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APPROXIMATE SOLUTION OF THE JOB SHOP PROBLEM
BY MEANS OF THE COMPACT VECTOR SUMMATION
WITHIN A BOUNDED CONVEX SET IN R¢

SERGEY SEVASTYANOV

ABSTRACT. The first fully polynomial-time approximation algorithm for
solving the Job Shop problem in its most general form with theoretically
guaranteed a priori accuracy bounds was published in (Sevast’yanov,
1984). The approach used in that paper for solving the Job Shop problem,
based on the method of compact vector summation in d-dimensional
space, was further developed in (Sevast’yanov, 1986). For any fixed job
shop, those algorithms provided an asymptotic optimality of the solutions,
under the unlimited growth of size of the batch of jobs supplied at
the problem input. Later on, two other approximation algorithms for
this problem with ratio performance guarantees appeared in (Shmoys
et al., 1994). The first algorithm provided (in polynomial time) a poly-
logarithmic approximation in terms of two parameters: the number of
machines (m) and the number of operations per job (u). The second
algorithm guaranteed a (2 + ¢)-approximation for any fixed ¢ > 0 and
was polynomial-time for any fixed values of m and p. Finally, in (Jansen
et al., 2003), a PTAS was elaborated for the Job Shop problem, which
was polynomial-time under the assumption that m and p are fixed. All
three above mentioned algorithms were heavily based on the algorithm
from (Sevast’yanov, 1986) and were presented as an “improvement” of
the latter. In the present paper, a comparative analysis of the quality
of four known for today theoretical algorithms for approximate solution
of the Job Shop problem (namely, of the algorithms from (Sevast’yanov,
1986), (Shmoys et al., 1994), and (Jansen et al., 2003)) is carried out. It
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is shown that on the set of instances of practical size, the best to date
by the accuracy/efficiency criteria is the algorithm from (Sevast’yanov,
1986), while the second algorithm from (Shmoys et al., 1994) and the
PTAS from (Jansen et al., 2003) are not capable of obtaining a solution
10 times worse than optimal in any physically observable time even for
comparatively small instances of the problem (and even with the help
of the Super-Computer System of the whole Universe). The paper also
presents an improved scheme of the algorithm from (Sevast’yanov, 1986),
which gives a better bound on the absolute error with the same bound on
the running time, which is the first positive result in this direction since
1986. Detailed schemes of all procedures used in the algorithm are given
(in order to facilitate its programming). In addition, the paper shows
how both algorithms from (Shmoys et al., 1994) can be transformed so
that their running time becomes linear in the main problem parameter,
the number of jobs n.

Keywords: scheduling, job shop problem, makespan, approximation,
polynomial time algorithm.

1. INTRODUCTION

In the 1970s, a tight connection was discovered between multistage scheduling
problems of the Flow Shop type and geometric problems of finding an order of
summation for a given finite family of vectors from R¢ within a ball (of some norm
defined in R?) of minimum radius'. This connection enabled one to find efficiently
approximate solutions for scheduling problems with a priori guaranteed accuracy
bounds by reducing these problems (approximately) to the corresponding vector
summation problems, provided that efficient methods with theoretical performance
guarantees had already been developed for the latter problems.

Later on, a similar connection between scheduling problems and vector summation
problems was found for many other multistage scheduling problems to the minimum
makespan, such as: problems with several different routes of jobs through machines
[1, 2, 6, 11, 15, 16], problems with non-fixed routes [9, 22-25], production line prob-
lems [3], flexible flow shop problem [15, 20], a.o., which emphasized the importance
of vector summation methods for scheduling theory.

As a result, a wide range of geometric problems on finding orders of vector
summation within various (either fixed or optimized) domains of finite-dimensional
space appeared in the scope of our interests. So, developing efficient methods for
approximate solution of such problems became topical. For a more detailed acqu-
aintance with results in this area, we refer the reader to two reviews [21, 25]. Now we
only note that beyond the approximate solution of scheduling problems, these
geometric methods enable one to find optimal solutions for wide polynomially
solvable classes of instances of the Open Shop problem [9, 22-25].

By all accounts, one of the most difficult multistage scheduling problems for
(not only exact, but also approximate) solution is the Job Shop problem, in which
each job may have its own, individual route through machines of an arbitrarily
large length. The number of operations per job is a parameter independent on the

IFor the first time, these results were mentioned by Sevastyanov in June of 1974, in Proceedings
of the 3rd All Union Conference on Problems in Theoretical Cybernetics [12]. The relationship
between scheduling and vector summation problems was then independently discovered by Belov
and Stolin and published in December of 1974 in [4].
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number of machines (each machine can be used multiple times in the job route).
This m-machine n-job problem with the minimum makespan objective is normally
denoted as (J || Ciax). It can be formulated as follows. (Here and then, [k] will
denote the set of integers {1,2,...,k}, where [k] = & for k = 0.)

Job Shop problem. We are given a set of jobs {Ji,...,J,} that should be
processed on a given set of dedicated machines {Mj, ..., M,,}. Each job J; (5 € [n])
consists of u; operations {Oj,...,0,, ;} that must be processed in this order.
(This means that the next operation of a job cannot start until the previous one
has been completed.) Each operation O,, ; should be processed on a certain machine
M (O, ;) within a time interval of length p, ;, without interruption. The processing
of different operations on the same machine should not overlap in time. Among
the set of feasible schedules (which meet the above requirements), we wish to find a
schedule S = {s, ;| O, ; € O} (where s, ; is the starting time of operation O, ;, and
O denotes the set of all operations) that minimizes the mazimum job completion
time Crmax(S) = max{s, ;j + py ;| Oy, € O}.

As one can see, the above problem setting stipulates a certain route of each job
through machines. As was claimed in [5], such a route cannot be an arbitrary one:
“In literature of job shop scheduling, machine repetition is usually not allowed,
i.e., consecutive operations of the same job must always be assigned to different
machines. We follow this convention unless stated otherwise.”

Apparently, accepting such a convention for the “norm” in the formulation of the
Job Shop problem could be explained by the difficulty of solving the problem in
the general case. Yet, we should note that such a restriction on the problem setting
can facilitate its exact solution in very special cases only (such as the case of two
machines) and is useless in more general cases. As for the approximate solution of
this problem, as we will see it later, the most significant positive results in this
direction (due to Sevastyanov [17, 18], Shmoys, Stein and Wein [26], and Jansen,
Solis-Oba, and Sviridenko [8]) have been obtained for the Job Shop problem in the
setting presented above, i.e., without the artificial constraint on job routes
accepted in Chen, Potts, and Woeginger [5] for the “norm”.

Moreover, the problem without such a restriction enables us to consider interes-
ting models with controllable interruptions, in which interruptions of each operation
are allowed only at certain relative time moments specified by certain (admitted)
values of the volume of the already completed part of the operation. To cope
with such a problem, it suffices (1) for each operation to cut down its processing
time interval at given relative time moments (specifying “allowed interruptions” of
the operation), thereby obtaining several “smaller operations” to be sequentially
executed on the same machine, and (2) to solve the resulting Job Shop problem
without interruptions and without the above restriction on machine repetiti-
on. Such models (with controllable interruptions) generalize both the models with
preemption, and the models without preemption.

