V C F, 2de V. — mno-
HCECTNBO, 20MEOMOPPHOE 3amEHyMOoMYy KpYy2y, npuvem Uy, codeporcum 3a-
MEHYMOIG 2e00e3uveckuli kpye Vi, ¢ yenmpom 6 mouke My u paduycom
pr(Mi, M) (pp — enympennss mempura nosepzrocmu F'). Tozda mou-
xu My, Ms coedunumot kpamuatiuiet, A8AANOUETUCA NPEVENOM HODMAALHBIL
AOMAHVIL € MEMYU HCE KOHUGMU.

B [25], I, paccmarpuBaercs kpuBast L ¢ xoumamu A, B Ha moBepxHOCTH
F e C'. Ilycts My = A, My, ..., M, = B — ee moc/iei0BaTeIbHbIE TOUKH,
P,— xacarenbubie maockoctu B M;, ¢ = 0,...,n. Ecaun npoekius BekTopa
a; € P, na, P;_1 paBHa G;_1, TO BEKTOP Gy = a(/I) HA3BIBACTCA PE3yTBTATOM
IapaJIIeIbHONO IIEPEHOCA BEKTOPA Gy BIOJIb CHCTEMbI TOUeK A = {M;}. Ilpe-
et BekTopos @(A) pu 6ecKoHEIHOM Crylennn Todek cucrem A nazbisaercs
Pe3YABTATOM TTAPAJIIETBHOTO TIEPeHOCa BEKTOPA Gg BAOJb KpuBoil L.

Jpyrasg KOHCTPYKIIUS MapaslIeTbHOTO TIEPEHOCa BEKTOpa BIAOIb JUHUH L
¢ xounamu A, B #Ha mOBEpXHOCTH F' MOMyYaeTCsd B pe3yabTaTe MpeIebHOTO
mepexoa IpU TPUMEHEHUH CTYTIAIONTHXCS TTOCTeI0BATEILHOCTEH Touek A =
Xo, ..., X, = B nocpeacTBoM BpallleHus TJI0CKOCTH P; BOKpyT JnHUNA P; N
P11 o coBMerTenns ¢ TI0CKOCTBIO P41 1 Tepenoca BekTopa a; u3 P; B Piy .

Cuenyroras TeopeMa CyMMHUDYET OCHOBHBIE pe3ybTaThl w3 [25], L.
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Teopema 13. Ymobv napassesvhovili nepenoc 6doasv kpusoti L 6 nepsom
cmuieae Ovia onpedener 0as 4106020 6eKMOPA U COTPAHAN OAUHDL BEKMOPOS,
Heobxodumv, u docmamounsl caedyrougue yeaosus: 1) chepuueckoe uzobpa-
orcerue L doastcno umems nyaesyto xeadpamusnyro dauny; 2) na chepe doarc-
HO UMEMD HYAEBYIO OPUEHMUPOSAHHYIO NAOULGID 30MEHYMAA KPUBAA, CO-
CMOAULAA U3 NPOTOOUMBLT 8 NPOMUBOTLOAONCHHLT HANPABACHUAT J8YT IK3EM-
nAAPos chepuneckozo usobpasicenus kpusot L; 3) ycarosua 1) u 2) nesasucu-
Mol; 4) yeaosue 1) aK6usasenmmo 41060my u3 06YT YCcA06ull: ) OAUNG NAPAL-
AENDHO NEPEHOCUMO20 8 NEPBOM CMBICAE SEKMOPE COTPAHACTNCA HE3AEUCUMO
om cxodumocmu nanpasaerul, b) pesysomamot NAPAAIEALHBT NEPEHOCOS 6
NEPEOM U GTNOPOM CMBICAE COBNAOEIOM; §) 4Mobbl NAPAAAEALHBIT NEPeHoc
60oav Kpusoli L 60 emopom cmuicae 6via onpedener Oas A106020 8eKMOPL U
COTPAHAN OAUNDL 8EKMOPOEG, He0OT00UMO U docmamowno ycaosue 2).

Sameuanune 1. B cmamwe [100] B.B. Ycosa cmpoumca evnyxaian nosepr-
HOCTIL ¢ 2e00e3uneckol, chepuyeckoe uzobpascenue KOmopotl HeCnpamaie-
MO. Ima 2eodezuneckan umeem ceoell “0cobennocmbio” MaKyo mouKy, 4mo
SCAKUL OMEPLIMBLT 0OMPE30K 2e00e3UdECKOTl, COOEPHCAULUL IMY TMOUKY, UME-
em necnpamagemoe chepureckoe usobpasicenue; chepureckoe uzobpatcerue
MOt MOYKU AEHCUM 8RYMPU chepuyveckozo u3obpasicenusn 2eode3udeckot.
Idma noseprnocmsb onposepzaem zunomesy uz monozpapuu [86] A.B. Ilozo-
PEAOBA O AOKAADHOT CNPAMAAEMOCTNYG CHEPUNECKO20 U30OPAANCEHUL OMEKPDL-
mot zeodesueckol dyesu na sunykaiol noseprrocmu. Pesyavomam cmamobu
[L00] 6vea noaywen ewe 6 dunaommot pabome ee asmopa (HI'Y, 1971).

B [25], 11, uccenytorcst riaKue TIOBEPXHOCTH € YCJIOBUEM, UTO IIPOTIECC
napaJuTIeIbHOrO [IEPEeHOCa BEKTOPOB, BBeJEHHBIH B cTaThe [25], I, cxomurces
PaBHOMEDHO Ha JFOOOM MHOXKECTBE KPUBLIX OIDAHWYEHHON JIJINHBI, PACIIOJIO-
JKEHHBIX B KOMITAKTHOM objactu (G. DTO yCaoBUE SKBUBAJEHTHO TOMY UTO
OTHOIITEHUE %, rae (M, N) — yroa MexK 1y HOpMAJIIMHU K TOBEPXHOCTH
F' B Toukax M, N , PF — BHYTDEHHSS MeTpHUKa MMOBepXHOCTH F', paBHOMEDPHO
cxomuTed K Hyio, korga pp(M,N) — 0, M, N € G.

B |25], 111, uccnemyroresa raagkue noBepxHocTH, BBeAenubie B [25], 11, lo-
Ka3bIBAETCs, YTO MapaJlieJbHbIH IepeHoC BEKTOPOB, onpeesnenubiii B [25], 1,
NPUHAJIEKUT BHYTPEHHENH NeoOMeTpun MoBepxHOCTH. Vccaeayercs reonesn-
YecKast KPpUBU3HA, W MOBOPOT (MHTETPAI OT TEOIE3UIECKON KPUBU3HBI) KPU-
Boit. Takke JOKA3BIBAIOTCA Caemyomue Teopembr: 1) reopema Laycca—Bonne;
2) mra 33aHHON A ANTUBHON (DYHKIMM WHTEPBAJIOB CYIIECTBYET KPUBAS C
OBOPOTOM, PABHBIM 3TON (DYHKITUN.

Jlokazano, 9To KaXKgas TeoJe3uIecKas Ha TaKOW MOBEPXHOCTH — DI IKAsT
KPUBAs ¥ KACATEJBHBINH BEKTOP MEPEHOCUTCS TAPAJIIETBFHO BIOJIb HEE.

B [25], IV, nokazana ciempytomas Teopema.

Teopema 14. Iycms F— 24a0%a4 N0SEPIHOCTD C NOAOHCUMEALHO onpede-
AEHHOT Mempuueckol dopmot

ds? = gr1dut+2g12durdus + gaadu3, (uy,ug) € D; gij(ur,ug) € Cli 5 = 1,2.
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ITyemo r(uq,u2) — paduyc-sexmop mouru (u1,us),
Aulrui - rui (Ul + AUl, U2) - Tui (ula UQ),

AUQTui = Tui (ula uz + AUQ) - Tui (ula ’LLQ),
(M, N) — yeon meorcdy nopmasamu x nogeprrocmu 6 moukar M u N, pp

— BHYMPERHAA MeMPUKa noseprrocmu F.
Tozda sx6UBAAEHMMUBL CACOYIOULUE YCAOBUS.

Ay T,
Az r(ug,ug) € O, 1y X 7y # 0, ﬁmruk PABHOMEPHO CTOOUMCA K
J
1 [/ 0g; Jdg; 0gi; \ . .
+ 9jk Gik _ 9ij i, ], k= 17 2;
2 8ui 8uj aUk
kozda Auj — 0, (u1,u2) € Q C D, 2de QQ — Komnaxmmoe mnootcecmso.
2
B: omnowenue % PAGHOMEDPHO CTPEMUMCA K HYAI0, Ko20a
pr(M,N) — 0, M\,N € Q C D, 2de ) — KOoMNAKMHOE MHOHCECTNEO.

B [26], 11, ykazamb! He0OX0IMMbIE TIOPABKHU B GOPMYIUPOBKAX YTBEPIK 1€~
HU U JOKa3aTeIbCTBax B cTarbax [25], [26], I. Dro yureno B Teopeme 13.

4 (Cl“-m3oMeTpHYeCcKUe MOTPY KeHUs
CrpaBemmBa CJIEAVIONIAs 3aMedaTeIbHas IO CBOEH OOITHOCTH

Teopema 15. (A.B. Iozopeaos, [86]). amrnymasn eunykaas noseprrocmo
6 R3 0dnosnaumo onpedeaena 6 kaacce 6unykins noeeprrocmed.

OiHako BOZHUKAET JPYTOit BOTIPOC:

Boupoc 1. [69]. Mooicno au samenymyio 2aadkyio 6unykayio no6eprHocmo,
HANPUMED chePy, uloeHyMmb 63 HAPYWeHUs 2aadkocmu?

M. Hamr [81] mpenmoioxkur u HaMeTust qoKa3areabeTBo B 1954 1., a Kéit-
nep [79] mosHOCTRIO MOKazas B 1955 1. cieayromee yTBEpIK ICHHE.

Teopema 16. Kaoicdoe n-meproe KoMnaxmmoe pumarnoso mmuozoobpasue M™
mooicho Ct-zaadko u usomempuuno nozpyzums ¢ R 4 eroocums ¢ R*™.

B wunTepecyromem Hac caydae m = 2 9Ta TEOPEMa TAPAHTUPYET CYIIe-
crBoBanne m3omerpudaeckoro Cl-norpyxenns B R? u m3omerpuueckoro C1-
sroxenns B RY. Kpowme Toro, JIIOOYIO TVIAJKYIO TIOBEPXHOCTH B R3 moxxuO
B Kjaacce eé mzomerpuueckux Cl-nmorpyskenuil HenpepsiBHO POiedOPMU-
pOBATh B MOBEPXHOCTD, JIEXKAIYI0 B CKOJIb yromHo MajoM mape [71]. Kak
caeacreue, Cl-riagkasg IMOBEPXHOCTH ¢ AHAINTHUCCKOI BHYTPEHHEH METPH-
KOU TOJIOKUTENBHON KPUBU3HBI MOXKET He OBITH BBIMTYKJIOW. DTO TPUBOIUT
K TOMY, 9TO BHEIITHSS TE€OMETPUS TAKUX M30METPUYUECKUX TOTPYIKEHUH To-
BEPXHOCTH HE CBSI3aHA C €€ BHYTPEHHEH MeTpPUKOU.

Tax, mo Teopeme Kéitnepa, edunuunas chepa S C R™ 1 donycraem usome-
mpuneckoe Cl-noepysicenue 6 ckoav yeodno marvti wap ¢ R daa ecex
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n =1,2,.... Dror pezyibrar Kéiinepa ompopepraer cTapyro THIOTE3Y, CO-
IJIACHO KOTOPOil Kaxjoe uzomerpuueckoe Cl-norpyxenne f : S7 — RH
npu n > 2 wonepysnmuo eguamanoii cdepe. (Ecm f € C?, To 0HO KOHTpY-
SHTHO €JIMHUIHON cdepe B CUITY KJIACCHIECKON TeopeMbl KécTkocTn) [76].

OTH yTBEpPXKJIEHUsI HE SIBJIAIOTCA WHTYUTUBHO SICHBIMU U MPOTHBOPEUAT
HATJISITHBIM TIpeJicTaBJeHnusiM. B CBOE BpeMsi OHU OKA3aJIUCh [IJIsi MHOTHX
HEOXKUJTAHHBIMU W TTOCHYIKUJIA CTUMYJIOM JIJIsi TOHKUX UCCAEJOBAHUN U BBe-
JIEHUsI HOBBIX BHEITHE-TEOMETPUYECKUX CBONCTB MMOBEPXHOCTEI, 11T KOTOPBIX
BHYTDEHHSIS U BHEITHSA MEOMETPHs [TOBEPXHOCTEN COTJIACOBAHBI.

Taxk, 115t TOBEPXHOCTEH OTPAHUIEHHO BHEITHENH KpUBU3HLI B cMbIcTe A.B.
IToropemnosa [85], [86] cymiecTByOT 10CTATOYHO CUIIBHBIE CBSI3W MEXKIY BHYT-
pEHHell U BHEIHEH TeOMeTPHUsIME 3TUX MOBEpHOCTel (cM. pasfen 9).

EcTecTBeHHO BOBHHKAIOT BOIPOCHI, CymecTByoT ju duciaa « € (0,1) Ta-
KHe, 4To moBepxHocTH Kiaacca C1® B R? mMeoT orpaHmyeHHyio BHEIIHIOO
KPUBU3HY WJIN Ajd KOTOPLIX BepHBI anajoru TeopeMm Hamra m Kéitmepa. Pe-
I[IIEHUIO 9TUX BOIPOCOB MOCBSIIEHBI JOKTOPCKast auccepraius 48] u muOTHE
nccaenosanus K).@. Bopucosa.

B [25], T u [25], II, ¢ yuerom [26], IT nokazano: uTobbl onpeessiemblil 1o-
CPEICTBOM €CTECTBCHHOMN BHEIITHE! KOHCTPYKIUY I1apaJljleIbHbIA IepeHoC Ka-
CaTeIbHBIX BEKTOPOB BJO/Ib CIIPIMIISEMbIX KPUBLIX Ha moBepxHocT F € C1
HMeJ BHYTPEHHe-TeOMETPUIECKHi cMblca, Heobxoaumo F € C1Y2 u nocra-
touno F € CH%, a > 1/2.

DTO MO3BOJISIET B ITOCTETHEM CJIyYae OIPEIETUTh KPUBUBHY /I [ITHPOKOTO
KJIaCcCa MHOYXKECTB Ha ITOBEPXHOCTU U YCTAHOBUTH €€ CBSI3b CO CHEPUUYECKUM
nzobpaxkennem nopepxHocTu. [losTomy ObLIA BBIBUHYTA TaKas THIIOTE3A.

