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Abstract: Koolen and Park found admissible intersection arrays
of Shilla graphs with b ≤ 3. I.N. Beloussov, A.A. Makhnev, and
Tsenzhui Cai listed admissible intersection arrays of Shilla graphs
with b = 4. I.N. Beloussov, A.A. Makhnev, and Haiyan Li listed
admissible intersection arrays of Shilla graphs with b = 5. Mingzhu
Chen, A.A. Mahnev, and I.N. Beloussov listed intersection arrays
of Shilla graphs with b = 6.

In this article, we study small Shilla graphs with b ≤ 5.

Keywords: distance regular graph, Shilla graph, triple intersection
numbers.

1 Ââåäåíèå

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðàôû áåç ïåòåëü è êðàòíûõ
ðåáåð. Äëÿ âåðøèíû u ãðàôà Γ ÷åðåç Γi(u) îáîçíà÷èì i-îêðåñòíîñòü âåð-
øèíû u, òî åñòü, ïîäãðàô, èíäóöèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí,
íàõîäÿùèõñÿ íà ðàññòîÿíèè i îò u. Ïîëîæèì [u] = Γ1(u), u

⊥ = {u} ∪ [u].
Ïóñòü Γ � ãðàô, u,w ∈ Γ. Òîãäà ÷èñëî âåðøèí â [u] ∩ [w] îáîçíà÷à-

åòñÿ ÷åðåç µ(u,w) (÷åðåç λ(u,w)), åñëè u,w íàõîäÿòñÿ íà ðàññòîÿíèè 2
(ñìåæíû) â Γ. Äàëåå, èíäóöèðîâàííûé [u] ∩ [w] ïîäãðàô íàçûâàåòñÿ µ-
ïîäãðàôîì (λ-ïîäãðàôîì). Ïóñòü Γ � ãðàô äèàìåòðà d, i ∈ {1, 2, 3, ..., d}.

Ðàáîòà ïîääåðæàíà Åñòåñòâåííîíàó÷íûì ôîíäîì Êèòàÿ (ïðîåêò 12171126) è ãðàí-
òîì Ëàáîðàòîðèè èíæåíåðíîãî ìîäåëèðîâàíèÿ è ñòàòèñòè÷åñêèõ âû÷èñëåíèé ïðîâèí-
öèè Õàéíàíü.
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Ãðàô Γi èìååò òî æå ñàìîå ìíîæåñòâî âåðøèí, è âåðøèíû u,w ñìåæíû
â Γi, åñëè dΓ(u,w) = i.
Åñëè âåðøèíû u,w íàõîäÿòñÿ íà ðàññòîÿíèè i â Γ, òî ÷åðåç bi(u,w)

(÷åðåç ci(u,w)) îáîçíà÷èì ÷èñëî âåðøèí â ïåðåñå÷åíèè Γi+1(u) (Γi−1(u))
ñ [w]. Ãðàô Γ äèàìåòðà d íàçûâàåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ñ ìàñ-
ñèâîì ïåðåñå÷åíèé {b0, b1, . . . , bd−1; c1, . . . , cd}, åñëè çíà÷åíèÿ bi(u,w) è
ci(u,w) íå çàâèñÿò îò âûáîðà âåðøèí u,w íà ðàññòîÿíèè i â Γ äëÿ ëþáî-
ãî i = 0, ..., d. Ïîëîæèì ai = k − bi − ci. Çàìåòèì, ÷òî äëÿ äèñòàíöèîííî
ðåãóëÿðíîãî ãðàôà b0 � ýòî ñòåïåíü ãðàôà, c1 = 1.
Äàëåå, ÷åðåç plij(x, y) îáîçíà÷èì ÷èñëî âåðøèí â ïîäãðàôå Γi(x)∩Γj(y)

äëÿ âåðøèí x, y, íàõîäÿùèõñÿ íà ðàññòîÿíèè l â ãðàôå Γ. Â äèñòàíöèîí-
íî ðåãóëÿðíîì ãðàôå ÷èñëà plij(x, y) íå çàâèñÿò îò âûáîðà âåðøèí x, y,

îáîçíà÷àþòñÿ plij è íàçûâàþòñÿ ÷èñëàìè ïåðåñå÷åíèé ãðàôà Γ (ñì. [1]).
Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d ≥ 3 è θ1 � âòîðîå

