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AHAJIOT' KPUTEPUA XAPKE-BEPA J1JId CJIVHAMA,
KOTJIA TIPOBEPAETCHA T'MITIOTE3A O
PACITPEJEJIEHNN CTBIKOIEHTA

A.B. JlorauiB" C.E. XPVIIIEB

IIpedcmasaerno H.C. APKAIIIOBBIM

Abstract: The Jarque—Bera test is commonly used in statistics
and econometrics to test the hypothesis that sample elements adhere
to a normal distribution with an unknown mean and variance. This
paper proposes a modification of this criterion, which allows for
testing hypotheses concerning the case where the sample comes
from a skewed Student’s distribution with an unknown number of
degrees of freedom. The paper also provides power estimates for
the constructed criterion, obtained through simulation of samples
of various sizes.
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1 Bseaenue

By,ZLelVI CUYUTaThb, 9YTO BCe pacCcMaTpuBaeMble Cﬂy‘laﬁHbIe AJIEMEHTDI 3a/aHbl
HAa HEKOTOPOM BeposiTHOocTHOM TipoctpancTse (£, F, P). Ilycrs ciyuaitabie
Besmuaunbl X, Xq,..., Xy, n € N He3aBUCUMBI U OJMHAKOBO PaCIPEIEIEHDI.
[Ipennonaraercs, 4To UX pacrupeseacHue HEU3BECTHO.
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Hac 6ymer mHTepecoBaTh KpUTepuii, KOTOPBIA [O3BOJIUT [IPOBEPSTH T'H-
[0TE3y O TOM, UTO 3JIEMEHTHI BHIOOPKH MMEIOT, BOODIIE rOBOPsi, CMEIIEHHOE
pacupezesnerne CTbioieHTa. DTOT KpUTEPHil Oy/1eT sSABIATHCS aHAJIOIOM CJIe-
Jytorero kpurepus, npejioxensuoro C. Jarque u A.K. Bera (cum., nanpumep,
[2]-]4]) /w15t mpoBepKY MUITOTE3BI O TOM, UTO JIEMEHTHI BHIOOPKU MMEIOT HOP-
MaJIbHOE PACIIpPE/Ie/ICHIE.

ITposepsiercst runoresa

Hy: X;~ N(a,0?),1<i<mn, (a,0% neuseecmmo,) npomues 2unomesoi

Hy: X; 4 N(a,0%),1<i<n.

Hcmonb3yeTcs craTucTuka

S? (K —3)?

rie n — obbeMm BIOOPKY; S u K 3T0 BBIOOPOUYHBIE ACUMMETPHUsSI U SKCIIECC,
COOTBETCTBEHHO, T.€.

n . n
%Zl(Xz—X):” %Q(Xz—X)“
1= 1=
S: 6'3 9 K: 6_4 9
1< A
6= EZ(XZ'—X)Q L X=-) X

i=1 i=1
Ecnu Bepua runoreza Hg, TO ipu n — 0O paclpejie/ieHue CIydaiiHoOil Be-
smauEsl J B exonures K x2(2). [o3ToMy Hpu JI0CTATOYHO GOJTBITOM 06beMe
BBIOOPKH MOXKHO HCIIOJIB30BATH CJIEJIYIOIIee Pelraioliee IPaBuio, 3aaeM p—
YPOBEHb 3HAIUMOCTH, eci J B < X%_p(Z) (31ech X%_p(Q) KBAHTHUJIb YPOBHS
1 — p pacnpegenenus x2(2)), To runoresa Hy NpuHUIMaeTcs, HHAYE OTBEpPra-
eTCsl.

OTMeTnM, 9TO €CIM B KAYECTBE abTEepPHATHBBI PACCMOTPETH "Gosiee mpo-
cryo'"rumnoresy

Hi : X; umeem pacnpedenenue us cemeticmaa pacnpedesenuti [upcona
OMAUYHOE OM HOPMAABHOZO,
mo kpumeputi Xapxe—Bepa 6ydem cocmosamensvroim (m.e., ecau s ane-
MEHMOB 8ub0pKYU cnpasedausa 2unomeda Hi, mo cmamucmuxa JB cmpe-
MUMCA MO BEPOATMHOCTIU K OO NPU N — 00 ).