Tunoresa 1. Ecau F € C' u (F, pr) — Mmnoz006pasue ozpanusennoti 3HaKo-
nocmoannot Kpueusns, mo us ycrosua F € CH® ozpanunentocms enewned
Kpususnst caedyem npu o > 1/2 u ne caedyem npu o < 1/2 daowce 6 cayuae
AHAAUTNUIHOCTUY PR U TOAOHCUIMEAYHOCTIVU 20YCCOB0T KPUSUSHbL.

Sameuanue 2. B npumeuanuu snusy cmp. 153 6 (99| ckaszano, wmo aunet-
noidi snemenm noseprrocmu F € CH 0 < o < 1, 6 usomepmuneckus xo-
opdunamaz umeem zaadxocms CO22~¢ npu o < 1/2 u CH22¢ npu o > 1/2
oasa mobozo € > 0.

Haumewm ommcanue crarpu |26] ¢ nuTupoBamus ee HadaIa.

PaccmarpuBarorcs ritajiKue II0BepXHOCTH, IO J4UHEHHBIE TAKOMY YCIOBHIO:
6(M,N)
[p(M,N)]2/3
p(M,N) — 0 pasHOMepHO OTHOCUTENBHO BhIOOpa Towek M, N € G, tae G
— Jr0basg 06J1acTh ¢ KOMIAKTHBIM 3aMblKaHneM. Kilacc Takux moBepxHOCTeR

€CJIM p — BHYTPEHHHAS METPHUKa MHOBEPXHOCTH, TO — 0, ecom

1,2/3 "
oboznagaerca Cy’™'". Ecim B 0OKpecTHOCTH KarKI0il TOUKH HOBEPXHOCTHL [
3a/1aeTCsT B TIOIXOJIAIINX TEKAPTOBLIX KOOPIMHATAX ypaBHeHueM z = f(x,y),
rie f wMeeT mepBbIe YACTHBIE TPOW3BOIHBIE, YIOBJIETBOPSOIINE YCIOBUIO

I'émpaepa ¢ mokasarenem a > 2/3, 1o F € 03,2/3' To ects CH* mpm o > 2/3.
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ITess cTaTbm — MOKA3aTH, 9TO B KJIACCE Cé 2/3 HEKOTOPBIE OTPAHUYIEHUS Ha,
BHYTPEHHIOIO METPUKY 00eCrmeumBaioT “XOporine’ BHEITHe-reOMeTPUICCKUE
CBOWICTBA MIOBEPXHOCTH (BILIOTH 710 aHaauTHIHOCTH ). VI3BecTHo, (cMm. [79],[81])
ITO TMPOUBBOIBHBIE TIIKHE TTOBEPXHOCTH ITUM CBOWCTBOM HE 00JIaIatoT.

1,2/3
Beakag nosepxnocts F' € C OPUHAIEKUT KIACCY, ONPeIeIeHHOMY B

1,1/2

[25], I, oboznauaemomy Cy’'~, 1 HOSTOMY /ISt Hee CIIpaBeInBbI PE3YIbTaThI
u3 [25], IT u [25], III, B Tom uncae Teopema laycca—Bounns ([25], 111, nap. 2).

Pesiome [26]: Ecin nosepxnocts F € OV o > 2/3, — muoroobpasue
[OJIO2KUTEIbHOM, HYJIEBOI WM OTPULATENbHON BHYTPEHHEH KPUBU3HDLI, TO
chepraeckoe nm3o0parkenne F ecTh mpeodpasoBaHne OTpPaHUYEHHON Bapma-
nuu B cMbicae Banaxa;

1) ecrm

gr1du? + 2g12durdus + gasdu}, gij € C* k> 4,

— bopMa MoI0KATe B0 Kpubnaasl, 1 7(u,v) € C1% o > 2/3 — pemenne
cucrembl MubdepeHIHaATbLHEIX YPABHEHIH 72 = 11, Ty Ty = §12,T2 = g22, TO
r(u,v) € CF 1

2) aBe m3oMeTpUUHBIX MoBepxHOCTH F, Fy € C La o> 2 /3, TIOJIOKUTETh-
HOJ BHyTpEHHe! KPUBU3HBI KOHI'DYSHTHBI.

Ha ocHOBaHWM NMUTHPOBAHHBIX PE3YJIBTATOB U3 [26], mepBoe yTBepKICHNUE
TUIIOTE3bI YIAJ0Ch JOKa3aTh MU 3aMeHe yCaoBusa « > 1/2 ycioBuem o >
2/3 (3ameneHHBIM paBeHCTBOM @ = 2/3 B Heomyb/mkoBanHO# padore C.3.
Mledenst). DTOT pe3yabrar HE yAATOCH YIYUIIUTH U MEPBOE yTBEPXKICHUE
rumnoTe3bl 1 0CTaeTCs OTKPBITHIM.

B [29], V™ — BermecTBeHHO-aHATUTUYIECKOE PUMAHOBO TPOCTPAHCTBO.

Io ompegenenuio, Ch®-n3oMeTpryecKoe HOrpysKeHue mpocTpancTea V" B
eBKJIH0BO IIPOCTpAaHCTBO R™ obmamaer peryaaproctbio LY, ecin Hu B 071
HOM TOUKe OHO He siBstercst ChY -m3oMmerpuueckuM st o > «. MHOXKECTBO
BCEX TIOTPy2KeHHil, 06,1 a10IuX peryasapHocTbio Ch® Ha3bIBAETCA KIACCOM
norpyzxenuii Ch®. MHOKeCTBO BCeX aHAIMTHYECKHX MOIDYZKEHM HA3BIBA-
erca kiaaccom A. Kimace morpyxkenntt 6ymeM HAa3bIBATH YHUBEPCATBHBIM IS
OPOCTPAHCTB PA3MEPHOCTHU N, €CJAU BCIKOE TTPOCTPAHCTBO V' momycKaeT J1o-
KaJTLHOE TIOrPy KeHne JaHHoro Kiaacca B R, M3 nuddepentnanbroi reo-
METPpUn M3BECTHO, 9YTO KJIaCC A ABJIAETCA YHUBEPCAJIBHBIM JJIsA TPOCTPAHCTB
Pa3MepPHOCTH 2, HO He ABJISETCH TAKOBBIM LI TMPOCTPAHCTB BBICIIAX Pa3-
Meprocteti. CyIecTBYOT Jn it TTPOCTPAHCTE PA3MEPHOCTH > 2 YHUBEp-
CaJIBHBIE KJIACCHI 1 KAKOBBHBI OHI/I? 9TOT BOIIPOC UMeeT ,ZLBOHKI/H?I CMBICJI.

Eciu n = 2, 10 peusb umeT 0 TOM, MOXKHO JI TOBEPXHOCTSIM 3apaHee [pe/i-
NUCHIBATH OIIPEAECICHHYIO CTECIICHDb PETYJIAPDHOCTY HE3ABUCHUMO OT CBOMCTB UX
BHYTPEHHEH MeTpuKu. Takas BO3MOXKHOCTb HEOOXOIMMO CBSI3aHA C HAPYIIIE-
HreM JiI0H0H CBA3M MEXK /Ty BHYTPEHHEH U BHEITHEH TeOMeTPHell TOBEPXHOCTH.

IIpu n > 2 peusb uger eme u 0 BO3SMOXKHOCTH 33 CUeT OCTabJICHUs Pery-
JIAPHOCTH HOIPYKeHUs 00eCIednTh JOKAIbHYIO Iorpyzxaemocts B R

ITepsblit U3 UMEIOIIUXCH PE3Y/ILTATOB caegyer u3 pabor [79], [81]:
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Teopema 17. Kaacc noepyoicenuti C10 — ynusepcarvroiti das npocmparncms
4100600 PasmepHOCm.

W3 rurupoBaHHOTO BBIIIE pe3yabTaTa B [26] BEITEKaeT

Teopema 18. Ilpu awbom | > 1 u npoussosvhom «, o maxsce npu | =
1 ua > 2/3 kaace noepyorcenuti CHY ne acasemcs ynusepcasvnvim 0aa
npocmparcme V2.

Crenyromas TeopemMa JaeT OIEHKY ITPOTHUBOIIOI0KHOTO XapaKTePa.

Teopema 19. Ipu arobom o < 1/(n? +n + 1) xaacc nozpyscenut CH
ACAAECMCA YHUBEPCAALHBIM OAS npocmpancme V™.

IIpu n = 2 orpanmuenue ia « wMeer Bug « < 1/7. Cnpasennusa jn
TeopeMa 19 m1g pazMepHocTell n > 2, He U3BeCTHO. BolIBUTraeTcst THIIOTE3a

T'umoreza 2. Jias npocmparcms 410601 pasmepHocmy KAGCCH NO2PYdice-
nut OV npu o < 1/2 asaatomes yHueepcaivoHbLMu; OpY2UT YHUGEPCAAHOLT
waaccos (xpome waacca A daa npocmpancme V2) ne cywecmeyem.

Mur omycTuM hopMyTHPOBKY Teopembl 4 u3 [29)].

Teopema 20. [32] IToseprrocmb ozpanuternol 6HewHeld U NOAOHCUMEND-
HOt 2aycco60T (6 060OUWEHHOM CMBICAE) KPUBUSHDL AOKAADHO SWINYKAQ (KadtC-
a4 €e MOUKA UMEE, OKPECTNHOCTVD, ABAFMOWYIOCA 6BINYKAOT NOBEPTHOCTIGIO).

O6benunenne Teopem 8 u 9 u3 [98] maer ciemyroiee ycuieHue.

Teopema 21. Ilycmo F — CL®-zpadkas nosepzrocms 6 R3, o > 2/3. Ecau
no ceoeti enympenneti comempuu F asiaemea 0symeprvim mno2006pasu-
eM HEOMPULAMENLHOT, HENOA0AHCUMEALHOT UAU HYACEOT KDPUGUSHDL, MO ee
06pa3 npu apdunrom npeobpazocanuL, UMEEM GHYMPEHHION METMPUKY MO20
oice kaacca. ITpu amom F ecmov, coomeememeenino, HOPMAALHAA NOGEPT-
HOCTND HEOMPUUATMEALHOT KPUGUSHDBL, CEON06AA NOBEPTHOCTNG UAU HOPMAA-
HOA PA3BEPBIBANUAACA NOGEPTHOCTL (cm. [98]).

B 6osbmioit pabore [45] Ha ocroBanuu “medopManinonnoil TeopeMbr” (Teo-
peMma 1), T0Ka3aTEIHLCTBO KOTOPO 3aHUMAET TTO/IAB/ISIOILYI0 9aCTh CTATHU U
COJIEPXKUT JOBOJIBHO CJIOXKHBIE BBIYUCIEHUS, [IOKA3BIBAIOTCH CJIEIYIONINE pe-
3ymbTaThl. B Teopeme 2 noxasano, uro B Knacce C1® mpu a < 1/13 BozMox-
HO HEIPEPBIBHOE M3rnbaHue aHAJUTHUYECKON MOBEPXHOCTU IOJIOKUTETBLHO
rayccoBofl KpUBHU3HBI C HOTepell JIOKAJIbHOHM BLIIYKJIOCTH, & TeM CaMBIM U
OTPAHUYEHHOCTH BHEITHEH KPUBU3HBI. DTOT PEIY/IBTAT JONOJTHEH TEOPEeMOit
3 06 aHaJlOorUYHOM M3rubAHUU IJIOCKOCTH B MOBEPXHOCTHU, HE COJIEPIKAIIHIE
npsmbix. B konre maparpada 1 ykazan crocob ycusieHus Teopembl 1 mpu
COXPAHEHUU CXEeMbI JOKA3aTe/lbCTBA, [IO3BOJISIONINN 3aMEHUTH B TeopeMme 2
yenosue o < 1/13 yemosuem o < 1/7. Hocaenuwii pesynsrar 10.®. Bopucos
aHOHCUPOBaAJ B Teopeme 19 npu n = 2; npu n > 2 OHa He JOKa3aHA.

Sameuanue 3. Bonpoc o cnpasediusocmu zunomesv, 1 (6 wacmuocmu, ep-
HO AU €€ NEPBOE UAU 6MOPOE Ymeepocoenue) u 2 0cmaemcs OMmKEPuIMbLM.



222 B.H. BEPECTOBCKNM

5 Hpyrue nyboaukanuu FO.®. BopucoBa nmo reomerpuu
B pabore 28] nokazana ciejyromias 3aMedaresbHas TeopeMa.

Teopema 22. [Tycmo naockas obaacmv G 36€30H0-6bNYKAGL OMHOCUTNEADHO
mouex obaacmu Gy C G, (m.e. nepecevenue 6CAK020 AY4a, UCTOOAULE20 U3
maxot mouwku, ¢ G ceasno). Illycmo, dasee, 3adanv, déa HenpepvsHmr 0mob-
pasicenus f1 u fo obaracmu G 6 R3, obaadarowyux mem ceoticmeom, 4mo 0as
scakot cnpamasemots kpusott K C G ee obpasw, f1(K), fo(K) umerom dau-
ny, pasuyio daune K. Toeda cywecmeyem nenpepwvienas 6exmop-GyrnKyus
o(X;t), X € G, t €[0,1] maxan, wmo

1) 9(X,0) = 1(X), X € G;

2) G(X.1) = H(X), X € G

3) Ipu mobom ty € [0,1], p(-,to) nepesodum 6caryo CNPAMAAEMYIO KPU-
syro K C G 6 xpusyto moti oce OAuHbL.

B paborax [39] u [40] HaiigeHsl HEOOXOMMMbIE W JIOCTATOYHBIE YCJIOBHUS
CYTIECTBOBAHNS M €IMHCTBEHHOCTH C TOYHOCTBHIO JO KOHTPYSHTHOCTH Tapa-
METPU30BAHHON JIJTMHON IyI'H KPUBOH B (TICEBIO0)EBKIMIOBOM MPOCTPAHCTBE
KOHEYHO! Wi GECKOHEUHOW PasMEpPHOCTH C JIAHHBIMH KPUBU3HAME (W CHUT-
HATYPOIl) TIPU CHSITUY AIPUOPHBIX OTPAHUYEHUIT (B TOM IHCJIE MPE/IIOI0Ke-
HUsT O HEIPEPBIBHOCTH KPUBU3H). OrpaHuInMCs CIydaeM KOHEIHOMEDPHOTO
e€BKJINJ0Ba pocTpancTea R, n > 2.