ñîáñòâåííîå çíà÷åíèå ãðàôà. Òîãäà θ1 íå ìåíüøå min

{
a1+

√
a21+4k

2 , a3

}
,

ïðè÷åì θ1 ≥
a1+

√
a21+4k

2 , åñëè d ≥ 4. Êóëåí è Ïàê íàçâàëè ãðàôîìØèëëà
äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà 3 ñ θ1 = a3. Â ýòîì ñëó÷àå

θ1 =
a1+

√
a21+4k

2 è a = a3 äåëèò k [2, òåîðåìà 7]. Ïîëîæèì b = b(Γ) = k/a.
Êóëåí è Ïàê íàøëè äîïóñòèìûå ìàññèâû ïåðåñå÷åíèé ãðàôîâ Øèëëà

ñ b ≤ 3. È.Í. Áåëîóñîâ, À.À. Ìàõíåâ è Öýíü÷æóé Öàé ïåðå÷èñëèëè äîïó-
ñòèìûå ìàññèâû ïåðåñå÷åíèé ãðàôîâ Øèëëà ñ b = 4 [3]. È.Í. Áåëîóñîâ,
À.À. Ìàõíåâ è Õàéÿí Ëè ïåðå÷èñëèëè äîïóñòèìûå ìàññèâû ïåðåñå÷åíèé
ãðàôîâ Øèëëà ñ b = 5 [4]. Ìèí÷æó ×åíü, À.À. Ìàõíåâ, È.Í. Áåëîóñîâ
ïåðå÷èñëèëè ìàññèâû ïåðåñå÷åíèé ãðàôîâ Øèëëà ñ b = 6 [5].
Â ðàáîòå èçó÷àþòñÿ íåáîëüøèå ãðàôû Øèëëà ñ b ≤ 5. Ââèäó [2] äè-

ñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé {21, 16, 8; 1, 4, 14}
íå ñóùåñòâóåò (b = 3). Äèñòàíöèîííî ðåãóëÿðíûé ãðàôû ñ ìàññèâàìè
ïåðåñå÷åíèé {24, 18, 9; 1, 1, 16}, {27, 20, 10; 1, 2, 18} íå ñóùåñòâóþò [6], [7].

Òåîðåìà 1. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{20, 18, 6; 1, 1, 15} íå ñóùåñòâóåò.

Òåîðåìà 2. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{25, 24, 3; 1, 3, 20} íå ñóùåñòâóåò.

Òåîðåìà 3. Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì ïåðåñå÷åíèé
{25, 24, 9; 1, 1, 20} íå ñóùåñòâóåò.

2 Òðîéíûå ÷èñëà ïåðåñå÷åíèé

Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðàô äèàìåòðà d. Åñëè u1, u2, u3 �
âåðøèíû ãðàôà Γ, r1, r2, r3 � íåîòðèöàòåëüíûå öåëûå ÷èñëà, íå áîëüøèå

d, òî
{

u1u2u3

r1r2r3

}
� ìíîæåñòâî âåðøèí w ∈ Γ òàêèõ, ÷òî d(w, ui) = ri,
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u1u2u3

r1r2r3

]
= |

{
u1u2u3

r1r2r3

}
|. ×èñëà

[
u1u2u3

r1r2r3

]
íàçûâàþòñÿ òðîéíûìè ÷èñëà-

ìè ïåðåñå÷åíèé. Äëÿ ôèêñèðîâàííîé òðîéêè âåðøèí u1, u2, u3 âìåñòî[
u1u2u3

r1r2r3

]
áóäåì ïèñàòü [r1r2r3]. Ê ñîæàëåíèþ, äëÿ ÷èñåë [r1r2r3] íåò îá-

ùèõ ôîðìóë. Îäíàêî, â [6] ïðåäëîæåí ìåòîä âû÷èñëåíèÿ íåêîòîðûõ ÷è-
ñåë [r1r2r3].
Ïóñòü u, v, w � âåðøèíû ãðàôà Γ, W = d(u, v), U = d(v, w),

V = d(u,w). Òàê êàê èìååòñÿ òî÷íî îäíà âåðøèíà x = u òàêàÿ, ÷òî
d(x, u) = 0, òî ÷èñëî [0jh] ðàâíî 0 èëè 1. Îòñþäà [0jh] = δjW δhV . Àíàëî-
ãè÷íî, [i0h] = δiW δhU è [ij0] = δiUδjV .
Äðóãîå ìíîæåñòâî óðàâíåíèé ìîæíî ïîëó÷èòü, ôèêñèðóÿ ðàññòîÿíèå