Thus, we will consider the Job Shop problem without the artificial constraint
on machine repetition in job routes (since the latter really limits the generality
of our problem) and will denote it as (J || Crax). For denoting the special case of
this problem with the “bun” on machine repetition in any job route, we suggest to
use notation “no rep”. Note also that this restriction limits not the set of feasible
solutions of the problem (related to the problem output), but rather the set
of its inputs, thereby determining the problem we solve: either the problem in its
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general form or a certain special case of it. That is why I propose to place such a
definition of the problem to be solved (listing the restrictions/extensions of the set
of inputs) in the first field of the three-field system we use, leaving the second
field for recording the restrictions (or, conversely, extensions) of the set of feasible
solutions of the problem. Thus, the above mentioned special case should be denoted
as (J,no rep || Crnax)-

The difficulty of the exact solution of the Job Shop problem is confirmed by a
number of results establishing that some very special cases of it (all of which are “no
rep”) turn out to be NP-hard. For example, these are the problems (J2,no rep, u; <
3| Cmax) and (J3,n0 rep, p1j < 2 || Cmax) [10] (i-e., the problem with two machines
and at most three operations per job and the problem with three machines and
at most two operations per job), as well as problem (J3,no rep,n < 3|| Cnax) [27]
(with three machines and at most three jobs). Meanwhile, such a special case of
(J3,n0 rep, pt; < 3|| Cmax) problem as (F3|| Cnax) (when all jobs have the same
route (1,2,3) through machines) is strongly NP-hard [7].

Asg far as an approximate solution of this problem is concerned, apparently, the
first efficient algorithms with theoretical performance guarantees for solving the
Job Shop problem in its most general form were presented in (Sevast’yanov, 1984,
1986). The polynomial-time algorithms described in those two papers guaranteed
finding schedules satisfying a priori bounds on the absolute error in the form:

(1) Cmax(S) < Lmax + (P(mv M)pmaxv

where L.y is the maximum machine load (which, clearly, is a lower bound on the
optimum), p = max; f; is the maximum number of operations per job, ¢(m, u) is
a polynomial on m and p, and pyax = max,, ; p,, ; is the maximum processing time
of an operation.? As one can see, the absolute error Cryax (S) — Limax < @(m, 1t)Pmax
of the approximate solution does not depend on the number of jobs. Under the
assumption that the values of parameters m, u, and py,.x are bounded by constants,
while the number of jobs n grows without limit (and so, pmax becomes arbitrarily
small with respect to amounts P = ij Pn.; and Lyax > P/m), the solution found
becomes asymptotically optimal.

It should be noted that the assumption made in [17, 18] about the limited growth
of the quantities m, i, and pyax in parallel with the growth of the number of jobs
n has got a practical meaning. Assuming that the range of products manufactured
in the job shop remains more or less constant over a long period of time, we can
calculate the maximum values of quantities p and pp,.y for this range of products
and treat them as constants over time. The maximum possible number of machines
(m) placed in the job shop is also limited by the size of the job shop (i.e., by
a constant independent of time). As for the number of jobs n, this parameter
obviously grows proportionally to the duration (") of the planning horizon® of the
shop activities. Under these conditions, the algorithms described in [17, 18] provide
good practical solutions that become (theoretically) asymptotically optimal with
unlimited growth of T

Based on the algorithm from (Sevast’yanov, 1986), Shmoys et al. (1994) designed
two approximation algorithms for the Job Shop problem with ratio performance

2The algorithms presented in those two papers differ in the orders of their polynomials ¢(m, p)
and in bounds on their running time.

3 Planning horizon is the time interval [0, T] during which it is required/wanted/planned to
perform a specified list of jobs.
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guarantees. One of them provided a poly-log approximation in terms of variable
parameters m and p and was purely polynomial-time. To construct an approximate
schedule, they divide the entire set of jobs into “small” jobs (all operations of
which have a length not greater than L,../(2mu?)) and the remaining “large”
jobs, the number of which (n’) does not exceed 2m?u3. For “small” jobs, they use
the algorithm from (Sevast’yanov, 1986) (with running time O(m?2u?n?)) which
constructs a schedule Sg with length that meets bound (1), where instead of the
function ¢(m, p) the authors of (Shmoys et al., 1994) use its upper bound 2mu?>.
As a result, from (1) and from the upper bound on the lengths of operations of
“small” jobs, we obtain the bound Ciax(Ss) < 2Lmax. For “large” jobs, Shmoys et
al. first transform the durations of their operations (by switching to a new time
unit equal to § = ppax/|O’|, where O’ is the set of operations of “large” jobs),
and then rounding them down to the nearest integer. Thus, the new durations

(py; = Lp’;jni‘:ylj) of operations are integers and do not exceed |O'| < n'p. After
that, for the instance consisting of all large jobs with transformed processing times,
a randomized polynomial-time algorithm is applied, which, with high probability,

yields its schedule S} of length

log(n' 1)
!/ < ! / I
(2) CmaX(S2) — O ((Lmax + Pmax) IOg log(n’u) logpmax )

where p,,.. = maxg, ;3 p, ; is bounded from above by n'u, while L, and Py, =
max; Zne[uj] p,’hj are the maximum machine load and the maximum job length
measured in the new time units. Keeping in mind that functions 2/ logx and log x
are monotonically increasing, we may replace p/ .. and n’ in (2) by their upper

bounds (polynomial in m and p) and obtain the bound:

log® (mys)
loglog(mp) )

This inequality, clearly, remains valid after returning to the original time units,
because all time-dependent parameters (such as processing times pé’j, schedule
length Cpax(S%) and amounts L, ., Ph..) are multiplied by the same number 4,

max’ max

providing (in new terms) the inequality

Conae(S3) < O (<L;m P

log® (mp) ) .

17 < 1 7 e N7
3) Cuax(85) <O <(Lmax  Pa) og log(my)

Next, returning to the original instance of large jobs (with operation lengths p,, ; >
pn’:j) lengthens each operation by at most § and increases the length of each path in
the precedence graph of operations in schedule S5 by no more than ¢ - |O’| = pmax,
while L7 .. and P, in the right part of (3) grow up to at most Lyjax and Pyax. As
a result, the authors obtain a schedule S5 for large jobs which, with high probability,
meets the bound:

log® (mp)
< 1 < o\ .
(4) CmaX(S2) > Cmax(S2) + Pmax < 0 <(Lmax + Pmax) IOg log(m,u)

A subsequent derandomization of this schedule yields (in polynomial time) a deterministic
schedule Sy, for large jobs with bound

Cmax (SL) S O (10g2 (m:u’)C:nax) .
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Finally, consecutively connecting schedules Ss and S, for small and large jobs,
they obtain schedule S with the relative accuracy bound

(5) Crmax(8)/ Chax < O(log?(mps)).

Since the algorithm for large jobs is polynomial-time, and the number of large jobs
(n’) is bounded above by 2m?u3, the overall running time of their algorithm can
be estimated as O(n?m?u? + P(m, p)), where P(m, i) is a polynomial of m and pu.