Omnpenenenne 1. Henpepueno duddepenyupyemort nymos y(t), t € I, ¢ R™
naswsaemea cmandapmuvim, ecau |y ()] = 1.

MHO0KeCTBO KJIaCCOB YKBUBAJEHTHOCTH CBOOOMHBIX BEKTOPOB B R™ 0b03HAa-
qum V' (R™). dna dbyuxmwii 7,¢; : I — V(R™), tae (€1,...€,) — OPTOHOD-

MaJbHas CUCTeMa, (DYHKITHS ?él &,,) OTIPEMIEISCTCA PABCHCTEOM
yeeeEm

m
L _ =
TEr,em) =1~ Z(T “€j)€j. (1)
=1
Onpenenenune 2. Qynxuuu Ki,...,kn—1 : I — R naswearomes xpucus-
Hamu nopadkos 1,....n — 1 cmandapmuozo nymu ~v : 1 — R™ ecau cy-
WECTEYEM, OPMOHOPMAALHAA cucmema Juddeperuyupyemus ynruul €; —
V(R™),i=1,...,n — 1, co ceolicmeamu: 1) &1 = v'; 2) km = |[Fm| npu
m=1,...,n—1, 2de Ky, = ?’élwgm), a npum < n—1, kpome mozo, Ky, > 0

6¢100y na I U €pmy1 = Fom/Km.

Bepsa npu kp—1 = 0 6 xauecmee €,(t) awbol us dsyr eexmopos, 06-
pasyrowuz ¢ (€1(t),...en—1(t)) opmonopmarvnwi 6asuc ¢ V(R™), a npu
Fn—1(t) # 0 nosazan €,(t) = Rpn_1/kn—1(t), noaywum n-eexmoprur Ppene
nymu .

Teopema 23. (ocnosnas) [39]. lycmo n > 2 — weaoe wucao, I C R—
npomescymox, @; : I - R i =1,...,n—1, — nexomopwvie pynxuuu. Cnpa-
6e0AUBHL CACOYIOULUE YMEEPIHCOEHUA.
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1. Hycmo pyrrxyuu ©; YyooSAEMBOPAIOM CACOYIOUUM YCAOBUAM:

(a) 6c100y na I, o1 >0 u ;>0 npui<n-—1;

(b) xascdan us Gynxyuis ©; umeem nepeoobPazHyIo.

Tozda cywecmeyem cmandapmuvit nymo v : I — R” ¢ xpususnamu k; =

wi, 1 =1,...,n— 1, obnadarouuii n-sexmoprurom Ppene.
2. Jaa cywecmsosanusa cmandaprnozo nymu vy : I — R™ ¢ xpususnamu
Ki =i, t=1,...,n—1, onpedeaiemozo c60UMU KPUSUSHAMU C MOYHOCTIVOIO

00 KoHepysnmmocmu, Heobrodumo u docmamouno 6unoinenue yeaosul (a),
(b), caedyroueeo yeaosua:
(¢) mruoorcecmso {t € I : o,—1(t) > 0} csasno.

Teopema 24. [40]. Cmandapmuwii nymo v 6 R™, ¢ kpususnamu K1, . . . Km—1,
m < n, aescum 6 nexomopoti (m — 1)-meproti naockocmu P™1 npocmpan-
cmea R™ ¢ mom u moavko mom caysae, %0200 km—1 = 0. Ilrockocmo pm1
onpedesena nymem Yy 00HO3HAHHO.

B unrepecHoii 6oabimoii crarbe [41] FOpuit ®énoposny onpejensier Bek-
TOPHYIO KPUBH3HY N-MepHoit C?-perysiproit mosepxuoctu F” B riisbepro-
BOM TIPOCTPAHCTBE [id TPOM3BOILHON €€ Touku Xg. lokazbiBaerca 0bobime-
HIe KJIaCCHUeCKoi Teopembl Laycca mst 2-mepuoit C3-peryisproii mosepx-
HOCTHU B R3, TPUBOAAIIEE K BHIPAKEHWIO CEKIMOHHBIX KPWBWU3H PUMAaHOBA
upocrpascrsa F, coorsercrytomero C3-perymsproit mosepxaoct F™, e-
peE3 XapaKTEPUCTUKN €€ BEKTOPHBIX KPUBU3H.

K coxasennro, 31€cb HET BO3MOXKHOCTH [IPUBECTH JOCTATOYHO KOPOTKUE
U TOUHBIE (POPMYIUPOBKHU OMPEIEICHUN U PE3YABTATOB ITOH CTATHH.

6 O kJaccmyeckoil 1 PeNATUBUCTCKON KWHEMAaTUKE

Mpb1 m31araeM HEKOTOpBIE HMOHSITHs U pesyabrarsl u3 [27], [34]—[36], [46].

“Kmaccuaeckast KnHeMaTnka’ — rajanieeBa KHHEMATHKA, ‘PeITTHBUCTCKAS
KI/IHeMaTI/IK&77 — KHHEMATHUKa CHeHI/IaﬂbHOﬁ Teopun OTHOCUTEJILHOCTH.

Bri6Gop HazBaHus 9TOT0 pasjena ciejyer Haspanusam crareii [35], [46] u B
Goubiieit crenenu Tekcry [57]; npuBeséM HEKOTOPBIE BBIJEPKKU OTTY/IA.

1. TlpocrpancrBeHHO-BpEMEHHASA CTPYKTYPa MHOXKECTBA COOBITHII B TEO-
pUM OTHOCHTETBHOCTH (“PENATUBUCTCKAS KMHEMATHKA) ONpPeIeneHa npeod-
paszoBaHusSIMHA JIOPEHIA, OTMUCHIBAIOIINMA €€ aBTOMOP(MU3MBI B CIIEIHTATBHBIX
cucTeMax [poCTPaHCTBEHHO-BPEMeHHbIX KoopuHat. B crarse [9] AL L. Asnek-
cauaposa n B.B. OBUMHHUKOBOI JOKA3AHO, UTO MPeOOPA3OBAHUS TPOCTPAHCT-
Ba-BpeMeHn MUHKOBCKOTO, COXPAHSIIOTIIE CEMEHCTBO TETECHBIX CBETOBBIX “KO-
HYCOB OYAYINETro”’, sIBJSIOTCA € TOYHOCTBIO J0 T000us mpeobpazoBaHUsSIMU
Jlopenmia. DTo MO3BOMMIO TPAKTOBATEH TEOPEMY O KOHYCaX KaK COBMAJCHNE
MPOCTPAHCTBEHHO-BPEMEHHOMH CTPYKTYPBI MHOKECTBA, COOBITHH ¢ €r0 TIPUINH-
HO-CJIEICTBEHHOM CTPYKTypoil. PazsuTne 9Toit nien npuseio K cepun padboT

[I0 TEOPHUH, HA3BAHHON “XpoHOreoMeTpueii”.
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2. O6061eHs TEOPEeMbI 0 KOHycax pa3Hoobpasubl. B pabore [27] gokasana
TeopeMa O IPeodPA30BAHUSX MTPOU3BOIHHOIO MCEBIOEBKIINIOBA TPOCTPAH-
CTBa, COXPAHAMONINX U30TPONHOCTH BEKTOPOB, W CIEMaHA MOMBITKA O0bIC-
HUTH YeTHIPEXMEPHOCTH MPOCTPAHCTBA-BpeMeHu. Bosibiias cepus masbHel-
mmx pabor A.Jl. AJekcaHIpoBa M €ro yUYEHUKOB TMOCBSIEHa OCTAHIEHIIO
YCJIOBUIA, HAJIOKEHHBIX HA KOHYCBHI B HCXOIHOIN Teopeme u3 [9]. OcHOBHO 3a-
madeit xponoreoMeTpun, mocTasaeHHol A.Jl. AnekcaHIpoBBIM U TOKA HEpe-
[IEHHOMN, SBJISIETCS TTOJTHOE BBISICHEHUE CBSI3M MAKCUMAIbHO OJTHOPOJIHBIX YIIO-
PSI0YUEHHBIX IPOCTPAHCTB C PEJISTUBUCTCKON KHHEMATHKOM.

3. lapaaneavrno ¢ xponozeomempueti 6 70-x ze. F0.D. Bopucosvim no-
CIMPOEHE NOAHAA CUCTNEMAE GKCUOM PEAATNUBUCTCKOT KUHEMAMUKY, OITUCHI-
BaloIIas B HajjIeKaIieil ¢popmMe ciaeayommne haKkThl.

1) Besikoe oTHOCHTETBHOE MPOCTPAHCTBO — TPEXMEPHOE €BKJIUIIOBO, & CO-
OTBETCTBYIOIIee BpeMsl HaJEJICHO CTPYKTYPO HallpaB/IeHHON IPAMOM.

2) /lBe nHEPIHUAIBHBIE CHCTEMBI OTCIETA HEPAZIUIUMBI 10 UX TTOJTOKEHIIO
B MHOYKECTBe TAaKHUX cucreM (“IPUHIUI OTHOCHTETLHOCTH”)

3) CTpyKTypa KUHEMATUKHU JOMYCKAET BOZMOXKHOCTH 3KCIIEPUMEHTATHHO-
ro obmapyxenus. (1o, B oramuue oT 1) m 2), HEBEPHO /I TAJUIIEEBOi
knHemarnkn, B.B.).

B [27] nosygens! caeytomime pe3yabraThl.

Teopema 25. Beaxoe npeobpasosanue (ncesdoeskiudosa npocmpancmea)
L, coTpananwee us0mponHoCML 6eKMOPOS, AGAAEMCA aPdurnvim.

Sameqanne 4. U3z noacuenut 6 [27] caedyem, wmo na camom deae Gonee
TMOYHAA CAOBECHAA POPMYAUPOSKE JOKAZAHHOT MAM MEOPEMDBL CALIYIOULLA:
Besaxaa buexyus (ncesdoesxaudosa npocmpancmea) R}, Komopas smecme c
obpamuot Kk Hel buexyuets COTPAHALM USOMPONHOCTD BEKMOPOB, AGAALMCS
agpurrnovim npeobpasosaruem. Ecmecmseenno nodpasymesaemoe Gopmysu-
poskoti meopemvt 25 bosee cuavnoe ymeepoicdenue dokasano 6 cmamoe C.H.
Acmparosa [12]. Hecmomps na npocmomy Gopmyauposor, dokasamesvcmea
6 [27] u [12] secoma nenpocmuw 6 cpasuenuy c |9).

Jlano akcuomarmaeckoe ompezenenue npeobpazosanus Jlopeunmna. [lycrs
G — COBOKYHIHOCTB BCex npeobpasopanuii npocrpanctsa R}, coxpansaonmx
M30TPOIMHOCTDL BEKTOPOB. PaccMOTPHUM CIIEAYIOIIYIO CHCTEMY aKCHOM.

Hocrynar 1. Ecau sexmop AB npocmpancmeenno-nodobruti v g € G, mo
sexmop A'B’, 2de A’ = g(A), B' = g(B) npocmpancmeentio-nodobmnuii.

IMoctynar 2. Jaa awbozo k' # k, R}, ne ydosaemeopaem axcuome 1.
IToctynar 3. Ilpu n' > n axcuomw, 1 u 2 necosmecmumol.

Teopema 26. Axcuomv, 1-8 6biNOAHAIOMCA 6 MOM U MOABKO 68 MOM CAYYAE,
xoeda n = 4, k = 1. Ilpu smom G ecmw epynna npeobpasosanuti Jlopenua
(usmenenue 3HaKa Y Ty HE UCKAIOUAEMCA), OONOAHEHHBLT NPEOBPA30SAHUAMY
1n0dobusA ¢ NPOU3BOALHBIM KOIPHUUUEHITIOM.
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Nsznoxum pesynbrarsl crarbu [34].

IIycre M — wmuOxkecTBO 3semeHTOB-"coObITuil”. B M BbIZEIEHO CeMmeii-
c¢TBO D MOIMHOYKECTB, HA3bIBAEMbBIX “WHEepHUAIbHBIME NBUKeHuaMnr”. Kpome
TOTO, 337aH0 ceMecTBO K B3aNMHO OJHO3HAYHBIX 0TOOparKeHu# Ha, apud-
MEeTPHUYECKOe TPOCTPAHCTBO R*, Ha3bIBAGMBIX “HHEPIMATIBHBIMI CHCTEMAMMI
oTcueTa’; CBABAHHBIX € ceMeHcTBOM [ CIeYIONTAMHA YCTOBUIMHE:

1) Ecm S € K u muoxectso I Takoso, aro S(I) — mmoxectso B R,
3a/laBaeMoOe CUCTeMoil ypaBHeHwit T; = a;, ¢ = 1,2,3 rae a; — MOCTOSHHBIE,
Tol €D.

2)Ecm I € Du S € K, o S(I) — muoskectso B R, 3a1aBaemoe cucremoir
ypaBHeHUH x; = a; + v;xy4, ¢ = 1,2, 3, 7A€ a;, v; — NOCTOSTHHEIE.

Ecmu S, 8" € K, 1o no onpenenennto fggr = S oS ~L

IIycts S,S’ € K. Bynem rosoputs, uro S’ nokoumcsa omuocumenvhno S,
ec/Im BCAKOEe MHOXKeCTBO I, 3amaBaemoe B cucreme S’ ypaBHEHHSIMH U3 II.
1), 3amaeTcd ypaBHEHUSME TaKOTO Ke BHJA U B cucreMme S. Ilnade Oymem
roBopuTh, 4To S’ deusicemea ommnocumenvno S. Addunnoe npeobpazopanue
R?* ¢ marputeit 8 SO(3) X 1 Ha3BBACTCT MPUCUAALHBLM.

IMocrynar 4. Cywecmeytom maxue S, S’: S" dsusicemes ommocumenvno S.

Ilocrynar 5. a) Ecau S € K, ¢ — mpusuasvhoe npeobpasosarue, mo cy-
wecmesyem maxoe S’ € K, umo fsg = .

b) Ecau S,S" € K u S’ noxoumca ommnocumenvro S, mo fsg — mpueu-
aavHoe NPeobpasosanue.

IMocrynar 6. Fcau I € D, S € K, ¢ — mpusuaavroe npeobpasosarue, mo
cywecmsyem maxoe I € D, wmo S(I) = o(S(I)).

Hocrynar 7. Ecau S1, 57,52 € K, mo cywecmeyem Sy € K: fs,5, = fs,51

Ipennoxkenune 1. Jasa arwbozo S € K mmuoorcecmeo ecex npeobpasosarui
suda fsgr, 20e S € K, o6pasyem 2pynny ommocumesbho KoMNo3uuuL npe-
06pasosarul.

