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Abstract: The article proves the equivalence of the properties of
being equationally Noethericity of a partially commutative two-
step nilpotent group G and being equationally Noethericity of its
commutative graph I', considered in the category of graphs with
loops. In particular, it is shown that to study the equationally
Noethericity of a partially commutative two-step nilpotent group,
it is sufficient to consider equations in one variable over this group.
Using the concept of residualizability of groups, we prove that an
arbitrary partially commutative two-step nilpotent group can be
embedded in a countable direct power of a free two-step nilpotent
group of rank 2. In addition, earlier in the works of A.J. Duncan,
1.V. Kazachkov and V.N. Remeslennikov it was shown that the
centralizer dimension of each finitely generated free partially commutative
group coincides with the height of the lattice of canonical centralizers
of this group. In our work we present some results relating the
centralizer dimension and the height of the lattice of canonical
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centralizers for the case of an infinitely generated free partially
commutative group and generalize a similar result from the work
of V. Blatherwick to the case of an infinitely generated partially
commutative two-step nilpotent group.
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1 Bseaenue

Anrebpandeckast cucreMa A Ha3bIBAETCsT HETEPOBOH IO YPABHEHUSIM, €C-
JIHL JJTs1 JTEOOOTO TIEIOT0 TIOJIOKUTETHHOTO N Jiiobas cucrema ypasHeHuit S(X)
aax A or n mepeMenHBIX X 3KBUBAJEHTHA CBOEH HEKOTOPOH KOHEIHOH mMOI-
cucreme Sp(X) C S(X). AnamormaasiM 06pa3oM BBOIUTCS TOHSITHE aared-
PaNIeCcKO CHCTEMBI, HETEPOBOH IO YpaBHEHUSIM OT OJIHOM repeMenHoit. Mme-
ercd OOIIUPHBII CIIUMCOK paboT, MOCBAIIEHHBIX HUCCJIE0OBAHIIO HETEPOBLIX 110
YPaBHEHUSAM AIrebpandecKuX CHCTeM: KpoMe (M CPeJilt) TeX, 4TO yYIIOMSIHY ThI
B Monorpadun .10, Tanusposoii, A.I. Msacaukosa u B.H. Pemecnennnkosa
[1], BeLIE MM, HampuMeD, (2, 3, 4, 7, §].

[lonsTre HETEPOBOCTH 110 yPABHEHUAM SIBJIAETCS OJHUM M3 IEHTPATbHBIX
B YHUBEPCAJILHON ajirebpandecKkoil reoMeTpuy HaJl aJiredpandecKuMu CUcTe-
vamu. /lanHoe HampaBIeHne MaTeMAaTHKY 3aHIMAETCS UCCIeTOBAHNEM yPaB-
HeHWi, anredpanvIeckKnx MHOXKECTB, KOOPAWHATHBIX aaredp HaJ Pa3TMTHbI-
MU anTebpandecKUMy CHCTEMAMW 33 PaMKaMH KJIACCHUIECKOi aarebpande-
CKO¥l TEOMETPHUH — HAJ PA3IUIHBIMA TPYTIIAMH, TOJIYTPYIIIaMu, aarebpamu,
rpadamvu un np. ng O6osee mogpoOHOTO 3HAKOMCTBA C YHUBEPCAJIBHON aJi-
rebpandeckoil reomMeTpuell peKOMEeH/IyeM 4YuTaTesito, Hanpumep, paborsr [1]
u [12], Bropast u3 Koropwix npejcrasisier coboii nogxon B.U. Inorkuna,
CYIIECTBEHHO OTIHYAIOIINHCS OT OMUCAHHOrO B [1].

Kax cremyer m3 ompesmenenus, ONHUM W3 TPEHMYIIECTB HETEPOBBIX TIO
YPaBHEHUAM aIrebpaniecKnx CUCTEM SBISIETCT BOZMOKHOCTD M3y ICHUST TOThb-
KO KOHEYHBIX CUCTeM ypaBHerwuit. Omucamme obImero Te0peTunIecKoro moaxo-
Jla, TIO3BOJISTIONIETO B3TVIAHYThL HA aJredpantiecKue MHOKECTBA HAJ HETEDO-
BBIMHU TI0 YPABHEHUSM aareOPamvdecKuMu CHCTEMAMU C PA3HBIX TOYEK 3pe-
Hust, Moxkuo Haifitu B [1, Teopembr 2.5.21, 2.5.22] u [5] (0Obeunstomme
TeopeMbl). TakKe W3BECTHO, YTO B HETEPOBHIX MO YpaBHEHWSM ajrebpau-
YECKUX CUCTEMAaX MPOU3BOJIbHOE aarebpanieckoe MHOKECTBO TPEICTABUMO
B BUJI€ KOHEYHOTO 00beIMHEHUsT HETPUBOINMBIX aIreOpaniecKuX MHOXKECTB
[1, Crencreue 2.5.6].

Berogy nanee 6ymem obosnHagarh depes [z,y] = x 'y lry kommyTaTop
JIBYX 3JIEMEHTOB x,y u3 rpynnbl G. Muoroobpasue JIBYCTYIIEHHO HUJIBIIO-
TEHTHBIX Py Ny OMpeIessieTcss TOXIeCTBOM: |2, Yy, z| = [[z,y], 2] = 1 mnas
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JE0ObIX T, Y, z € G auist n1060it rpyunbl G u3 Na. 113, naupuwmep, (3, 4, 8] us-
BECTHO, 9TO BC€ KOHEYHO ITOPOZK/ICHHbIC ,ﬂByCTyHeHHO HUJIBIIOTEHTHBIC prH-
OBl HETEPOBLI [0 YPABHEHISIM.

B mammnoit pabore mon «6eCKOHEIHOCTHIO» MBI BCEraa DyaeM HMeTh BBU-
JIy CYETHYIO MOITHOCTE. COOTBETCTBEHHO, dpaza «HeCKOHETHO MOPOK ICHHAT
rpynmnay 6yaer 03HadaThb IPYIIOY CO CYETHBIM MHOXKECTBOM IOPOXKIAIOIINX.

Onpenenenne 1 ([13]). Tycmo I' — neopuenmuposannwd npocmoti epad
(603mo0tct0 Geckoneunniti) ¢ mnoocecmeom eepwun X = V(I), F(X) -
€60600HaA 2PYNNAG € MHONCECMEOM NOPodcoaowus X , u nycmo

R =A{lzi,z;] € F(X) | xi,z; € X vz uxj cmescno 6 epade I'}.

Tozda epynna Gr = (X | R) naswsaemcsa c60600H0U 4acmUsHO KOMMYMA-
muenot 2pynnot, o 2pad I' — epagpom wommymamusrocmu c60600n0G wa-
cmusHo Kommymamusrol epynnse Gr.

CiroBo «cBobojHasi» U3 JTAHHOTO ONPEJIEIEHUs 3a9aCTyI0 Mbl OyIeM OIyc-
KaTh, BCE PABHO HUMes BBUJY CBOOOIHYIO YACTHIHO KOMMYTATHUBHYIO T'DYII-
ny. CooTBercrBeHHO, 10T (Dpa30il «IACTUIHO KOMMYTATUBHAS JIBYCTYIIEHHO
HUJIBIIOTEHTHAsT I'pyIliay Mbl OyjleM I0/Apa3yMeBaTb CBOOOJHYIO YaCTUYHO
KOMMYTATUBHYIO TpPyHny u3 MHOT00Opaszusi No JIBYCTYIEHHO HUJIBIIOTEHT-
HBIX Ipynn. YacTUyHO KOMMYTaTHBHBIE PYIIBI, WK I'padOBble PYIIIIH,
W TpaBoyrosibHble rpynmbl Apruna (right-angled Artin groups), mmeror
MHOZKECTBO 3aMeIaTeIbHBIX CBOMCTB (y106HbBIE HOpMAJbHBIE (DOPMBI 97IEMEH-
TOB, Pa3PEIINMOCTb OCHOBHBIX aJTOPUTMUYECKUX 33734, boraTas CTPyKTypa
HOJArpymm u MHOroe npyroe; [13, 14, 15]), ciimcok KOTOPHIX MPOJ0JIZKAET MO~
nonuaThcd. Panee B.H. PemecmeHHUKOBBIM CTABUIICS BOTTPOC 00 yCTAHOBJIE-
HUAW CBA3W MEKy YHUBEPCATHLHON aaredpanteckoil reoMeTpueli Hall TAKUMHI
CPyNIaMi ¥ YHUBEPCAJBHON asredpanmveckoil TeoMeTpreil Hal HEOPUEHTH-
posanabIME (HeHANpaBaeHHbIMU) rpadavmu. OauH U3 PE3yabTATOB JAHHOM
paborsl (meopema 5) ycTaHABIMBAET TAKYIO CBA3L B MHOroobpasuu No s
CBOMCTBa HETEPOBOCTH TI0 YPABHEHUSIM.

Henrpamuzaropom MHOKeCTBA A 37eMeHTOB Tpynnbl (G HA3BIBAETCS MHO-
JKECTBO BCEX TAKUX DJIEMEHTOB Tpynnbl (¢, KOTOPhIE KOMMYTHPYIOT CPa3y CoO
Bcemu anementamu u3 A. Cornacho [16], neHTpasusaroprasi pasMepHOCTh
€CTh MaKCHMaJIbHAA AJIMHa Cpear BCEX CTPOTro y6bIBaIOH_U/IX OeIIo4vYeK IIeH-
rpasmzaropos. Kpome Toro, kak 6b110 oKa3aHo, Hanpumep, B [13], uenrpa-
JIM3aTOPBI 0OPA3YIOT PEIIeTKY, HA3BIBAEMYH) EHTPAJIU3ATOPHON PEIeTKOI.
IlongTne nearpann3aTopuoil Pa3MepHOCTH PYIIIbl COBIAIAET C MOHSITUEM
BBICOTHI IEHTPATU3ATOPHON PEIEeTKN JaHHoM rpykl. [Ipusegem HekoTopbie
BasKHBIE PE3YJIBTATHI, CBIA3AHHBIE C STUMU TOHATHAME, u3 pabor [13, 16]. B
[16] 6B17T0 TOKA3aHO, UTO KJIACC TPYIII, UMEOIIUX IeHTPATN3ATOPHY IO PeIeT-
Ky KOHEUYHOI BBICOTBI, YHUBEDPCAJIbHO aKCHOMATU3UpyeM, a B [13] 6bu1 npen-
JioKeH 3(pDEKTUBHBIIN aJITOPUTM BBIYUCIEHUS IEHTPAJU3ATOPHON pa3MepHOo-
CTU JJIS KJIacca CBODOIHBIX YaCTUIHO KOMMYTATUBHBIX DI, 060CHOBaHUE
KOTOPOTO B TOCIECTBIN OBIIIO YIPOIIEeHO B [17] Ha st3bIke mapabonaecKux u
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kBazunapabonieckux noarpyui. Kpome roro, B padore [18] 6b110 nokazaso,
9TO IIPOM3BOJIbHAA KOHEYHO MNOPO2KACHHAYA HaACTUYIHO KOMMYTAaTUBHAsL ABY-
CTYIIEHHO HUJIBIIOTEHTHAS IPYIIA ¢ HEKOTOPHIM IpadoM KOMMYTATHBHOCTH
UMeeT Ty Ke TeHTPAJU3ATOPHYI0 Pa3MEPHOCTh, YTO U CBOOOMHAS TACTUY-
HO KOMMYTaTHUBHAs TPYINa ¢ TeM e rpadom KommyraruBHocTu. B Hareit
pabore MbI 06001TaeM pe3ybTaThl |13, 18] Ha cyuail 6eCKOHETHO MTOPOXK ICH-
HBIX Tpymi (M. meopemy 2). Kpome TOro, OTMETHM, 9TO B JIOKA3aTEIBCTBE
AEMMBL 3 TPUCYTCTBYIOT UJEH, CBSI3aHHBIE C OJIOKAMU U OJIOKOBBIM PA3JIOAKe-
HUEM, TI0JIPOOHEE ¢ KOTOPBIME B CJIy4ae KOHETHO TIOPOXK IEHHBIX JIBYCTYIIEHHO
HIJIB[IOTEHTHBIX MPYII MOXKHO O3HAKOMHUTKCsI, Hampumep, B [19, 20].

B craree [11] aBropom 6butn cHOPMYTHPOBAHBI HEKOTOPBIE YTBEDPIKJIE-
Husi 6e3 gokazarenbcrs. Hacrosiiast pabora colepKuT 10Ka3aTeIbCTBa ITUX
YTBEPK/IEHU U HOBBIE PE3YJIBTATHI.

annas paboTa IOCBSAINEHA OTBETY HA BOIPOC O TOM, KaK CBS3aHbI CBOi-
CTBO HETEPOBOCTH 110 yPABHEHUSAM OT OJIHON IepeMEeHHON JaCTHIHO KOMMY-
TATUBHON IBYCTYIEHHO HUIBIOTEHTHON IPyIbl G ¥ BBICOTA, PEITEeTKN KaHO-
HUYECKUX IeHTpan3aTopoB G. Kpome Toro, Ha, OCHOBE IOy YEHHBIX PE3YIh-
TAaTOB BBIABJIEHA CBA3b C HETEPOBOCTHIO IO YPABHEHUAM rpacba KOMMYTaTUB-
vHOCTH ['¢ rpymmbl (G, paccMaTpUBAaeMOrO B KaTeropuu rpadoB C TMeTIaMU.
OCHOBHBIM Pe3yJIbTATOM JIAHHONW PabOTHI ABJISIETCH Meopema J, TPUBOIs-
miad OJ1d HpOI/ISBO.HbHOfI HYaCTU4YHO KOMMyTaTI/IBHOﬁ JABYCTYIIEHHO HUJIBIIO-
TEHTHOW rpynnbl GT IMeCTh KBUBATEHTHRIX ycaoBmit. Ha myTtw x jokaza-
TEILCTBY Meopemot 5 OBLT TTONYUIEH P PE3YIBTATOB, CPEIN KOTOPBIX TAKZKe
ormeruM saemmy 4. OHA TOBOPUT HAM O TOM, UTO CBOOOIHAST JBYCTYIEHHO
HUJBIIOTECHTHAA T'DYIIIa F2 B CUYETHOM HpHMOfI CTerneHn COACP2KHUT B Kadve-
CTBE NIOATPYHII BCE€ 9aCTUIHO KOMMYTATUBHBIC ABYCTYIIEHHO HUJIBIIOTCHTHBIE
I'PYLIBL, TO eCTb FY aBIIsIeTCst CBOEro POJa «YHUBEPCYMOM» KJIACCA BCEX Ua-
CTUYHO KOMMYTATUBHBIX ABYCTYIIECHHO HUJIBIIOTEHTHbIX I'DYIIII. HyHKT 1 SEM-
Mot 4 06061aer pesysnbrar |21, Jlemma 1] 06 annpokcuMupyeMocT KOHEIHO
HNOPOKACHHBIX YaCTUYIHO KOMMYTATUBHBIX JIBYCTYICHHO HUJIBIIOTCHTHBIX @-
TPy HA CAyYaill MPOM3BOJBHBIX YACTUYIHO KOMMYTATHBHBIX JIBYCTYIEHHO
HUJIBIIOTEHTHHIX A-cTeneHubix rpymi. [Touarwe A-cremeHHod Tpymmbl, Win
A-rpymmel, uim crenennoit MR-rpymmel, 66110 BBEIeHO B pabote [22| ¢ uc-
[OJIB30BAHNEM CINCKa akcuoM m3 [23]| (cremennas A-rpynma mo Jlmemomy)
U elmme onHON akcmoMbl, HazbiBaeMoit MR-akcmomoit. lannoe monsaTme BIO-
CJIEJICTBUM UCCIEI0BAIOCH U pa3pabaThIBaIOCh BO MHOTHX paboTax, cpeiu
KOTODBIX JIJIsl HIJIBIIOTEHTHOTO CJIydasi OTMETHM, K Tpumepy, [24, 25, 26]. B
TeKyIeil pabore MBI [0 yMOJYaHUI0 OYJIEM paccMaTpuBaTh Z-TPYIIIbLI, TO
€CTb TAKU€ I'PYIIIhI, JIEMEHTHI KOTOPBIX MOXKHO BO3BOJIUTH TOJIBKO B IEJIO-
YUCJIEHHBIE CTEIEHN.