The second approximation algorithm from (Shmoys et al., 1994) provided
a (2 + ¢)-approximation for any fixed ¢ > 0 in polynomial (O(n?)) time under
assumption that parameters m and p are fixed. Again, they use the idea of dividing
the whole set of jobs into two subsets of “small” and “large” jobs, yet with the
“watershed” for lengths of operations at a different value % The application
of the algorithm by (Sevast’yanov, 1986) to small jobs yields a schedule Sg that
meets bound (1) with ¢(m, 1) = 2mu® and puax = ng“;;‘, which yields the bound
Crnax(Ss) < Limax + €Lmax < (1 + ¢)C%,,.. For “large” jobs (the number of which
is not greater than 2m2u3/e, and for fixed m, i, and ¢ is fixed), they find (by

any way) an optimal schedule S}, of length Cp,.x(S1) < Cf ..., which yields the

max?
desired accuracy bound for the concatenation of two schedules:
(6) Crnax(Ss ® SL) < (2+¢)Chax

The PTAS presented by (Jansen et al., 2003) for the general Job Shop
problem (J|| Cinax) in the case of any fixed m and p is a development of the
above result (i.e., of the O(n?)-time (2 + ¢)-approximation algorithm for problem
(J || Cryax) with any fixed m, p, and € > 0). They described an O(n)-time (1 + ¢)-
approximation algorithm for any fixed ¢ € (0,1) and any fixed m and p. This
time, the authors divided the set of all jobs into three subsets: of “big”, “small”, and
“tiny” jobs. At that, “small” jobs (whose total length is §-small with respect t0 Lyax
and Cf ) are scheduled separately and independently of other jobs, while for the
“big” jobs the authors organize a full enumeration of all their “rounded schedules”
within a time interval that obviously exceeds the length of the optimal schedule.
Each chosen “rounded schedule” for “big” jobs defines time intervals of the “second
type”, for each of which a subset of machines available for processing the remaining
(“¢iny”) jobs is fixed and known. The target of the linear program then applied is
determining suitable lengths of those time intervals and distributing the fragments
of “tiny” jobs among those intervals. Finally, the algorithm by (Sevast’yanov, 1986)
is separately applied in each “second type” interval to the fragments of “tiny” jobs
distributed to it.

As the reader could be convinced from the presented above short description
of the approximation algorithms from (Shmoys et al., 1994) and (Jansen et al.,
2003), all these algorithms for the Job Shop problem are heavily based on the
approximation algorithm by (Sevast’yanov, 1986) and essentially use its bound
(1) on the absolute error of the solutions obtained. Meanwhile, no progress can
be observed with respect to that absolute accuracy bound since the distant 1986.
In the present paper, we make the first step towards a further enhancement of
that basic result by improving the absolute accuracy bound guaranteed for the
solution obtained by our algorithm. While (Shmoys et al., 1994) roughly estimated
the polynomial ¢(m, u) (introduced in (1)) from above in terms of its major term
as 2mu?, we now show that it can be bounded by mu?(u — 1). To improve the
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bound, we used two new ideas. One of them is an implementation of the property
of the Steinitz family of vectors defined for the original instance of the Job Shop
problem to lie within a ball of an asymmetric norm (but with an internal central
symmetry), which enables us to apply to these vectors a summation algorithm with
a smaller bound on the radius (compared to the algorithms used in (Sevastyanov,
1984, 1986)).

Another idea is to use a large number of additional (“dummy”) jobs with zero
vector of operation durations. Yet, since an uncontrollable increase in the total
number of vectors leads to an increase in the running time of the vector summation
algorithm, we have to introduce an upper limit on the number of additional jobs.
Thus, the resulting accuracy bound and the bound on the running time of the new
algorithm are a kind of a “deal” between two goals: minimum error and minimum
running time.

The rest of the paper is structured as follows. Section 2 introduces some necessary
notions and notation and presents some known results used in the paper. Section 3
describes the new version of the algorithm for solving the Job Shop problem. At
the same time (in order to avoid referring the reader to inaccessible sources and
to provide a self-contained description of our algorithm), a sufficiently detailed
description of the procedures dealing with families of vectors (and essentially used
in our algorithm) is given in Appendices A and B. (This can considerably help the
readers interested in an experimental verification of the practical applicability of
our method for solving the Job Shop problem with real size instances.) Section 4
presents the proof of the main result of this paper, Theorem 2, where the quality
of the new algorithm is estimated.

In addition, Section 5 will demonstrate a simple technique for linearization of
the complexity of both algorithms from (Shmoys et al., 1994) with respect to the
number of jobs. In terms of the parameters m, u, ¢, and n, the new bounds on their
running time will be O(un + f(m, u)) and O(un + g(m, u, <)), respectively, where
f(m, p) is a polynomial of m and p (which is of theoretical interest from the view
point of parametric analysis of the complexity of approximate solution of the Job
Shop problem), while function g(m, u,e) exponentially depends on the parameters
m, u, and 1/e. In Section 6, we perform a comparative analysis of four (currently
known) approximation algorithms for solving the Job Shop problem with theoretical
performance guaranties subject to their applicability for solving practical instances
of the problem. The analysis shows an undeniable advantage of our algorithm over
other competitors. Moreover, a small instance clearly demonstrates that the second
algorithm from (Shmoys et al., 1994) and the PTAS from (Jansen et al., 2003)
are absolutely inoperable, neither now nor in any distant future. (We hope that
the methodology of assessing the practical applicability of algorithms, presented
here, can also be successfully applied for testing the practical applicability of other
algorithms of solving discrete problems for which there are theoretically guaranteed
bounds on their running time.) Finally, Section 7 contains a brief discussion of the
results obtained and formulates further possible research directions.

2. PRELIMINARY RESULTS

The notion of a schedule is one of the basic notions in our paper. Each schedule
defined or constructed in this paper by one of our algorithms represents a certain
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solution of the problem under consideration. (Although, some schedules construc-
ted here may be infeasible.) Concerning the definition of schedule, it should be noted
that there may be many ways to define this notion (depending on the complexity
of the problem setting). But in our case it will be sufficient to define it as a family
of non-negative starting times of all operations.

Definition 1. A feasible schedule for a given set of jobs is called an active schedule,
if the starting time of no operation can be decreased without either violating the
feasibility of the schedule or without increasing the starting time of some other
operation.

It is rather evident that in scheduling problems with the minimum makespan
objective (as is in our case) we can always restrict the set of the solutions (to be
considered) by the set of active schedules only.

It is well known that when for a given scheduling problem, the feasibility of a
schedule is determined only by some precedence constraints (specified by a
directed network G = (V, E) of type “nodes — tasks”), and network G contains no
positive-length cycles, then there is a single active schedule (which is, thereby, the
optimal one), and this schedule can be found very efficiently, in O(|V|- |E|) time.
(When G contains no cycles at all, this can be done even faster, in O(|E|) time.)
Alternatively, when G contains positive-length cycles (which can be established also
in O(|V|-|E|) time), the given problem instance has no feasible solutions.

When, beyond precedence constraints, the problem under consideration has got
also renewable resource constraints, the problem normally becomes NP-hard, and
the set of all active schedules may have an exponential size. Such a situation takes
place for the Job Shop problem (because each machine can be treated as a resource
of renewable type), and that is why the problem is so hard for its optimal solution.
In this paper, we overcome this obstacle by choosing (at Stage 7 of our algorithm)
for each machine a certain processing order of its operations. (We thereby eliminate
all resource constraints in the problem and come to the “favorable” situation, when
there are only precedence constraints.) Our only concern in this case is to check
that the precedence constraints we added (and embedded in network G) together
with the original arcs of network G' do not form cycles of positive length. And this
is done at Stage 7.