Teopema 27. Ecau cemeticmso D u cemeticmso K ydosaemeopatom nocmy-
aamam 4=7, mo ecmv auwn dee uckaruaruwue 0py2 0py2a 603MONCHOCTU:

1) daa awboz0 S € K mnoorcecmeo ecex npeobpasosanudi euda fggr, 20e
S’ € K, cosnadaem c¢ epynnoti ecex npeobpasosanuti [aruses;

2) eywecmeyem eduncmeennoe wucao ¢ > 0 maxoe, umo das aobozo S €
K mmnoorcecmeo ecex npeobpasosanuti suda fgg, 2de S’ € K, coenadaem c
2pynnoti 6CET C-AOPEHUEEVIT NPEOOPA306aHU.

Kaotcdaa us HUT pearusyemes e Hexomopoti Modeat Cucmemovt nocmyia-
mos 4—7, npu 9mom 6mopas 803MOHCHOCTG PEGAUSYEMCA NPU A1000Mm ¢ > 0.

OTmernM, 9TO B BBIIEJICHHOl BbIllle KypcuBoM dactu Tekcta [57] 2003 .
10.®. Bopucos He ynomuHaeT ceou paboTer [35], [36] 1986, 1987 rr. Tam xe
OH TOBODHT O TIOJIHOM CHCTEMe aKCHOM DEJISITHBUCTCKON KHHEeMATUKU B [34].

A moummato 910 Kak noszsosenne FOpusa ®egopoBruda OrpaHuIUuTLCI KPaT-
KUMU IIUTATaMi U3 ero obIux onucannii cogepzkanus crareii [35], [36], [46].
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B crarbe [35] uzoxkeH 1oaxo/| K KUHEMaTHKe, HAMEUYEHHBIN B pabore [34].

Hauaibhbie npejcraBienns Ki1acCUYeCKOR KuHEMATUKU 00 “OTHOCUTE/ b~
HOM TIPOCTPAHCTBE’, OMPEJIETEeMOM HHEPITUATLHBIM TEJIOM OTCUETA, O COOT-
BETCTBYIONIEM €MY “MECTHOM BPEMEHU U WX CTPYKTYPAX — €BKJIUJOBON Teo-
MeTpun u “XpoHOMeTpuu’ — (POPMATU3YIOTCA TOCPEICTBOM IMOHATUS KIHE-
MaTUKU B MHOYXKeCTBe coObITHii. B TepMuHAX KUHEMATHKHU (HOPMYJIUDYIOTCS
3aKOH WHEPINH (TTOCTY/IaT 1) 1 KHHeMaTHIeCK it HHBAPUAHT MTPUHITAIIA OTHO-
curenpHOCTH amunes (mocrymar 1I). Bemmonrenne nocrymara 111 aeiasercs
HEOOXOIUMBIM YCJIOBUEM DKCIIEPUMEHTAJIBHON 0OHAPY KUMOCTH KUHEMATHKH.
Teopema 14 ycramaamBaeT, UT0 nmocTyaaTel [-11I HempoTrBOpednBEl U OTIpe-
JIEJISIFOT PEJISITUBUCTCKYI0 KUHEMATHKY.

Beugy Teopembl 7 u ompenenenusa 5 (u3 [35]), paccmampusaemoie 3dect
nocmyaamo, 1, 11 cocmasaaom noanyo cucmemy nocmyaamos, obwuxr 0as
KAGCCUMECKOT U PEAATNUBUCTNCKOT KUHEMATNUK 6 MOM CMBICAE, 4MO 0OWUE
CB0TUCTNBA KUHEMAIMUK UCUEPTOIBAIOMCA CACOCTNEUAMUY IMUL NOCTIYAGINOE.

B map. 1 crarsu [36] roBopurcsa: BBenennerit B [35] mocrymar I Bepazkaer
OIIPEJICJICHHYIO CBA3b MEXK/y IIPOCTPAHCTBEHHON CTPYKTYpPOll Tk U Bpeme-
vem By B mHOXxecTBe cobbiTuii ¢ kmaemaTukoit K. B kunemarnke K, ymo-
Biersopsitorteit mocrynaram I u IT u3 [35], cBasw mexay 7k u By okasbiBa-
eTCs BEChbMa JKECTKOM, a MMEHHO: BpeMs By OTpesesieHo MpOoCTPAHCTBEHHOM
CTPYKTYPO#l MHOYXKeCTBa COOBITHI Tg OJHO3HAYHO C TOYHOCTBIO /[0 BO3MOXK-
HOT'O U3MCHEHUA OPUMEHTAllu MECTHOT'O BDEMEHH BT JJId BCeX OTHOCHUTECJIb-
HBIX TIPOCTPAHCTB 1 € Tk .

JlaHo moKa3aTenCTBO 9TOTO yTBEPXK/IEHUSA (TEOPEMBI) U yKA3AHBI CJIe]I-
CTBUA 3TOH TEeOPEeMbl, UMCIOINKWE OTHOIIECHNE K KPUTHUKE KOHBeHL[I/IaJII/ICTCKOﬁ
TPAKTOBKU OJHOBPEMEHHOCTH CO6bITI/IfI " PaBCHCTBA IIPOMEXKYTKOB BPDEMEHU.

AnHoTanms u kparkoe BejeHue K [46] comepxutr caenyroree.

PaCCManI/IBaIOTCH JIOTUYECKHE OCHOBAHNA peJ’[HTI/IBI/ICTCKOIU/I KMHEMATUKH,
CBA3aHHBIE C 0CAADICHNEM OA3UCHBIX TUMIOTES.

FﬂaBHbH'?I pe3yabTrar CTaTbu, yKaSaHHbIﬁ B €€ 3alVIaBUK, BbIBOAUTCA U3 TE€O-
peMbl, ToKa3aHHoi B [35], B CBOIO Ouepehb OCHOBAHHOI Ha pe3yJabTaTaxX U3
[34]. DTomy mpemmecTBYeT mepeiesKa CHCTEMBI MOCTYJIATOB u3 [35], yuwm-
THIBAIONIAS 3aMedanus (PU3UKOB, O3HAKOMUBINUXCS ¢ 9TOi paboroit. [ias-
HOE YCOBEPIIEHCTBOBAHNE CUCTEMBbI MTOCTYJIATOB — HCKJIIOUEHHE U3 UX HHC-
Jla KHHEMAaTHIeCKOro 3akoHa mHepnun ( mocrtymar I u3 [35]), okazasimero-
csI CHIEJICTBUEM MPUHATBIX 37ech nocTynaroB Eekianga u Lanunes. Ilepsbrit
[IOJTHOCTBIO OTBEYAET HA3BAHUIO, BTOPOil siBJIsieTcsd “ype3aHHbIM” TPUHITUIIOM
lanmest, CripaBeINBBIM U B PDEJATHBUCTCKON KHHEMATHKE (OH 3aMEHsIET 10~
cryaar 11 u3 [35], He oTBevaBIIMIt CBOEMY HA3BAHMIO).

To 06CTOATENILCTBO, YTO MPUHATHIE 3/IECH HOCTY/JIATHl HE KACATCST HU
SJIEKTPOJMHAMUKY, HU OIITUKH, BBI3BIBAET BOIPOC, 06CyXKIaeMblil B map. 6.
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7 Ily6maukamuu }O.®. BopucoBa 0 MeTpuieckux
OCHOBAHUAX PUMAHOBOIl reoMeTpuu’

HOpuii ®eopoBrd Beerja WHTEPECOBAJCS 3ajiadeil 0 METPUIECKHX OCHO-
BaHUAX PUMAHOBON M€OMETDHH, YTO BHJIHO W3 HA3BAHUS €ro Te3ucos [51].

Yuxke mocje mybsukanuu OCHOBHBIX pe3ysbraroB B.H.Bepecroeckoro u
N.I"HukosaeBa OH cTaBUT BCKOpE 331a4n 3—6 B |58], mesaer mosxke moK/Ia-
JIbI Ha BCecorosHbIX KoHbepenrusx [51] u [53] 8 HoBocnbupcke u Kurmuese
u ny6smkyer jgse crarbu [37], [38]. Ucnonb3ys orangubiii oT APYyrUX aBTO-
pos moaxoz, F0.®. BBOAMT pasHble BEpPCUM yCIOBHUH MHMUHUTE3UMATLHOTM
n quddepeHnuanbHON eBKINJT0BOCTH PA3JINIHBIX TOPSIKOB JIsi METPpUYe-
CKUX MPOCTPAHCTE B TEPMUHAX CYIIECTBOBAHUS B OKPECTHOCTHU KAXKIOMH TOU-
K¥ 0TOOPAKEHHsI CO CIENUATHHBIMY CBOWCTBAMU B €BK/IMI0BO TPOCTPAHCTEO,
rapaHTUPYIONMMU PUMAHOB XaPAKTED METPUKHU MPOCTPAHCTE.

IMpusenem uurare: u3 [37], [38], koropsie FO.®. naspiBaer “3amerkamu’.

1°. Cywecmeyem Au npocmparcmeo ¢ “Heonucyemuim” MEMPUYECKUM TEH-
3o0pom?

ITycrs 3amanbl merpuueckne npocrpancrsa (Mg, p;), i = 1,2; U; C M,
i = 1,2; orobpaxenue f : Uy — Uz u dbynkuusg ¢ : Uy x Uy — R Takag, aro

p2(f(X)af(Y)) =(1 +€f(X7 Y))pl(X7 Y)v Ef(X7X) =0.

Onpenesenue 3. Omobpascenue f Ha3bt6aEMCA UZOMEMPULECKUM 6 MOY-
ke A€ Uy, ecausuplef| <1 ulimxysae¢(X,Y) =0.

Onpegesienue 4. Mempuueckoe npocmpancmeo M naszoieaemes n-meproim
UHPUHUMEZUMAADHO-EEKAUIOBBIM, €CAt OAA 10001 mouku A € M cywe-
cmeyem omobpasicenue feé oxpecmuocmu na oxpecmmuocms mouky f(A) 6
R"™, usomempuueckoe 6 mouxe A.

Onpenenenne 5. [radkoe n-mepnoe mempuneckoe muozoobpasue M™ wna-
aueaemcea JudpdepenuuaisbHo-e8kAuUd08bIM, ecat O A0b0l moukuy A € M™
cyuecmeyem Cl-duddpeomoppusm f ee omxpwmoti okpecmuocmu Ha om-
kpwmyto oxpecmuocms mouky f(A) ¢ R™, usomempuueckuis 6 mouxe A.

Hoxazano, aro auddepeHnnaabHO-eBKINI0BB MHOr00Opa3us ¢ BHyTPEH-
Hell MeTPUKOH — He 4To MHoe, Kak cBasHble CO-puMaHOBBEI MHOTOOGpa3UH,
paccMaTpUBaeMble KaK IVIaJIKue MHOrooOpa3us ¢ PUMAHOBOM METPHKOMA.

IlosTOMYy BazKeH Takoil BOIPOC:

Boripoc 2. Beakoe au uH@GUHUMEZUMAADHO-E6KAUIOBO MEMPUHECKOE NPOCTN-
pancmeo donyckaem eeedenue Jupdepenuyuasvnol cmpyxmypsl (A0KaAbHOT
uAU 2400040100 ), Npespauatowet; €20 (COOMEEMCMEERHO AOKAALHO UMY 240~
baavro) 6 duddepenyuanrvro-esraiudoso mrozoobpasue?

Jaiee BBOIUTCS MOHATHE N-MEPHO20 NPOCMPAHCMEA C NOAEM MEMPUHE-
CK020 MeR30pa, SKBUBAJIEHTHOE, 110 cjioBaM 0. Q. mousaTuio n-mMepHoro nudu-
HUTE3NMAJIbHO-eBKIU0BA ITPOCTPAHCTBA U CTABUTCS COOTBETCTBYIOIIHUI K-
BuBaJIieHT [1 Bompoca 2. MBI OIycTUM 3TH OIpedeseHre U BOTPOC.
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2°. Onpedesetv AU OAUHDL NPOUIBOSLHOLT NYMET 6 PUMAHOBOM NPOCTPAH-
CMBE €20 MEMPUUECKUM MEHIOPOM T

Cremyromuii BOIpoc — HEKOTOpast Bapuanus u cuares sorpoca 11 8 [37] u
HeKOTOpOit TacTw 3ama«m Ne 6 m3 [58] mma M = R2.

Bomnpoc 3. Cosnadaem au ¢ pumarnosoti mempukoti p NpouseosbHas GHYM-
pennsas mempura d na ceasmom Cl-pumanosom mnozoobpasuu M, 6 xomo-
poti ece nymu xaacca C1 umerom obviunyro dauny? Tom oice sonpoc npu
YCA0BUY, 4MO 00bIuHYI0 OAUNY UMeem 8Ccakul zeodesuneckuti ompesok ¢ M.

B crarbe [38] npuBomATCsS yCIOBUS B TEPMUHAX MOPSTKOB H30METPHIHO-
¢t 0TOOpaXKEHUsI B TOUYKE BBIIIE (v, JEKAPTOBOCTH KaPTHI B TOYKE BBIIIE (v,
JIEKAPTOBOCTU KAPThI B TOYKE YCTOWUMBO BhIIIE ¢, jAudpepeHiuajibHol eB-
KJIUJIOBOCTH BbIle «, AuddepeHiinaabioil eBK/IUJI0BOCTH YCTONYIUBO BHIIIE
 Ha MHOT00Opa3us u TeopeMa 2 00 3KBUBAaJEHTHOCTH 3TUX YCJIOBUIl puMa-
HOBO#1 cTpykType kiacca CO mwam C.

ITpugercs onycTuTh HEIOCTATOUHO KOPOTKME (POPMYIUPOBKA U3 [38]. Ha-
cKOJIbKO MHE m3pecTHO, K)puit @enoposud He MyOJIMKOBA OTBETOB Ha TIO-
CTaBJIeHHbBIE BOIIPOCHI WJIM J0KA3aTeIbeTB ero runores us [37], [38].

8 HexkoTopsie apyrue nyboaukanuu FO.®. Bopucosa

Mer emre ne obcyxganu crarsu [31], [33], [42]-[44].

Haspanue crarbu [44] roBopur 10cTarouHo 0 €6 COleprKAHNN.

Bamernm, uto [31], [42], [43] kacatorca opnoit u3 sobumbix Tem FO.D., na-
PaLIeIbHOTO TIEPEHOCA, HO B OTJIMYME OT pas3jesa 3, B 9THX CTaThsX PaCCMaT-
PUBAIOTCA KJIACCUYICCKUE TJIQAKHNE PHUMAHOBBI MHOI‘OO6pa3HH HpOI/I3BO.HbHOI71
pPa3MepHOCTH.