Hamomunwm, 9To pacmpeesieHne TpUHAIIEKAT CEMEHCTBY pacipe/ieeHnit
[Tupcomna, eciu ero mIOTHOCTH f () ymoBIeTBOPsieT cireyionemMy auddepen-
MHATLHOMY YPABHEHUIO € Pa3IeISTIONINMUACT TIePEMEHHBIMU

df(x) bo+ (z — a) f(x)

dr by +ba(z —a) + b3(z — a)? T
rae a, bj, 0 < j < 3 — mapaMeTpbl paclpeJiesieHus. 3aMeTuM, 4TO ceMeii-
cTBO pacmupejenennit [lupcorna Bechbma 6oraTo, B HEro BXOJAT, HAIIPUMED,
TaKye pachpesiesieHns, KaK moKa3aTeabHoe, ramMmMa, 6era, CThioJieHTa, HOD-
MasibHOoe. Ecian m3BecTHO, 4TO CiydaiiHasi BeJUINHA WMEET PaclpeeeHne
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u3 cemeiicrBa [lupcoHa, TO KOHKPETHBI! €ro THII OIPEJIe/IsieTCsl 3HAYEHUsI-
Mu acuMMerpuu u dKcrecca (eM. [5]). Vimenno Giiarogapst 3ToMy CBOICTBY,
KaK OTMEYAJIOCh BBIIIe, KpuTepuit Xapke—bBepa siBiisieTcst cOCTOSITEIBHBIM
Ha 3TOM cemelicTBe. OTMETHM, YTO STOT KPUTEPHUH HA MPAKTUKE IacTO MPU-
MEHSIETCSI SKOHOMETPUCTAMU JIJIsE TPOBEPKHU TUIIOTE3bI O HOPMAJIBHOCTU Pac-
[peJIesIeHusT CIyIaiiHbIX BO3MYIIEHUN B MOJIe/ X JuHeitHoi perpeccun. Tak-
)Ke orMeruM paboty [6], B KOTOpOil paccMOTpEHbI MOANMUKAIMNA KPUTEPUST
Xapke—Bepa mjs ciaydaeB, KoOrjia: U3BECTHO MaTEMATHIECKOE OXKUJIAHUE U
HEU3BECTHA, JINCIIEPCHUs]; HEM3BECTHO MATEMATUIECKOE OXKUJIAHUE W U3BECTHA
JIMCIIEPCHUS]; M3BECTHBI U MATEMATUIECKOE OXKHJIAHUE U JIUCIIEPCHS.

Kak yrmomunasiocs Boilie, B JJaHHOI paboTe MbI TOCTPOUM KPUTEPHIl, KOTO-
PBIil TIO3BOJIUT MIPOBEPATH IUIIOTE3Y O TOM, YTO JIEMEHTHI BHIOOPKU UMEIOT,
BOODIIIE TOBOPsI, cMererHoe pacupenenenne CtoiomenTta. Kak n B Kiaccrdae-
CKOM KpuTepnu Xapke — bepa, mocrpoennas CTaTUCTAKA Oy/IeT NCITOJIb30BATH
CBOHCTBA TPETHETO U YETBEPTOIO MOMEHTOB, & TAK2KE PABEHCTBO HYJIIO HEYET-
HBIX MOMEHTOB (€CJIM OHU CYIIECTBYIOT) Y CIyYailHbIX BEJIMYIHH, UMEIOMINX
HecMelleHHoe pactpejiesienne CThIOIEHTA.

Crenyer OTMETUTD, UTO MPEJIOXKEHHBII KPUTEPUIl TaKyKe MOXKET ObITh HUC-
[TOJTB30BAH JIJIsl IPOBEPKY TUIIOTE3BI O TOM, YTO B MOJIE/ISIX JIMHEIHOI perpec-
CUU CJIyvaiiHble BO3MYIIEHUs UMetoT pacupejesienne CreiofeHTa. B yacTHO-
CTH, TP IPOBEJIEHNN CTATUCTUIECKOI0 aHAJM3a MEIUIUHCKUX JTAHHBIX da-
CTO HUCIOJIb3YeTCsT KJIACCUIecKas JIMHEHHAsT MOJIeJIb ¢ HOPMAJIBHBIM PacIipe-
JIeJIEHHEM OIMMOOK. DTO 0ObSICHSIETCS POCTOTON U yI0OCTBOM ITPUMEHEHUsT
JIAHHOW MOJIEJIN, & TAKXKe HAJUYINEM CIEeUaTu3uPOBAHHBIX CTATUCTUIECKUAX
[TaKeTOB, HEOOXOIMMBIX JIJIsl BBITTOJTHEHUST pacdeToB. [Ipu sToM nmpoBepKa BbI-
[TOJTHEHUST TIPEJIIIOCHIIKI O TOM, UTO CJIydaiiHble BO3MYIIEHUs PACIIPEIE/IeHbI
HOPMAJIBHO, 3a9aCTyI0 UTHOpUpYeTcs. B Tex ciryvasix, Korjga OIuOKNd UMerT
pacnpeneienne CTBIOJEHTA, IMATHOCTUKA MOJIEN OYIeT 3HAUUTEIFHO OT/IU-
9aThbCsl OT JUATHOCTUKU KJIACCUYECKUX JIMTHEHHBIX MOJE/eil ¢ HOPMaJIbHBIMU
ommbkamu (cm., Hanpumep, [1]). Takum o6pazom, o6ocHOBaHHBI BHIGODP MO-
JIeJIN TIPU aHAJIM3€ PEeAIbHBIX JTAHHBIX C YUYeTOM IPOBEPKU pPaCIIPeIe/IeHUsT
OIMUOOK SIBJISIETCSI BaYKHBIM ITAIIOM IIPU ITPOBEJIEHUN CTATUCTUIECKOTO aHAa-
JIA3a.