ìåæäó äâóìÿ âåðøèíàìè èç {u, v, w}, è ñîñ÷èòàâ ÷èñëî âåðøèí, íàõîäÿ-
ùèõñÿ íà âñåõ âîçìîæíûõ ðàññòîÿíèÿõ îò òðåòüåé, ïîëó÷èì:

d∑
l=1

[ljh] = pUjh − [0jh],

d∑
l=1

[ilh] = pVih − [i0h],

d∑
l=1

[ijl] = pWij − [ij0].

(+)

Ïðè ýòîì íåêîòîðûå òðîéêè èñ÷åçàþò. Ïðè |i− j| > W èëè i+ j < W
èìååì pWij = 0, ïîýòîìó [ijh] = 0 äëÿ âñåõ h ∈ {0, ..., d}.
Ïîëîæèì Sijh(u, v, w) =

∑d
r,s,t=0QriQsjQth

[
uvw
rst

]
. Åñëè ïàðàìåòð Êðåé-

íà qhij = 0, òî Sijh(u, v, w) = 0.
Çàôèêñèðóåì âåðøèíû u, v, w äèñòàíöèîííî ðåãóëÿðíîãî

ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
, [ijh] =

[
uvw
ijh

]
, [ijh]′ =

[
uvw
ihj

]
,

[ijh]∗ =
[
uvw
jih

]
è [ijh]∼ =

[
uvw
hji

]
. Âû÷èñëåíèå ïàðàìåòðîâ [ijh]′, [ijh]∗ è

[ijh]∼ (ñèììåòðèçàöèÿ ìàññèâà òðîéíûõ ÷èñåë ïåðåñå÷åíèé) ìîæåò äàòü
íîâûå ñîîòíîøåíèÿ, ïîçâîëÿþùèå äîêàçàòü íåñóùåñòâîâàíèå ãðàôà.

3 Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì

ïåðåñå÷åíèé {20, 18, 6; 1, 1, 15}
Ïóñòü Γ ÿâëÿåòñÿ äèñòàíöèîííî ðåãóëÿðíûì ãðàôîì ñ ìàññèâîì ïåðå-

ñå÷åíèé {20, 18, 6; 1, 1, 15}. Òîãäà Γ èìååò 1+20+360+144 = 525 âåðøèí,
ñïåêòð 201, 5210,−1125,−5189 è äóàëüíóþ ìàòðèöó Q (ñì [1]) ñîáñòâåííûõ
çíà÷åíèé 

1 210 125 189
1 105

2 −25
4 −189

4
1 0 −25

4
21
4

1 −35
4

125
8 −63

8

 .
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Ëåììà 1. ×èñëà ïåðåñå÷åíèé ðàâíû
p111 = 1, p121 = 18, p122 = 234, p123 = 108, p133 = 36;
p211 = 1, p212 = 13, p213 = 6, p222 = 244, p223 = 102, p233 = 36;
p312 = 15, p313 = 5, p322 = 255, p323 = 90, p333 = 48.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ.
Ïî ëåììå 1 Γ3 � ñèëüíî ðåãóëÿðíûé ãðàô ñ ïàðàìåòðàìè (525,144,48,36).

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
,

[ijh] =
[
uvw
ijh

]
.

Ïóñòü∆ = Γ3(u), Λ = ∆2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p232 = 90
íà k3 = 144 âåðøèíàõ.

Ëåììà 2. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 1. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[122] = r10 + r12 − 93, [123] = [132] = −r10 − r12 + 108, [133] = r10 +
r12 − 103;

[211] = −r11 + 15, [212] = [221] = r11, [222] = −r10 − r11 + 255, [223] =
[232] = r10, [233] = −r10 + 90;

[311] = r11 − 14, [312] = [321] = −r11 + 18, [322] = r11 − r12 + 72,
[323] = [332] = r12, [333] = −r12 + 48,

ãäå 55 ≤ r10 ≤ 90, 14 ≤ r11 ≤ 15, 13 ≤ r12 ≤ 48, 103 ≤ r10 + r12 ≤ 108.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ïî ëåììå 2 èìååì 14 ≤ [322] = r11 − r12 + 72 ≤ 149. Çàìåòèì, ÷òî
{v, w}∪Λ(v)∪Λ(w) ñîäåðæèò 182−[322] âåðøèí, ïîýòîìó 38 ≤ [322] ≤ 90.