B [31] oupesensiercs napaJiieabHbIi IEPEHOC KacaTeIbHbIX BEKTOPOB BJI0JIb
ayr L € C% upu a > 1/2 u B reopeme 1 10Ka3bIBACTCS €r0 CXOUMOCTD IIPH
JIO00OM HAYAIBHOM BEKTOPE, COBIAJIEHHE C OOBIYHBIM MAPAJLIEBHBIM [1€De-
HOCOM Ha, KyCOYHO-IJIaJKuX L M HEKOTODBIE Jpyrue CBONCTBA.

OrpaHnanMcst TITUPOBAHWEM TOJTBKO T. 1 crarbn [33].

IIycts f(x), x € [a,b], ¢(2), 2 € [0,00), — BermecTBeHHbIE (DYHKITUH,
w(z) > 0 ma [0,00); ¥(f;q, ) — 3HAUEHWE HEKOTOPOrO (DUKCUPOBAHHOTO
HEOTPHUIATEIBEHOTO dyHKIHMOHAMA ¢ Ha dyHkimn f(z), x € [a, f], a < a <
B < b. dns mwoboit cucremsl Touek P = (20, 21,...,%p), @ = 2o < o1 <
<o s < xp = b momoKUM

S(fr 0,05 P) =D (f5i 1, 2) (W (f; Tim1, 22)).
i=1

Iycre v(P) = maxi<i<n(zi — 1), V(f,¢,9;€) = inf(py—c S(f, p,; P).
CyIecTByeT HeOTPUIATENBHBIN (BO3ZMOYXKHO, GECKOHETHBIIH) TTpe et

V(f,0,0) = g% V(f,p,9,¢).
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Teopema 28. [Tycmov f nenpepwvisha, U(f; o, B) — paccmosrue mescdy mov-
kamu (o, f(a)), (B, f(B)), usmepennoe 6 damrnymoti obaacmu

E={(x,y):a<z<By> fa)},
ulim,_,0¢(z) = 0. Tozda V(f,p,1) =0.

ITox Toukoit (2, y) NOHUMAETCsT TOUKA eBKJIMJI0BOM IJIOCKOCTH C IIPAMOYTOJIb-
HBIMHU KOOPJAUHATAME X, Y, & O/ PACCTOSHUEM, U3MEPEHHBIM B F, — HiKHsAs
rpaHb JUIMH AYT, COSAUHSIONINX TOYKA U IPOXOadmux B F.

3 3T0ii TeopeMbl BBITEKAIOT aHAJOTHYHBIE YTBEPKICHWUS JJIs CIYyYaeB,
korna Y ( f; o, B) — paccrostane Mex ity Toukamu (o, f(«)), (B, f(5)) Ha mwroc-
koctu wn Y (f;a,B) = [f(B) — f(a)] (“kBazucamsamisemocts rpaduka’ un
“KBa3HOrpAHUIEHHOCTh Bapualuu’ MPOU3BOJIBHON HENPEPBIBHON (yHKIMN).

Bepna jin Teopema, xorma ¢ ( f; «, ) — amamerp rpaduka bysximm f(z),
x € |a, (], He uzBecTHO. BhIsICHEHHE 9TOTO CYIIECTBEHHO CBSI3aHO € MpobJie-
Moit peryasaprocta CHY-morpyzKennit (Tpu o > 1/2) AByMEpHBIX PEMAHOBLIX
OPOCTPAHCTB B TPEXMEPHOE €BKJINIOBO (I0OCTATOYHO OTPAHUIUTHCS CJIYyIaeM,
korma o(z) = 2%, B > 0).

[42], [43] — orpemakTuposamubie 3amucn A.K. ['yiia HEKOTOPBIX JieKITnit
u3 ¢/k 10.0. Bopucosa “Pumanosa reomerpus” (1967 1., mexmar HI'WY) [77].

Onu cBsI3aHBI ¢ OOBIYHBIMU TOHATHSIME OOBIYHON PUMAHOBONH M€OMETPHH.

3/1ech Mbl JIMIIL TOBTOPUM H3BECTHOE U JI0 BopHcoBa aHATUTHYECKOE U
[IPOCTOE JIOKA3ATENIBCTBO modcdecmsa Buanku, 1 KpaTKO 06CYIUM OCHOBHBIE
UJIeN JAHHOTO MM OPUTHHATBHOTO JI0KA3aTeIbCTBA 9TOTO TOXKIECTBA u3 [42).

B reomesndeckux B JaHHON TOUYKe T( (HAIpUMED, B HOPMAJBHBIX C TICH-
TPOM B TOUKe Tg) Koopammatax x = (z',...,2") pEMaHOBa IPOCTPAHCTBA
(M™, g) cumBossr Kpucroddens Fj.k(sco) pasmabl Hyao. [TosTomy KoBapw-
AHTHBIE TPOU3BOHBIE TEH30pa KPUBU3HBEI R B 9TUX KOOPIWHATAX PABHBI

oI, o
Oxmozn  Oxloxn’

% _
vakl,n -

Anasiornuro
21 21 21 27
9 1—‘lm o 0 Flk Vle — 0 ka o 9 le
Ozkoxzn  dx™mOzn’ mEn T gplgan Oxkozn
CyMMupys 9T TPU BHIPAXKEHUS U YIUTHIBAS, 9TO TEH30D KpyueHus 1 paBeH

nymo, t.e. Il =T, mosyqaem Toxectso buankn

VmR?cl,n + ka%m,n + lefnk,n = 0.

JokazareibCrBO IPOCTOE, HO HE $ICEH I'€OMETPUYUECKUI CMbIC/I TOK1€CTBA.

Wnest mposcusomero goxkazarenbcrsa H).P. Bopucosa coctoutr B pac-
cMOTpeHnn KyOOB C BEPIIMHON B TOUKe To U C pedpaMu, HATPABICHHBIMHI
BIOJIb TPOEK Pa3/JUIHBIX KOOPJAWHATHBLIX JUHNM. BHernmHne BeKTOPHI K Tpa-
HsIM KyOOB OIpEEeISIOT OPUEHTAIINN IpaHell, a OPUEHTAIUU T'paHeil orpe-
JIeJISIIOT HAIpaBJieHus 00xoja rpaHeil mo ux pebpam. s Kaxjoi mapbl
IPOTUBOIOJIOKHBIX TpaHeil CTPONTCs HeNpephlBHAsd 3aMKHyTad Kpupasd L,
7 = 1,2,3; u3z pebep Kyba ¢ HaYaJIOM U KOHIIOM B TOYKE X, BKJIFOUAOIIIAs

ViR, =
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00X0/IbI B COOTBETCTBYIOIINX HAIPABACHUIX ITUX JIBYX I'DAHEN U HPOXOIbI B
JIBYX [IPOTUBOIOJIOKHBIX HAIPABICHUIX COeauHsIomero ux pebpa (cm. Puc
1 B [42]). 3arem Bmob Kpusoit L = LqLyLg TpousBojsiTCst MapaJiIe/bHbIe
EPEHOCH BEKTOPOB M PACCMATPUBAIOTCSI IPEIEIbI IEPEHOCOB TIPK CTATUBA-
HUU KyOOB B TOUKY Zg. [locie cOOTBETCTBYIOMNX BBIMUCICHUN MOJTYIAETCS
TOXKIeCTBO BHaHKM, Tak Kak IIEPEHOCH IpH 00Xole TpaHell OIMeHWBAIOTCS
BHAUYEHUSIMIA TEH30pa KPUBH3HEI.

Tesucer [50] nokmama FO.®. wa Mexk1yHaApOIHOM KOHTDECCe MATEMATHKOB
1966 1. B Mockse nnTEpecHBI camu 110 cebe.

“Pezynprare! Jx. Hama u H. Kéitnepa o C''-H30MeTpIYeCKIX IOIDYKEHH-
sIX PUMAaHOBBIX ITPOCTPAHCTB B €BKJIMIOBO TTOKA3AJIH, YTO HUKAKHWE YCJIOBUS,
HaJI0’KEHHDBIE Ha METPHUKY MOTPY2KAEMBIX IPOCTPAHCTB, He 06€CIeanBaIOT pe-
CYJSIPHOCTB 9TUX TOIpy2KeHuil. Bmecre ¢ TeM u3BECTHO, UTO PETYISPHOCTD
CYl-m3oMerpHuecKnX HOrpy2KeHUil ByMEpPHBIX PHMAHOBBIX IIPOCTPAHCTB B
E3 obecreunBaeTca peryIapHOCTBIO METPHKH H IIOJIOKATEILHOCTBIO KPUBH3-
ubl. VccneoBanue napasean3sma Jlesu—YuBuTel Ha 1yIaJKUX OBEPXHOCTAX
IPUBEJIO K THIIOTE3E, UTO ITOT Pe3yabTar Beper s CLO-norpyskenuit npu
a > 1/2 n nesepen npn o < 1/2. Tlorpy:keHunst mocjIeHEr0 THIA Ha3bIBA-
oTCst “KéinepoBcKuME”. YCTaHOBIEHO, uTo Kéitneposckue C'h-morpykennst
N-MEPHBIX TPOCTPAHCTE CYIECTBYIOT TIPU (& < m, a mpu n = 2 OTCyT-
CTBYIOT, ecin o > 2/3.”

9 JIBymMepHBIe MHOTOOOpa3msd OTPAHNYEHHOW KPUBU3HBI

Heymepnvie mrozoobpasua oeparnunennots kpususnv, (MOK) BBemeHbl B
samerke [1] A.JI. Anekcangposa. IBymepHoe MHOTOOOpa3we ¢ BHYTPEHHEI
METPUKOil HA3BIBAETCSI MHOT000OpA3MeM OrPAaHUYEHHON KPUBU3HBI, €CJIN Y KaK-
JI0#i ero TOUKH CyIIeCTBYET OKPECTHOCTH U, B KOTOPOH CyMMa BBIYHCIEHHBIX
[0 BEPXHUM yIJIaM U30BITKOB JH060 KOHEUHON CHCTEMBI TIOMAPHO HEeHAJIEra-
FOIIMX TTPOCTHIX, COCTABJIEHHBIX U3 KPATUYAMINX TPEyTroJbHUKOB HE MPEBOC-
xoauT HekKoToporo unciaa C(U) < +00. DKBUBAJEHTHOE YCIOBHE: JOKATBHO
METPUKA PABHOMEPHO AIIPOKCHMHUPYETCst METPHKAMU MHOTOIDAHHUKOB HJIH
PUMAHOBBIX MHOT006pa3uii, y KOTOPBIX MOJOKUTETbHBIE YaCTH KPUBH3HBL
OTPAHHUYIEHBl B COBOKYITHOCTH [8].

IOpuii I'puropbesuy Permernsk gokaszast, 9ro JByMepHOe MHOrooGpasmue ¢
BHYTDEHHE}i MEeTPUKOl HMeeT OrPaHMYCHHYI0 KPUBH3HY TOLJIA U TOJBKO TO-
r/1a, KOrJia, JIId KazK/I0ff ero TOUKH B HEKOTOPOIl €€ OKPECTHOCTH MOYKHO BBE-
CTH UBOMEPMUYECKYIO cucmemy koopouram (u,v) ¢ JIUHEHHBIM DJIeMEeHTOM
ds? = Mu,v)(du?® + dv?), rae A(u,v) — pasHOCTH ABYX CyOTAPMOHWYECKNX
dbynximii [88], [89], [90], [91].

Hpyroe ananuruyaeckoe omucanne MOK nan I1.41. Bakensman B [14].

(Iwrarsr u3 c. 177 B [15].) disg 917010 6BLIN HCIOIB30BAHBI METPUKI BHIA

ds® = du® + 2 cos T(u, v)dudv + dv?, (2)
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3ajannbie B obnacru D aekaprosoit mirockoctu u,v. Merpuku Buga (2) B
caydae riaaakoit (r.e. Henpepbiao auddepennupyemoii) dbyaximun T(u, v)
HA3BIBAIOTCST debbIneBCKUMU. (OCHOBHONM PE3YIBTAT TAKOB: 044 M020, 4MO-
6o mempura (2) 3adasana 6 obaacmu D MOK, neobrodumo u docmamouno,
umobv, T(u,v) Ovaa Pynryueld ozparnuuennol sapuayuy u varpT < w/4.
Ecan B8 MOK W ner towek X, B koropeix kpuBmsHa 2(X) > 7/4, T0o 310
MHOT000pa3zne MOXKHO TOKPBITh CUETHBIM TUCIOM OTKPBITHIX MHOTOTOJIbHU-
KOB TaK, 4TO KaxKJasi KoMIakTHas obsgacts u3 W Oyjier moKpbITa KOHETHBIM
YUCJIOM TAKUX MHOTOYTOJBHUKOB M B KaXK/JI0M MHOTOYT'OJTbHUKE MOYKHO BBE-
CTH KOODJVHATHI U 33/1aTh ICOBIIIEBCKYI0 METPUKY (2).

3ameTnM, 4To Bee MpaBUiIbHbIe MEOrorpanarku B R? — MOK, Ho ycnouzo
Q(X) < m/4 yaoBAETBOPSIOT JIAIIb BEPIIUHBI TPABUIBHOTO T0EKAIPA.

[Ipumepamu 2-MmHOTO0OPA3Mil OrpaHUYEHHO KPUBU3HBI SIBJISTIOTCS BBE/IEH-
HEle 1 JeTanbHo n3ydenusle A.B. Iloropesosbiv nosepxuoctu F € C! s R?
O2paHUYERHOT SHEWHRET KPUBUSHDL, JIJIsT KOTOPBIX CYMMBI ILIOIael cde-
pUYeCcKUX n300pazkeHuii (¢ y4eToM KPAaTHOCTH W OPHEHTAINH) IOMAPHO He
[ePeCeKAOIINXC KOMITAKTHBIX MHOYKECTB JIOKAJILHO orpannuensl [85], [86].
JIList TOBepXHOCTEH OrPAHWYIEHHON BHEITHEH KPUBU3HBI CIPABEIINBA MEO-
pema Taycca o paBeHCTBE WHTErPAJBHON KPUBW3HBI MTPOW3BOJBHON 0012~
CTHU TLTOMAAN €€ CHEepUIecKOTO N306PaKEHH, T.€. CYIECTBYIOT JOCTATOTHO
CUJIbHBIE CBSA3U MEXKJy BHYTPEHHEH W BHEITHEH TeOMETPUSIMU 9TUX MOBEPX-
nocreit. [TopepxnocTh Kiaacca C2 uMeer orpaHMYeHHyI0 BHEITHION KPUBH3HY.