OcraBimnasicss 9acTb pabOThl COCTOUT U3 YeThIPeX pa3iesioB. Bo Bropom
pa3jiesie TIPUBOJATCS OCHOBHBIE Pe3yJIbTarhl (IIpejiesibHasi TeopemMa ¥, Kak
CJIEJICTBYUE U3 Hee, KPUTEPUil IPOBEPKU COOTBETCTBYIOIMINX CTATUCTHIECKUX
runores). Tperuil paszien nocBsIIeH AlrpobaIy TIOCTPOCHHOTO CTATHCTHIC-
CKOT'O0 KPUTEPUS C ITOMOIIBIO CUMYJIsAIuil. JeTBepThIil pasjies MOCBIIIEH 10~
Ka3aTeJbCTBAM PE3YJIbTATOB Pasjiesa 2, HAThI pa3ies COIepKUT BCIIOMOra-
TeJIbHbIE PE3YJILTATHI.

d
BGS,H,G Jajiee CUMBOJI — 6y,H,eT O3Ha4YaThb CXOJUMOCTDL IIO pacIpejierie-
n—o0

muio; E u D 6yayT o3HavuaTh MaTeMaTUIeCKOe O2KUIAHUE U IUCIIEPCHIO, COOT-
BercrBenHO. Taxxke Gy/IeM HCIIOIb30BaTh 0603HaveHns a = BEX, 02 := DX.
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2 OcHOBHBIE PE3YJILTATHI

TTostoxkum
Ay =t i(xi CXP, gy = & i (2 - 6%)(X; — X)' — 367),
’ gt , i
Teopema 1. Ilycmov cayuatinoie sesuvunvt X, X1, ..., Xn, n € N nesasucu-
Mbl, 00UHAKO60 pacnpedenervl U YOOBAEMBOPAIOM YCAOSUAM
1) EX® < o0;

2)E(X —a)?*t1 =0, 1<k <3;

3) (2—-0?)E(X —a)t —30* = 0.
Tozda nocaedosamenvrocms cayuaiinos eexmopos /n(A1 n, Az ) crabo cxo-
dumea x caywatinomy sexmopy (Wi, Wa), Komopwiti umeem Hopmasvroe pac-
npedeaecnue ¢ EWp = EWy = 0 u xosapuayuontot mampuyet

D; 0
>= < 0 D2> :
D1:E«X—aﬁ—aX—awﬂ{
Dy =E((2-02)(X —a)* — (66% + B(X — a)*)(X — a)? + 0*BE(X — a)* + 30)%.

20e

Hanpsimyro u3 Teopemsr 1 ciemyer

Teopema 2. [lycmsb svinosmerv, ycaosus meopemos 1, moeda

Al AL\
. - ~X*(2).
n<D1+D2 niof X" (2)

3aMeTnM, UTO eCJiu Ciaydaiinas BeJudnna X MMeeT CMEIEHHOEe PACIIPE/ie-

nenne CTBIOJIGHTA C JIEBATHIO U HoJiee CTENeHs MU CBOOOABI (T.€. MIIOTHOCTD
() (z—a)2\_k+l

pacrpeesennst umeet Bux f(x) = 2 (14 )" 2 ,k>9), 10 BBI-
VakT(E) k ’ ’

IIOJIHEHBI YCJIOBUA T€OPEMbI 1n

304 150
E(X —a)t= E(X —a)b =
(X —a) =50 B —ad'=g—5gm
10508
E(X —a) = .
X =4 = G B 2.9 @ 307
B sTom cirygae
1506 18096
Dy =E((X —a)® - 3(X —a)o?)’ = oo 7 4 902,

(2—-02)(3-20%) 2—02
Dy =E((2-0?)(X —a)* — (60% + B(X — a))(X — a)? + 0*E(X — a)* + 30")?
2
~E(C-o0r -0t - B e+ )
s 105(2 — o2) 270% — 18002 + 360 90(4 — o)
-7 Qs—%%@—3ﬂ)+ (2 - o2)3 _@—a%@—zﬂo
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n CIIpaBeJJINBO cJjieayroniee CJIeJCTBUe U3 TeOPEMbl 2