Panee B pabore (3| 6b1 chopMyTHpOBAaH CIEAYIONUI BONPOC: IS Ka-
KUX T'PYII U3 HETEPOBOCTU 10 YPABHEHUAM OT OJIHOI MEpPEMEHHON CJie/lyeT
HETEPOBOCTb 110 ypaBHeHnAM? Kak 0Ka3ajaoch, /s ciryuas YacTUIHO KOMMY-
TATUBHBIX JIBYCTYIIEHHO HUJIBIIOTEHTHBIX I'DYII UMEET MECTO IOJIOKUTEb-
HBIIT OTBET Ha 3TOT BOMpoc. B JanHO# pabore OH MpeaCTaBIeH U JOKA3aH B
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Bujie meopemovr 3. OTmernm, 9ro B 00IIEM CjIydae Jjisi JIBYCTYIIEHHO HUJIb-
[HOTEHTHBIX I'PYIIl OTBET Ha BOIIPOC U3 [3] orpunaresbubiii. B pabore [10]
OBLT TTOCTPOEH MPUMEp JABYCTYIIEHHO HUJIBIOTEHTHON TPYIIIIBI, ABJISIOIIEHCS
HETEPOBOH 0 ypaBHEHUAM OT OTHON IepeMEeHHON, HO B KOTOPOM CYIIeCTBYET
OecKOHeUHasl CUCTeMa YPABHEHUI OT JABYX TEPEMEHHBIX, HE SKBUBAJEHTHAS
HHUKAKOM CBOEl KOHEYHOM ITOJCHCTEME.

[Tonb3ysichk ciyuaeMm, aBTOp BbIpaxkaeT HJIaroJapHOCTb CBOEMY HAyIHOMY
pyxrosoguTesio, Tpeitepy Anmexcannpy BuxkTopoBnudy, 3a MOCTABIEHHYIO 3a-
Jady W IIOMOIb B €€ PEIICHUN.

2 IlpenBapure/sibHbIE CBEAEHUS

JList 0O3HAKOMJICHUS C TEOPETUIECKO# 6a30it JaHHON CTATbU PEKOMEHTYEM
quraresro ciaeytomue paborsi: [1, 13, 15, 16, 27, 28|. Caeays um, upusejem
OCHOBHBIE HeO6XO,Z[I/IM])Ie HaM IIOHATUA.

Ounpenesienne 2 (|16]). Ecau cywecmseyem makoe yeaoe wucao d, 4mo
epynna G umeem cmpozo yowueaowyo yenoury OAuHs, d YeHMPasu3amopos
U He uMeem uenouky Oaunv, boavwetd, wem d, mo zosopam, umo G umeem
yenmpasusamopryro pazmeprocmy cdim(G) = d. Ecau maxozo ueaozo wuc-
aa d ne cywecmeyem, mo noaostcum cdim(G) = 0o u 6ydem 2060pumsv, 4mo
epynna G umeem GeCKOHEUHYIO UEHMPAAUSAMOPHYIO DAZMEPHOCTID.

Ormerum, aro paseHcTBO cdim(G) = 0o CIpaBeInBO IPU XOTsT OBl OJTHOM
U3 CJICOYIONIAX YCIOBUM:

e (G UMeeT CKOJIb YI'OJIHO JIJIMHHBIE CTPOro yOBIBAIOIIUE TETIOYKHU [1€H-
TPaJIi3aTOPOB;

o (G mMeeT HECKOHETHYIO CTPOTO YOBIBAOIIYIO MEMOYKY TEHTPATH3aTO-
poB.

[HenTpasmzaTop MOAMHOMXKECTBA TOPOXKIAIONIMX YACTUIHO KOMMYTATHB-
HOM IpyHbl MBI OYJIEM HA3BIBATH KAHOHUYECKUM UEHMPAAUSATIOPOM.

I'pynna G HazbiBaeTcs Tpynnoit 6es kpyvwerus, eCau jjisi JII00Oro Hee -
HUYHOTO 9jieMeHTa ¢ rpyiibl G u3 paseHcTea g"”" = 1 Beerja ciejayer paBeH-
creo m = 0.

O6osraunM yepe3 G’ kommyTtanT rpynnsl G. ['oBopar, aro rpynma G nme-
€T U3OAUPOSAGHHBIT KOMMYMAHM, CJIU PeIleHneM JTI0HOT0 YpaBHEHWUS BUIA
=g, tnea€Zul#geG, apnmorca sneMenTsl TOIbKO n3 G

3ameuanne 1. Kaowcdas 4acmuumno KOMMYMAMUBHAA 2PYNNG AGAAECMCA
2pynnol 6e3 KPpYweHus ¢ U30AUPOSAHHHIM KOMMYMGHIOM.

TloBopsr, uro rpymnmna G annpoxcumupyemca rpymmoit H, ecin jj1s jiroboro
HEEJUHUIHOTO 3dj1eMeHTa g € (G cylecTByeT Takoir romomopdusm h : G —
H, aro h(g) # 1.

IIycts g € G — HEKROTODSBIH 3emenT rpynmbl G. Obo3HaunMm depes «(g)
— MHOYKECTBO BCEX MOPOKIAONUX IPyNnbl (G, yIACTBYIOIINX B 3aIIUCH dJIe-
MEHTA (.
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ITycte Gr — 9acTuyHO KOMMYyTATUBHAS I'PYIIIa ¢ rpahoM KOMMYTaTUBHO-
cru I'. Paccmorpum rpad A — asoiicreennsiit rpad k rpady I', V(A) = V(T)
U BEPIINHBI T4, ; € V(A) cMeXKHBI TOT/Ia 1 TOJIBKO TOTIA, KOTAR (24, 5] # 1.
Jlerko zameruth, uro ecniu A = I1 U ... U I, voe I, ..., I — KOMIOHEHTHI
cea3HocTH rpada A, To mig MobblX x1 € I; n ko € I, i # j, [xi,x] =1
B rpace I'. st snementa g € G obosnaunm depe3 A(a(g)) — MaKCHMAITb-
"Bl Toarpad (To ecTh MHAYIMPOBaHHBIN ToArpad) rpada A Ha MHOKECTBE
BeprmH a(g).

I'pynnosoti asvik Lgy — 9TO SI3BIK, COCTOSIINIH U3 ABYXMECTHOrO (DyHKIHU-
OHAJILHOI'O CHMBOJIA - JIJIsi 0DO3HAYEHUs I'PYIIIOBON ONEpaIi YMHOKEHMWS,
OHOMECTHOTO (DYHKIIHOHAIBHOrO CHMBOJIa —+ (ofpalenne) 1 KOHCTAHTHOTO
cumBosia e (emumumna rpymib): Ly = {-, 7!, e}. Pacimmpenue sibika £ MHO-
JKEeCTBOM 371eMeHTOB rpynnbl G: Ly, g = LUG, Ha30BEM 2PYNNosvim A3olKOM
¢ konemarnmamu us G. B Tekyiei pabore Mbl 6y/1eM pacCMaTpPUBATD TOJIBKO
caydait s13pika Ly ¢ (TaK Ha3bIBaeMBbIl 1rn0daHnTOB Cirydail).

BHast oOIMil BU 97IeMEHTOB B JIBYCTYIIEHHO HUJIBIIOTEHTHON TPYIINe, MbI
vMeeM OOIMuit BUJ ypPaBHEHUsT OT OJHON repeMeHHo# x ¢ kosddurmentamm
g Vi a HaJ| JIBYCTYIIEHHO HUJIBIIOTEHTHO Tpymmoit: x%g[z,a] = 1, rue o € Z.
Tlox cucremoii ypaBHEHUIT HaJL JABYCTYIIEHHO HUJILIIOTEHTHON TDYNION MBI
6y}.‘[eM NOHUMATHh ITPOU3BOJILHOE HEITYyCTOC MHOXKECTBO ypaBHeHI/Iﬁ Hal 3TOMN
IPYIIION.

Touka A € G™ HasbiBaeTca pewenuem ypasrnenua S(X) asvika Lg g OT
n nepemenHbix X = {x1,Z9,..., 2y} Hag rpynnoit G, eciu G = s(A). Tou-
ka A € G"™ maseBaerca pewenuem cucmemsvr ypashenut S(X) mam rpymn-
noii G, eciu A siBAIETCS pelieHneM KasKa0ro ypasHeHus cucreMbl S(X).
MuoxkecTBO Beex pemennti cucrembr ypasuenwii S(X) maswBaror aszebpau-
weckum muootcecmseom Hag G u obosnagator yepes Vg (S(X)). e cucremsr
ypasuenuit S1(X) u Sa2(X) a3bika Ly ¢ HA3BIBAIOTCS 9K6UBAAEHMHbLMY HAJL
rpymmnoi GG, eciu uxX MHOXKECTBA, PEIIEHUN COBITAIA0T.

Ppynna G HasbiBaercs HEMEPOGOT MO YPAGHERUAM, €CJIU It JTFOOOIO 11e-
JIOTO TIOJIOXKUTEILHOTO N Jitobast cucrema ypasaenwii S(X) oT n mepeMeHHBIX
X sKBUBaJIEHTHA CBOell HEeKOTOpOi KoHewHoil mogacncreme So(X) C S(X).
Ipynma G HasbIBaeTCI HEMEPOBOT NO YPASHEHUAM 0M 00HOT nepemennotl,
w 1-némeposoti no ypasnenuam, ecin Jaobas cucreMa ypapaernit S(x) or
OZHO! NepeMeHHONH SKBHUBAJICHTHA CBOEH HEKOTOPON KOHEYHOH IIOACHCTEME
So(z) C S(x). Bymem ToOBOpUTE, 9TO CHCTEMa YDPABHEHUI HE SIBISETCS HETE-
POBOH IO ypaBHEHUsIM, €CJIU OHA HE 9KBUBAJICHTHA HUKAKOHW CBOeil KOHeYHOH
[OJICHCTEME.

B [6, Jlemma 1| mpencTaBien KpuTepuii HETEPOBOCTH 10 YPABHEHUAM 1751
GYHKIMOHATBHBIX aarebpandecKux CUCTeM. Be3 CylecTBeHHbIX W3MeHeHu i
9Ta JIeMMa CIIPABEJJINBA U JIJIsl TPOM3BOJIBHBIX aIre0pandecKux CUCTeM (CM.,
mHanpumep, |9, Jlemma 1]). [IpuBegem ee dopMynupoBKy /Jist TPOU3BOIBHOM
ayirebpanvyeckoil CUCTEMBI.
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Jlemma 1. Aunzebpauueckan cucmema A = (A, L) ne asasemces nemeposod
N0 YPASHEHUAM T0206 U MOALKO M020a, k0206 Haldymcea nocaedosamens-
nocmv aaemenmos {a;tien, a; € A", u nocaedosamenvrocmo ypasrerud
{3:1(X) }ien, X = {z1,22,...,2n}, aswka L makue, wmo A = s;(a;) daa
scex i € N u A= s4(a;) dan ecex j > i.

51(X)
» 559(X)

» S3 (X)

5,(X)

Puc. 1. Nnmocrpanus k aemme 1. Ilyakruphas awsus
Mexay a; u ;(X) osnauaer, uro A [~ s;(a;). Cromnnast -
Hust MexRay a; u s;(X) mpm j > i oznagaer, 9ro A = si(a;).

Heopuenmuposanhvim epagom rnasbisaerca napa muoxects (V) E), rae V
— HEIYCTOe MHOXKECTBO BEPIINH, 8 I/ — MHOXKeCTBO HEyHOPSIIOYEHHBIX 11ap
971eMeHTOB u3 V, Ha3bIBaeMbIX pebpamMu. [Ipon3BobHbIN rpad SIBAIETCS al-
rebpam9aecKoil CHCTEeMON HAI A3LIKOM {E(Q)}, rae OGuHapHLIl npegukar E
MCTUHEH Ha, [1ape BEPIIUH 1 U ¥ TOrA3 ¥ TOJBKO TOIA, KOMAA U U U CMEXKHBI.
B pab6ore, Hanpumep, [9] MOXKHO 03HAKOMHUTBCS C HEKOTOPBIMU HOHITHIMU
U3 YHUBEPCATBHOM anrebpanviecKoil TeOMeTpun, TPUBEEHHBIMH B Al TATHIT
Ha, A3BIK Teopuu rpadoB.