In what follows, we will assume that the input jobs of the Job Shop problem are
specified by a list (in arbitrary order), and the information about the operations of
each job J; (the duration p, ; of each operation O,, ; € O; and machine M(O,, ;) on
which it should be processed) is also specified in a list, according to the processing
order of job operations. In these conditions, two simple approximation results
(formulated below in Lemma 1) are valid for the Job Shop problem.

Let A1 be the algorithm that schedules jobs sequentially, one after another (in
an arbitrary order), without delay. Clearly, such a schedule Sp; can be computed
in O(]O]) < O(nu) time.

Let Apz be another algorithm that schedules all operations level-by-level (for
levels 1 € [u]). To that end, it scans the list of jobs p times, and at the n-th time
(at Stage n € [p]), schedules all operations of the 7-th level as follows. We define
amounts C'f? (n=20,1,...,u; i € [m]) which mean the maximum completion time
over all operations of the 7-th level on machine M; (where C§ < 0, V i € [m]).
At the beginning of Stage n we first put C’f] — Cyoq = mMax;e ] C’,?,_l. Then,
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while considering operation O, ;, we put s, ; < C} (for machine M; = M(O,,;))
and Cj < C} + p;,;. Thus, the resulting schedule Sp2 consists of p layers, and in
each layer 7 € [u] (where all operations of the n-th level are processed), at least
one machine works without idle time. The running time of this algorithm can be
estimated as O(|O] + mu) < O((n 4+ m)w).

Lemma 1. Algorithm A finds an m-approximate schedule So1 in time O(nu).
Algorithm Aps finds a min{m, u}-approzimate schedule Spa in time O(np + mpy).

Proof. First, it should be observed that both schedules Sy; and Sy meet the
property: at each time moment during the makespan, at least one operation is
being processed. This implies that the lengths of both schedules meet the bound:
Cinax(Sz) < P < mLyax. Furthermore, since in each layer of schedule Spo at least
one machine is idles, the length of each layer is not greater than L,,,,, which yields
the bound: Cpax(So2) < pLmax. Recalling that L. is the lower bound on the
optimum, we get what is required in the lemma. ([l

The following theorem was proved in [19].

Theorem 1 ([19]). Let X = {z;|i € [N]} be a given family of N vectors in R?, s.t.
Y w,ex Ti =0, and let H(X) = conv{X} be its convex hull, a € R? be an arbitrarily
chosen vector in R%, and H,(X) = conv{0,a — H(X)/d}. Then a permutation

m = (m1,...,7n) of indices {1,..., N} defining an order of summing the vectors of
family X can be found by algorithm A;(d,a, N, X;7) in O(N?d?) time, such that
(7) > @x, € (d—1)H(X)+ Ho(X), V k € [N].

i€[k]

(For the description of algorithm A;, we refer the reader to Appendix B.)

3. APPROXIMATION ALGORITHM A(7y) FOR THE JOB SHOP PROBLEM

Algorithm A(v) consists of a Preliminary Stage and 7 basic stages. The first three
basic stages are destined to transform the given problem instance to a more suitable
form. The other four stages are targeted to construct the desired schedule. First,
we will clarify the destination of each stage. Then we start studying the operation
of the algorithm stage by stage.

At the Preliminary Stage, we compute the mazimum processing time of an
operation (pmax = maxy,;py,;), the total workload L' = 37, i py,; of each
machine M; (where O is the set of all operations to be processed on machine
M; (i € [m])), and the mazimum machine load Liyax = max;c)m) L (being, clearly,
a lower bound on the optimum of the Job Shop problem).

At Stage 1, a unification of job routes through machines is performed, thereby
eliminating the main obstacle of the Job Shop problem — the differences in routes
of different jobs! To that end, we make two job transformations.

(1) We equalize the number of operations of all jobs j € [n] up to the maximal
one (p; < p = max; p1;) by adding to each job j € [n] dummy operations of levels
n € (p;, p]. Now, each job has got an operation of each level n € [p].

(2) For each job j € [n], we expand the set of its operations of each level n € [u]
from a single operation (to be processed on a certain machine) to m operations,
to be processed (independently of each other and even, maybe, simultaneously) on
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m different machines. Thus, each such wide job consists of mu operations. All m
operations of level 7 of any job j have to follow all operations of the same job
of smaller levels. Still, we do remember that each wide job at each level n has at
most one real operation. All other its operations are “dummy” ones, and initially
receive zero processing times.

At Stage 2, we equalize the workloads {L'} of all machines {M;} by increasing
the lengths of some operations (both real and dummy ones) up to at most Pmax,
while keeping the values of ppax and Ly ax unchanged.

At Stage 3, the set of n wide jobs is extended by N additional zero-length jobs.
AN =n+N resulting jobs and their operations will then be called extended ones.

As will be seen from bound (19) on the length of the schedule constructed by
algorithm A(y) (see page 21), increasing the parameter N (present in the additive
term 2(jt — 1) Liax/N in the bound on schedule length) reduces this bound. At the
same time, the running time of the algorithm increases proportionally to the square
of N. Thus, the choice of a certain value of this parameter while implementing the
algorithm is the result of a “deal” between two incomparable goals: the minimum
of schedule length and the minimum of running time.

In the former version of the algorithm, when no new jobs were added to the
original family of n jobs (i.e., we used the minimum possible value N = n of this
parameter), the additive term in the bound on schedule length depending on N
was about 242pmax. In the present paper, we set N =3n (tripling the number of
jobs) and obtain a value of this term about 1/3 of its maximum size. In principle,
we could make this term arbitrarily close to zero by letting N tend to infinity. But
this, clearly, would require too high cost (in terms of the running time).

The reasons for the influence of parameter N on the bound on schedule length
may become clearer to the reader after heaving read the explanation of Stage 6 and
the derivation of bound (19) in the proof of Lemma 3.

At Stage 4, the Job Shop problem is approximately reduced to the problem of
finding such an order of summing the vectors from a given family X € R™* (such
that |X| = N, and their sum is equal to zero) which satisfies inclusions (7) (and
exists due to Theorem 1). Each vector z; € X corresponds to a certain extended
job j € [N], and the order (of vectors {z;}) found at this stage is used in schedules
defined at the subsequent stages of our algorithm as the order of job processing.

At Stage 5, we define a preliminary (infeasible) table-based schedule S(T), where
T is a pu x N table of integers. Its jth column corresponds to job j € [N], and the
order of columns is that found at Stage 4. Due to inclusions (7), schedule S(T)
meets the property that for each job j all its operations of the same level 1 € [u]
are started at “about the same time”. However, for some n and some job j, the
pair of its consequent operations of levels (7 — 1) and n may violate the order of
their processing prescribed in job j (thereby providing an infeasible schedule). This
shortcoming of schedule S(T') will be corrected in the next stage.