Ëåììà 3. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 3. Òîãäà
[122] = r32+r33−r34+r35−75, [123] = [132] = −r32−r33+r34−r35+90,

[133] = r32 + r33 − r34 + r35 − 85,
[212] = −r35+15, [213] = r35, [221] = −r34+15, [222] = −r32+r34+240,

[223] = r32, [231] = r34, [232] = r32 − r34 + r35, [233] = −r32 − r35 + 90;
[312] = r35, [313] = −r35 + 5, [321] = r34, [322] = −r33 − r35 + 90,

[323] = r33−r34+r35, [331] = −r34+5, [332] = r33, [333] = −r33+r34+42,
0 ≤ r35 ≤ 5 0 ≤ r34 ≤ 5 38 ≤ r32 ≤ 90 0 ≤ r33 ≤ 47
ãäå 38 ≤ r32 ≤ 90, 0 ≤ r33 ≤ 47, 0 ≤ r34, r35 ≤ 5, r32 + r35 ≤ 90.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ïî ëåììå 3 èìååì 38 ≤ [322] = −r33 − r35 + 90 ≤ 90.
Íàïîìíèì, ÷òî p313 = 5, p323 = 90, p333 = 48. Ïóñòü v, w � âåðøèíû èç

Λ. Òîãäà ÷èñëî d ðåáåð ìåæäó Λ(w) è Λ − ({w} ∪ Λ(w)) óäîâëåòâîðÿåò
íåðàâåíñòâàì 1554 = 5 · 38 + 48 · 38 ≤ d ≤ 5 · 90 + 48 · 90 = 4770.
Ñ äðóãîé ñòîðîíû, d = 90(89−λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðàìåòðà

λ(Λ). Ïîýòîìó 259/15 ≤ 89− λ ≤ 53 è 36 ≤ λ ≤ 72− 4/15.
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Ëåììà 4. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 2. Òîãäà
[122] = r28−r29−r30−r31+310, [123] = [132] = −r28+r29+r30+r31−195,

[133] = r28 − r29 − r30 − r31 + 200,
[211] = −r27 − r31 + 15, [212] = r31, [213] = r27, [221] = r27 − r28 + r31,

[222] = r29, [223] = −r27 + r28 − r29 − r31 + 255, [231] = r28, [232] =
−r29 − r31 + 255, [233] = −r28 + r29 + r31 − 165;

[311] = r27 − r31 − 14, [312] = −r31 + 13, [313] = −r27 + 6, [321] =
−r27 + r28 − r31 + 13, [322] = −r28 + r30 + r31 + 34, [323] = r27 − r30 + 42,
[331] = −r28 + 6, [332] = r28 − r30 + 42, [333] = r30,

ãäå 1 ≤ r27, r28 ≤ 6, 153 ≤ r29 ≤ 198, 0 ≤ r30 ≤ 35, 8 ≤ r31 ≤ 13,
r27 + r31 ≤ 14.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ñèììåòðèçàöèÿ [222] = r29 = r′29, [333] = r30 = r′30.
Äàëåå, [213] = r27 = [231]′ = r′28, [212]

′ = r′31 = [221] = r27 − r28 + r31,
ïîýòîìó r′31+r28 = r27+r31, [312]

′ = −r′31+13 = [321] = −r27+r28−r31+13
è r′31 − r27 + r28 − r31 + 13
Àíàëîãè÷íî, [223]′ = r′28 = [232] = r29−r31+15, ïîýòîìó r′28−r29+r31 =

15.
Ïî ëåììå 4 èìååì 7 ≤ [322] = r28 − r29 − r30 + 14 ≤ 29.
Êàê è âûøå, 12 ≤ [322].