Onpenesenne 3 ([15]). ITyemv A — nodmmosicecmeo sepwun 6 epage T
Tozda opmozonanvroe donosnenue A onpedeasemcs caAcdyruwum o6pasom:

At ={uel |VYaec Adu,a) <1},
2de d(u,a) onpedearemca xax munumym cpedu ecex daun nymed, coedu-
HANUWUL SEPUWUHDL U U a. Feau u 4 a HAZOOAMCA 6 PASHBLT KOMNOHEHINAL
ceaanocmu, mo d(u,a) = 0o. Hosoosicum no onpedeaenuro B+ =T

®opwmynuposka |11, Teopema 1] roBopuT HAM JIUIITE O HATHYUN GECKOHEY-
HO CTPOro YOBIBAIOIIEH TIEMOYKHY IIEHTPATN3aTOPOB. OKa3bIBAETC s, CIIPABE/I-
JguB 6osiee oOIIMiT PE3y/IbTaT, MOKA3BIBAKOIINN, HAIPUMED, CYIIECTBOBAHUE
TaKOM IEMOYKN Ha KOHETYHBIX MHOXKEeCTBAX 3JIEMEHTOB Ipynmul. KpoMe Toro,
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MMEEeTCs elle U Pe/l HOJIe3HbIX /ISt HAC CBOMCTB, CBA3bIBAIOIIUX 1I0JIY YeHHYIO
LEIO0YKY LEeHTPAJIU3aTOPOB C UCXOAHON HeHeTepOBOd CUCTEMON ypaBHEHUI.
CdopmyaupyeM Bce 3TO U JOKAYKEM B BUJIE CJAEIVIONIEH JIEMMBI.

Jlemma 2. ITycms G — deycmynenno Husbnomenmuas 2pynna 6e3 xpyye-
HUA C UBOAUPOSAHHBIM KoMmymarmom. Tozda caedyrowue ymeaepoicdenus
IKBUBAACHMHDL:

(1) G ne asasemes nemeposoti no ypasHenuam om 00HOl nepemennol;
(2) 6 G cywecmsyrom nocaedosameavrocmu ypasrerud om 00Hol ne-
pemennots obwezo suda {x“ig;[z,a;] = 1}ieny u onemenmos {b;}ien,
ydosaemeoparouue semme 1;
(3) 6 G cywecmsyrom nocaedosameavrocmu ypasnenuti om 00Hotl nepe-
mennoti suda {[x, a;] = 1}ien u snemenmos {b; Yien, ydosaemeoparo-
wue aemme 1;
(4) 6 G cywecmsyem beckoneunas cmpozo YobBAOWAA UENOWKE UeH-
mpaausamopos C (A1) 2 C(A2) 2 ... 2 C(4;) 2 ..., 2de A; =
{al, e ,ai}
Jloxazameavcmeo. DKBUBAIEHTHOCTD «1 <= 2» IpeACTaBIgeT COOOI AeM-
my 1. Crencreue «3 = 1» cnpaBenmBo Takzxke B cuity aemmo 1. Crnencreue
xKe «4 = 1y umeer MecTo UCXojd u3, Hanpumep, [11, Jlemma 2].

Ilepeitnem K goKazaTeabcTBY «2 = 4». Ilycrs B G CymIecTBYIOT TOCTIEI0-
BaTebHOCTD ypaBrennit S(z) = {z%g;[z, a;] = 1}ien 1 mOCIEJ0BATETEHOCTD
semenToB {b; }icny Takue, 90 b7 g;[b;, ;] # 1 muis Beex i u b;?”gi [bj,a;] =1
st Beex j > 4. PacemoTpuMm mpoussosibHOE ypasHeHnue x%ig;[r, a;] = 1 cu-
crembl S(x) u bip1 — ero pemenne. Caenaem Bo Bceil cucreme S(x) 3aMeHy
nepemernoit © = b;y1y. Torma (bi11y)*gi[biv1y,a;] = 1. Bossenst nepsyto
CKOOKY B CTENEHb M PACIUCAB KOMMYTATOP, MCIOJIb3ys CBOWCTBA TPYIIILI
G, nas mexoroporo «y moyamM y*ibi gilbiv1, aily, ail[biv1,y]7 = 1. Tax
KaK bjy1 ABIAETCS PEIeHHeM 3TOro ypasuenus, 10 b3l gi[bit1,ai] = 1. To-
ria y*i[y, a;][biv1,y]? = 1. Honyaaem, uro y* = [ai, y][y, bi+1]?. Cyaa no
MOCJIEIHEMY PABEHCTBY M UCXOJA M3 TOTO, 9TO KOMMYTAHT rpymnbl G u30-
JIUPOBAH, 3HAYEHHE TePEMEHHOMN y 00513aH0 OBITH 3 KOMMyTaHTa TPYIIsl G.
W3 onpenenenns aBycrynenHo HusbnotenTHo# rpyunst ([[f1, f2], f3] = 1 mua
BCex f1, fa, f3 € G) momyuaem, aro y* = 1 u, cregoBarenbHo, Tak Kak G
~ rpynna 6e3 kpyuenus, «; = 0. Torma kaxgoe ypasaenue cucrembr S(x)
umeer Buj g;[z,a;] = 1.

Paccmorpum nepsoe ypasnenue g1[z,a1] = 1 cucrembr S(x). Caenaem Bo
Beeit cucreme S(x) 3ameny nepementoii @ = boy. Torma nepsoe ypashenue
npumet Bu g [boy, a1] = 1. Orcroma g1[ba, a1][y, a1] = 1. Tak kak by siBasIET-
sl perenneM 3Toro ypasaenus, 10 gi[be, ai] = 1. TakuM o6pazom, MBI Opu-
I K ypaaeruto [y,aq] = 1. Ilepenvenyem B mosydenuoii cucreme Si(y)
nepemennyto y B x. Ormerum, aro cucrema Si(x) He sIBJIsIETCS HETEPOBOIi 110
YPABHEHMUSIM.

Ilepeiiem KO BropoMy ypaBHEHHIO g 1[x,as] = 1 cucremst S1(z). Orme-
THUM, 9TO OHO, BOOOIIIE TOBOPS, MOTJIO N3MEHUTHCSA B PE3Y/IbTATE IPEABLAY et
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3aMEHBI IIePEMEHHON — OTCIONA 1 IIapaMeTp g 1. Paccmorpum by | — petenue
HEPBbIX JABYX ypaBHeHuil (ucxojgnoe bs yxke Moxker He ObITh TaKuM pere-
HEEM), KOTOPOe CYIIECTBYeT B CHIY Aemmbi 1 st cucreMmbl Sp(z), He sB-
asomeficss HerepoBoit mo ypasuenusiM. Cremaem B Sp(x) 3ameny x = b3 1y.
Torma, aHAJOTHYHBIMU PACCYKIEHUSIMH, BTOPOE YPaBHEHNE BO3MOMKHO MPH-

BECTH K BUIY [y,az] = 1. Bamerwm, 9T0 BUJ IEPBOrO YPAaBHEHHUsI TIPHU JIaH-
HOll 3aMmene ne m3Mmenutcs. eficrsutensno, umeem [b31y,a1] = 1. Torma
[b3.1,a1][y,a1] = 1. 113 Toro, 4ro b3 sIBJISETCS peI€HNEM LEPBOTO yPaBHE-

HusI, TO ecThb [b31,a1] = 1, mostyuaem [y,a;] = 1.

TaxmM 06pa3oM, TPOJOJIZKast JTAHHYI HPOIEAYPY, MBI HOJIYyUHM IOCJIE-
noBaTeIbHOCTE KoHedHbIX cucteM {S<i(2)tien = {{[z,a;] = 1}j<itien u
[OC/IeI0BATEIBbHOCTL 31eMeHTOB {{b;;}j<it2}ien. Paccmorpum masa mpoms-
BOJTBHOTO § KOHEUHYIO Ternouky MHOKecTB A1 C Ay C ... C A;, toe A; =
{ai,...,a;}. Ilokaxkem, 9TO CHOpaBe/IuBa CJIEAYIONAsd KOHEUHAs I[EMOYKa.
Baokennii nenrpammsaropos: C(A;) 2 C(A2) 2 ... 2 C(4;). Heiicru-
TeJIBHO, [ig Ipou3BoJbHOro j < i m3secrno, uro C(A;) O C(Ajy1). On-
Hako C(A;) 2 bjt1,-1 € C(Aj41). Hpu sTom 3amernm, aro ecim Ajpq =
A;U{ajt1}, 1o C(Ait1) wenycero u C(4;) 2 C(Aj4+1). Takum obpasom, Tak
KaK ¢ TPOU3BOIbHOE, OBLIO TOKA3AHO HAJINYNE DECKOHETHON CTPOTO yOBIBA-
tomeit rienouku nerrpaauzaropos C(A1) 2 C(A2) 2... 2 C(4;) 2

«4 = 3». Ilycto B G mMmeerT mecTo OECKOHEUHAT CTPOTO yOLIBAIOMIAS
nerouxa nentpammsaropos C(41) 2 C(A2) 2 ... 2 C(4;) 2 ..., t1e
Ai = {ar,...,a;}. Tycrs by € C(A)\ C(Az). Torpa maitnerca sieMent
a1 € Ag \ Ay raxoit, uro [by, a1] # 1. ycrs by € C(A) \ C(43). Torpa naii-
JeTcs 7eMeHT ag € As \ Ag Takoii, uro [bg,ag] # 1. HecmoxkHO 3aMeTHUTH,
aro mpu 310oM [bg,a1] = 1. Takum 06pasoM, IPOIOIZKAS JAHHYIO TPOLETY-
Py, MBI 3aMedaeM, 9TO CYTMECTBYeT Mapa TOC/Ie0BaTeTbHOCTeH 31eMeHTOB
{a;}ien n {b }ien Takas, 4To [bl,al] # 1 ans Beex i n [b],az] = 1 ang Beex
J > . ([l

3 llenmoykm IEeHTPAIU3aTOPOB B OECKOHEYHO IMOPOXKAEHHBIX
YaCTUYHO KOMMYTATUBHBIX TI'PYIIIaX

Panee B paborax [13] u [17] 6b10 HOKA3aHO, YTO CYIIECTBOBAHUE CTPOTO
yBbIBaOIIEH 1EMOYKH IEHTPATHU3ATOPOB MaKCUMAJIbHON JAAHBI d B TIPOU3-
BOJIBHOM CBOOO/[HO KOHEYHO [TOPOKJAEHHON YACTUYHO KOMMYTATHBHOMN I'PYyTI-
1€ 9KBUBAJIEHTHO CYIIIECTBOBAHWIO CTPOr0 YOBIBAIOIIEH ENOYKHN JJINHBI d Ka-
HOHMYECKUX I[eHTpasm3aTopos. Ha ocHose s1ux pabor B [18] Obur monyuen
AHAJOTUYHBIN PE3YIbTAT JJjis KOHEYHO MOPOXKJIEHHBIX YACTHYHO KOMMYTa-
TUBHBIX ABYCTYTEHHO HUIBIOTEHTHLIX Pynn. OObennHnM 1 HATOMHUM 003
TU PE3Y/IbTATa B BU/JIE CJIEAYIONIEN TEOPEMBI.

Teopema 1. [lycmv G — xoneuno noposicdennan 2pynna. Toeda yenmpasu-
34MOPHAA PasmePpHOCcb 2pynnst G PasHG BHICOME PEUEKY KAHOHUYECKUT
YEHMPALAUSAMOPOE 8 CACOYIOULUL CAYLAAL:
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(1) [13, Teopema 3.3] G — c60600HaA HACMUNHO KOMMYMAMUEHAHA 2DPYN-
na;

(2) [18] G — dsycmynento HUALNOMEHMHAA HLACTIUNHO KOMMYMAMUG-
naf 2pynna.

Ucnonbayst 31y TEOpeMy JIOKAXKeM CJIEACTBUE, I'OBOPSIIEE HAM O TOM, YTO
Jutsd JII0DOH cTpOoro yObIBAIONIEHN 1I€II0YKHU 1IEHTPAJIU3ATOPOB 1IPOU3BOJILHOMN
JITMHBL (HEe 00s13aTe/IbHO MAKCHUMAJIBHOI) CYIIECTBYET CTPOTO yOBIBAOIIAST
IernoYka KAaHOHNYECKUX ITEHTPAIN3aTOPOB TaKOM Ke JIJTUHBI.

CaencrBue 1. Ilycmos G — koHewno nopootcdennas epynna. Toeda das ato-
60t cmpozo Yomsawel Uenouky UeHMPIIU3GMOoPOs KOHEUHLL MHONCECTNG
anemenmos u3 G cywecmsyem cmpozo YyoweaouLaa Yenowka KaHOHUeCKUT
YEHMPAAUZAMOPOS MAKOT HCE OAUHDL 8 CACOYOUWLUTL CAYUAAL:

(1) G — ¢60600HaA YACMUNHO KOMMYMAMUSHAA 2PYNNA;
(2) G — dsycmynenno HUABNOMEHMHAA YACTNUYHO KOMMYMATNUSHAL
2pynna.

Joxasameavemeo. M3 [29] m3BecTHO, UTO BCe KOHEYHO MOPOXKIEHHBIE Ha-
CTUYHO KOMMYTATHBHBIE TPYIIbI JWHENRHbI, a u3 [16] — uTo BCe KOHEUHO
MOPOK IEHHBIE IMHEAHBIE TPYIITHI UMEIOT KOHEIHYO IEHTPATN3ATOPHYIO Pa3-
MepHOCTh. [103TOMY B JAaHHOM JI0Ka3aTeIbCTBE HaM J0CTATOYHO PaCcCMaTPU-
BaTb TOJIBKO HEIIOYKN KOHEYHOM JJIMHDBI.

ITycts B rpynmne G uveer mecto nenodka nearpanun3aropos C(A) 2 ... 2

=

C(4;). Ecan 912 1nienodka neHTpasn3aTopoB MaKCUMAJbHON JIHHBL, TO, 110

meopeme 1, B G cymecryer nenodka nearpaimusaropos C(X1) 2 ... 2D
C(X)) Takoil ke JyIMHBI HA HOJMHOKECTBAX OPOXKAAOMNX rpynibl G.
ITycrs nenouka C(A1) 2 ... 2 C(4;) ne makcumanbHO# jJymubl B G.