At Stage 6, we first observe a sharper property of schedule S(f) (established in
(14)): the completion time of an arbitrary operation O;k(f) in this schedule “nearly
linearly” depends on the number £k of the column in which this operation is
located in table 7. More precisely, the completion time of any operation consists of
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three additive terms such that each incrementing of the parameter k by 1 increases
the first term by a fixed amount Lmax/]v, while the amounts of the other two
terms are bounded from above by values independent of k. (This property of
schedule will be further called a l%-pmperty.) Thus, the idea arises that in order
to eliminate the infeasibility of schedule S (f), table T should be transformed into
a new table ZA“,Y (still maintaining the k-property), so as for each n € [ — 1] each
operation 6311] (i.e., an operation of the (n+ 1)-th level of an extended job j) was
localized (in the new table) by v columns farther (for a large enough 7) than
any operation 5% (of the same job and of the 7-th level).

To perform this relative shift (of extended operations of level (n+1) with respect
to the same job operations of level 1), we add to the beginning of each row
1 € [p] of table T exactly v(n — 1) extra cells containing zeros (corresponding to
dummy operations, further called S-dummy ones). At that, the l;:-pmperty remains
valid due to the choice of the length of each S-dummy operation 6;] to be equal to
the average length over all extended operations of machine M; and of level 7.

As was said, the value of « should be large enough (to guarantee that the amount
VL max/ N outperforms the maximum possible value of the two other terms (in
total) in the right part of formula (14)). Ideally, it would be great if the amount
YL max/ N was exactly equal to that maximum, because the increasing of v leads
to increasing the length of schedule S(fv). Yet the matter is that v may take only
integral values. As a consequence, the amount yL,.x/ N turns out to be greater
than needed to guarantee the feasibility of schedule S (f.y) In other words, we can
observe here the familiar phenomenon of increasing the bound on some real-valued
amount (in our case, of the k-independent part of terms in formula (14)) calculated
in terms of an integral number of some fixed units (in our case, of units equal to
Linax/ N ) by an amount comparable with the chosen unit (L ax/ N ).

Yet, once we cannot avoid the above phenomenon (forced by the integral nature
of the parameter ~), could we at least minimize its effect by decreasing the values
of the units chosen for measuring? Trying to answer this question, we observe that
it is possible to decrease our “rounding error” (in the bound on schedule length) by
increasing the value of the parameter N. This explains the introduction of
this parameter at Stage 3 of our algorithm.

At Stage 7, we construct an active schedule S,ct(y) (see the definition of this
notion on page 8) for the set of original operations only. To that end, we define
a directed network G(v) specifying precedence constraints on the set of original
operations (treated as nodes of the network). Since these constraints meet the
order of these operations defined in the table-based schedule S (fw) (constructed at
Stage 6 and feasible for certain values of ), this guarantees (for the same values
of ) the existence of a feasible solution for the task scheduling problem P(7)
with precedence constraints specified by network G(v), and so, the existence and
uniqueness of an active schedule for this problem. Moreover, we can prove that
network G(7) is acyclic, which implies that for finding such an active schedule
can be achieved by a simple algorithm in O(|E|) time. Clearly, the length of the
schedule found will meet the theoretical bounds derived on the length of schedule
S (fv) (while its practical values should be, hopefully, much less).

We next proceed with a detailed description of our algorithm at stages.
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Stage 1 (unification of job routes through machines). While solving of the Flow
Shop problem approximately by the compact vector summation method [13, 22], we
limited ourselves by constructing permutation schedules only (specified by a single
permutation of jobs), which made it possible to interpret the vector summation
sequence found for the Compact Vector Summation problem (the CVS-problem) as
a sequence of executing the corresponding jobs by each machine. At the same
time, in the Job Shop problem we observe a radically different situation: instead of
a unified “job flow by machines” (which in the Flow Shop problem is dictated by the
technology of job execution on a flow line) we observe here a family of individual
job routes by machines (all of which may be different). And thus, it would seem
that there can be no talk of any “unified job flow”.

However, we will refute these doubts by unifying the routes of all jobs through
machines in the Job Shop problem, which is the target of Stage 1. To do that, we
extend the notion of a “job” by adding extra operations to each job.

Definition 2. Let y = max;¢[,) ;- We define a wide job jj as a job consisting of
my operations {O, ;|i € [m], 1 € [u]}, where each operation O, ; (called a wide
operation of the n-th level) is to be processed on machine M; for pz,j time units.
We impose precedence constraints on the operations of job jj:

(8) Oy = Opiry Vi elml nelp—1], jen).

Meanwhile, no restrictions are imposed on the order of processing the operations
from O, ; = {0} ;|i € [m]} (i.e., on the operations of the same level). Moreover,
they can be processed in parallel (i.e., independently and, maybe, simultaneously,
ignoring the fact of their belonging to the same wide job jj). In this sense, the
problem to be solved extends the Job Shop problem.

The original problem instance with n jobs is embedded into the model with n
wide jobs in an obvious way. Each real operation O, ; (n € [u;]) of job J; coincides

with the operation O ; such that M; = M(O, ;) and has the same duration:

pé’j = py,j, while the durations of all other (new) operations of job jj are set to
zero. (At Stage 2 these durations will be transformed.)

The feasibility of precedence constraints O, ; — O, 41, ; for the original operations
of job J; follows from (8). Meanwhile, it can be seen that constraints (8), while being
sufficient for constructing a feasible schedule for each original job J;, are obviously
redundant. This gives hope that the a posteriori accuracy bound computed for the
solution obtained by our algorithm for each given instance of the Job Shop problem
may appear to be much better than its theoretical a priori bound. (This conclusion
becomes even more obvious after analyzing our actions being performed in the
subsequent stages of this algorithm.)

Stage 2 (equalization of machine workloads). We compute the amounts pp.x =
max; , iy Py j» Ly = Zje[n] Py ;» and the workload L* = Zné[u] L, of each machine
M;. Since each machine now performs the same number of operations (un), we can
equalize the workloads of all machines up to the amount Lyax = max;cp,) L* by
increasing arbitrarily the durations of some operations O,?," ; up to some amounts
ﬁé’j < Pmax. As a result of this alignment of the machine workloads, vectors p; =
{p; ;lie[m], nelul} € R™ (j€ [n]) of operation durations will be obtained for

all wide jobs {J;|j € [n]}, with a total vector e Pi = L= {Efl |i€[m], ne
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(1]} € R™* such that ié = Zje[n] [;f?"j and

(9) L'= Y Ll = Ly Vi€ [m],
n€(u]
(10) Ly < npmax, 1 € [m], n € [u].

Stage 3 (extending the set of wide jobs). We extend the set of n wide jobs by
adding N new wide jobs of zero length. (The corresponding vectors p; for all new
jobs are set to zero, which leaves the values of all quantities {I};, fﬂ}, Liax, and
Pmax unchanged.) Denote by 7 the resulting (“extended”) set of jobs; N = n+ N =
|7|. All jobs from 7 and their operations will be referred to as “extended jobs” and
“extended operations”, and denoted as jj and 65 ;» Tespectively. (At that, the last
N jobs J; € J have vectors p; = 0.)