Ïóñòü d(u, v) = 3.
Ïîäñ÷èòàåì ÷èñëî f1 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 1, ãäå s ∈

{
uv
31

}
è t ∈

{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 2 èìååì [321] = −r11 + 18, ãäå

14 ≤ r11 ≤ 15, ïîýòîìó 15 = 5 · 3 ≤ f1 ≤ 5 · 4 = 20. Ñ äðóãîé ñòîðîíû, ïî
ëåììå 4 èìååì [311] = r27−r31−14, 15 ≤ f1 = −

∑
i(−ri27+ri31)−1260 ≤ 20,

1240 ≤
∑

i(−ri27 + ri31) ≤ 1245 è 13 + 7/9 ≤
∑

i(−ri27 + ri31)/90 ≤ 13 + 5/6.
Òàê êàê 1 ≤ r27, r28 ≤ 6, 8 ≤ r31 ≤ 13, òî −r27+r31 ≤ 12, ïðîòèâîðå÷èå.
Òåîðåìà 1 äîêàçàíà.

4 Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì

ïåðåñå÷åíèé {25, 24, 3; 1, 3, 20}
Â ýòîì ðàçäåëå Γ ÿâëÿåòñÿ äèñòàíöèîííî

ðåãóëÿðíûì ãðàôîì ñ ìàññèâîì ïåðåñå÷åíèé {25, 24, 3; 1, 3, 20}. Òîãäà Γ
èìååò 1+25+200+30 = 256 âåðøèí, ñïåêòð 251, 580, 1100,−775 è äóàëüíóþ
ìàòðèöó Q (ñì [1]) ñîáñòâåííûõ çíà÷åíèé

1 80 100 75
1 16 4 −21
1 0 −4 3
1 −16 20 −5

 .

Ëåììà 5. ×èñëà ïåðåñå÷åíèé ðàâíû
p111 = 0, p121 = 24, p122 = 152, p123 = 24, p133 = 6;
p211 = 3, p212 = 19, p213 = 3, p222 = 156, p223 = 24, p233 = 3;
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p312 = 20, p313 = 5, p322 = 160, p323 = 20, p333 = 4.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ.

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
,

[ijh] =
[
uvw
ijh

]
.

Ïóñòü∆ = Γ3(u), Λ = ∆2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p323 = 20
íà k3 = 30 âåðøèíàõ.

Ëåììà 6. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 1. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[122] = −r6 + 20, [123] = [132] = r6, [133] = −r6 + 5;
[212] = [221] = 20, [222] = r6 − r7 + 132, [223] = [232] = −r6 + r7 + 8,

[233] = r6 − r7 + 12;
[312] = [321] = 4, [322] = r7, [323] = [332] = −r7 + 16, [333] = r7 − 12,
ãäå 0 ≤ r6 ≤ 5, 12 ≤ r7 ≤ 16.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ïî ëåììå 6 èìååì 12 ≤ [322] = r7 ≤ 16.

Ëåììà 7. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 3. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[122] = −r27 + r28 + r30, [123] = [132] = r27 − r28 − r30 + 20, [133] =
−r27 + r28 + r30 − 15;

[212] = r27 − r29 − r30 + 160, [213] = −r27 + r29 + r30 − 140, [221] = r30,
[222] = r29, [223] = −r29 − r30 +160, [231] = −r30 +20, [232] = −r27 + r30,
[233] = r27;

[312] = −r27+r29+r30−140, [313] = r27−r29−r30+145, [321] = −r30+20,
[322] = r27 − r28 − r29 − r30 + 160, [323] = −r27 + r28 + r29 + 2r30 − 160,
[331] = r30 − 15, [332] = r28, [333] = −r28 − r30 + 18,

ãäå 0 ≤ r27, r28 ≤ 3, 124 ≤ r29 ≤ 133, 15 ≤ r30 ≤ 18.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).
Ñèììåòðèçàöèÿ. [221] = r30 = r∗30, [222] = r29 = r′29 = r∗29 = r∼29,

[233] = r27 = r′27, [332] = r28 = r∗28.
Äàëåå, [232] = −r27 + r30 = −r∼27 + r∼30, [333] = −r28 − r30 +18, ïîýòîìó

r28 + r30 = r′28 + r′30 = r∗28 + r∗30 = r∼28 + r∼30, [233] = r27 = [332]∼ = r∼28.
Àíàëîãè÷íî, [122]∗ = −r∗27 + r∗28 + r∗30 = [212] = r27 − r29 − r30 + 160,

ïîýòîìó −r27 − r∗27 + r28 + r29 + 2r30 = 160.