Torsa B G cyuiecTByer LEnovka HeHTPaJIN3aTOPOB MAKCUMAJIbHOMN JIJIMHBL:
C(B1) 2 ... 2 C(Byg), rae d > [. Kak 06b110 y:Ke 0TMEYEHO Bblile, d — KO-
neunoe auciao. Torga, coracuo meopeme 1, 8 G CyLIeCTBYeT LEMOYKA LIEH-
rpasmzaropos C(X71) D ... 2 C(Xy) rakoil xKe JUIMHbI Ha [10JMHOXKECTBAX
nopoxgaromux rpynnsl G. B nemouke C(X1) 2 ... 2 C(Xy) MBI MOXKeM
paccmorpers nognenodky C(Xp) 2 ... 2 C(X;) Takoil ke JJINHBL, 9TO U
ucxonnas nernouka C(A;) D ... D C(4)). O

Jlajiee B 9TOM IMYHKTE MbI TIOKAXKEM, ITO Meopema | CIpaBeIIuBa U B CIy-
qae OEeCKOHEYHOrO MHOXKECTBa MOPOXKIAIOINX. Bojee TOro, orMeTum, 9TO
eC/IM B IPYIIE CyHIeCTBYET CKOJIb YTOJHO JyiuHHAs (GeCKOHEeYHast) CTPOro
yOBIBAIOIIAs IENOYKA [EHTPAIN3ATOPOB, TO 3HAYUT B ITON IPYIIE CyIIe-
CTBYET U CKOJIb YTOJIHO JITTHHHAS (6€CKOHETHAsT) CTPOTO YOBIBAOIIAS [IEMOYKA,
KAHOHHYECKHUX IeHTpagn3aTopoB. C Apyroil cTOpOHBI, HAM B JAHHON pabo-
Te HeOOXOANM JINIb CIyYail, KOTJa IeHTPAIN3ATOP OEepercs M0 KOHETHBIM
MHOXKecTBaM (cM. MyHKT 4 semmor 2). C 1ebio n3bekaHust TEXHUIECKUX
TPYAHOCTEH MBI OTPAHIIUMCI 3TUM.

3aMeTnM, ITO PA3HOCTH MEXKIY IBYMsI PA3INIHLIMYE KAHOHUIECKUMHE TEH-
TPAJIM3ATOPAME BCETTA COIACPKUT XOTsI ObI ONWH ITOPOKIAMOMINA T'PYIIILL.
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Cdhopmyupyer u JOKaxKeM 3TOT (PaKT, KOTOPBIA IIPUTOIUTCS HAM JaJee; B
BUJIE CJACAYIOMIECIO IIPEJIOKCHUS.

Hpepnoxenne 1. Ilycmsv X1, Xo — nodmmoosicecmea noposcosowus +a-
cmusHo Kommymamuenot epynnoe G (603M0HCHO GECKOHEYHO MOPOAHCIEH-
noti) makue, wmo C(X1) 2 C(X2). Toeda moocno natimu maxot noposicda-
rowut x epynnu G, wmo x € C(X2) \ C(X1).

Aoxasamenvcmeo. Paccmorpum smement w € C(X2) \ C(X1). Torna mua
JEOOBIX Y € X9 CIIpaBeIMBO PABEHCTBO |y, w| = 1 U c/1e10BaTeNbHO, TaK KaK
G YacTUIHO KOMMYTATHBHAS IPYIIA, J/Is JIOOBIX HOPOXK /AKX T I'PYTIIIBL
G, y9acTBYIOIUX B 3amucH dteMeHTta w, [z,y] = 1. C apyroii cTOpoHHI,
cymiecTByer Takoit z € X, 4ro [z, w] # 1, a 3HAYWUT, OLATH K€ B CHJIY TOrO,
970 (G 9aCTUIHO KOMMYTATHBHAS IPYIIIA, CYIIECTBYET TAKOH ITOPOZK IO
x rpynusl G, y9acTBYIOIIUI B 3aIlUCH dJ€MEHTa w, 910 [T, z] # 1. Takum
obpazoM, cymecTByer Takoi mopoxkparomuit & rpymmsl G, uto x € C(X2) \
C(Xy). O

3ameuanne 2. Hcxods us npedaoocenus 1, xascdoli cmpozo ybwisaroued
UYENOUKE KAHOHUNCCKUT UCHMPAAUSAGMODOS YACTNUBHO KOMMYMAMUSHOT 2pyn-
N MOIHCHO G3AUMHO OJHOSHAUHO CONOCMAGUMD CIMPO20 YOBISAIOULYIO UETLOY-
KY 0PMO20HAAbHBLL donoanenuti 6 ee epade Kommymamusnocmu. Jeticmeu-
meavro, nodmmoscecmeam noposicdarowur X1 u Xo 4aACMUYHO KOMMYMG-
muenol epynno Gp coomeememeyom nodmnoosicecmea eepwurn X1 u Xo 6
epagpe wommymamuenocmu L. A snauum, wmo ecau C(X1) 2 C(X2), mo
Xi 2 X5

Cremytoriee mpeaoKeHne TOBOPUT HAM O TOM, ¥TO TPU HATHIHH OECKO-
HEYHON CTPOTO yOBIBAIOIIEH 1IEMOYKY MEHTPAIU3ATOPOB, B3ATHIX IO ITOIMHO-
JKECTBAM DJIEMEHTOB, Mbl MOYXKEM PACCMATPUBATH DECKOHEUHYIO CTPOrO yOBI-
BAIOIIYIO IENOYKY MEHTPAIN3ATOPOB, B3STHIX II0 NPEACTABATENAM U3 KaXK-
J0ro II0AMHOXKECTBa 3/IeMEHTOB.

IIpennoxkenne 2. I[Iycme G — dsycmynenio HuAbNOMEHMHAA YACNUYHO
Kommymamuenas 2pynna, v 6 G cywecmseyem beckoneunas cmpozo youea-
0WGAA YENOYKS UEHMPAAUSATOPOS

C(D1)2C(Ds)2...2CDy) 2 ...,

= =
ede D; C Djiy. Toeda dan nexomopwx a; € D1 u a; € D;\ Di—1 6 G
cnpasedausa beCKOHEeMHAA CMPo2o YObeaUaA UENOUKe UERMPAAUSATOPOS

C(a1) 2 C(ar,a2) 2 ... 2 C(ar,a2,...,ap) 2 ...

=

Zoxazameavcmeo. s KaxKOOro ¢ CyIIECTBYET TAKOM b;, 9TO IJIT BCEX a1 €
D,y copaBennuBo paseHcTBO [bj,a;—1] = 1 u [bj,a;] # 1 nas HEKOTOPO-
ro a; € D; (oueBuano, uTo a; nomkeH 6eiTh w3 D; \ D;_1). Beibepem a; B
MHOXKecTBe D1 MPOM3BOJBHBIM 00pa3oM. DiaeMenT ag u3 Dy \ D; BbIGepem
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rakuMm, 4To0bI [bo, as] # 1. IIpojoskas maHHYIO MPOUEAYDPY, IIOJLyUYUM Ta-
KYIO [I0CJIEJ0BATENbHOCTD {a; }ieN, 910 B rpyune G cupasejjinsa 0ecKoHeu-
Has CTPOro yb6bIBaromas remnodka rentpaausaropos C(ay) 2 Cl(ay,az) 2

=

.Clar,ag,...;an) 2 ... O

=

W3 npedaoorcerus 2 B 9aCTHOCTU BBITEKAET

Caencrsue 2. Ilycmv G — deycmynento HUALNOMEHRMHAA YACTVUYHO KOM-
MYMAMUEHAA 2DYNNA, U A1, A2, ., Un, ... — MAKAA NOCACOOBAMEALHOCTD
anemenmos epynnos G, wmo 6 G cnpasedausa beckoneuHas Cmpozo Youearo-
WGA YENOUKE UEHMPAAUSGNOPOS

C(a1) 2 C(ar,a2) 2 ... 2 C(ar,a,...,ap) 2 ...

Tozda dan 210601 moromonro sospacmatouseli nocaedosamenvrocmu {i;}jen C
N 6 G cnpasedausa beckoneunan cmpozo YyoueaIousaa Yenouke YeHmpaiu3a-
mopos

Claiy) 2 Claiy, aiy) 2 ... Claiy, Qigy oo, Qi) 2 o ne

= = =

JokaykeM CIETYIONIYIO JIEMMY, ABJISIONIYIOCS KII09IeBOH B JAHHOM ITYHKTE.

Jlemma 3. Ilycmo G — deycmynenno HUABTOMERNMHAA YACTUYHO KOMMY-
mamuenas zpynna. Tozda caedyroujue ymeepicoenua IK6UBANCHIMHDL:

(1) G ne asasemea nemeposot no YpasHenuam om 00not nepemennot;

(2) 6 G cywecmeyrom nocaedosamenrvrocmu ypasherut om 00not nepe-
mennol euda {[x,d;] = 1}ien u anemenmos {r;}tien, ydosaemsopsio-
wue aemme 1, 20e d; u r; — nopoorcdarowsue epynnv G;

(3) 6 G cywecmesyem beckonenunas cmpozo YOLEAOULAA UENOUKE KAHO-
nuveckur yenmpaauzamopos C(D1) D C(Da) 2 ... 2 C(D;) 2 ...,
20e D; = {dy,...,d;} — nodmmnoosicecmea nopoorcdarowux epynno G.

Hoxaszameavemeo. Ciefcteue «2 = 3» COPABEJINBO B CHJIY CJIEJICTBUS
«3 = 4y w3 aemmor 2. OOpaTHOE yTBEpXKJEHNE «3 => 2% WMeeT MeCTO B
cuty «4 = 3» u3 aemmor 2 u npedaoosicerus 1. Creacreue «3 = 1» BbITEKA-
er u3 «4 = 1» aemmun 2.

Hoxkazxem octasieecd «1 = 3». [lycts G He aBageTcst HETEPOBOT IO ypaB-
HEHUSM OT OfHON mepemennoii. Torma, B cuiay aemmur 2, B G CcyIecrByer
OeckomeuHasg CTPOro yObIBAONIAS TETIOYKA [EHTPAIU3ATOPOB

C’(al)QC(al,ag) 2...20(0,1,0,2,...,(1,1) 2.

=

ITycts ¢ : G 3 a — {c1,¢2,...,¢n,} C afa), Tme ¢; — Takme TOPOKIAIO-
mue rpynmbl G W3 3anucy JIeMeHTa a, 9To [¢;,q] = 1 mag Beex ¢ € afa).
OrmernM, ato ecnn c(a;) = a(a;), 1o C(a;) = C(afay)).

1. Ecau cymectByeT Takas beckoHedHAas mojnociaeaosaresbaoctb I C N,
aro s Beex © € I ¢(a;) = a(a;), To ¢ moMOmBID caedemeus 2 miepedimem
K paccmorpennio B G 6eckoneunoii nenoukn C(a;,) 2 Clai,, aiy) 2 ... 2
Claiy, @iy, ... 4,) 2 ...,tned; € I, j € Nu qs Beex i € I ¢(a;) = a(a;). B

=
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neJigX yuporienus obo3nadeHuii u 6e3 orpanundenus obmrHocTr Oyrem cau-
tarh 9T0 I = N u ur0 Takad nenodka 1neHTpan3aTopoB ObLIa y HAC U3HA-
JabHO. PaccMOTPUM 3TOT caydail mo3gHee.

2. IlycTe Taxoit moamocaemoBaTeabuocT [ He cyiecTByeT. Toraa cyite-
CTByeT TakKas OecKOHedHas mommocaenoBarenbuocTh J C N, uro mmst Bcex

j € J claj) # oaj). Ananornano 6ynem cumrtars, uto J = N, um 9ro
crepytomas GeckonedHasi mernouka B G Obuta y Hac msnadaabao: C(ay) 2
C(ar,a2) 2 ... 2 C(ay,a9,...,an) 2 ..., vae c(a;) # ala;) oas Beex
1. Torma KaKOblil 371€MEHT a; MOXKHO 3allCATh B CJICIYIOIIEM BHIE: 4; =
i Qi1 Qi2 - Qi TAE C = H w (ecsm c(a;) mMycro, TO MONIOKUM
wec(a;)

¢; = 1), a ¢;; — Takoe ca0BO, UTO [¢;;,qi k] = 1 mast Beex j,k = 1,n;,

( (¢ij)) — cBs3ubiii rpad. Bomee mogpobHO ¢ maHHOW TeMoii, CBs3aH-

HOU C 6 JIOKAMU U 6.HOKOB]:)IM Pa3JI02KEeHneM, MOXKHO O3HAKOMHWUTLCA, HaIlPH-
mep, B [19, 20]. Ormerum, uro C(a;) = C(¢i,qi1,4i2s-- -, qin,;)- Tak Kax
C(ay,azg,...,a;) 2 C(ay,a9,...,a;,a;+1), TO CyIIECTBYET TAKOH b;i1, 9TO
[bit1,a;] = 1 gnsa Beex j < 4, 1 [bit1,ai+1] # 1. CaepoBarensuo, [bit1,¢] =1
u [bit1,¢,;] = 1 ana Bcex j = 1,n;. Kpome Toro, nmeer Mecto XoTs ObI
OJIMH BAapHAHT U3 CJACAYIONMX ABYX: [biy1,cit1] # 1, wmn [big1, Gip1] # 1
st Hekoroporo j € {1,...,m;11}. dist kaxkmoro b; 0obo3HaunM 1yepes p; Ta-
KOIf 9/IeMeHT U3 MHOXKECTBa {Cj, ¢i1,---,qin, }, 970 [bj, p;] # 1. Torna B G
IMEeT MEeCTO OECKOHEYHasd CTPOro yOBIBAIOIIAd HEMOYKa HMEHTPAIN3aTOPOB
Clp1) 2 Clp1,p2) 2 --- 2 CP1,p2,---,Pn) 2 - - -

2.1. Ecnu cymiecrByer Takas 6eckoHedHas momnocaenoparespHocts I C N
9TO I BCex ¢ € I p; = ¢;, TO C MOMOIIBIO caedcmeus 2 nepeiiieM K paccMoT-
pernio B G 6eckoneqnoii crporo yoniBarorueit nenoakn C(p;, ) 2 C(piy, piy) 2

2 C(piysDigs---+Di) 2 -.., Ta€ i € 1. s ynpomenust obo3nade-
HEN ¥ He OTpaHWYmWBasg OOIMIHOCTH OyIeM CUHTATH, UTO TaKas IETMOYKa Y
Hac ObuTa m3HAYaIbHO U obo3HaumM ee depe3 C(ar) 2 C(ai,az2) 2 ... 2
C(ar,az,...,ay) 2 .... OueBugHO, 9T0 B JaHHOM caydae c(a;) = «(a;) u,
TakuM 00pa30M, MBI TIPUILIN K CIy4aio 1 BeIe.