As will be seen later, increasing the number N leads to reducing the upper bound
on schedule length. On the other hand, this naturally increases the running time
of the vector summation procedure (used at Stage 4 of algorithm A(v)) and of the
algorithm A(7) at its subsequent stages (while constructing a feasible schedule).
This, however, can be treated as a fair price for improving its accuracy bound. We
could leave the final decision on the choice of the value of N to each particular
user of our algorithm. However, we will make a definite choice of this value in this
paper, in order to obtain definite bounds on the accuracy and the running time of
our algorithm, formulated in Theorem 2 (page 22).

Stage 4 (reducing the Job Shop problem to the vector summation problem and
applying Theorem 1). Let d = mpu, B = [0, pmax]|* be a d-dimensional cube in R%.
Then Zje@ Dj = L and Dj € B~f0r all j € [N]. If to compute the average vector
Pave = L/N of family {p; |j € [N]}, we can define vectors p}; = p; — Paye forming
a so called Steinitz family of vectors, i.e., a vector family X = {pj € R*|j € [N]}
satisfying the properties:

Zje[ﬁ] p;— =0,
p;‘ € BI =B _pave~

This enables us to apply Theorem 1 to vector family X and find a permutation
™ = (77,... ,wj‘v) of indices {1,..., N} satisfying the inclusions:

e Pz € (d=DH(X) + Ho(X) C (d = 1)B' + By, ¥k € [N],
where B! = conv{0,a — B’/d}. Since —B = B — b for vector b = (pmax, - - - ; Pmax)
€ R, we have a — B'/d = a — B/d + Paye/d = a + (B — b + Paye)/d. Choosing

a = (b — Pave)/d, we obtain a — B’/d = B/d > 0, implying the equality B/, = B/d
and the inclusion

Zje[k] ﬁﬂ;‘ - kpave € (d - 1)(3 - ﬁave) + B/d = a(d)B - (d - 1)ﬁave

for a(d) =d — 1+ 1/d. Thus, we obtain the following
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Corollary 1. Algorithm Ay from Theorem 1 finds in O(mQ,uQNQ) time a permutation

*

T = (nf,...,75) of indices {1,..., N} such that

3" b = (k= d+ Dpave + a(d) 6, ¥ k € [N],
JE[K]

where d = mu, § = {57;k € [0, pmax] | € [m], n € [u]} € B.

In the coordinate form, these relations look like:

(1) me* _ %L +a(d)6i,, Vielm], nelul, ke [N,

Stage 5 (defining a preliminary infeasible schedule S(T')).

Definition 3. Let a set O" of muN' operations (including all extended operations,
defined at Stage 3, and S-dummy operations, to be presented at Stage 6) has to
be processed on m machines (uN’ operations per machine). To define a table-
based schedule S(T') for processing the operations from O’, we first define a two-
dimensional table 7" with y rows and N’ > N columns. Each cell T'(n, j) (n € [u],
j € [N']) of table T’ contains an integer value, which is either the index k € [N] of an
extended job jk, or zero (corresponding to an S-dummy operation). In both cases,
row number 7 specifies level 7 of the operation. Each row 7 € [u] contains all job
indices from 1 to N , where each job index k € [N ] is presented exactly once. Thus,
each row n of T” represents a sequence of (N’ — - N ) zeros and N pair-wise different
indices from 1 to N , and thereby, specifies an order of processing the extended
operations of the 7-th level on every machine (because for each row n € [u],
these orders will be identical in schedule S(7”) for all machines M;, i € [m]).
For each machine M;, all S-dummy operations “of the n-th level” (if any) will have
identical durations (equal to the average duration over all extended operations of
the n-th level on machine M;) and will not be distinguished from each other in
schedule S(T").

Next, we define the full sequence P(T") of elements (n,j) of table T'. In this
sequence, the elements follow column-by-column (in the order j = 1,..., N’), and
for each column, in the increasing order of row indices (n =1,..., u). So,

(12)  PT): (1,1),(2,1), .., (u, 1),(1,2), ooy (15,2)5 .-, (1, NT), oo (u, NT).
Let Oz ;(T") denote the operation from O’ processed by machine M; and specified
by cell T’(n j) of table T”. Then the operations on each machine M; should be

processed in schedule S(7T”) from time zero and on, without an idle time, in the
universal order specified by sequence P(T"):

Of1(T), .., 01 (T"), 01 o(T"), ..., 0y o(T"), ..., Of o (T), ..., O o (T).

Denoting for each operation O (T’) € O its duration by p;;(T”), and its
completion time in schedule S(7”) by ¢, ;(T"), we can derive the equahtlesz

13) G =3 Y s+ Y S B, wel ke N

v=1jelk] v=n+1j€k—1]

Now let the set O of extended operations introduced at Stage 3 be taken for the
set of operations O'. For table T", we take the u x N table T in which all extended
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operations of the v-th level (v € [u]) are presented by the v-th row and are ordered
according to permutation 7* = (7], ... ,W}%) of job indices found at Stage 4, while

the operations of column j represent the operations of the extended job j,r; on any
machine M;. Thus, no zeros (corresponding to S-dummy operations) are in table
T, because each cell T(n, j) of table T contains the value 77 € [N]. Then, for the

table-based schedule S(T' T') (see Definition 3 above), by means of (13), (11), and (9)
(with L, = 37,5 Py,;), we can derive the following relations:

k—d
Z L+ a(d Z5uk'<ku,n)

v=n+1
k‘—d :
S SLRNT) o .
=1

which hold for all i € [m], n € [u], k € [N] (with ¥ (k,v,n) = k for v < 7,
and k' (k,v,n) = k — 1 for v > n). As one can see, each schedule S;(T) for the
operations from O; = {O |\m € [u], 7 € [IN]} is feasible, since all operations of

19 ad = Eodtly

each extended job Jﬁj (€ [N ]) on machine M; are localized in column j of table T,
and so, are processed in the increasing order of their levels. Yet for the feasibility
of the overall schedule S(7T'), we also need fulfilling the requirements (8) for all

pairs (5;; 5; 1 ) of extended operations of job j,r;_ that are to be processed

on different machlnes. Since operation 53/7” is localized in the j-th column of f,
’ )-]\/ =17
its completion time c;:ﬂ; coincides with ¢ (T), while the starting time s 1,7 of
operation O;ll - coincides with é}]”](T) Thus, all precedence constraints (8) may
. :
be satisfied, if and only if the relations

0<spiry—chy=éni(T)—é(T)

hold for all i',¢" € [m], n € [u—1], j € [N] Clearly, this is possible only in the
ideal (unlikely) case, when for each € [u — 1] and j € [N], all completion times
{é; ;(T)|i € [m]} coincide in schedule S(T').

Stage 6 (defining a feasible table-based schedule S(T))). The solution of the
above problem is facilitated by the following Observation about the dependence
of quantities égk(f) on parameter k according to formula (14) (i.e., the dependence
of the completion time of an arbitrary operation O, (T in schedule S(T)) on the
number k of the column in which this operation is located in table T): each
incrementing the parameter k£ by 1 is accompanied by an increase in the first
term on the right-hand side of (14) by a fixed amount L.y /N, while the other
two terms are bounded from above by values independent of k. This property of

schedule S(T ) (i.e., the “almost linear” growth of the completion time of operation
O’ (T ) dependlng on the column number k) will be briefly called a k-property.