Caencteue 1. I[lycmo cayuatinve seauduns, X, X1,..., Xn, n € N nesa-

sucuUMbL U umerom cmeuwsennoe pacnpedeaenue Cmorodenma Ty (k) ¢ k > 9

(603mooicro k = oo, m.e. nopmanvroe pacnpedeserue N(a,1)) cmenenamu
c60600v.. Tozda

2 2

Al,n A2

, d
. — ENX2(2)7

" Bl BQ n—00
20e
15 18
By := 6" -
L= ((2—52)(3—2&2) 9 2—&2> :

By = 58 105(2 — 62) 275% —1806% +360  90(4 — )
>0\ (32264 —362) (2 —62)3 (2-62)(3-262) )"
TTostoxxum

- 2 A2
JB:=n| 04 20
|Bi|  |B:

N3 cnenpcrBus 1 ciemyeT CaeayoONuil CTATUCTUIECKUNT KPUTEPHIit.

Caenctsue 2. [Tycmb 3adan yposens 3HAMUMOCTU P.

IIposepsemcea zunomesa

Hy : X; ~Tuk), 1 <i < n, k>9 (mamemamuueckoe oosrcudanue
a HEU3BECMHO, “ucA0 cmenenell k neussecmno, 603modcto k = oo, m.e.
X; ~ N(a,1)) npomus arvmepramueol

Hi: X;, 1 <i<n umeem dpyeoe pacnpedeseriue.

U3z caedcmeus 1 caedyem, wmo npu 0ocma/m\0“m0 boavwom obseme Goi-
6OPKU MOJICHO UCTOABIOGAMb NPAGUA0: ecau JB < X%fp(Q), mo 2unomesa
Hy npunumaemcsa, unave omeepzaemca.

3ameuanue 1. Ommemunm, ¥mo npusedentoe Gvie PEWAIOWEE NPAGUALO
ABAACNCA COCTNOAMEALHOIM KpUMEPUEM, 6 caydae "bonree npocmot" xorky-
PUPYOWET 2Unome3snl

Hy : X; umeem pacnpedeaenue makoe, wmo uau E(X; — a)3 # 0 uau

(2 - 0?)E(X; —a)* —30* #0.

3 MoaenunpoBaHue

B stom pazgene mbl uccienyeMm 3M@PEKTHBHOCTD pabOThI TOCTPOEHHOTO
TecTa Jjisi IPOBEPKU TUIIOTE3bI O TOM, UTO BBIOOPKA B3STa M3 HECMEIIEHHOTO
pacupegeserusi Crorogenta T'(k). DddexTuBHOCT IPOBEPSIACH C TIOMOIIHIO
OIIEHKHU BEPOSITHOCTH OIMUOKHU MEPBOTO POJA U ONEHKH MOIHOCTH MTPU MOJIe-
JINPpOBAHWY PA3JINIHBIX pacipeiesernit meromom Monte-Kapio. Mogemupo-
BaHUE MPOBOJIMJIOCH B IIporpaMMHOM obecrieuenun R Bepcun 4.2.3. Mbr nc-
[OJIH30BaJI BBIGOPKY CJIEYIONINX Pa3MepoB (MaJible, cpejiHue U GOJIbIITe):
n =25, 50, 75, 100, 150, 200, 250, 500 u 1000 111 caydas CJIOXKHONR OCHOBHOM
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runoressl (Hp : X; ~ T'(k), rye aucio creneneii cBoboibl Hen3BecTHO). Bero-
Jly TIpU T€CTUPOBAHUEU MbI UCIIOJIH30BAJIN YHUBEPCAJIbHOE 3HAUYECHUE YPOBHS
gnaunmoctu p = 0,05. B Tabiurax HuXkKe TPUBEJIEHBI PE3YJIBTATHI CUMYJIsi-
Ui, T/ie BCIOY B cTOJIOMAaX F' yKa3zaHO MOJEJIUPYEMOe PACIIPE/Ie/IeHHUE.