2.2. Tlycrs Takoit moanocaemoBarenpuoctu [ we cymectsyer. Torma cy-
IIECTBYeT Takas beckonednas mozmnocaeaoBareabuocts J C N, aro maa Bcex
J € J pj # c¢j. C momompio caedemeua 2 nepeiizieM K paccMoTpernio B G bec-
koreunoit nenoukn C(pj,) 2 C(pj1:Pjs) 2 -+ 2 C(Dj1sPjas -+ Pjn) 2 -+
rae j; € J. Amagornuno 6yneMm cuntarh, uTo J = N, u 9T0 Takas remnodka
y Hac 6bl1a ¢ camoro Hadasa u obozHaunm ee depes C(ay) 2 Cla,az) 2
... 2C(a1,a9,...,ay) 2 .... OrmernM, uto B nansoMm ciaydae c(a;) # a(a;)
u A(a(a;)) — ceasabrii rpad.

Takum 0bpazom, st HECKOHETHOH CTPOTO yOBIBAIOIIEH IEMOYKY IEHTPA-
muzaropos C(a1) 2 Clai,a2) 2 ... 2 C(ai,ag,...,a,) 2 ... uMeeM jBa

=
B3aNMOUCKJ/IIOTAIOIMUX CJIydad:

o s sioboro ¢ € N ¢(a;) = afa;) (1w 2.1);
o s yiioboro ¢ € N ¢(a;) # ala;) n A(a(a;)) — cBsasubeiit rpad (2.2).
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B nepsom ciyuae mosoxuM Dy = alar) n D; :=D; 1 U a(a;). Taxk Kak

C(ay,az,...,a;) 2 C(ai,as,...,ai,a;+1), TO CylmecrByer Takoii bj;1, 410
[biy1,a;] = 1 gas Beex j < @, u [biy1,ai41] # 1. YaureBas, 910 1yId Kaxk-
qoro i € N ¢(a;) = a(a;), nonyaaem: [bit1,¢] = 1 ans Beex ¢ € afay) U

alaz) U ... Ua(a;) u [bit1,civ1] # 1 maa vekoroporo ¢ir1 € afaiyr). Ta-
KuM obpazom, B G cripaejinBa OeCKOHeYHas CTPOro yObIBaroliast nernouKka
KaHoHu4Yeckux nenrpasusaropos C(D1) 2 C(D2) 2 ... 2 C(D;) 2 .... Ilo
npedaoocenuro 2 B G cymecTByer u OECKOHEUHAsT CTPOIO YOBIBAKOIIAS 1109~
Ka KaHOHWYecKnx merTpamn3aTopos C(D1) D C(D2) 2 ... 2 C(D;) 2 ...,
rae DZ = {dl, e ,dl}

Ilepeitmem ko BTOpoMy cay4aro. Ilo «4 = 3» u3 aemmor 2 B G CymecTBy-
eT Takas MOCJIe0BATEIBHOCTE 31eMeHTOB {b;}icN, uTo misa jroboro @ € N
[ai,b;) # 1 u gns mobbix j < 4 [aj,b;] = 1. Ilomoxum Dy := {di}, rae
dy € a(ay) Takoit, aro [d,bi] # 1. Ecau cymecrByer Takast 6ecKoHeIHAS
nognocaesoBareabaocts I C N\ {1}, aro [dy,b;] = 1 pnst Becex @ € I, To
nepeiigeM K Heil U pojiesiaeM TaKyIo ¥Ke IMPOIeLyPy JJIsl CIEAYIONIEro Gyin] -

IIycts Takoit noanocaemosaresbuoctu I Her. Torna paccmorpum 6ecko-
HeuHyto noxanociaenosareasaocts J C N\ {1} rakymo, €ro [di,b;] # 1 aus
BCex j € J, u nepeiijieM K Heil. Bes orpanudenus oOMHOCTH OyIeM CYUTATD,
gro J = N\ {1}. Bamernm, aro a(a;) C a(b;) maa Beex i > 1. deiicTBuresnb-
HO, Besib [a1,b;] = 1 u [dy,b;] # 1 ans Beex ¢ > 1, a 910 3HAYUT, YTO b; MOKHO
samcath B Buge b; = af - w;, e k € N u [w;, a1] = 1. Torga obosmaany
qepes b; JIEMEHT, IOy 9eHHBIH U3 b; YAALEHIeM U3 ero 3aliCh BCeX TOPOK-
narormux n3 muozkecrsa a(aq) \ {d1} ¢ coxpanenuem Bceii ocTanbHON 3amUCH.
Bamerum, 4To Jyist J060r0 ¢ > 2 HEBO3MOXKHA CUTYalUsl [az, lN)l] # 1, Beap
TOT/I, BBIXOAMJIO OBl 9TO a9 = all nig mexkoroporo | € N, a 9370 HEBOBMOXKHO,
TaK Kak [ag,bs] # 1 u [a1,b2] = 1. Kpome Toro, Hepoamoxkua u curyanus
[ag, 52] = 1: B TakoM Cjyuae BbIXO 10 Obl uTo [ag,q] # 1 s HEKOTOPOTO
q € a(a1)\{d1}, aBens [az, b;] = 1 mnga Beex ¢ > 2, u ipu atoM a(ay) C a(b;).

[TpomoazKast JAHHYIO MTPOIELYPY, MbI TOJIYIUM TaKYIO MOCTIEI0BATETHHOCTD
nopoxkaaronux {d; }ien, 17t Koropoit B G cripaBeiinBa 6eCKOHEUHAsT TETT0Y-
K& CTPOTO yOBIBAIONINX KaHOHMIeCKHX IeHTpaau3aropos C'(Dy) 2 C(D2) 2
QC(Dn)Q,Fﬂ;eDZ:{dl,,dl} |

B pa6ore [18]| u3 moKa3aTesbCTBA OCHOBHON TEOPEMBI CJIEYET, UTO JJIsT KO-
HEYHO TOPOXKJIEHHBIX YaCTUYHO KOMMYTATUBHBIX IPYII CTPOrO€ BKJIOUEHUE
[EHTPAIU3ATOPOB, KAK [OJIMHOYKECTB 3JIEMEHTOB, B CBODOIHOM CJIy4Yae U B
ciydae JIBYCTYHEHHO HUJIbIIOTEHTHOr0 MHOroobpasusd sxkpuBajienTHbI. Cdop-
MYJIIDYEM U JIOKaXKeM aHAJIOIMYHOE yTBEPIKJIeHUE [1jisi HECKOHEYHO TTOPOXK-
JIEHHBIX [PYIIIL.

IIpennoxkenue 3. ycmo X = {x1,22,...,2Zp,...}, G — beckoneuno no-
POdHCIEHHAA CBOBOOHAA HACTNUNHO KOMMYMAMUBHAA 2DYNNG C MHONCECTNEOM
nopooicdarowur X u epaom xommymamusrnocmu I', u G, — beckonerwno
NOPONCICHHAA HACTNUNHO KOMMYMAMUSHAA 08YCTNYNEHHO HUALTLOTEHMHAA
ZPYNNG ¢ Mem dice MHOdICECTNEoM noposicoarowur X u mem e 2pagom
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rommymamusnocmu I'. Tozda das a0bozo m € N u a00wx ssemenmos
Tiyy Tigy ++ v s Ligpy Ligyy1 € X

Cg(xil,ﬂfiQ, . ,l‘im) 2 Cg(.’Eil,CL‘Z'Q, e 'xim?l‘im,-ﬁ—l) <
CGN2 (xi17xi27 DRI l‘im) 2 GN2 (x’i17xi27 ey Ly Ii7n+1)'
Aorasameavemeo. «<=». Ilyers Cay, (Tiy, Tig, - -+ Tiny) 2 Chn, (Tiys Tigs -+ -y Tiys Tiyr)

/ISl HEKOTOPBIX 3JIEMEHTOB I, € X u gns mwekoroporo m € N. Torma cyre-
CTByeT Takoii asiement g € G, 9T0
° [g,xij]GN2 =lmmseex 1 <j<m;u
b [g7xi'm+1}GN2 # 1.
Jinsa x € X Mbl nmeeM

Cay, (z) = {2} 27> . ..x;ZH[xp,a:t]g]’\;\xji € X, 1y, 8p € Zyri =0 ecomn [z, 3]Gy, # 1}

Torma ecim g uMeeT HOpMaILHYIO hopMy g = x;lx;j ca g, xt]SGp]‘éz,
TO
e r; = 0 musa Beex Takux ¢ € {1,2,...,n}, 9ro [xi,xik]gNz # 1 nna
Hekoroporo k € {1,2,...,m}; u
e 1 # 0 ana taknx | € {1,2,...,n}, 9T0 [z}, %)y |Gy, # 1

BamernMm, uro HepaBeHcTBO 1; # 0 BAeder [z, JUij]GNQ = 1 maa Bcex
Jj € {1,2,...,m}. Iockonbky G u Gp, umeror oxus rpad KOMMYyTATHUB-
wocru, ) € Cq(®iy, Tigy .- - Ti,) 1 21 € Cq(Tiy, iy, o3 Tiy, Tiyyy ). Taxum
obpazoM, Ca(Tiy, Tiy, -+ - Tipy) 2 Cal®iy, Tigs ooy Tipys Tipyy)-

«=». [lycts Cq(@iy, Tigs - - T ) 2 Ca(Tiy, iy, - - oy Tiy s Tiyyy ) ATA HEKO-
TOPBIX 3TeMeHToB 7;; € X m nama wekoroporo m € N. Torma cymecrsyer
Takoit asiemMent g € G, 94TO

e [g,7lc=1nmaBcex 1 <j<m;mn
b [g7wim+1}G # 1.

U3, mampumep, [30] Ham u3BecTHO, uT0 ecim H cBOGOMHAS TaCTHIHO KOM-
MyTaTuBHas rpynna u x,h € H u x — nopoxpaoruii, To [z, h|g = 1 Tormua
U TOJBKO TOra, Korjaa [z, x|y = 1 1y Beex nopoxKaaomux ', BCTpedaio-
IMUXCA B 3a0UCH I MEHUMAJIBLHON JmHbL. Toraa cymecTByeT Takoil mopox-
npatoruit y € X, 4ro

o [y,7ilc=1namaBeex 1 <j<m;m
hd [yﬁimﬂ]c # 1.
IMockonbky G u G, umeroT oguH rpad KOMMYTATHBHOCTH, 3AMETUM, UTO
. [y,a:ij]GNz =1lamascex 1 <j<m;m
1 [yv$im+1]GN2 7& 1.

Taxum o6pazom, Y € Cay, (Tiy, Tig, - Tin,) WY & Ciry, (Tiys Tigs - -+ s Tiys Ty ),
tak 9T0 Oy (Tiys Tigs -+ -3 Tiy) 2 Oy, (Tigs Tigs - v v s Tiys Tiy1)- O

Crenyromiast Teopema siBjsierca obobIeHueM caedcmeus 1 u, COOTBET-

CTBEHHO, meopemsv, 1 Ha ciydait 6eCKOHEYHO MOPOKIEHHBIX YACTUIHO KOM-
MYTaTUBHBIX [PYUI.
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Teopema 2. ITycmv G — Koneuno (uau Geckoneurno) noporcoennas c6o-
600nasn (uau 0BYCMYNEHHO NUADNOMEHMHAA) YACTIUNHO KOMMYMAMUCHAA
epynna, d — KOHEUHOE NoAodHCUMEAbHOE Yenoe wucaro. Tozda ecau 6 G cywe-
cmeyem cmpozo YoveaouLaa Yenowka YeHmpaiu3amopos KonewHot OAUuHb,

C(A) 2 ... 2 C(Ag).

20e Az — KOHEUYHBIE MHOIHCECTNBA IAEMEHINIOEB 2PYNTIbL G,
mo ¢ G umeemcs cmpozo y6’b£6(l’f()’u4(lﬂ UENoOYKa KAHOHUYECKUT UEHIMPAAU-
3amopos makoti oce OAUHDL

C(X1) 2 ... 2 C(Xy),

2de X; — KoHeUHbIE TOOMHONCECTNEA NOPOHCIAOWUT 2pynnbs G.
Kpome mozo, ecau 6 G cywecmeyem 6eckoHewHas CMpozo yYoueaou,as
YENOYUKA YEHMPANUSATNOPOE

C(A)2...2C(A) 2 ...,

20e Az — KOHEUYHBIE MHOINHCECTNBA IAEMEHINIOE 2PYNTIbL G,
mo ¢ G umeemca bECKOHEUHaA cmpozeo y6u6mou4aﬂ Uenovka Karnoru4ve-
CRUT UEHMPAAU3AIOPO6

C(X1)2...2C(Xa) 2 ...
2de X; — KoHeuHbIE TOOMHONCECTNEA NOPOHCIAOWUT 2pynnbs G.

Joxazamesavcmeo. Pazobbem 10Ka3aTeibCTBO HA JBA IIYHKTA: HEPBLIM MBI
OOCBATUM CTPOrO yOBIBAIOIIEH IEMI0YKE IEHTPAJIMIATOPOB KOHEYHON JIJINHBI,
a BTOPOI — OECKOHEYHOM CTPOro yObIBAIOIIEH IEITOYKE EHTPAIN3ATOPOB.
1. Ilyers B G cymectByer renouka merTpanuzatopos C(A;) 2 ... 2
C(Ay) KoHEeuHOI IuHB, T1e Bee A; — KOHEUHBIE MHOYKECTBA JIEMEHTOB U3

~ d ~
G, nuycte A = |J A; u a(A) — MHOXKECTBO BCEX HOPOXK/IAOIIUX IPYIIIIBL
i=1
GG, KOTOpBIE yYIaCTBYIOT B 3alUCAX d1eMeHTOB n3 A. OueBunHo, uro aA)
koueuHo. ITocTpouM Qeomp(A) 1o caegytomemy anropurmy. B nadasne noso-

KUM Qeomp(A) = a(A). Pacemorpum muoxectso Dy = C(Az) \ C(Ar) # 0.