ITo Teopeme A.B. Iloropesosa, 1mo/iHast IOBEPXHOCTD C OIPAHUYEHHOR HEOT-
puaTeabHOMN BHEITHEN KPUBU3HOM ecTh b0 3aMKHYTas BBIIYKJ/Iasd TOBEPX-
HOCTB, J1100 GeCKOHEeYHAs! BBIIIYKJIasi OBEPXHOCTH [86].

N.41. Bakespman B [13] mepenec moHsiTHe HOBEPXHOCTH C OIPAHUYEHHOM
BHEITHEN KPUBU3HOW HA HEIVIAKUE MOBEepXHOCTH, sBJsitoruecst MOK.

Tam BBOAATCST MOBEPXHOCTH ) yIIOBJIETBOPSIIOIIME CIEYFOIIAM YCIOBUSIM:

1) B kaxz0ii rouke X nosepxHocTr F' KOHTUHIEHIMsT TOBEPXHOCTH [IPEJI-
crapsisier coboit konyc Kp(X). On HasbiBaercs Kacamesvhvim KOHYCOM No-
geprrocmu 6 dannoti mouxe. IlycTs mociemoBaTebHOCTS TOUEK X1, X9, ...
noBepxHOCTH F' cxomnuTes K Touke Xg € F'u Py, P, ... — CXOIAIMIAsICS TTOCTIe-
JIOBATETHHOCTD KacaTeIbHbIX TIocKocTell K Konycam Kp(X1), Kp(Xs),. ...
Torma npeeabHast IIOCKOCTh Py — KacarebHast II0CKOCTh K Kouycy K p(Xp).

2) Kaxkmas rtouka X moeepxHocTH F mMeer OKpecTHOCTH U, KoTOpast
B HaJJjieXKallle BBIODAHHBIX JIEKAPTOBBIX KOODAWHATAX &,Y,2 HPEICTABJICHA
ypaBHenuneM z = f(x,y), IpuueM KacaTeJbHBIH KOHYC B TouKax m3 U He
MMeeT KaCaTeIbHBIX ILIOCKOCTEN, MepIeH/INKYJIAPHBIX K [JIOCKOCTH I, Y.

U3 anonca [70] FO.. Byparo caenyer, aro reomerputo MOK mozxkuO pac-
CMATPUBAThH KaK BHYTPEHHIOI [EOMETPHIO HEKOTOPOil IoBepxHOCTH B R3,

IIyctb B iByMepHOM MHOTOOOpazuu M 3ajiaHbl BHYTPEHHSS METPUKA, p U
[I0CJIE/IOBATEIbHOCTh MHOTOIDAHHBIX METPUK pPp; Prn NPONOPUUOHAABHO CLO-

damca x p, ecau % — 1 mpu n — 0o paBHOMepHO oTHOCUTENbHO X, Y.
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FO.T. Pemernsik jokasaJj, 9T0 €CIM METPUKA O UMEET B KaXKJI0W TOYKE Ka-
caTe/ibHBIN KOHYC (B CMBIC/I€ BHYTPEHHEH METPUKH ), TO P AIlIPOKCUMUDYETCSE
IPOTIOPITHOHAIBLHO CXOJMSIIIIUMUCS MHOTOTPAHHBIME MeTprKamu [89].

IIycts ® — Ky1ace HecaMoepeceKaoIuXcs moBepxHocTeil B R3, y KoTopeix
B KayKJIOW TOUKE CYIIECTBYET KACATEJbHAs MJIOCKOCTh. (DTH MOBEPXHOCTH,
BOODIIIE TOBOPSI, HE SIBJISTIOTCST TVIAJIKUMHU). Y TBEPIKIAETCST, ITO BEPHBI

Teopewma. [Iycmos mempuka p, 3adannan wa dsymeprom mmuozoobpasuu M,
donycraem annpoxcuMayu0 nPonoPUUOHAALLHO CTOOAUUMUCS MHO202PAHHbI-
MU mempuramu py. To2da cyuecmeyem noseprnocms F € @ ¢ snympenned
mempuxot p.

Carencrsue 1. [lycms 6 xaotcdoti mowke 08YMEPHO20 OPUEHMUPYEMO20 MHO-
2006pasus M c enympennets Mempuroti p cywecmesyem KacamenbHuill KOHYC.
Tozda cyuwecmsyem noseprrocms F € ® ¢ snympenned mempurol p.

Carencrue 2. Beaxoe opuenmupyemoe MOK, ne umerwuee movex ¢ Kpu-
6u3HoT 2T, ¢ epanuyets 8 sude Kpu6ol ¢ 02PaHUMEHHOT 6apuayuet NOBOPOMA
UAU AUWEHHOE 2PAHUYDL, USOMETNPUYHO HEKoOopot noseprrocmu F € ®.

10 Pemenue 3amaun BopucoBa 0 MeTpUYECKUX OCHOBAHUAX
PUMaHOBOII TeoMeTpuu

Crarps B.H. Bepecrosckoro |16] (moctymmma 8 CM2K 11.03.1974 r.), cm.
rakxke [10], |91], 6b11a mepBbiM marom B pernennn 3aja4dn FO.®@. Bopucosa
0 METPUYECKUX OCHOBAHUIX PUMAHOBON Teomerpun, mocraBjieHuoit B 1970
Oy JIIst MO JUITOMHON paboThl. B kadecTBe Takmx ocHOBaHUi B pabore
OBLIO TPUHATO TTPOCTOE COEJUHEHUI AKCHOM TEOIE3MIECKOTO MPOCTPAHCTBA
aMepuKaHCKoro maremarnka [epbepra Bysemana us ero kuuru [72] u HekoTo-
pOro YCIOBUA HA YIJIBI JOCTATOYHO MAaJIBIX TPEYTOJHLHUKOB M3 KPATIANUIITITK
Ha c. 210 w3 xkuuru . Kaprana [73], copmynupoBanHoro B cTraThe B BUje
akcrombl A) (cm. m. 11.3 B [10]).

ITpu mamubix yemoBusix B crarhbe 1975 1. 10KA3aHO, UTO KAXKI0E TAKOE
MEeTPUYECKOe MTPOCTPAHCTBO M30METPUYHO HEKOTOPOMY METPUYECKH IMOJTHO-
MY PUMAHOBY MHOT00ODA3UI0 HEKOTOPO KOHETHOM pa3MepHocTr n > 1 Kjac-
ca CU. Bosee Touno, n-mMepHoMy MHOTOOOpasuio ¢ ariacoM kiaacca Ol us
KapT, KaxKJasd N3 KOTOPBIX OIIpeae/IdeTcd JIOKAaJIbHO PAaCCTOAHUAMMU 10 HEKO-
TOPBIX N-0K TOYEK; IIPU 3TOM KOMIIOHCHTBI METPHUYIECKOI'0 TeH30Pa OTHOCH-
TEJIBHO KAPT TOrO AT/IACa HEPEPbIBHBL.

B 3ak/09eHnn K ¢TaThe BBLICKA3aHO MPEINONI0KEeHNe, 9YTO Ha CaMOM JIese
BBEJIEHHBIE B pabOTe KOOPJNHATHI (B CTATHE OHU He HA3BEAI0MCA QUCTAHUL-
onmbLMU) 330210T aTiac Kracca Ol a KOMIOHEHTHI MeTPHUECKOro TeH30pal
B 9THX KOODJWHATAX JUIIIHUIEBL. TaMm ke co cChLIKON Ha [8] ckazaHo, 4TO
aKCHOMYy A) MOYKHO 3aMEHHUTb Ha HEKOTOPYIO akcnomy B) mim akcuomy C).

V3 3TOTO SICHO, 9TO TOTJa aBTOp He 3HAJ O npocmpancmeaxr A.Jl. Anrex-
candposa 08YCMoporHe Ul 0OHOCTNOPOHHE 02PAHUMEHHOT KPUGUSHDL.
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Vake nocjie mybsmkaruu 310t crarbu, HO A0 Moei 3amuThl B 1979 roxy,
[OCJIE MO€ETO JIOKIA/1a O HEH, 1 BO3MOYKHO, O KAKUX-TO JPYTUX MOUX PE3YIbTa-
Tax, Ha ceMuHape KadeIpbl TeOMEeTPUN U Toroorun Amekcanap Janmmosny
CKa3aJl MHE, 9TO (DaKTHIECKN TPUBEIEHHBIE B MOl CTaThe YCIOBUS SKBUBA-
JIEHTHBI TOMY, 9TO PACCMATPUBAIOTCS (METPHUECKH TIOTHBIE ) KOHETHOMEPHBIE
MHOT000pa3Ms ¢ BHYTPEHHe MeTpUKOH (JIOKaJIBbHO) OPPaHUIEHHOl CBEpXY U
CHU3Y KPWBU3HBI (B €I'0 CMBICTIE).

BoJtee npocTo 31H mpocTpaHCTBA MOXKHO XapaKTepu30BaTh KAk MeTpUYe-
CKU TIOJTHBIE JIOKAJIBHO KOMIIAKTHBIE TPOCTPAHCTBA ¢ BHYTPEHHEH MEeTPUKOIA,
JIOKAJIbHBIMY YCJIOBUSIMU TPOJIOJI2KAEMOCTH KPATYANUTIINX U OIPAHUIEHHOCTH
CBepXy W CHH3Y KpHWBU3HBI 10 Asiekcanaposy, [3], [10], [91]. Kak crencreue,
ot akcuoMm Byzemana ocTarTCs TOJIBKO YCAOBUS MOJHOTHI U JIOKAJIBHOH TIPO-
JIOJIKAEMOCTH KpaTdaimux. MoKHO OIlyCTUTh U yCJIOBUE METPUYECKOH T10JI-
HOTBI 0e3 yIepba [0 UCCae0BAHMIA.

Kazkoe Takoe mpocTpaHcTBO Jlasiee obo3Havaercs M.

B 83| 11.I". HukosraeB BBOIUT reOMETPHIECKYIO KOHCTPYKIIUIO TAPAJLIICTh-
HOTO TIEPEHOCA KACATEJIbHBIX BeKTOPOB B M Boanh guddepeHnmpyeMbrx u
JaxKe CIPSIMIISEeMBIX KPUBBIX, 00J1aai01MIero oOBIIHBIMU CBOWCTBAMU, W HA,
OCHOBE 3TOr0 JIOKA3bIBAET, YTO KOMIIOHEHTHI METPUUIECKOTO TEH30Pa OTHOCH-
TEJIBbHO JUCTAIMMOHHBIX KOODAWHAT JINIIIITNUIIEBHI. OTCIO,Z[& caeayer, 4To nmo4Tu
BO BCex Toukax mandpdepeHimpyemMoil KpuBoil CyIeCTBYIOT W OTPAHHIEHBI
nepsble 06001eHHbIe TPON3BO/HbIE [97] KOMIIOHEHT METPUYECKOrO TeH30pa
B JUCTAHIOMOHHBIX KOOPJAWMHATAX. 9TO IIO3BOJILAET aHAJIUTHUYECKU BBECTU IIa-
PasIeNbHBIN TePeHOC BAOIb AU DEPEeHITUPYMbIX KPUBLIX U YCTAHOBUTEL €0
COBTIAJIEHME C PaHee OMPEeIeeHHBIM MaPAIETLHBIM TEPEHOCOM.

Hasee B [84] aBrop BBOAUT B M KOBapuanTHOE jnddEpEHIMPOBAHIE BEK-
TOPHBIX noJieii ¢ JIUIIIMHUNEBbIMHA KOMITIOHCHTAMHMX OTHOCUTEJILHO 6aSI/ICHbIX BEK-
TOPHBIX noJiei AVUCTAHIIUOHHBIX KOOPAWHAT, CKO6KI/I HI/I TaKWX BEKTOPHBIX
noJiefl ¥ TIOKA3bIBAET, 9TO CKOOKN MMEIOT OOBIYHBIA reOMETPUIECKUN CMBICI.
DT0 HO3BOJISIET OLPEJE/IUTh TEH30D KPYyUYeHHUs U JJOKA3aTh, YTO OH PABEH HY-
mo. NI.X. Caburos u C.3. lledens B [96] paccMarpuBaam rapMOHUIECKTE
KOODJMHATH! TPU W3YUYEHUN BOIMPOCOB, CBSBAHHBIX C IVIAJKOCTBIO METPHUKHU
PUMaHOBBIX TTPOCTpaHCTB. lIpuMenenneM TeopeM O TJIAIKOCTH 0DOOIIEHHBIX
peIeHuii S/TMITHIeCKUX ypasHeHuii [80] 111 KOMITOHEHT METPUIECKOTO TEH-
30pa B FapMOHUIECKUX KOODIMHATAX, BBEJICHHBIX C OMOIILIO [96], 1 paboTe
[96] U.I". Hukosaes mosyvaer B [84] OKOHUATENBHBII PE3YIBTAT O TVIA/IKOCTH
M: Hpocmparcmeo M donyckaem amaac xaacca C3*, 0 < 0 < 1, us eap-
MOHUNECKUT KoopIunam. KomMnonenmovt MEMPUYECK020 meH3opa 6 Kancdol
CuCmeMe MaKuT KOOPOUHAM ASAANOMCA HENPEPHIEHHMU YHKUUAMUY OO0~
AEBCKO20 KAQCCA Wq2 [97], 2de q moorcem Goimb A106WM wUCAOM, HE MEHD-
wum 1. Beaedemeue meopem eaooicenus 80|, xomnonenmu, mempuuecrozo
Men30pa 6 2apMorHuMeckus Koopdunamax npunadsescam CH* 0 < 0 < 1,

[Mucanu, aro Hukomaes u Bepecrosckmit namumm pewernue npobaemu, A. /1.
Anexcandposa o cunmemuueckom onpedeseHul PUMAHOBHLT NPOCMPAHCME.
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Cublliajl OAUH pa3, 4YTO U JUCTAHLMOHHbIE KOOPAMHATHI BBEJI AJeKCaH-
JpoB. D10 He Tak. HarmoMuro, 910 3Ty n1pobseMy APYTHME CJIOBAMH TOCTABUIT
mue FO.®. Bopucor B 1970 rojy; BeIpaskeHue “cCHHTETHIECKOE HECKOOPAMHAT-
HOE OTMCaHue puMaHoBoii reomerpun” Ha ¢. 4 B [10] mpumenwT 5.