B Tabsure 1 mojemupyeMoe pacipe/iesieHue COOTBETCTBYET OCHOBHO# I'ii-
norese (HAIIOMHHUM, 9TO CTAHJIAPTHOE HOPMAJbHOE pacipejiesienue, 0003Ha-
qaemoe N (0, 1), siBisieTcst TpejieIbHBIM PaCIpe/Ie/IeHIeM JIJisi PACIIpe/ieie-
Husi CThIOJIEHTA [PU CTPEMJICHUHU YHCJIa CTeleHeil cBoOObl K OECKOHETHO-
cru). st pacaera sMOMPUIECKOil BEPOSTHOCTH ONIMOKU TIEPBOTO POJIA, (¢ MBI
renepuposan 1000 BEIOOPOK pa3zmepa M, B3ATHIX U3 YKA3aHHOIO B CTOJIO-
e F' pacrpejiesieraust. IMIUPUIECKas BEPOSITHOCTD OIMMUOKU IIEPBOrO poja —
9TO JI0JIsi OTKJIOHEHHBIX KPUTEepUeM OCHOBHBIX rutiore3. B Tabuuie 1 B Heko-
TOPOM CMBICJIE TTPOJEMOHCTPUPOBAHA CKOPOCTH CXOJIUMOCTH K IIPEIETIBHOMY
pACIIPEJIEJIEHUIO TECTOBOM CTATUCTUKY U3 TeopeMbr 2.

n F « F a F o F «

25 T(10) 0,086 T(15) 0,085 T(20) 0,072 N(0,1) 0,088
50 T(10) 0,053 T(15) 0,081 T(20) 0,080 N(0,1) 0,074
75 T(10) 0,055 T(15) 0,070 T(20) 0,067 N(0,1) 0,091
100  7(10) 0,059 T(15) 0,061 T(20) 0,074 N(0,1) 0,072
150  7T(10) 0,043 T(15) 0,074 T(20) 0,071 N(0,1) 0,071
200 T(10) 0,056 T(15) 0,067 T(20) 0,054 N(0,1) 0,064
250 T(10) 0,057 T(15) 0,059 7T(20) 0,050 N(0,1) 0,058
500 T(10) 0,054 T(15) 0,061 T(20) 0,068 N(0,1) 0,051
1000 T7°(10) 0,049 T(15) 0,051 T(20) 0,052 N(0,1) 0,053

TABIUILA 1. DMIupuvIecKoe 3HaAYEHNE BEPOSITHOCTH OMMTUOKH
nepsoro pojia «, rje N (0, 1) — cranjgapTHOe HOpMaIBHOE pac-
npeJieieHue.

B Tabsuie 2 momenupyeMoe pacipeiesieHne He COOTBETCTBYET OCHOBHOM
runorese. st pacyera OneHKH MOIIHOCTH 3 (SMIIMPUIECKOH MOIIHOCTH ) MbI
renepuposasiz 1000 BEIOOPOK paszmepa 1, B3AThIX U3 yKA3aHHOTO B cTOJI01Ie F’
pacupeiesieHnsi, OTInIHOro oT pacupeesnenus Croionenta. B sTom ciydae,
SMIIMPUIECKAsE MOITHOCTL — 3TO JIOJIsA OTKJIOHEHHBIX KPUTEPHEM OCHOBHBIX
runore3. Mbl paccMOTpeNn ciiydan, B KOTOPBIX MOJIEIUPYEMOE PacIipeierie-
nue F upuHaJjIexkuT ceMeicTBy pactpejenennit [Tupcona, a Takske ciaydan,
KOrJla pacipejenenne F' He OTHOCUTCS K 9TOMY CeMEHCTBY.

Anasuz Tabuuipl 2 TOBOPUT O TOM, UTO yrKe IIPU MaJIbIX 00'beMax BbI6op-
KU TIOCTPOEHHBIN KpUTepuil 06/1a1aeT XOpoIel MOITHOCTBIO, 0COOEHHO XOPO-
o paboraer Jyist anbrepHaTUBHbIX pactpejesnenuii N(0,2) (u3 cemeiicrBa
pacnpegesierusi [Tupcona) u pasHoBecHoit cmecu pacnpeneseruit N (0,1) u
N(0,3) (me mpunajyiexaeii cemeiicrBy pacnpeenennii [lupcona). PaBHo-
MepHOe pacipejiesienne Ha uHTepBaje (—3;3) B M3BECTHOM CMBIC/IE TAKXKe
MOXKHO OTHECTH K ceMeficTBy pacupesesnenuii [Tupcona (jist Hero oHo siBJIsi-
eTCst IPEJIeJIbHBIM ).
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n F 3 F B F B
25  N(0,2) 0,807 Mix 0,884 U(—3;3) 0,390
50  N(0,2) 0939 Miz 0,980 U(—3;3) 0,636
75 N(0,2) 0985 Miz 0,998 U(—3;3) 0,762
100 N(0,2) 0,999 Miz 1,000 U(—3;3) 0,867
150  N(0,2) 0,999 Miz 1,000 U(—3:3) 0,950
200 N(0,2) 1,000 Miz 1,000 U(—3;3) 0,986
250  N(0,2) 1,000 Miz 1,000 U(-3;3) 0,995
500 N(0,2) 1,000 Miz 1,000 U(—3;3) 1,000
1000 N(0,2) 1,000 Miz 1,000 U(—3:;3) 1,000

TAaB/MUA 2. Ouenka moruoctu 3, e N(a, o) — HOpMaIIb-
HOE PacIpe/Ie/IeHne CO CPEIHIM 3HAYEHUEM ¢ M CTaHIAPTHBIM
orknonenneM o, Mir — paBHOBECHas CMECh PacIpele/IeHuit
N(0,1) u N(0,3), U(—3;3) — paBHOMEpHOE pacCIIpe/IeJIeHIe
Ha uHTepBase (—3;3).