Ecau B D; He cymectByer Takoro smementa dp, 1aro a(d;) € a(A), To mo-

JIOYKUM acomp(fl) = Qcomp(A) U a(d1) amst mexotoporo dy € D, miatde ocra-
BUM acomp(zzl) 6e3 m3menenns. JIa BCEX MOCHEAYIONNX ¢ 110 MHOMKECTBAM
D; = C(Aiy1) \ C(4;) # 0 mp1 pacmmpsieM eomp(A) onucanmbivm BblLIIe
neficreusivu. B pesysibrare 6ygeT IMOCTPOEHO HMOAMHOMKECTBO Qicomp(A) TO-
poK AKX Ipynnbl (G, KOTOPOEe IPUTOAATCA HAM IJaJIee.

PaccMOTPHM KOHEYHO TOPOZK ICHHY IO YaCTHYIHO KOMMYTATHBHYIO IIOIPYII-
ny G < G Ha MHOKECTBE HOPOZK IAIOIIIX acomp(fl). W3 nocrpoerns acomp(fi)
B moarpymme G MMeeT MEeCTO [ENOUKA IEHTPATIH3ATOPOB Ca(A1) 2 ... 2
Ca(Aqg). Torpa o caedemeuro 1B G CyIIeCTByeT HEMOUKa HEeHTPATH3ATOPOB
Ca(X1) 2 ... 2 Ca(Xq) Toil 2Ke OIMHBI Ha MOIMHOKECTBAX TTOPOK TAIOITHX
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rpynmsl (G, TO €CTh MOAMHOMKECTBAX acomp([l), a 3HAYNUT W MTOJIMHOXKECTBAX
MHOYKECTBa, BCEX MOPOKIANUX TPyl G.

2. llycres G — JBYCTYIEHHO HUJIBIIOTEHTHAsT TPymna, U B (G uMeercs Iie-
nouka renrpannzaropos C(A1) 2 ... 2 C(Ag) 2 ... BeCKOHEYHON JJIHHBI,
rie Bce A; — Komeunble MHOXkecTBa 31eMenTo u3 (. Cornacuo aemme 2,
rpynmna G He gBJSETCS HETEPOBOW 1O YpPaBHEHUSIM OT OJHON TepeMeHHOT.
Torma mo saemme § B G cymmecTByer GDECKOHETHAs MEMOYKa CTPOTO yOBIBA-
IOMUX KAHOHUYECKUX [EHTPAJIN3aTOPOB KOHEYHBIX ITOJMHOXKECTB HOPOXKAa-
FOIUX. AHAOTUYHBIN PE3YABTAT s CBOOOIHON JaCTUYHO KOMMYTATUBHO
DPYIIIBI MBI UMEEM TIOCPEICTBOM NPEOAOHCEHUSA 3. (]

4 HeTepoBOCTh IO ypaBHEHUSAM JIJIE YACTUITHO
KOMMYTAaTUBHBIX JIBYCTYTI€EHHO HUJBIMOTEHTHBIX TPYIIM

Onpenenenne 4 ([22]). ITycmv A — npousdeosvHoe accoyuaMUEHOE KOADUO
¢ edunuyeti. Pesyavmam deticmeus o € A na g € G bydem sanucvieams
6 eude g*. I'pynna G Hasweaemcea A-cmenenwnoti epynnod, uau A-zpynnot,
ecau Ha G 3adarno deticmeue Koavua A, yoosaemeopauwee caeoyouum ax-
CUOMAM:

g'=g, ¢9"=1,1"=1,
g* P = g9, g°" = (9")°,
(h='gh)* = h™'gh,
l9,h] =1 = (gh)* = g*h?,

das 6cex g, h € G ua, f € A. ITocaednioro arcuomy, esedennyto 6 |22, nasvi-
eatom MR-axcuomoti. Ecau evnoarenv ece arxcuomot, xpome MR-axcuomo,
mo epynny G nazwearom cmenennol A-zpynnot no Jundony [23].

loBopsiT, uT0 HEHyIEeBON a7MeMenT v Koablia, A deticmeyem mouno na G,
ecim G* # 1. Konbro cxanspoB A mefictByer Touno Ha (G, €Con KaxKIbIi
HEeHyIeBoit amement n3 A meficteyer Touno Ha G.

IIycte G uw H — A-rpynmnet. Torga romomopdusM ¢ : G — H HasblBaeTCs
A-zomomopgusmom, ecmu P(g*) = (¥(g)) mag aoboix g € G u a € A.

Bynewm rosoputs, uro A-rpyrmma G anmpokcuMupyercst A-rpynmoit H , eciau
JIIsT JTI000TO HeeMHWIHOTO saementa g € (G cymectByer A-romomopdnam
Y : Gr — H Takoit, aro ¢(g) # 1.

Bcerogy nanee gepes Fo mbr Oymem o6o3HauaTh CBOOOAHYIO IBYCTYIIEHHO
HHUJIBIIOTEHTHYIO TPy paHra 2, a uepes [’ — cyeTHyio IpsMyIO CTelleHb
.

N3 [21, Jlemma 1| Ham wu3BecTHO 06 ANIPOKCUMUDPYEMOCTH IIPOM3BOJIb-
HOM KOHEYHO IOPOXKJACHHON YacTUYHO KOMMYTATUBHON JBYCTYIICHHO HWJIb-
noTeHTHOH Q-rpynnsl rpymmoit Fy. O6obrmmy 30T pe3ysibrar Ha caydan Dec-
KOHETHOTO MHOZKECTBA TTOPOYKIAIONIIX W TPOU3BOJIHHBIX KOJIEI CKATIPOB:

Jlemma 4. Cnpasedauss caedyrousue ymeepicoenus:
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(1) ecaran (6 mom wucse u BECKOHEUHO NOPOHCOEHHAH) HACTIUYHO KOM-
MYMAMUEHas 08ycmynenno nusbnomenmuan A-zpynna Gr annpok-
cumupyemes A-zpynnoti Fy mozda u moavko mozda, x02da Koavyo
craaapos A maxoe, 4mo 6epna cAOYIOULAA NAPL UMNAUKGUUT:

Va € A(3g € Gr(g® # 1) = Jw € Fh(w™ # 1)),
Va € A(Jg € Gr(g® # 1) = Jwi, we € Fa([wr, wa]* # 1)),

ede G — wommymanm epynnv Gr;

(2) scakaa (6 mom wucae u BECKOHEUHO NOPONCIEHNAA) HACTIUYHO KOM-
MYMATMUBHAA J8YCMYNEHHO HUADNOMENMHAA L-2DYNna annpokcl-
MUPYemcs c60600HOT 08YCYNEHHO HUALTLOMEHMHOT L-2pynnot par-
2a 2;

(3) scakan (68 mom wucae U bECKOHEUHO NOPOHCOEHHAA) HLACTNUYHO KOM-
MYMAMUBHAA J8YCNYNEHHO HUABNOMENMHAA L-2PYNna ABAAECMCA
nodepynnoti Fy’ .

[Tapy nMmmmukaruit n3 myskTa 1 MOXKHO TTepeOpMyAnpPOBaThH, HATTPUMED,
CIeYIOMUM 00pa30M: «KaxKILIl 3/ieMeHT KoJiblia A, melicTByIonmi TouHo
pa rpymne Gr, geiicTByeT TOUHO U Ha Fb» M «KaXXJBli 3JeMeHT Kojbla A,
JEUCTBYIOMINUIT TOYHO HA KOMMYyTaHTe Tpyinbl Gr, JAeficTByeT TOYHO W Ha
KOMMYTaHTe TPYIIbl Fhy. JloKaKeM 9Ty JeMMY.

Joxazamesvcmeo. 1. =. JIokazaTeabCTBO B 3Ty CTOPOHY B IIEJIOM TOBTOPSIET
cxemy gokasarenbcrsa 21, Jlemma 1]. Tycrs I' — nponseosbhblii rpad, Gt
— YaCTHYHO KOMMYTATHBHASA JBYCTYNEHHO HUJIBIIOTeHTHas A-rpymma, 1mo-
crpoernas 1o rpady I, F nopoxkjaercs MHOX)KeCTBOM {y1, Y2 }. Heobxomumo
MOKa3aTh, 9TO [/ JHOO0r0 HeeIUHUIHOTO 3meMenTa g € G cymecTByer A-
romomopdusm ¢ : Gr — Fy rtakoii, uro 9(g) # 1. Ilycrs Gr nopoxjaercs
MHOKeCTBOM X (BO3MOXKHO GECKOHEUHBIM ), M HEEIMHUIHBIH 31emenT g € Gp
mveer pua g = ot . xf [ [w,24]%, vae a1, ...,z — d7eMenTH U3
1<i<j<n

X.

Paccymorpum mBa cirydas.

1) Iycrb cymecrsyer o # 0 rakoe, uro a3* # 1. Torma mo mnepsoit
UMILTHKAIIY U3 YCJIOBUS CYIIECTBYeT ¢ioBo w(y1,y2) € Fy Takoe, aro w #
1. Ompenenum orobparkeHnue Y ciaeayoOIuM 00pa3oM:

T w, x> 1 ansa @ # k.
OdgeBuHo, 9T0 00pa3 v/eMeHTa ¢ HeenuHUYIeH. HeTpyamo mposeputs, 9T0
9TO 0TOOpaKeHHe ABIgETCs A-TOMOMOPMUIMOM.
2) Ilycrs o = 0 wim xf" =1 ans Becex ¢ = 1,...,n. Torma smemMenT g nMe-

ereun g = [[ [zi,24]%. Cremosarensro, cymectsyer i # 0 Takoe,
1<i<j<n

aro [z, 2] # 1. Torma mo BTOPOH MMILTHKAIIMH U3 YCJIOBHS CYIIECTBY-
o1 cnoBa wi(y1, y2), w2 (y1,y2) € Fy maxue, uro [wi,ws]* # 1. Ilocrpomm
oToOpayKeHue 1 CJAeIYIONUM 00pa3oM:
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Tk — w1, T wo, T 1 ana i £ kwni#t

Jamnmoe orobpaskenne mepeoanT [Ty, 2%t B [wy, we] # 1. Herpymmo
MPOBEPUTEH, UTO OHO ABJAETCH A-ToMOMOPDUIMOM.

<. TlycTh 03kHA IEPBAs MMILTUKAIAA, TO €CTh, CYIMECTBYIOT @ € Aun g €
Gr rakue, uro g¢ # 1, HO pu TOM st sioboro w € Fy w® = 1. Torga ans
moboro A-romomopduszma ¢ : Gp — Fy, ouesugno, ¥(g%) = (¥(g))* = 1.
CrenoBarenbro, A-rpynna Gr He annpokcuMmupyerca A-rpymmoit Fo.

ITycThb 0k HA BTOPAsS UMILIMKAIIWS, TO €CTh, CYIIECTBYIOT @« € A g € G/F
Takue, 9ro g% # 1, HO UpU FTOM JiIst JIHOOBIX CJI0B Wi, wa € Fy [wi,wa]* = 1.
Tak kak Gp — 9aCTUYHO KOMMYTATHBHAS JBYCTYIIEHHO HUJILIOTEHTHAA A-
rpymna, 0 g = [[ [z, ;rj]ﬁij, IJIE X1, ..., Ty — JIEMEHTHI U3 MHOXKECTBA

1<i<j<n

mopoxkaatorux rpynmsl Gr. Ipeamnonoxum, arto ¢ : Gp — Fo — Takoii A-
romomopdusm, aro ¢(g) # 1. Torna mst HekoTopbix map i, z; (1 <i < j <
n) TOpoK TaoNwX rpynmsl Gr ¥ (x;) = w;, ¥(x;) = wj u [w;, w;]% # 1, e
wi,wj € Fy. Torma, ¢ ncnons3oanneM MR-akcmoMbl, XoTs OBl 718 OTHOM
mapet i,§ ([wi, w;]%5)% # 1. C apyroit cTopombl, Tak Kak G JByCTyTeH-
HO HUJBIOTEHTHA, |[w;, w;]% = [wi,wf“ | u, yuuThIBasi paHee MOJyYE€HHOE
HEPABEHCTBO, [wi,wj@ “]® # 1. Tonyunam TpOTUBOPEYHE C T€M, YTO Mbl U3-
HAYAJIBHO TIPEJTOIarain, 9To He CYIEeCTBYeT Taphl CJI0B w1, we € Fy Takof,
aro [wy, wal® # 1.

Taxum obpazom, TyHKT 1 JaHHOI JIEMMBI JOKa3aH.

2. Konblio ckamsgpor Z, 09eBUIHO, JefiCTBYEeT TOYHO Ha Ipytie Fb, M03TO-
My CIIpaBeJINBa TIepBasi UMIUIMKAIINS W3 yTBEpPXKIeHWs TyHKTa 1. Kpome
TOTO, B Ka4ecTBe JeMEHTOB wi, w2 € F W3 BTOPON UMIJIUKAINA MOXKEM
B34TH Y1,Yo — MOpOXKgatomme Tpymmbl Fr. Takum obpazoM, yTBepKacHIE
MIYHKTa 2 CJIeyeT U3 MyHKTa 1, TOKa3aHHOTO BBIIIIE.

3. Pesynprar |1, Jlemma 1.6.2] o cyTu rOBOPUT HAM O TOM, UTO TIPOU3BOJIb-
Hast Tpynna G anmpoKCUMUPYeTCs Tpynmnoit H Torga u TOIbKO TOTA, KOTIa
G BRJIQ/IBIBAETCA B HEKOTODPYIO HMPIMYIO (BO3MOXKHO OECKOHEUHYTO) CTEIeHDb
rpynnsl H. U3 sToro dakTa n yke TOKA3aHHOTO BHIIE TMYHKTA, 2 HETTOCPE -
CTBEHHO CJIEIyeT MyHKT 3. O

3ameuanmne 3. Fcau deycmynenno nusvnomenmmuas epynna G asasemcs
nodepynnot F3' das nexomopozo koneunozo namypasvrozo n, mo G neme-
posa no ypasreruam. eticmeumenvro, epynna F3' Koneurno nopoocdena, a
BHAMUM, U HEMEPOBA NO YPASHEHUAM (CM., nanpumep, |3, 4, 8|). Jhobas noo-
2pYNNa Hemeposoti No YPASHERUAM 2PYNNLL 6 €010 0uepedd Maxdce Heme-
posa no ypasuenuam (cm., nanpumep, [3]). Taxum obpazom, ecau wacmum-
HO KOMMYMAMUEHAA 08YCMYNEHHO HUADNOMEHMHASL 2PYNNA He ABAACNCA
HEMEPOBOT NO YPAGHEHUAM, O OHG HE AGAACNCA NOOPYNNOL 6 2pYNnax
F3' 0as ecex KoMeuHubT HAMYPAALHUT N, U, NO NYHKMY 3 AEMMOL 4, ACAA-
emca nodepynnot umenno ¢ F3.
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Kak 6b10 0TMEY€HO BO BBejeHNM, U3 PaboThl 3| HaM u3BECTEH Cleylo-
Wit BOLIPOC: JJjid KAKUX I'PYII U3 HETEPOBOCTU 110 YPABHEHUAM OT OLHON
MEepeMEeHHOI CJIeyeT HeTepoBOCTh 1o ypasHeHusM? Crenyrorias TeopeMa
JAeT NOJOXKNATEIbHBIM OTBET Ha ITOT BOIPOC JJIA CIydasd JaCTUIHO KOMMY-
TATUBHBIX JIBYCTYIIEHHO HUJIBIIOTEHTHBIX I'PYIII U ITO3BOJIAECT IIPU UCCHAEIOBA-
HUW BOIIPOCA HETEPOBOCTU IO YPABHEHUAAM JJII TAKUX I'PYI PACCMATPABATH
TOJIBKO CUCTEeMBI YpaBHeHWI OoT omHoU mepeMennoit. BoJsiee Toro, ¢ ydaeTom
AEMMbL 2, OHA CBOIUT PACIO3HABAHNE HETEPOBOCTH TI0 YPABHEHUAM K BOIIPO-
Cy CyIIECTBOBaHUS OBECKOHEYHOU CTPOro yOBIBAIOIIEN IEMOYKN [TEHTPAIH3a-
TOPOB.