Thls Observation provides the following idea of defining a feasible table-based
schedule: table 7" = T should be transformed into a new table ﬁ, so as for each
n € [u — 1] each operation 57#13 (i.e., an operation of the ( + 1)-th level of an
extended job jj) would be localized in the new table by v columns farther (for
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Fi1G. 1. The construction of Table 12

a large enough v) than any operation 5% (of the same job) of the n-th level.
To provide this relative shifting of extended operations of the (1 + 1)-th level with
respect to the corresponding operations of the n-th level, we add to the beginning
of each row 7 € [u] of table Tvv exactly v(n — 1) extra cells containing zeros. For
each i € [m], they will correspond to that many shifting dummy (or S-dummy, for
short) operations {6;} of length p; = ifl/ﬁ to be processed in schedule S(T,)
on machine M; (as described in Definition 3). Furthermore, to keep the balance
of the number of operations in all rows of table fv, we also add y(u — n) extra
cells with zeros to the end of each row 1 € [u] (see Fig. 1). Thus, each row
n € [1] of table T, contains N(v) = N +~(u— 1) cells corresponding to operations
{0,;(Ty) 7 € INM)], n € [p]} for any i € [m].

To summarize the above said about the structure of Table ﬁy, we would like to
highlight the following its properties.

(a*) Each cell (7, j) of Table ZATY corresponds either to m extended operations (of
the same extended job jw;, with £ = j — v(np — 1), in case £ € [N], when we deal
with an e-cell), or to m S-dummy operations (related to no jobs, in case ¢ & [N]).

(b*) Not every e-cell (5, j) corresponds to original operations (being a part of the
input instance of the Job Shop problem). The necessary and sufficient conditions
for such a correspondence are:

(0%) £ = j —~(n—1) € [N] (which means that we deal with an extended job);
(1*) k =1T,(n,j) € [n] (which means that we deal with an original job Jj);
(2*) n < pg (means that we deal with a true level of operations of job Jj).

(c*) If a cell meets all above conditions, then it corresponds to the unique

~

original operation, namely, O;f;”k) (Ty) = Oy (the n-th level operation of job
Ji to be processed on machine M;, ;= M(Oy)).

(d*) Every original operation is represented in Table ZA“,Y exactly once.
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(e*) For each i € [m], the sub-sequence of sequence P(T- ) composed of all cells
representing the original operations of machine M; specifies the order of processing
these operations in schedule S(7%).

This completes the description of Table IA"W. As will be shown in the proof of
Lemma 2 (Sect. 4), assigning to each copy of the S-dummy operation Oé the same
length 1573 = ié /Kf preserves the k-property for the table-based schedule S(ﬁ,),

while a proper choice of the value of  ensures the feasibility of schedule S (f.y)

Stage 7 (computing the feasible active schedule Sact(7)). We define a precedence
graph G(v) on the set O = {O,, i} of original operations (“0-0s”, for short) treated
as nodes of the graph. The precedence on the set of operations is defined according
to the order of operations of each job (provided by the input data) and to the
order of operations on each machine in schedule S(iy). More precisely, for each
0-0 O, we specify at most two outgoing arcs: a job-based arc directed to o-o
Op+1,x (f 7 < pg) and a machine-based arc directed to the 0-0 O, s, directly
succeeding operation O, ; on machine M (O, ) in schedule S (fy) (if such an o-o
Oy, i exists). For the weights of nodes O, € G(7y) we take the original durations
of these operations (valid before performing Stage 2).

Next, we present the most efficient algorithm for implementing this stage in
O(|O|) time. To do this, we load all the initial information about the set O = {O, 1. }
of o-0s into an array A[l..u;1..n], so that for any job number k € [n| and any
level 0 € [ug] of its operation we could add and extract all necessary information
on operation O, j in O(1) time. (Such a transformation of the input data can be
performed in time linear in the number of 0-0s.) In addition to the original duration
p[n, k] = py i of operation O, 1 and the number i[n, k] of the machine executing it,
the cell A[n, k| will contain: (a) indices (n'[n, k],k'[n, k]) of the 0-0 Oy k)k/.k
directly succeeding operation O, on machine Mi[n,k]v and (b) the number ent(n, k]
of arcs entering operation-node O, ;, in graph G(v). Clearly, ent[n, k] < 2 for any
node O, ;, where at most one of two entering arcs may be job-based (it can be
obtained from the input data) and at most one may be machine-based (can be
obtained from table ﬁy)

All job-based arcs are of the form (O, i, Oy+1,%), and so, provide a straightforward
information for graph G(v). In particular, these arcs contribute 1 point to parameters
ent[n, k] for each node O, with n € {2,..., g} (so that we can put at once:
ent[1, k] < 0 and ent[n, k] < 1 for all n € {2,...,ux}, k € [n]).

Meanwhile, to get the information on the machine- based arcs, we have to scan
the elements of table T according to their full sequence P(T. ") defined in (12) (i.e.,
column-by-column, and for each column, in the increasing order of row indices). At
that, we would like to skip scanning the cells corresponding to S dummy operations.
In other words, we would like to scan the sub-sequence P’ (7. ) of sequence P(T,)
containing only e-cells (the cells corresponding to extended opemtz'ons).

This can be done due to two things:

(1) to the special structure of table IA“,Y, where in each row 1 € [y] its e-cells follow
as a solid segment of length N (further referred to as an e-segment), and for each
1 € [p — 1], e-segment of row (1 + 1) is shifted by ~ positions to the right relative
to the e-segment of row 7 (see Fig. 1);

(2) to the choice of the value v = v* (defined in Lemma 3, page 20).
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The following observation can be directly deduced from these two points.

Observation 1. (a) cells (1,1) and (u, N (7)) of table JA“,Y are e-cells;
(b) if (n,k) is an e-cell and (n,k) # (u,N(7)), then at least one of three cells
m+1L,k),(nk+1),(n+1,k+1) is an e-cell.

(Here (a) follows from the construction of table T , and (b) holds due to the
inequality v* < N where N is the length of each e-segment of table T )
These properties of table Tv enable us to design the following efficient procedure

for scanning all e-cells of table f.y in O(p]v ) time (receiving in parallel the missing
information on graph G(v)).

Procedure Scanning (integer: ; array of integers: w*[l..ﬁ],
' [1.l.n], k' [1.;1.n]);

% Although the procedure is dedicated to scanning the cells of table ﬁ,, the latter
% is not presented at the input of the procedure in an explicit form (for example,
% as an array ﬁ,[l..,u;l..ﬁ(’y)}) Instead, at the INPUT, we are given an integer y
% and the array of integers 7*[1. N ] specifying the permutation 7* of indices j € [N ]
% of the extended jobs, found at Stage 4 of algorithm .A(v). These two parameters,
% along with p, provide the complete information on table ﬁ, which enables us
% to do without a direct operation with table T ~ when performing the procedure.
% (We will just “keep it in mind”.)

% Formal parameters n'[n,k], k'[n,k] accumulate the indices of the o-o directly suc-
% ceeding O, 1, on machine Mi[n,k]' They represent the OUTPUT of the procedure.

% In the body of procedure Scanning it is assumed that parameters m, n, u, N(fy), bk
% (k € [n]),i[n.k], pnx (k € [n],n € [ux]) are global ones.