4 JlokazaTeJbCTBO TeopeMbl 1

JokazaTenasbcTso. I3 eMMbl 2 cieryeT, UTO

lim_ <\/ﬁA1,n — <\}ﬁ D ((Xi—a)® = 3(X; - a)02)>> =0mu, (1)
=1

IPUMEHSISI JIEMMY 3, TTOJTyIaeM
s 207 - 2 4
nh_)ngo\/ﬁ o] _nZ;(Xi_a) +0% | =0 mu, (2)
1=
UCIIOJIB3YS JIeMMy 4, ToJrydaeM
1 n
im — _ 52 X4
A Z (2= - X) (3)
i=1
2-0)(Xi—a)'+((Xi—a)?-)E((X —a)') =0 (mn)

U3 dopmya (1)—(3) caemyer, 9To npejiesibHOE paciipeiesieHue mocie10Ba-
TEJIBHOCTH CJIyYaiiHbIX BEKTOPOB /1(A1 5, A2 ) TaKoe XKe Kak y IOCJIeI0Ba~
TEJIbHOCTH

(A1, Ay ) = (\/15 ;((Xz‘—a)g—i%(Xi—a)UQ),

n

b o)X —a)t
i (emetiea
— (602 +E(X —a)")(X; —a)? + ’E(X —a)* + 3a4> .

U3 ycnosuit 2), 3) cienyer, 4ro

E((X —a)® - 3(X —a)o?) =0,
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E((2—0?)(Xi—a)*— (60> +E(X —a)")(X; —a)? +0’E(X —a)*+30%) = 0.
[TosTOMy, B CHJIy HEHTpaJbHOI MpeIeJbHON TeopeMbl M0CIe0BATEIbHOCTD
(All,m A’Qm) cxoautest K caydaitnomy Bekropy (W, Wa), KoopauHaTsl KOTO-
POTO MMEIOT COBMECTHOE HOPMAJIbHOE PACIIPEIe/ICHYE.

Haiizem nmapamerpbl sToro pacupegesenusi. VI3 ycnosuii 1), 2) ciemyer,
4TO

DW;, = E((X —a)® - 3(X — a)d?)?,
DWW, = E((2—02)(X;—a)*— (60?+E(X —a)*)(Xi—a)?+0’E(X —a)*+30%)%,

cov(Wy, W) = E<((X —a)® —3(X —a)o?)
><((202)(Xia)4(602+E(Xa)4)(XZ-a)2+02E(Xa)4+304)> = 0.

5 DBcnomoraresibHble pe3yJibTaThbl

JIlemMma 1. Ilycmo evinoanenv Yycao6us
1) EX*2 < 0o daa nexomopozo durxcuposaniozo k € N;
2)B(X —a)? 1 =0 das scex 1 <r < k.
Toz0a
. 1 ¢ ¥\ 2k 2k
JLH;O\/E;((Xi - X)) —(X;—a)*) =0 n.n

HJokaszaTeabcTs o. Jlerko Bumers, 94To

n

1 _
— > (X = X)) = (X; — a)*)
Vi
2%
1 — 1 — ok
:7 Xi—a—EZ(Xj—a) —(Xi—(l)
i=1 j=1
| 2l 4o 2k=r
=— Cop(Xi —a)" | — ) (Xj—a)
Vin i=1 70 nia
. 2%
1
= —L Z(XJ —a)
n' Tk G
2k—1 1 n 1 n Zh—r
+) . Ch <2k > (Xi— “)T> — > (Xj—a)
=1 van©s i ne =1

U3 yenosuit 1), 2) u 3aK0HA HOBTOPHOIO JiorapudMa CJIe/yeT, 4To CJIy-
JaifHasi IOCIeJ0BATEeIbHOCTh HAXOISINASICST B IIEPBOil CKOOKE, CXOISITCS IIPU
n — 00 K HYyJIO II.H. eHCTBUTEIBHO, U3 ycjosnii 1), 2) ciemyer, 1To