Ïî ëåììå 7 èìååì 6 ≤ [322] = r27− r28− r29− r30+160 ≤ 24. Çàìåòèì,
÷òî {v, w}∪Λ(v)∪Λ(w) ñîäåðæèò 42− [322] âåðøèí, ïîýòîìó 12 ≤ [322] ≤
20.
Íàïîìíèì, ÷òî p313 = 5, p323 = 20, p333 = 4. Ïóñòü v, w � âåðøèíû èç

Λ. Òîãäà ÷èñëî d ðåáåð ìåæäó Λ(w) è Λ − ({w} ∪ Λ(w)) óäîâëåòâîðÿåò
íåðàâåíñòâàì 108 = 5 · 12 + 4 · 12 ≤ d ≤ 5 · 16 + 4 · 20 = 160.
Ñ äðóãîé ñòîðîíû, d = 20(19−λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðàìåòðà

λ(Λ). Ïîýòîìó 5.4 ≤ 19− λ ≤ 8 è 11 ≤ λ ≤ 13.6.
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Ëåììà 8. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 2. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[122] = −r23 + 20, [123] = [132] = r23, [133] = −r23 + 5;
[211] = −r24 + r26 + 17, [212] = r24, [213] = −r26 + 3, [221] = −r22 + 19,

[222] = r23 − r24 + r25 + 136, [223] = r22 − r23 + r24 − r25 + 5, [231] = r22 +
r24−r26−16, [232] = −r23−r25+24, [233] = −r22+r23−r24+r25−r26+12;

[311] = r24 − r26 − 14, [312] = −r24 + 19, [313] = r26, [321] = r22,
[322] = r24− r25, [323] = −r22− r24+ r25+19, [331] = −r22− r24+ r26+19,
[332] = r25, [333] = r22 + r24 − r25 − r26 − 15,

ãäå 0 ≤ r22 ≤ 5, 3 ≤ r23 ≤ 5, 14 ≤ r24 ≤ 19, 0 ≤ r25 ≤ 4, 0 ≤ r26 ≤ 3.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).
Ñèììåòðèçàöèÿ [122] = −r23+20 âëå÷åò r23 = r′23. Èç ðàâåíñòâ [311] =

r24−r26−14, [322] = r24−r25 ñëåäóåò, ÷òî r24−r26 = r′24−r′26, r24−r25 =
r′24 − r′25.
Äàëåå, [333] = r22 + r24 − r25 − r26 − 15 âëå÷åò r22 − r25 = r′22 − r′25,

[323] = −r22−r24+r25+19 = [332]′ = r′25, ïîýòîìó r22+r24−r25+r′25 = 19.
Ïî ëåììå 8 èìååì 10 ≤ [322] = r24 − r25 ≤ 19.

Ïóñòü d(u, v) = 3.
Ïîäñ÷èòàåì ÷èñëî f1 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 1, ãäå s ∈

{
uv
31

}
è t ∈

{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 6 èìååì [321] = 4, f1 = 5 · 4 = 20.

Ñ äðóãîé ñòîðîíû, ïî ëåììå 8 èìååì [311] = r24−r26−14,
∑

i(r
i
24−ri26)−

280 = 20 è
∑

i(r
i
24 − ri26)/20 = 15.

Îòñþäà 15 ≤ r24 ≤ 19
Ïîäñ÷èòàåì ÷èñëî f2 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 2, ãäå s ∈

{
uv
31

}
è t ∈

{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 6 èìååì 12 ≤ [322] ≤ 16, ïîýòîìó

60 = 5 · 12 ≤ f2 = 5 · 16 = 80. Ñ äðóãîé ñòîðîíû, ïî ëåììå 8 èìååì
[312] = −r25 + 6, 60 ≤ f2 = −

∑
i r

i
25 + 120 ≤ 80, 40 ≤

∑
i r

i
25 ≤ 60, è

2 ≤
∑

i r
i
25/20 ≤ 3.

Ïîäñ÷èòàåì ÷èñëî f3 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 3, ãäå s ∈
{
uv
31

}
è t ∈

{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 6 èìååì [323] = −r7 + 16, ãäå

12 ≤ r7 ≤ 16, ïîýòîìó 0 ≤ f3 = 5 · 4 = 20. Ñ äðóãîé ñòîðîíû, ïî ëåììå 8
èìååì [313] = −r23 + r25, 0 ≤ f3 =

∑
i(−ri23 + ri25) ≤ 20, è 0 ≤

∑
i(−ri23 +

ri25)/20 ≤ 1.
Òàê êàê 2 ≤

∑
i r

i
25/20 ≤ 3, 3 ≤ r23 ≤ 5, òî

∑
i−ri23/20 = r25 = 3.