JByMepHBIE TIOBEPXHOCTH JBYCTOPOHHE OTPAHHIECHHON KPUBUZHBI TT0 AJTEK-
CAHJIPOBY HA3BIBAIOTCS €IE NOGEPTHOCMAMY 02PAHUHEHHOT YOeAbHOT KPU-
susano.. B 1948 1. A.B. IToropesnos anoucupyeT B cTaThe “OTHOZHATHAS OTIPe-
JIEJIEHHOCTB BBITYKJIBIX [IOBEPXHOCTEN” TeopeMy 00 OHO3HAYHO OTIPeIejIeH-
HOCTH 3aMKHYTBIX BBIITYKJIBIX TIOBEPXHOCTEH OrpaHnIeHHOH y1ebHOi (HeoT-
PHIIATEIBHO) KPUBHU3HBI, a B crarbe 1949 roma moj TeMm »Ke Ha3BaHUEM
(ceputka 59, [86]) mybamkyer moApoGHOE M3JIOKEHHE JIOKA3ATETbCTBA ITOM
reopembl Ha 100 crpanuniax B Tpymax wacturyra Crekiosa. Idta pabora
6b1Ta TOKTOpCKO# mucceptarueit A.B. IToropemosa, omna ke ymocroena ['ocy-
nmapcreenHoii npemun. (Bocmomunanus H.B. Edumoza, c. 116 B [20]).

B [87] Lloropesnos mokasbiBaer anouce! xKypaaaos JJTAH CCCP 1990 r.

Crenayromas teopema 1 rasel 4 u3 [87] — ycunenune teopemst 5 B [16]:

G-npocmpancmeo Bysemana [72], 6 Komopom nepecexarowyuecs xpamuai-
wue 06pasyom onpedeseHnvill Y20a, HENPEPHIEHO 3ABUCAWULT OM Kpamual-
WUT, — PUMAHOBO NPOCTPAHCMEO C HENPEPHISHHIM MEMPUECKUM MEHIOPOM
omuocumenvro Cl-amaaca u3 cucmem QUCTAHUUONHBIT KOOPIUHAMN.

Hoxkazarenbcrso B [20] amamorndno gokasareascTBy TeopeMsr b B [16].

TpyaHO NpencTaBuTh, KAK MPOXOAUIN ObI UCCAENIOBAHUS MOCTE JTOKA3a-
resibeTBa B 1975 Tojy JaHHO 3/16CH TeopeMbl BMecTo TeopeMbl 5 u3 [16].

B rnase 2 u3 [87] ganbl MUHUMAJBHBIE YCIOBUS PEry/ISPHOCTH MeTpHYe-
ckoit pyHKIMKU (PUHCIEPOBA TPOCTPAHCTBA /I TOr0, 9TOOBI OHO OBLIO TTPO-
crpancrBoM by3emana. /Iokazano, 9ro GuUHCIEPOBO MIPOCTPAHCTBO CO CTPOTO
BBIMTYKJION MeTpuuecKoil pyrkimeit kracca C Ll ecrp G-TIpOCTPAHCTBO, U 9Ty
CTEIeHb PEeryasapHOCTHA HeJb3d ociaburhb. Umenno, mia jwoboro 0 < a < 1
CYIITECTBYIOT (PUHCIEPOBHI MPOCTPAHCTBA C METPUUIECKON (PyHKIMEN KIacca
CYH? | ne apisomuecs: G-POCTPAHCTBAM.

B rnase 3 u3 [87] permaercst obpaTHast 3a/1aUa: KAKUM MUHUMATBHBIM YCI0-
BUSAM JIOJIKHA MOTUUHIATHCA MeTpuKa (G-TpOCTpaHCTBa, 4TOOBI OHO OBLIO
dunciepossiM? okazano: eciu B G-ipocTpancTse by3semana nepecexaroriy-
ecs KpaTJaiilline MMEIOT ONpe/IeIEHHbIN HAKJIOH JIPYT K JIPYTY, HEMPEPBIBHO
BABUCAIIUN OT KpaTdaimux, 70 G-npoCcTpaHCTBO (DUHCJIEPOBO C HEMPEPHIB-
HOIl MeTpHYECKOH PyHKITHEI.

[18]: Kasicdoe G-npocmpancmeso Bysemana aokarbrio oepanutennot cuusy
kpususns. no Anexcandposy asasemca pumarosvim COV2-pnozoo6pasuem
(Komnonenmo, mempuueckozo mensopa aeamomes COV2-gynmyusmu om-
HOCUMENDHO QUCTMAHYUOHHBIT KOOPIUHGM; A100be de Kapmol ¢ Jucmaryu-
onmrvimu Koopdurnamamu CVY2-cozaacosanm).

[19]: Kaowcdoe G-npocmparcmeo Bysemana aokaivro oeparuuentot ceep-
Ty Kpususvl no Asexcandposy acasemcsa pumanosvim CO-mrozoobpasuem
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(¢ HENPEPBIBHBIMU OMHOCUMEALHO JUCTNANHUUOHHBEL KOOPOUHAM, KOMNOHEH-
MAMU MEMPUYECKO20 MeH3OPa; aobve dee KapmoL ¢ OUCTNAHUUOHHHIMU KO-
opdunamamu Cl-coznacosanm).

Beuay ccopMyInpoBaHHBIX PE3YJIBTATOB, CTOUT MIPUBECTH U3BECTHBIE CBe-
JIEHUsI O TOMOJIOTHYECKOM cTpyKType G-pocTpancTsa Bysemana M B obiem
caygae. Cnosamu Opus @enoposuda, o “Bysemaniune”.

He u3BecTHO, KOHEYHOMEDPHO JIN BCAKOE MPOCTPAHCTBO M.

[17]: IIpocmparcmeo M xonewnomepho, ecau codepacum HEnycmyo om-
xpumyro obaacmo U, ydoeaemsopaouyio o0Homy u3 06Yx Ycaosui:

1) scaxuti wap, codeporcawgutica ¢ U, evnykanid;

2) U aokansvro umeem xpususny > K no Aaexcandposy.

Kax caencrsue, mpoctpanctBo M HeMOM0XKUTETLHOM KPUBU3HEI 10 By3e-
MaHy (JIOKaJIbHO JIJTHHA CPeJIHel TMHUH KazK/I0r0 TPEYTOJIbHUKA U3 KpaTdaii-
[MUX He GOJIBIINE TOJOBUHBI COOTBETCTBYIOIIEH €10 CTOPOHBI) KOHETHOMEPHO.

Kazkmoe npocrpancTBo M TOMOJIOITYECKH OJIHOPO/HO.

To ecrb, st Ji0OBIX ABYX TOYeK x,y € M cyriecTByeT Takas W30TOIUS
f:M x[0,1] = M, aro orobpaxenune f(-,0) roxmecrsento u f(x,1) =y.

He usBectno, kaxmoe m n-mepuoe npocrpanctso M (n > 5) — MHOT006-
pasme. “/Ta” npn n=1, 2 (Byseman, 1955), n=3 (B. Kpakyc, 1968), n=4 (II.
Tépcron, 1996). B macTosmiee BpeMst M3BECTHO €MHOOOPAZHOE JTOKAZATE/ -
CTBO JIJISt TUX CJIY1aEB.

Bameuarenpra Teopema [lapma /Imurpuesnua Auapeesa (1960-2019):

[11]: Kaowcdoe npocmparncmeo M nenososcumenrvnoli xpususno, no Byse-
MOHY ABAAEMCA MONOAOZUYECKUM MHO2000pA3UEM, YHUBEPCAALHOE HAKDbI-
mue Komopoz0 2omeomopdPro R™ npu nexomopom HamypaivHom n.

Crenyromuit pe3yabTaT s aHOHCHPOBaJ Ha CTP. 42 B Te3ucax CooOIneHmii
IX Bcecorosnoit reomerpudeckoit koudepenriun 1988 1. 8 Kumwnnese.

Kaoicdoe ceasnoe a0kaAHO KOMNDAKEMMOE 00HOpodHoe npocmpancmeo M
¢ enympennets mempuroti kxpususnor < K no Asexcandposy uzomempuuno
00HOPOHOMY PUMAHOBY MHO2006PA3UI0 CERYUOHHOT Kpusushor < K.

K moemy 60BITOMY COXKAJIEHUIO, B OTJINYHNE OT BCEX U3BECTHBIX MHE TOT/IA
reoMeTpOB, MHE He yIajoch NoOBIBaTh Ha 3T Koudepeniun B Kurunese.
W teneps, cyns 10 BceMy, MHE HUKOTJA HE TIPUIETCA TTOCETUTh STOT TOPO/I.

11 BocunoMmunauma

Bocrmommnanns }0.®. Bopncosa B [69] 10MOMHSIOTCS BOCTOMUHAHUSIMA
0 HEM WM YyIOMHUHaHUSIMU ero B crarhax (Bryukn) A.H. Bopucopoii, A.K.
I'yma, B.A. 3anrannepa, C.C. Kyrarenanze, HO.I'. Pemrernsika, M.A. Pozosa,
E.®. ®ypmakosa u3 [78|; FO.I'. Pemernska u A.JI. Beprepa uz [20]; FO.I"
Pemernsika B [92] u [93]; C.C. Kyrarenanse B “mpuMedanny Tpu KOPPeKType”
B xomIe [46]; A.K. I'yma B [77].

10.®. naunnaer ceou BocrioMuHaHus B [69] ¢ mepsoit, “cynbboHOCHO# BCTpe-
au ¢ A JL, “MoTonbIM MysKUHHOM ¢ PLIKUME ycaMi’ B KOHIIE MapTa Wi 1-
ro ampess 1945 r., B pe3yabTaTe KOTOPO# OH CTaa CTyAeHToM MaTMmexa JII'Y
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HakanyHe Becernoit ceccuu. damee FO.O. mumer: “UHTYuUIms, OMUPAROIIA-
Cs1 Ha, TBEPAOCTH MEJUIYJIOUIHOTO MaPUKa ¢ TOHKON CTEHKOM, 10JCKa3bIBAJIA
oTpunaTeasHbIi oTBeT (Ha Bompoc 1). ... OIHAKO BCe TOMBITKA JOKA3ATh J1a-
JKe HEKOTOPYIO BCIIOMOTATEIBHYIO TUIOTE3y NpoBanauBaiuck. U Tyt mpomso-
1o Heoxnmanuoe. Bynyau B [Beitmapun Ha 100uiee TeOpUM OTHOCUTE -
mocrr, A.Jl. pacckasas M3BECTHOMY MaTeMaTUKy XOmdy 0 6e3yCrmentHocTn
HAIIUX YCHUJIALL, a TOT MOCOBETOBaM obpaTuThes K pabote Hama ([81]) o C*-
BJIOYKEHUSIX PUMAHOBBIX ITPOCTPAHCTB B €BKJINI0BO. B KOHIlE 3T0i1 paboTh
OBLIO 3aMeUaHte, U3 KOTOPOro JIENKO CJIEJ0BaJIa, B YaCTHOCTH, U3rHOaeMOCTh
cdepbl ¢ cOXpaHEHHEM TUIAJKOCTU. PaciieHUB CJI0KUBIIYIOCA CUTYAIMIO KaK
apesBeraaiinyio, A.Jl. mompocun FO.A.Bonkosa npuse3tn Miue crarbio Harra
(mesto 6BLTIO JIeTOM, U s, HU O YeM He [mojo3peBasd, i Ha jgade). [Ipours
CTATbhIO, si B TOT K€ JIEHb [OHSJI, YTO BCIOMOTAaTe/bHAsI IMIOTE3a O IJIaJl-
KOCTH KPaTYafIux Ha IVIAJIKOH OBEPXHOCTH C “XOpOIeil” METPUKOH ToxKe
HEBEpHA, U 0CBOOOIMIICS OT HAampacHbIX crapanuil. [loxoxke, uTo pyKa cy b0bI
POJIOJIKAJIA JIEICTBOBATD TeM 2Ke criocoboM, uto u B 1945 r.”

N3 mmebma AJT. Anexkcanaposa or 11.11.1959 1., ¢. 217 B [78]: “Bopucos
PaCCKa3bIBAET B CEMUHAPE CBOIO pabOTy O HEPEryJsipHBIX W3TH0ax peryJisip-
HBIX TIOBEPXHOCTEH U TIOJABJISET BCEX CJOXKHOCTBIO CBOUX PACCYKICHUI U
BBIKJIQOK. [Ipekpacuast paboral! ¢ ouens pajn 3a Bopucosa, 3a Hamy reo-
MeTpuio, 33 cebst Toxe.”

Hayuno-nonyssipaas crares [64] — pacckas o “reopeme, KOTOpasi KarKeTcs
BEPHOIl, HO BOT YiKe JIECSITOK JIeT HUKAK He nokasbiBaercs: . Ona odopmiena
B BHUJe WHTEPBHIO: BOMPOCOB, KOTOpbie 3amaBamu HO.D., u ero 0oTBETOB Ha
HUX, HAIUCAHA YKUBBIM s3bIKOM Kak 130-jieTHdst JIeTeKTUBHAsT UCTOPUS O
(ne)usrubaemocru “oBasounos”’ Ha npumepe cdepsl. JIr060i nepeckas mact
BECHbMa HETIOJIHOE MPEJICTABJICHIE O HEl.

OrpasuaumMcst B OCHOBHOM MTEPEUUCTEHIEM TOT0, 0 YéM B Hell CKa3aHo.

Pacckas mauunaercst ¢ TOro, 4TO OYEHb HPOCTO COTHYTH (0€3 pacTsizKe-
HUH ¥ CKaTuil) TOHKYIO LEIYJOUJAHYI0 IJIACTUHKY, HO TPYJHO U3MEHUTH
dopmy mapuka ais nuHr-morra (Mogesnu cdepsr). Ho mpu srom Bompoc 06
M3rUOAHUN TTOBEPXHOCTEH UUCTO TEOMETPUIECKUN U HE UMEET OTHOIIEHUS K
YOPYTUM CBOHCTBAM MaTe€pPHAJOB.

F'unoresy o memsrubaemocTu chepbl (6e3 HAPYIIEHUs TIAJIKOCTH, T.e. 6e3
U3JI0MOB) BbIcKa3aJ erme Munaunr B 1838 1., nokaszas Jlubman B 1899 1., Kon-
®occen (yuennk ['mibbepra) mokasan B 1927 romy HemsrubGaeMocTh 060
3aMKHYTOIi BBIIYKJIOM moBepxHoCTH (“oBasionga’), ecyiu TOJBKO OHA MCKPUB-
Jena pocrarodno miasno. B 1951 . A.B. Iloropenor mokazas memsrubae-
MOCTD JIFOOBIX OBAJIOUIIOB.