E(X; —a)? < 00, E(X; —a) =0,
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3HA4YIUT, B CUJIYy 3aKOHa ITIOBTOPHOT'O JIOFapI/I(bMa CIIpaBe/IJINBO PaBEHCTBO

1
lim su
noso. \/2nIn(nn) - B(X,

—7 Z;(Xj —a)|=1nmn (4)

[Tosromy, pu Jirobom dbukcupoBanuom k € N 11 oc/ie1o0BaTe IbHOCTH PAC-
ITOJIOZKEHHON B 1IE€PBOil CKOOKe OylieM MMeTh

n

1 1
lim X —a)| < limsu ZX'_a
neso0 nl_i Z( J ) - n—)oop \/27111’1(111”) : E(X] - CL)2 ( ’ )

J=1

2In(l "E(X; —a)?
Xlimsup\/ n(nn)l 1( =) =1-0=0mmu. (5)

n— o0 nz2- 4k
AHaJIOrIIHBIME PACCY K AEHUSIMA MOXKHO II0KA3aTh, ITO HOC/IE[0BATE/ILHOCTD
HAXO/ISAIIAACS B TPeTeil CKOOKe TaKKe CXOIAUTCS IPU N — 00 K HYJIIO ILH.
U3 ycmosuit 1), 2) caeayer, 9To

E(X; —a)* % < 00, E(X; —a)* ! =0.

BHAYUT, UCHOJIb3YsI 3aKOH TIOBTOPHOIO JiorapudmMa U paccyKJIeHus, aHaI0-
rUYHble MPUBEIEHHBIM B (opmysnax (4), (5) MOXKeM 3aKJII0YUTh, YTO MPH
r = 2k — 1 nocjenoBaTeIbHOCTh CTOsIIAs BO BTOPOH CKOOKE CXOIUTCH K
Hyaio mH. npu n — oo. Hmua 1 < r < 2k — 2 BBINOJHEHO HEPABEHCTBO

2k—r 7
\/ﬁn 3 Z ne. HO3TOMy, B CJIy YCHJIEHHOI'O 3aKOHQ 6OJH)I_HI/IX quceJi, CJI1y-
qaitHad IIOCJIEJOBATEJIBHOCTD PACIIOJIO?KEHHAasI BO BTOpOI';I CKODKe TaK¥Ke CXO-
JAUTCA IIPU 1 — OO K HYJIIO II.H. JJId TaKUX 7.

JIemma 2. ITycmov 6vinoamnens Yeaosus
1) EX* < 0o das nexomopoeo gurxcuposannozo k € N;
2)E(X —a)* ' =0 0as ecex 1 <r <k.

Tozda

n—o0

1 & -

lim 7 D (Xi=X)*H —(Xi—a) 4 (2k+1)(Xi—a)E(X —a)**) = 0 n.n.

n
=1
JJokaszaTesabcTBs o. Jlerko Buiers, 4To
1 & -

NG D (X = XM — (X — )™+ (2 + 1D)(X; — o) B(X —a)?)

=1

2k+1

:\}ﬁz Xi—a— 13 (X; - a)
i=1

~(X; = @) 4 (2K + 1)(X; - )E(X - a)*)

= (2k + 1)\/15 D (X —a)* %1 > (Xj—a)
=1
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2k—r+1
2k— 1 n
T
_— _ X. —
f: Z::O 2k+1 —a) n;(] a)
> @2k +1 JE(X —a)®
2k+1
-1 n
= 1 i (Xj - a)
n A2 T
2k—1 1 n 1 n Zk—r+1
Y Gt (e S ) (3
5 =1 n3 =1

—= Zn:(% +1)(X; — a)E(X — a)?*.

[TepBbIxX ABa cilaraeMbIX CXOIATCS IPU N — 0O K HYJIIO IL.H. TI0 IPUIHHAM
IIOJTHOCTHIO AHAJOTUYHBIM TEM, KOTOPbIE IPUBEIEHBI B KOHIIE JTOKA3aTe b
CTBa JIEeMMBI 1. 3alliilleM TPEThEe U YEeTBEPTOE CIaraeMoe B CJIELYIOIEM BUIE

(2k +1) \/15 Z(Xj —a) <:L Z(E(X —a)? — (X, — a)%))
j=1

i=1

k1) 53X —a) (1 S (B - ) (X, a)zk)> |

n4 j=1

U3 ycnosuit 1), 2) caemyer, 4ro
E(X; —a)’ < o0, E(X; —a) =0, E(E(X —a)? — (X; — a)*)? < .
[TosTOMY, MCIIO/IL3YSI 3aKOH HOBTOPHOIO JorapudMa M PacCyzKIeHHs, aHa-

JIOTUYHBIE TIPUBEJIeHHBIM B hopmysax (4),(5), MOXKeM 3aK/IIOUUTh, YTO BCE
HAXOJIAIINECS B CKOOKAX TIOC/IEI0BATEIHHOCTU CXOISATCS [IPH 1 — 00 K HYJIIO

II.H.