Teopema 3. Bcakas 4acmu4Ho KOMMYMAMUEHAA 08YCTYNEHHO HUALTLO-
MEHMHAA 2DYNNG ABAACMCH HEMEPOSOT N0 YPABHEHUAM MO020a U TMOADKO
moeda, K02da OHa ABAAECTNCA HEMEPOBOT NO YPAGHEHUAM 0T 00HOT NEPEMEH-
HOU.

Hoxaszameavemeo. Eciau rpyiiia HeTepoBa M0 YpaBHEHUSIM, TO, TI0 OIpEe-
JIEHUIO, OHa U 1-HeTepoBa 10 ypaBHeHusM. 113, Hanpumep, [1] usBectHo, 91O
KOHEYHO TTOPOXKJEHHBIE JBYCTYIEHHO HUJIBIIOTEHTHBIE TPYIIIBI HETEPOBHI 110
ypapaerusiM. Ilycts G — 6eCKOHEYHO TOPOKIEHHAST YACTHYHO KOMMYTATHB-
Has JIBYCTYIIEHHO HUJIbIIOTeHTHas rpyima. 1lo nyukry 3 semmor 4, G sBiis-
erca noarpynmoit F'. Ilyers aq, b1, ag, be, ... — nopoxkmatomue rpynnsl Fy
([ai, b)) # 1), g1,92,... — nopoxpatonte rpynnel G, u B rpymie FY oHu

21 bﬁll QZQ bBZQ q’inl bﬁini

UMEIOT IPENCTABICHU g = a;, - ¢, THE ¢; — dJe-

7/n in;
MeHT KomMyTanTa FY. lanee ommrmem Hpouenypy,LHneﬁHo BJIOXHOBJICHHYIO
MeromoMm laycca mpuBeneHNs MATPHILI K BEPXHETPEYTOIBHOI (hopMe.

Pacemorpum nopoxgaronmii g1 rpynnsl G. Bes orpammuenns obmuocTn
Oy/IeM CUUTATDH, 9TO OH UMEET TIPEJICTABICHHE §] = a?lbf Yag? b§2 an! bﬁ’fl :
c1- Tlycth (v He paBeH HyJHO (MHAYE MEPEMMEHYEM TTOPOKIAIOIINE ai B b n
bi B a;), u g; (tme i > 1) — nopoxjawomuii, B NpeJCTABIEHHA KOTOPOTO
HpI/ICyTCTByeT @1 C HEHYJICBOH CTENEeHBIO 7y;. 3aluIIeM Ha MECTE ¢; SJEeMEHT
yi =g, "9y, mpuBenernbll K HOpMATBHO dopme. OTMeTHM, 9TO B Ipe-
CTABJIEHUN 3JIEMEHTA, 1J; TIOPOKIAIOIET0 (] YK€ HET, U 9TO [g17 gl =1 <
[91,vi] = 1. Ecam y; oka3asicsi paBeH e/IMHUIIE UK JIeMEHTY U3 KOMMYTaHTa,
TO YIAJIMM €r0 U3 CIIMCKa. [JOBTOPHUM 3Ty NMPOIEAYPY 10 TeX T0P, MOKa 4] HE
OCTaHETCS TOJBKO B ¢1. [lepenMenyeM BCe MOJIyIUBITUECS SJIEMEHTHI ; B g;.

ITyctb g; — nepsblil 9€eMEeHT 1I0C/Ie g1, B IPEACTABICHUM KOTOPOIO IIpH-
cyTcTByeT by ¢ HeHyseBolt cremenbio. OTMETuM, 9T0 g; He KOMMYTHPYET C 1.
Bo3MOKIHbI ABa CIydas: JTHO0 TAKOH 9I€MEHT ¢; CYIIECTBYET, U0 ero Het.
Eciu o ecThb, TO TTOMeHsIEM ero MecTaMu (M HA3BAHUAMU) C g U MOBTOPUM
OpOLEAYPY C go W by W B Pe3yabTaTe U30aBUMCA OT IIPUCYTCTBUS MOPOXK-
narormero by Bo Beex g; (i > 2). B pesynabrare gy OCTAHETCS €IUHCTBEHHBIM
5JIEMEHTOM M3 TEKYIIETO CINCKa, KOTOPBIi He KOMMYTHpPYeT ¢ g1. O4eBnuaHo,
aro C'(g1) 2 C(g1,92). damee mosTropuM nporeaypy st MOJCIUCKA, HAUN-
HAIOWIErOCHd € ¢3, ¥ Iaphl MOPOXKIAIONIAX a2, by.
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ITycrs Takoro g; mer, T0o eCTh U a1, ¥ by, KOMMYTHUPYIOT CO BCEMH g; IPH
1 > 1. Torpma ypajaum us npecraBieHuns g1 HOPOXKIATOIIIe a1 U by, a WHJIEKCHI
OCTABIINXCS A4, b; YMEHBIINM Ha €JUHUIY: Go CTAHET UTPATh POJb a1, by —
b1, ag — ag um Tak majee. Ecam ¢gp He cTas paBeH eIUHUIE WIH DJIEMEHTY
U3 KOMMYTaHTa, TO IOBTOPHUM BCIO MIPOIENYPY, HAYAB C a1, MECTO KOTOPOTO
IO CYTH 3aHAI ao. Ecin ke g1 oKazaJics paBHLIM eJUHUIE W 3JIEMEHTY U3
KOMMYTaHTa, TO 3HAYNAT ¢ KOMMYTHPYET CO BCEMHU OCTAIbHBIMU 3JIEMEHTAMUI
U3 TEKYIIEero CIHMCKa. 10Tma yIaJuM €ro M3 CIHCKA W yMEHBIIHM HOMEpa,
OCTABIINXCSI JIEMEHTOB Ha €INHUITY: o 3aliMeT MeCcTo g1, g3 3afiMer MecTo
g9 1 Tak majiee. [loBTopuM mpomieAypy A/ CIIHCKa ¢ OOHOBIEHHBIMU METKAMMK
9/IEMEHTOB, HAYMHAA C ¢ ¥ [Mapbl IOPOXKIAIONINX G2, ba.

OTMeTnM, 9TO Ha i-M IITare MPOIEayPhl, KOITa Mbl H36aB/IAeMCs OT af IR
by, M3 3aIMCH 3JIeMEHTOB ¢; IPH j > ¢, 3JIEMEeHTHI g¢, I7ie t < 7, He MeHAIOTCA.

B pesynbrare BLIMOMHEHNA OMMCAHHOHN BBIIIE IIPOIEIYPLI Mbl MOXKEM IIO-
JIVIUTD B CIHCKE Jr00 KOHETHOE MHOXKECTBO D/IEMEHTOB, 00 HECKOHETHOe.
Ilycrs ux xomewunoe 4mcsio. 3aMeTHM, 9TO IIOCIe KayKIO0TO IMara BBIIIOJIHE-
HUSI OOUCAHHON BBIIIE HpOHeﬂypr MCTUHHOCTEL CBOMCTBA HeKOMMyTa,TI/IBHO—
CTH Tap 3JIEMEHTOB U3 CIIMCKa OCTaeTcs Hem3dMeHHoi. JleficrBurensro, eciau

[gi,gj] # 1, rmei,j > 1, 10

Vi 7 a1]

[yivyj] = [91_ 9 591 95 1= [gl—%,9?1}[9?1’91—%‘][9?1’9?1] _

s — 2
= [o: " 9519 91 Vlgir 93] # 1,

Tak kKak (G — 9aCTUYIHO KOMMYTATHBHAA TPYTIA. YIAJIEHUE YK€ 3JIEMEHTA, 1;
HA HEKOTOPOM IIIare MPOIeypPhl MPOUCXOJNIO TOIBKO B Caydae, ecau y; (a
SHAYUT M ¢;) KOMMYTHPOBAJI CO BCEMHU OCTAJIbHBIMU 31emenTamu. Crenosa-
TeJIbHO, Tpymna (G npeacTaBsser coboil mpsimoe npousseaenne H X A, rne H
— KOHEYHO TOPOXKAEHHAA JIBYCTYIIEHHO HMJIBITOTEHTHAA rpymma, a A — 6Gec-
KOHETHO MOpPOXKaeHHas abeaesa rpynma. ['pynna H aBigercda HeTepoBoii 1mo
ypastaenusiv [1]. 3, manpumep, [1] ussecTHo, uTo abeseBbl rpyLIbl HETEPO-
BBI TI0 YPABHEHWSIM, COOTBETCTBEHHO M TPYINa A HETepOBa 10 ypaBHEHUSIM.
Kpowme roro, u3 pesyabraros paborbl |7| m3BecTHO, UTO HpsSIMOE HPOU3BE-
JIEHUE JBYX HETEPOBBIX 10 yPABHEHWAM TPyl HETEPOBO MO YPABHEHUSIM.
Taxum o6pazom, G ABJISIETCS HETEPOBOH M0 YPABHEHUSIM.

Paccmorpum coyuaii, Korja B pe3ysbTaTe ONMMCAHHON BBIMIE MPONELYPHI
Mbl IMeeM OECKOHEYHOE MHOXKECTBO 3JIEMEHTOB (1, G2, ---,Jn - - -- SAMETHM,
9TO IS KAXK/I0T0 HEYETHOTO | B NPEJACTABJICHUN §; UMEETCS TOPOXK IAF0IIUit
a; Tpynnel F§’, KOTOPBIN TIPU 3TOM OTCYTCTBYET B IIPEJCTABICHUN (it1, & B
gi+1 TPU 3TOM eCThb TaKOW Topoxmatormuil b;, uro [a;, b;] # 1. Torma must
JIEO00TO HEYETHOTO i CIPABEINBO, UTO (g5, git1] # 1. Kpome Toro ormernwm,
910 11 00BIX § > i+ 1t [gi, 5] = [gi+1, 9;] = 1. Takum obpazom, B rpymie
G mMeeT MecTO caemyiomaa HeCKOHEYHAsI CTPOro YOBIBAIOIIAL IEITOYKS, [T€H-
rpammuzaropos: C(g1) 2 C(g1,93) 2 ... 2 C(91,93,---,92n—1) 2 ... Torna

=

o aemme 2 rpynna G He sBiseTcs 1-HeTEPOBOi 110 ypaBHEHUSIM. O
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Kax 6b110 0TMeEUeHO BO BBeleHHMH, B 0DIIEM K€ CJIy9ae HETEPOBOCTDL 110
YPaBHEHUAM ABYCTYIEHHO HUJIbIOTEHTHOMN I'PYIIIIbl HEC 9KBUBAJICHTHA €€ HETC-
POBOCTH TI0 YpPaBHEHUSIM OT OJHOU mepemenuoit. IIpuBeneM cooTBeTCTBYIO-
Uil TprMep TPYIIIBI, TOCTPOeHHOM B padore [10].

IMpuwmep 1. ITyemo G = (a1, a2,...,b1,ba, ... c1,¢2,...,d1,da, ... | [ai,bj] =
[cj,di],i > j,i,j € N) - dsycmynenno nuavnomenwmnan Z-zpynna. Omme-
mum, ¥mo G He AGAALMCA HACMUBHO KOMMYMAMuehol 2pynnot, ne umeem
Kpynenus u Kommymanm ¢ G usoAsuposan.

Tpynna G we asasemcsa Hemeposoti No YpasHEHUAM, Max Kak OAA CAe-
Mprowseti nocaedosamesbHocmuy Ypasrenuts om 06YT NEPEMEHNLIL T U Y U
noCALIOBAMENHOCTIU NAP dAemenmos u3 G 6BnoANEHDl YCAOGUA Aemmbl 1:

[z, b1][y, 1] = 1 (a1,dy)
[, bo][y, 2] = 1 (ag, d2)
[x> bn”ya Cn] =1 (am dn)

Kpome mozo, necroocro samemums, umo oas epynnot G cnpasediusvl 6vi-
KAGOKY U3 J0KA3AMEALCNEE ACMMbBL 4 U TOMOMY OHG ANNPOKCUMUPYEMCH
epynnot Fy. Takum obpasom, G sasasemcs npumepom nodepynnve 6 Fy,
HEMEPOBOU NO YPABHEHUAM OM 00HOUT NEPEMEHHOT, HO He A8AMIOWETCA Heme-
P60t no ypasHenuam (0m 08YT NEPEMEHHDIT).

5 O cBA3u HETEPOBOCTHU II0 YPABHEHUAM YACTUIHO
KOMMYTAaTUBHON ABYCTYNE€HHO HUJIBIOTEHTHON IPyHnnbl C
HETEPOBOCTHIO IO YPaBHEHUAM rpada KOMMYTATUBHOCTHI

Panee B |9, Teopema 1| 6b1710 10Ka3aHO, YTO IPU UCCIEOBAHUN BOIIPOCA
HETEPOBOCTH [0 YPABHEHWAM B 3bIKe IpacOB AOCTATOYHO PACCMATPUBATH
TOJMLKO ypaBHeHus Buaa F(x,u), rpe ¥ — nmepeMenHasi, a 4 — KOHCTAHTHBIH
cumsosi. Ha ocrose sroro pesynbrara B |9, Teopema 3| nHa s3bike 3ampe-
MEHHBIX TOATIPAPOB OBLIN OMMCAHBI BCE HETEPOBHI 1T0 YPABHEHUSIM IPOCTHIE
rpadnot u rpadsr ¢ neriavu. /Jlannoe onncanue 0CHOBAHO HA MTOHITUH COGEP-
WeHHO HEHEMEPOBa 2pada.