W sapyr B paborax Hsma n Kéitnepa 1954 u 1955 rr. 6bL1a J0Ka3aHa
BO3MOXKHOCTb TIpeBpaTuTh chepy 6e3 u3MeHeHud JJINH KPUBbLIX, O€3 U3J10-
MOB U CaMOIIepecevdeHuil B CKOJIb yIOJHO MaJiblii Komouek. lIporuBopedne B
varemarnke?! Kakoi#t 1yBCTBUTEIBHBIN yrap reOMeTpUIECKOi HHTyHIHn!

ITocsie naspHERIIMX UCCIEIOBAHUI CTAI0 ICHO, 4TO XOTd chepy MOKHO
HW30THYTh, HO “CTeNeHb TJIAAKOCTH Mpu 3ToM yMenbimaercs. FO.D. we gaér
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9ETKOI'0 OIIpeAesICHUA ITOTO ITOHATHA, TOJIBKO I'OBOPUT, 9YTO OHO OIIpeae id-
ercs unciiom o, 0 < a < 1.

B 1959 1. FO.®. nokasaj, urto mjist u3oruyToit cdepnbl o < 2/3. Hamo maiitu
KPUTHIECKOE 3HAUEHUE f CTEMEHN TJIAJKOCTH, T.€. CTEIEHU “BBIHYKJIEHHOIT
nopun” cdepbl mpu u3rnbanuu. YcraHosaeHo, uro 1/13 < o* < 2/3. “Bouib-
ITe TIOKa HU4ero He m3BecTHo. Kerh Tosibko tunoresa, uro o = 1/2. JoBosst
B €€ MOJIb3y Cepbe3HbIe, HO HU J0KA3aTh, HU OMPOBEPTHYTH 3Ty MUIOTE3Y HE
yIaérces ... 60oIbIIe JecaTh Jjetr.”

B 1954 r. IOpuit ['puropbeBuy PerieTHsik 3amuTu KaHIUJIATCKYO JIAC-
cepranuio “O [jIuHe U TOBOPOTE KPUBOH M O ILIOMA U noBepxHocTu . Bor
JacTh €ro BOCHOMUHAHHU 06 sroMm Ha c. 41-42 B [78]: “3a Bpems acnupan-
TYpPBI ¥ MeHsi HabpaJoCh MHOT'O MaTepHa/ia [0 TEOPUU KPUBLIX U [0 TEOPUH
IJIOIIAIHM, W3 KOTOpOro m 6bLia cocraBiena auccepramnus Ha 200 cTpammir.
Ho crenars 310 akkypaTHo, Kak TpeboBaJIOCh, S HE yclieBaJ. ... B crerke s
JIONYCTUJI HEKOPPEKTHOCTh B OnpejiejieHny KpuBoit. Bece sro BhI3BasIO HE0-
BOJICTBO Moero odunnaasnoro onnonenta Ceprea Muxaiiiosuyda Jlozuncko-
ro. Mue mmomor BTopoii onmonent guccepranun Opuit @egoposuy Bopucos,
KOTOPBIH maJi TogpobHEIit 0030p comepskanns anccepraimu. Hamo ckazarh,
aro Astekcanap JlaHWIOBUY Ha MO0 3aIlIATY TPUATH HE MOT, HO MPEICTABHUI
B YYEHBIIl COBET CBOIf OT3BIB, B KOTOPOM OH OTMETHI MO0 paboTy 00 m3orep-
MUYECKUX KOOPAWHATAX. BO3HMKIMAS TTOCAE MOEro MOKJIAAa, BLICTYILICHU
OIIIIOHEHTOB U 3a4YTE€HUYd OT3bIBa AZ[ (C y4eToOM aKTHUBHOT'O BBICTYILJICHUA
Annpes Angpeesa MapkoBa B OTHOIIEHHH MOWX HEAKKYyPATHOCTENH B JWC-
cepTanyu) IUCKYCCUd TPUHECTAa MHE HECKOJBKO TOJIOCOB “BO3mep:Kancsa’ u
onuu “nporus”.”, [92], [93].

Bor eme ogno Bocnomunanme FO.I. na c. 114 B [20] : “4d neopmokparno
OpBas1 B Xapbkose ... . IlepBag Mog moe3mka cocrosiiach B 1962 romy: s
ObLI OIIIOHEHTOM JOKTOPCKO#l aucceprauuu FOpusa Pepoposuua Bopucosa.
B coorBercrBum co crpanabiv npasuioMm BAK, gefictBoBaBIUM B TO BpeMsi,
zawmra Bopucosa He Mora cocrosarbed B Jlenunrpage, rie roraa xxui FOpuit
®emoposuu.”

Jlektuu mo aHauTHYecKO reoMeTpun HameMy Kypcey dntan Urops Anex-
cauaposud [Ises0B, a o auddepennmanbaoi reomerpun Amexcanap Jann-
JOBUY AJTeKCaHApOB. DK3aMeH 10 JAud.TeoMeTpun s ¢aaal Bukrtopy Amape-
ey TOmOHOTOBY. DK3aMeH 110 Kypcy OOBIKHOBEHHBIX JubdepeHIInaabHbIX
ypaBHeHUH, KOTOpLIKt HaMm unTan Buaaanciaas Bacuibewa llyxmadués, cram
Cepreto JIpBoBuuy CobosieBy, HEHAIOJTO 3AIIEIIEMY HA SK3AMEH.

[TonsTre o MaremMarndeckoil CTporocTu mosydui Ha Jjekiusx [eba [las-
JoBIUYA AKMTOBA TI0 MATEMATHICCKOMY U (DYHKIIHOHATHLHOMY aHATH3Y.

41 Buepswie yeujgesn FO.®. Bopucoea Ha BTOPOM KypCe HA JIEKIIUU II0
nud.reoMeTpun, Koraa oH 3aMmenstT Anekcamapa Jlannmosrda AseKcaHIpo-
Ba. llocsie sK3aMeHOB 10 OKOHYAHUY 2-T0 KypCa, perrui Ha miske O6ckoro
Mopd, 9TO Oy/ly Cenuaan3upoBaTbcd Ha Kadeape reOMeTpruu 1 TOMOJIOTHH,
koropyio Bosraasiaan A.Jl. Anexkcammpos. Ho mosmaxommncs ¢ kadempoit
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CEOMETPUH ¥ TOMOJOTHM W BBIOpPAJI HAy9IHOIO PYKOBOAMTE s HE cpaldy. Ha-
BEPHOE 9TO NPOU30ILIo Ha 4-M Kypce. JI106J10 caMoCcTOATe/IbHOCTD U CBODO LY
neticreuit. Umerno moaromy Boidbpaa FO.D. Bopucosa. ¢ emy He gocaxkgai.
Ha 4-m xypce jqumbs pa3 obcyRIaa ¢ HUM HEKOTOPBIE JAETATU TPEII0KEH-
HO¥ UM TeMbI KYpPCOBOW PabOTHI, a 3aTeM YK€ PacCKa3blBaj Ha 3acCelaHuu
KadeIphl 0 MOJIYIEHHBIX PE3y/IbTaTax.

Hy:xHo 6B110 JaTh OIEHKY CKOPOCTHU CXOIMMOCTH JIJTUH BIUCAHHBIX B PETy-
JAPHYIO KPUBYIO Kaacca C? B eBKJIMIOBOM IPOCTPAHCTBE JJOMAHBIX K JJIHHE
KPUBOI TIPU YCJIOBUH, YTO MAKCUMAJIbHAS JIJIMHA 3BEHBEB JIOMAHBIX CTPEMUT-
cst K myso. Ceffgac JyMaro, 4To JIOKA3aHHBIE B KYPCOBOI paboTe pe3yIbTaThl
3aCJIyKUBAIN NyOJUKAIIUN, HO OHA yTepsdHa U 00 9TOM HE CTOUT COXKAJETD.

CrymeHToM c/laBaJji 9K3aMeHbl 110 puMaHoBoil reomerpun 1H0.®. Bopucosy
no kuure I1.K. Pamesckoro “PumanoBa reomerpusi U Te€H30pHBII aHam3”,
(nmm acnupanTom) FOpwuio I'puropsesuay Pemernsiky, auTaBIieMy Crienkype
[0 UHTETPAJBHOI TeoMeTpHn ¢ jeMenTamu rpyni JIu, n Hammo Xatipymmo-
pudy V6paruMoBy 110 CIenKypCy, BKJIIOYABIIEMY I'PYIIbl u aarebpol Jlu.

Bo Bpema nepsoro mocTytienns B aciupanTypy B 1971 roxay, yxe mocse
Cda4un BCTYTIUTE/JIBHBIX 3K3aMEHOB TI0 MaTEMATUKE N aHF.HHfICKOMy A3BIKY HE
caaut sk3amen 1o ucropun KITCC, orkaszancsa cam oTBedarh, TakK KakK He 3Ha
XOPOIIIO BTOPOI BOMPOC M3 dK3aMeHarnnonuoro buyiera. He 6ymy pacckaswi-
Barh 0 peakruu A.Jl. mpu mepBoit Halell BCTpede MOoCe 9TOTO IK3aAMEHA.

Baaromapsa ero mommep:kke, s1 Toa 6wl craxkepom B HI'Y u wepes ron
nocTynua B acnupantypy npu HIY.

B 6BITHOCTE CTAXKEPOM U aCIUPAHTOM OCHOBHOE BHUMAHWE YA U3y de-
Huio KHuT “Pumanosa reomerpus B miesiom” 1. I'pomosta, B. Kaunrenbepra n
B. Meitepa u “Henpepsisasie rpynmsr’ JI.C. [loarparuna. Tlepsasg mayumia
MeHs 0eCKOOPAMHATHOMY TOAX0AY K PUMaHOBOM reOMeTPHUHU, BTOPas BMECTE
¢ permenuamu 5-i npobsiembr ['uinbepra chirpasia BaXKHYIO POJIb IIPU OT0-
TOBKE JIOKTOPCKOM JTUCCEPTATIIIH.

ITpu ciade sK3aMeHa 110 MATEMATUKE B aCIIUPATYPE JOKA3bIBAJ KAKYIO-TO
TeopeMy M3 puMmanoBoil reomerpuu B.A. Tomonorosy m Teopemy I'. Beitms
(reopema 110 u3 kuuru [lourpsruna) JIsBy Hukonaesuuy BanoBcKOMY.

IIpenmoxennas FO.®. BoprcoBbIM TOCTAHOBKA 3aa49K I MOEH JUILIOM-
HOIl paboTh! “JaTh XapaKTEPH3AINI0 PUMAHOBBIX MHOTO0Opa3uit B TEpMHUHAX
FEOMETPUYECKUX CBONCTB UX BHYTPEHHEN MEeTPUKH ONpeIe/ i BCe MOU OC-
HOBHBIE JTAJIbHEHNIIIIE IeOMEeTPUYECKUE UCCJIEIOBAHNS. DTOH TEMbI XBATUJIO
HE TOJIBKO JJisg JuiioMHoil paborel “K ycjioBUIO CyIeCTBOBaHUS TEH30DA
KPUBU3HBL, HO ¥ KAHIUJATCKON quccepranuu “K MeTpudecKnM OCHOBAHMSIM
PHUMAHOBOM r€OMETpHUH’ W BO MHOTOM JIJIS JOKTOPCKOH muccepranuu “OmgHo-
POJHBIE TIPOCTPAHCTBA C BHYTPEHHEH MeTpukoii’, samminennoi B acTury-
te maremarnku Cubupckoro Otmemenus Axagemnn Hayx CCCP B 1990 1.
Hazpannga aunioMmuoit paboThl, KAHIHAATCKON JUCCEPTAIINU U “TUCTAHITHOH-
uble” s BBEJIGHHBIX B Helt koopauHaTr mpemtoxkma A.Jl. Amekcanmpos.

Hazpanus moeit kanaumarckoit u [51] FO.®. Bopucosa oaunakossi!
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B 1991 1. Uncruryr maremarnku craj HasbiBarhes “ucruryT maremaru-
ku CO PAH”; Ilocranosnenuem Ilpesuanyma PAH Ne 217 ¢ 29 nosiops 1994
roja mepenMmenoBat B Mucruryr maremaruku uM. C.JI. Cobomesa CO PAH.

IOpuit ®eopoBry MHOTO pa3 YIOMUHAT B PA3roBOpax CTaThIO [75] u pac-
CKA3BIBAJI O CBOUX HccaeoBanuax Cl®-M30MeTpHUECKIX HOIDYKEHUI, ITy-
THJI, YTO BUJUMO CMOT JOKAa3aTh EPBYIO MOJIOBUHY THUIIOTE3bI 1 JIUIIL DU
3aMeHe HepaBeHCTBa « > 1/2 Gosree cuibHBIM o > 2/3 (o = 2/3 y C.3.
ledenst) moToMy, 9TO0 BO MHOTHX CJIYYasiX 7l IPUHATHS TOJTOKUTETHHOTO
pertierust Tpebyercst > 2/3 MOJAHHBIX TOJOCOB.

Om mrobmn cruxu u moambl H.A. Hekpacosa u He pa3 MUTHPOBAT UX MHE.

Benommuarorcest npyKeckne Bedepa MaTEMATUKOB B KBApTHpe 32 HA yAUIE
Kemuayxkuoit, 6, FOpus ®enoposuya u Jlwamuier Liiebosasr Boprucosbix.

10puit GenopoBrud HECKOJIBKO pa3 npuesKas Kak npejacenarenb 'DK mo
Maremaruke B OMcKwHii rocyHuBepcuter. JacTo ero BOCIIOMUHAHUS U Pac-
CKa3bl B JINUHBIX Oecenax mMmenu “‘buocodckuit” xapakrep. OmHAKIbI OH
BCIIOMEHAJI, KK B TOJIOTHOM OJI0KaIHOM JleHuHrpasge “BUTAIH’ €ro MBICIH.

IMocneqmmuit pas mpu xuzau KO.D. s secrpeuasics ¢ aum B aBrycre 2007 roma
B ero KBapTupe. Bosee gaca oH paccKa3biBaI MHe O CBOEH JKU3HM C JETATISIMH,
KOTOPBIE & TIPeXK/Ie HUKOTIA OT Hero He CJBIMaI. Tak, OH PacCKa3biBaa o
xu3an B CecTpopenke BO BPeMs BOWHBI, MeperaBajl PAcCKa3 ero MaTeph O
cobbrtuax mo3nueit ocenn 1917 roma na JIsoprosoit mwiomamsu B [erporpase.
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