Jlemma 3. ITyems EX* < 00, mozda daa mobozo k € N

2k—2p
lim v/n (&% 7 Z(X’ —a)? + (k- 1)02k> =0 n.n.

n—00 n £
=1
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JJoka3zaTeJsabcTs o. [looxum

k—1 1 n k—1—r 1 n r k—1
§ : § : 5\2 } : 2 )
X - (Xz - X) - (Xz - (I) =01n fk,r,n-
n “ n-
r=0 i=1 i=1 r=0
N3 memmbl 1 1 yCHJIEHHOTO 3aKOHA OOJIBITIX UHUCEJT CJEIYeT, 9TO CIyIaiiHbIe
HOCIEOBATEILHOCTH g1, U fi rp, 0 <7 <k —1 cxoggarcs mH. K 0 1 O'Q(k_l),

COOTBETCTBCHHO. HOSTOMY

lim Y, =0 m.u., (6)

n—o0
1 HaM JOCTaTOYHO IIOKa3aTb, 9TO

. 1 ¢ 2 ’ o2 & 2 2k
lim /n 5Z(}g—a) - d (Xi—a)+ (k—1)0* | =0mn.

n—00 n
i=1 =1

Jlerko BUJIETh, 9TO

1 — b2
vn (n D (X a)2> — Y (X —a)’ + (k—1)0**

n
i=1 i=1

1 & g o2k2 &
—n EZ((Xi—a)2—02)+02 -— > (Xi—a) + (k—1)0

i=1 i=1

k—2 n k—r
=Vn) Ci (; > (X —a)* - 0'2)> Lo

r=0 i=1

=1
2k—2k n
g S (X - a)? + Valk — 1)o?

=1

—h/ﬁa% —/n
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U3 yenosus EX?* < oo caenyer, uro
2 212
E((X; —a)®—0°)* < .
[TosToMy, HCIIOIL3YsT 3aKOH IIOBTOPHOIO JIorapudMa U PacCyzKICHUsI, aHAJIO-
IUYHBIE IPUBEICHHBIM B hopmyiiax (4),(5), MoKeM 3aKII0UUTD, YTO CJIyYdaii-

HbIE TIOCTIEIOBATEILHOCTH PACITONIOKEHHBIE B CKOOKAX CXOJISATCS TIPU 1 — 0O
K HyJio 1.H. it Becex 0 < r < k—2. CienoBaresibHO, cipaBeyinBa hopMyia

(7).
JIemma 4. ITyemov EX® < 0o, mozda

imin — 62 - X)*
] ﬁ;(@ )(X; — X)

n—oo

—(2-0?)(Xi—a)* + ((Xi — a)? = 0)E(X — a)!) =0 n.n.
JokaszareabcTso. JIerko BUIETh, 9TO

n

\}ﬁ 2(2—62)(&—?)4 - \/15 Z 2- %Z((Xj - X)? -0 -0 | (X;—X)*
=1 i=1

Jj=1

= =3 2 G - R (G - @) | (- D)
i=1 j=1
= = 3@ T) = G- (G- (K- X
i=1 j=1 i=1
R (TR LETUES /5 O TS ORI o o8
e i vn i=1

_l - —a 2 0_2 L - 4 —a 4
n;((Xj ) )\/ﬁizl((Xl X)*— (X —a)h)
— LN — @)= o) S (X — ) — E(X — a)?)
ns j=1 n4 i=1
1 n
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U3 yenosus EX® < oo u emmer 1 ciepyer, uro

L 2-0° 4 4

nlglgowz((Xi—X) —(Xi—a)") =0mm, (9)
=1

UCIOJIB3Ysl JIeMMY | W YCUJIEHHBIN 3aKOH OOJIBIITUX UUCE, IOy IaeM

n n

. 1 )2 2y 1 )4
Jim NG ;((Xj —X)" = (X —a)7) ;(Xi - X)"=0mnn, (10)
R 1 & —
Jim ~ ;((Xj —a)® - "2)% iZI«Xi - X)' = (Xi—a)") =0mwn, (11)
npuMeHsisi ycaosue EX 8 < 0o u 3aKon [IOBTOPHOTO Jiorapudma, 1mosrydaemM

1 « 1 «

lim — Y (X;-a)’-0))—5 > (Xi—a)' - E(X —a)) =0nn (12)
n—oo n4 j:l n =1

YrBepkaenue jgeMMbl 4 cienyer u3 (8)—(12).
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