Ounpenestenne 5 ([|9]). I'pag nasvieaemca cosepuenno HEHEMEPOBHIM, €CAU
on codeporcum GeckorenHyt0 NocAed08aAMEALHOCTID TONAPHO DASAUNHLT 6ED-
wuH a1, by, a,b2, ..., An, by, . .. MAKYI0, 4IMO KGHCOAA U3 BEPULUH A; CMENACHE
co ecemu sepwuramu by npu j < i, no ne cmesicra c b;.

Hamomuum, uTo 6eCKOHEUHBIH TPOCTOM rpad HABBIBACTCA HAOKAUKOU, €CTH
OH COJIEP’KUT B KAUeCTBE WHAYIIHPOBAHHOTO TOATpada KIUKY HA CIETHOM
ancye pepivH. [loHgTHe HAAKIUKK JJId KOHEYHBIX IpaOB NMPU OMUCAHUT
HETEPOBBLIX M0 ypaBHEHUSM TI'padhOB HE UCHOJIB30BAJIOCH IO MPUYKUHE TOTO,
9TO KayKbIH KOHETHBIN Tpad SIBISIETCT HETEPOBBIM IO YPABHEHUSIM.
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Pesyabrar [9, Teopema 3| B opurnnasibHo# GOPMYIMPOBKE BBINVISNT CJie-
AYIOIUM 00pa3oM:

Teopema 4. Cnpasedausvl caedyrowue YymeepHcoeHus:

(1) Hpocmoti epagh nenémepos no ypasHeHUuAM MOo20a U MOALKO mozda,
K020a 0K AUOO COBEPWEHHO HEHEMEPOS, AUOO ABAAEMCA HAOKAUKOT.

(2) I'pagp ¢ nemasamu HeHEMEPOS NO YPASHEHUAM MO204 U MOALKO MO~
2da, K020a OH COBEPUIEHHO HEHEMEDOS.

Paccmorpum napy npumepos u3 [11].

Ipumep 2. ['pag, usobpascernnvili Ha puc. 2, He ABAACMCA HU HAOKAUKOU,
HU COBEPUEHHO HEHEMEPOBVIM, G NOMOMY OH HEMEPO8 NO YPABHEHUAM KAK
8 cAYHae NPocmozo 2pada, Max U 6 cAyuae JobasAeHUA Nemess 8 KaHcoyo
U3 €20 8EPUIUH.

an b1 a1 ba1 a31 531

S , \'/
i “.
£\

@33 b33

Puc. 2. I'pad u3 npumepa 2.

IIpumep 3. Ipag, usobpasrcennviii wa puc. 3, ABAAELMCA COBEPUWEHHO HEHE-
meposvuim. Omcroda caedyem e2o HEHEMEPOSOCMb KAk 6 CAYHGE NPOCTO20
epada, max U 6 cayuae epada ¢ NEMAAMU.

3ameuanne 4. IIpocmoti epagh I cosepuwenno nenemepos mozda u mosvko
mozda, xoz0a 2pad ¢ nemasmu L' coeepuwenno nenemepos. eticmsumensvo,
8 ONPEdeseHul COBEPULEHHO HEHEMEPOBS 2PGPA UMEIMCA MWD YCAOSUA HG
OMHOWEHUA (UAU OMCYMCMEUA OMHOWEHUT) CMENHCHOCTNU MENHCOY NONAPHO
PASAUNHOIMUYU EPUIUHAMU. [I0IMOMY HAAUNUE UAU OMCYMCMEUE NEMEAD HE
BAUAETN, HO CE0TUCMBO COBEPULEHHO HEHEMEPOBOCTNY, 2pafa.

JIemma 5. I'pap T (kax npocmoti, max u ¢ nemaamu) COBEPUEHHO HeHeme-
P06 Mo2da U MoALKO Mo20a, k0200 8 Hem cyuwecmeyem OecKOReUHaA CMpPo-
20 YOLIBAIOUWLAA UENOUKA OPTNOZORHANOHLLIL JONOAHEHUT, MO ecmb Haldemcs
nocaedosamenvHocmo sepuiun by, ba, ... by, ..., das KOmMopol cnpasedsusa
CAEOYIOULAA OECKOHEYHAA YENOUKG BA0NCEHUL:

=02 {b} D {b1,bo} 2 ... D {b1,bo,....0,} D ...,
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Puc. 3. T'pad ns npumepa 5.

Hoxaszameavemso. JlokazaTeascTBO TpoBeseM JJd rpada ¢ memiamu. Uc-
THHHOCTDL [/ TPOCTOro rpada OymeT caeZoBaTh W3 PACCYKIEHHH, IpUBe-
JEHHBIX B 3AMEUGHUY 4.

IIycrs rpad ¢ merasvu I' coBepinieHHO HEHETEPOB, TO €CTh OH COAEPIKUT
OECKOHEUHYIO TTOCIeJ0BATEALHOCTD IOMapHO PA3INnIHbIX BEPIINH a1, b1, ag, b,
ey Qp, by, ... TAKYIO, 9TO KaXKIAdA U3 BEPIIUH G; CMEXKHA CO BCEMHU BEPIITHHA~
mu bj pu j < %, HO He cMexkHa ¢ b;. Torma a; & {b;}* u ansBeex j < i a; €
{bj}l, a 3HAMUT /1 106010 4 {by, by, ..., b} \{b1, b2, ..., bi,bit1}t D aiia.
Takum obpasoM, cOopaBeInBa yYKa3aHHAA B JeMMe DECKOHEYHad IEMOYKa,
BJIOKCHUMA.

Ob6parro. 3amerum, 4TO B HPOU3BOJBHOM Tpade ¢ MeTAIMU JJIsd JIH0-
ObIX JIBYX BEDIINH T U Y CIPAaBEINBA SKBUBAJICHTHOCTD: d(z,y) < 1 <=
E(x,y). Torma mas mpomsBoJbHOrO moaMHOXKecTBa BepinH A B rpade c
mewigMu I’ OpTOroHaIbHOE [TOMOJTHEHNe MOYKHO [IEPENMUCATE CJASTYIOMIIM 00-
pasomM:

At ={ueTl |VYac AT |= E(u,a)}.

Torma moaydaercs, 9To B rpade ¢ TETIIMU OPTOTOHAIBHOE TOTOJTHEHNE
A+ npencraBisier coboit agrebpandeckoe MHOMKECTBO CHCTEMBI ypDABHEHMt
S(z) = {E(z,a) | a € A} max stum rpadom. Takum obpaszom, MBI nMeeM
B I' 6eCKOHEUHYIO CTPOr0 YOLIBAIOIIYIO IEMOYKY aaredpandecKux MHOXKECTB.
Torma, mo [1, Teopema 2.5.4|, I' He sAB/IgeTCST HETEPOBLIM O YDABHEHUSIM.
CrenoBare/ibHO, 10 meopeme 4, I' cOBEpIIIEHHO HEHETEPOB. O
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Wcxomst uz meopemoi 2, 3ameuwarnus 2 u aemmor 5, cyliecTsopanue O0eCko-
HEYHOI CTPOTO yOBIBAIOIIEH IEIOYKY [EHTPAJIN3aTOPOB B rpyiiie G 9KBUBA-
JIEHTHO CYIIIECTBOBAHUIO DECKOHEUHON CTPOTro yOBIBAIOIIEH IMEIOYKI OPTOro-
HaJLHBIX JOTOJHEHHUI B ee rpade xommyTarusHoctu 'g. Ilpu sToMm, nexomas
u3 samevarus 4, rpad ' MOXKHO paccMaTpMBaTh B KaTeropuu rpados ¢
OETASAMUA.

IloabIToXKNM OCHOBHOH pe3y/IbTaT JTaHHOH paboThl B BAAE CIEIYIONIEH Teo-
PEMBHI.

Teopema 5. ITycms G — dsycmynenno HusbnROMeERMHAA 2pynna 6e3 Kpyue-
HUA € USOAUPOSAHHBIM Kommymanmom. Toada caedyroujue ycaosusa sKeusa-
AEHMHDL:

(1) G ne asasemca nemeposoli no YpasHerusm om 00noT nepemeHtol;
(2) 6 epynne G cywecmsyem GeckOHEWHAA CMPO20 YOLBAIOUWAA UETIOWKG
YEHMPAAUIEMOPOE KOHEUHBLL MHONCECTNE dnemenmos u3 G.

Eeau G 8 momy oice ABARENCA HACTNUYHO KOMMYMAMUSHOT 2pynnot, mo
Kaoicdoe u3 IMUL Ycarosul no 0MOIEALHOCTNY IKEUSAAECHITVHO KAHCIOMY U3
CACOYIOUWUT YCA06UT:

(3) G ne asasemca nemeposot No YpPasHeHUAM;

(4) cywecmsyem nocaedosamesbHOCMb NONAPHO PASAUYHBLE A1, b1, az, ba,
ey Oy by, . oo nopooicdatowux epynnue G maxaa, 4mo 0aa A6
i [ai, b)) #1 u dar scex j <i [a;,b;] =1;

(5) epah Kommymamuenocmu ¢ nemaamu epynnot G ne asaaemca neme-
POBHLM NO YPAGHEHUAM,

(6) epap Kommymamusnocmu epynnoe G AGAACNCA COBEPUEHHO HEHE-
MeposvIM.

Hoxaszameavemeo. aga nroboit IBYCTYIEHHO HUJIBIOTEHTHONW TPyHIbl Oe3
KPYYeHUs C W30JUPOBAHHBIM KOMMYTAHTOM UMeeM «1 <=> 2» B CHJIY AeM-
Mot 2.

IIycts G — 9acTUYHO KOMMYTATUBHAS JBYCTYIIEHHO HUJIBIIOTEHTHAS TPYII-
ma. DKBUBAJEHTHOCTD «4 <= 1» HCTHUHHA B CUIY meopemvt 3. «2 <= T»,
KaK TOXKe yKe OBLIO OTMEYEHO, CIIPABE/JINBA B CHILY MEOPeMbl 2, 3aMe4ua-
HUA 2 U Aemmor 5. «T7 <= D» OUeBHJIHA U3 OINpeeseHuil COBEPIEHHO
HEHeTepOoBa rpaha u YacTUIHO KOMMYTATUBHON I'PYIIIbI, 8 UMEHHO: JBE Pa3-
JinaHble BepimHbl @ u b u3 rpada I' cMexkHBI TOTIA ¥ TOJBKO TOr/A, KO-
r/1a COOTBETCTBYIOIINE UM MOPOKIAIOIINe He KOMMYTUPYIOT. BeiTeKkaroras
U3 3aMEYAHUA 4 U Meopembv, 4 SKBUBAJIEHTHOCTL «7 <> 0» 3aBepIlmaeT
J0Ka3aTe/IbCTBO. O

3ameuanue 5. B cayuae, K02da epad KOMMYMAMUSHOCTIU ACAAENCA KAU-
K0t, COOMBEMEMEYIOWAA HACTNUYHO KOMMYMAMUGHAA 2pynna abeaesa. U3,
nanpumep, |1 ussecmmo, wmo abeaeswv 2pynnove HEMEPOSHL NO YPASHEHUAM.
Taxum 0bpa3om, HEMEPOSOCTN® N0 YPABHEHUAM 2PAPA KOMMYMAMUBHOCTU,
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PACCMAMPUBLEMO20 6 KAME20PUU NPOCBLT 2PaPOo8, He IKEUBAAEHMHG Heme-
POBOCTNU MO YPAGHEHUAM COOMBEMCMEYIOWET eMY HACTNUYHO KOMMYMATUG-
HoU 2pYnno.

ITpomemoncTpupyemM TpuMeHEHNE Meopemvs § Ha TOH ke mape MPUMepoB
u3 [11].

Ipumep 4. Yacmuuio xKommymamuenas J8YCmMyneHHo HUAbNOMERTMHAL
epynna G = <CL117 b117 asny, b21, a9, b22, ey, Qnl, bnla ceey Qpn, bnn’ e | [aij, bzk} =
1 daa scex j # k), nocmpoennas no 2pady KOMMYMAMUSHOCTIU U3 NPUMEDA
2, codepotcum ckoab Yy2o0no daunnvie (1o ne beckoneunnie) cmpozo youeao-
WUE YENOYKY KOHOHUNECKUT UEHMPAAUIATNOPOS, G NOMOMY, N0 MEOPEME I,
OHG ABAAECTNCA HEMEPOBOT NO YPABHEHUAM.

IIpumep 5. Yacmuuno KoMMYMamueHas 08YCMYNEHHO HUALTOMEHMHAR
epynna H = (a1,b1,a2,b2,...,an,bn,... | [a;,bj] =1 dan ecex i # j), no-
CMPOEHHAA NO 2PAPY KOMMYMAMUSHOCTIU U3 NPUMEPS 3, He asasemcs I-
HEMEPOBOT NO YPABHEHUAM 2PYNNOT, MaK Kax 6 Hell umeemcs 6ecKoHeuHas
cmpoz0 yoveaowas yenowka yenmpasusamopos. Cucmemy ypasuenut Had
H, ne sxsusasenmuyto nukaxot ceoetl KoHewHOl nodcucmeme, MOACHO HaTi-
mu, HAnNPuMep, 0OHUM U3 CACOYIOWUT CNocobos:

(1) no 6Geckoneunot cmpozo ybviearwel Yenowke KAGHONUNECKUT UeH-
mpaausamopos 6 H;

(2) no nocaedosamesbHOCIIU NONAPHO PASAUNHOIT BEPULUN, ONPEIEAAIO-
WUT COBEPUWEHHYIO HEHEMEPOBOCTID 2PAPA KOMMYMAMUESHOCTIU 2DYN-
not H;

(3) no Geckoneunoti cmpozo ybwearowet yenouke opPMOZOHANLHHIL 00~
noanenut 6 epage Kommymamusrocmu 2pynnve H (aemma 5).

B danrnom npumepe maxoti cucmemoti ypasHeHul A6AAEMCHA
S(z) = {[z, b;] = L}ien.
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