Ïðîâåäåì îáðàòíûå âû÷èñëåíèÿ:
∑

i r
i
25 = 60, f2 = −

∑
i r

i
25 + 120 = 60

è â ëåììå 6 èìååì [322] = 12. Àíàëîãè÷íî,
∑

i(−ri23 + ri25)/20 = 0, f3 =∑
i(−ri23 + ri25) = 0 è r7 = 16. Ïðîòèâîðå÷èå ñ òåì, ÷òî 12 ≤ [322] = r7.
Òåîðåìà 2 äîêàçàíà.

5 Äèñòàíöèîííî ðåãóëÿðíûé ãðàô ñ ìàññèâîì

ïåðåñå÷åíèé {25, 24, 9; 1, 1, 20}
Â ýòîì ðàçäåëå Γ ÿâëÿåòñÿ äèñòàíöèîííî

ðåãóëÿðíûì ãðàôîì ñ ìàññèâîì ïåðåñå÷åíèé {25, 24, 9; 1, 1, 20}. Òîãäà Γ
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èìååò 1 + 25 + 600 + 270 = 896 âåðøèí, ñïåêòð 251, 5420,−3300,−7175 è
äóàëüíóþ ìàòðèöó Q (ñì [1]) ñîáñòâåííûõ çíà÷åíèé

1 420 300 175
1 84 −36 −49
1 0 −8 7
1 −28

3 20 −35
3

 .

Ëåììà 9. ×èñëà ïåðåñå÷åíèé ðàâíû
p111 = 0, p121 = 24, p122 = 360, p123 = 216, p133 = 54;
p211 = 1, p212 = 15, p213 = 9, p222 = 404, p223 = 180, p233 = 81;
p312 = 20, p313 = 5, p322 = 400, p323 = 180, p333 = 84.

Äîêàçàòåëüñòâî. Ïðÿìûå âû÷èñëåíèÿ.

Çàôèêñèðóåì âåðøèíû u, v, w ãðàôà Γ è ïîëîæèì {ijh} =
{

uvw
ijh

}
,

[ijh] =
[
uvw
ijh

]
.

Ïóñòü ∆ = Γ3(u), Λ = ∆2. Òîãäà Λ � ðåãóëÿðíûé ãðàô ñòåïåíè p323 =
180 íà k3 = 270 âåðøèíàõ.

Ëåììà 10. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 1. Òîãäà òðîéíûå
÷èñëà ïåðåñå÷åíèé ðàâíû:

[122] = r6, [123] = [132] = −r6 + 20, [133] = r6 − 15;
[212] = [221] = 20, [222] = r7, [223] = [232] = −r7+380, [233] = r7−200;
[312] = [321] = 4, [322] = −r6 − r7 + 360, [323] = [332] = r6 + r7 − 184,

[333] = −r6 − r7 + 268,
ãäå 15 ≤ r6 ≤ 20, 200 ≤ r7 ≤ 253, 215 ≤ r6 + r7 ≤ 268.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ïî ëåììå 10 èìååì 92 ≤ [322] = −r6 − r7 + 360 ≤ 145.

Ëåììà 11. Ïóñòü d(u, v) = d(u,w) = d(v, w) = 3. Òîãäà òðîéíûå ÷èñëà
ïåðåñå÷åíèé ðàâíû:

[122] = −r27 + r28 − r29 + r30 − 160, [123] = [132] = −r27 − r28 + r29 −
r30 + 180, [133] = r27 + r28 − r29 + r30 − 175;

[212] = −r30+20, [213] = r30, [221] = −r29+20, [222] = −r27+r29+380,
[223] = r27, [231] = r29, [232] = r27 − r29 + r30, [233] = −r27 − r30 + 180;

[312] = r30, [313] = −r30 + 5, [321] = r30, [322] = −r28 − r30 + 180,
[323] = r28−r29+r30, [331] = −r29+5, [332] = r28, [333] = −r28+r29+78,

ãäå 92 ≤ r27 ≤ 180, 0 ≤ r28 ≤ 83, 0 ≤ r29, r30 ≤ 5, −r28 + r29 + 175 ≤
r27 + r30 ≤ −r28 + r29 + 180.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).

Ïî ëåììå 11 èìååì 92 ≤ [322] = −r28 − r30 + 180 ≤ 180.
Íàïîìíèì, ÷òî p313 = 5, p323 = 180, p333 = 84. Ïóñòü v, w � âåðøèíû èç

Λ. Òîãäà ÷èñëî d ðåáåð ìåæäó Λ(w) è Λ − ({w} ∪ Λ(w)) óäîâëåòâîðÿåò
íåðàâåíñòâàì = 5 · 92 + 84 · 92 ≤ d ≤ 5 · 145 + 84 · 180 =.
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Ñ äðóãîé ñòîðîíû, d = 180(179 − λ), ãäå λ � ñðåäíåå çíà÷åíèå ïàðà-
ìåòðà λ(Λ). Ïîýòîìó 74/15 ≤ 179 − λ ≤ 3169/36 è 179 − 3169/36 ≤ λ ≤
179− 74/15.

Ëåììà 12. Ïóñòü d(u, v) = d(u,w) = 3, d(v, w) = 2. Òîãäà òðîéíûå
÷èñëà ïåðåñå÷åíèé ðàâíû:

[122] = r22+r23−r24−r26+300, [123] = [132] = −r22−r23+r24+r26−280,
[133] = r22 + r23 − r24 − r26 + 285;

[211] = −r23 − r25 + 20, [212] = r25, [213] = r23, [221] = −r22 + 15,
[222] = r26, [223] = r22 − r26 + 385, [231] = r22 + r23 + r25 − 15, [232] =
−r25 − r26 + 400, [233] = −r22 − r23 + r26 − 205;

[311] = r23 + r25 − 19, [312] = −r25 + 15, [313] = −r23 + 9, [321] = r22,
[322] = −r22 − r23 + r24 + 104, [323] = r23 − r24 + 75, [331] = −r22 − r23 −
r25 + 24, [332] = r22 + r23 − r24 + r25 + 60, [333] = r24,

ãäå 0 ≤ r22 ≤ 5, 4 ≤ r23 ≤ 9, 0 ≤ r24 ≤ 80, 10 ≤ r25 ≤ 15, 209 ≤ r26 ≤
299, 19 ≤ r23 + r25 ≤ 20.

Äîêàçàòåëüñòâî. Óïðîùåíèÿ ôîðìóë (+).
Ñèììåòðèçàöèÿ [222] = r26 = r′26, [333] = r24 = r′24, [212] = r25 =

[221]′ = −r′22 + 15, ïîýòîìó r25 + r′22 = 15.
Ïî ëåììå 12 èìååì 90 ≤ [322] = −r22 − r23 + r24 + 104 ≤ 179.

Ïóñòü d(u, v) = 3.
Ïîäñ÷èòàåì ÷èñëî f1 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 1, ãäå s ∈

{
uv
31

}
è

t ∈
{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 10 èìååì [321] = 4, f1 = 5 ·4 = 20. Ñ

äðóãîé ñòîðîíû, ïî ëåììå 12 èìååì [311] = r23+ r25− 19,
∑

i(r
i
23+ ri25)−

20 · 171 = 20,
∑

i(r
i
23 + ri25) = 20 · 172 = 3440 è

∑
i(r

i
23 + ri25)/180 = 172/9.

Ïîäñ÷èòàåì ÷èñëî f2 ïàð âåðøèí (s, t) íà ðàññòîÿíèè 2, ãäå s ∈
{
uv
31

}
è

t ∈
{
uv
32

}
. Ñ îäíîé ñòîðîíû, ïî ëåììå 10 èìååì 92 ≤ [322] ≤ 145, ïîýòîìó

460 = 5 · 92 ≤ f2 = 5 · 145 = 725. Ñ äðóãîé ñòîðîíû, ïî ëåììå 12 èìååì
[312] = −r25+15, 460 ≤ f2 = −

∑
i r

i
25+2700 ≤ 725, 1975 ≤

∑
i r

i
25 ≤ 2240

è 2 ≤
∑

i r
i
25/180 ≤ 3.

Ïðîòèâîðå÷èå ñ òåì, ÷òî 10 ≤ r25 ≤ 15.
Òåîðåìà 3 äîêàçàíà.
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