% Local parameters:
integer: i, j, k,n,n*, 0", j*;
array of integers: 7.[1..m], k.[1..m];
% for each i € [m], they keep the indices (1, k) of the last found o-o O,, ;, of machine
% M; among currently scanned e-cells of table ZA“

By n* and 47, we will denote the indices of the base row and the current column
of table T such that in all rows n < * and all columns j < j#, all e-cells have
been already scanned; (n7, j#) will denote the e-cell being currently scanned.

BEGIN
keli] <=0, Vi € [m]; (0, k'), k] <= (0,0), V k € [n],n € [u];
R L R H LR B
repeat % scanning the current e-cell (n#, j#) of table ﬁ,
g g% =¥ —1); k7
if (k <n) & (n* < py) then begin % an 0-0 O, # ; is found
i < i(n#,k); if k[i] > 0 then
{0/ [melil, kelil] <= n™s K'[nelil, kelil] < ks entln™, k] < ent[n*, k] +1};
neli] = 0 keli] « k
end; % “if k <n”
% Next, we search for the next e-cell in sequence ’P(i,)
if (n” < u) & (j > ) then n# < n# +1 % (n*, %) will be the next e-cell
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else if (j# < N(v)) then begin % The next e-cell is in the next column
G #4150 j# > N4y — 1) % (n*,j7) is not an e-cell
then n* < n* + 1; % The base row number should be incremented by 1
U
end; % “else” R
until (n#, j%) = (1, N(7)); ~
% Next, we deal with case (n7, %) = (1, N(7))
k«+ ﬂ;“v;
if (k <n) & (ur = p) then begin % an o-o O, is found
i« i(u, k); if ke[i] > 0 then
{0 neli], keli]] < w5 K [neli], keli]] < k; entlu, k] < ent[u, k] + 1};
end; % “if kK <n”
END

Now we are able to form the complete information specifying graph G(v) =
(X,U). The set X of its nodes coincides with the set {O, x|k € [n],n € [}
of 0-0s. The set U of arcs is the union of two sets: U = U’ U U"”, where U’ =
{((n, k), (n'[n,k], K'[n,k])) | (n,k) € X'} is the set of machine-based arcs, U" =
{((n,k),(n+ 1,k)) |k € [n],n € [ur — 1]} is the set of job-based arcs, and X' =
{(n, k)| k € [n],n € [p], k' [n,k] > 0} is the subset of such o-0s O, € X for which
there are subsequent 0-os processed in schedule S (Tv) on the same machine M;, .

Next, after scanning (in any order) the set U of arcs of graph G(v), we can find
for each node O, € O the list U, j of outgoing arcs and the number ent[n, k| of
entering arcs. This information is sufficient to start the classical algorithm that in
O(JU|) < 0(]0]) < O(un) time computes the active schedule Syct(7y) which meets
precedence constraints specified on the set of o-os by graph G(v). Thus, Stage 7
can be performed in time O(uﬁ ) needed for scanning all e-cells of table iy. This
completes the description of Stage 7 and of the whole algorithm A(v). B

4. ANALYSIS OF ALGORITHM A(v) AND FORMULATION OF THE MAIN RESULT

Lemma 2. For any v € N, schedule Sact () is feasible. If for some v € N schedule
S(T,) is also feasible, then Crax(Sact(V)) < Cmax(S(T))-

Proof. The feasibility of schedule S, () consists of the feasibility of sub-schedules
for each machine and each job. For each job, this schedule is feasible, because
graph G(v) specifies the linear order of execution of its operations based on the
input information of the Job Shop problem. At the same time, the linear order of
execution of the original operations of each machine M; in graph G(v) is inherited
from the linear order of execution of these operations in table-based schedule S (fy),
which ultimately ensures the feasibility of the active schedule St (7).

Let us prove the relation Crax(Sact(7y)) < CmaX(S(ﬁy)) under the assumption
that schedule S (f,y) is feasible. As was observed above, schedule S (f,y) meets the
linear precedence constraints specified by graph G(v) for the set of all original
operations on each machine M;. Furthermore, due to the feasibility of schedule

~

S(T,), it meets the linear precedence constraints imposed on the set of all operations
of each original job. Thus, S (f +) meets all precedence constraints specified by graph
G(7v). Furthermore, schedule S(]A"W) meets all precedence constraints specified by
table f(fy*) on the set of all operations (including extended and S-dummy ones)



20 SERGEY SEVASTYANOV

of each machine M;. Let G( ) be the graph with the set of nodes representing all
operations of schedule S(T,), and with the set of arcs including all transitive closures
of precedence constralnts specified by table T and graph G(7)- Then, due to the
inclusion G(vy) C G( %), the critical path in graph G( ~) cannot be shorter than
that of graph G(v), which implies the relation Ciax(Sact (7)) < Cmax(S (ﬁy)) O

Lemma 3. For any v > v* = [a(d)uﬁﬁw + 1, schedule S(T,) is feasible. For
any instance of the Job Shop problem with m > 2 and p > 2, the length of schedule
S(T+) meets the bound:

(15) Cmax(S(j;fy*)) < Lmax + m'u2 (p, - 1)pmax~

Proof. Let us first prove that the I%—property holds for table ﬁ, with any v € N and
for any ¢ € [m]. More precisely, we are to prove that the equalities

~d - k — d %
(16) Cn,k(T’Y) N max + Z L + a Z 5V k! (k,v,m)

hold for all i € [m], n € [u], k € [N( )] for some values 5y k() (V) € [05 Pmax]-

Indeed, as a result of adding S-dummy operations (each of length L}/ N for
machine M;) to the beginning and to the end of each row v of table T, formulas
(11) transform into the equalities

~ k—d+1- A . ~
) > pi(T) = —<—L)+a(d)b (), Vie[m], velu, ke [N®H),
N
J€(k]
with

(18) ik

(4) = 5sz -1 for k— (v —1) € [N] )

(d 1)L i/N, fork<~y(w—1)and k>~ —1)+N.
The second case of equalities (18) follows from relations }_ pl, j(T ) = k%
which hold for k¥ < v(v — 1) and k > v(v — 1) + N. Thus, in all cases, 01, (7) €

[0, Pmax], because in the first case of (18) this is true for values 4,; ; (j € [N}) while

in the second case this follows frorn (d—1) < a(d) and LZ < npmux <N Pmax-
Starting from (13) (w1th T" =T,) and implementing (17) and (9), we obtain for
all i € [m], 0 € [u], ke [N

~ k—d L k—d & SN
epe(ly) = THZL,H' I Z Z (osm) (Y
d

I
o~
¢
h
3
%
4
¢
N
b'
_|_
Q
M
w\-
=
X
3

as required in (16). Now, to prove the feasibility of schedule S(T. ( Y) for any v > %,
we should prove that all precedence constralnts (8) are met. To that end, it suffices
to ensure the relations 0 < s', ), _an for all ¢/,i" € [m], n € [u—1], k € [N]
(i.e., for all extended jobs). As was observed at Stage 6 of the algorithm, operation

i

On+1 « coincides with operation OnJr1 k+W(T ), and so, an k= Sn41, ,HW(T ) =
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;HW( %). Similarly, we obtain: c?7 P = é;:mv(n—l)(Tﬁ)' This together with (16)

yields the following sufficient conditions for the feasibility of schedule S(ﬁ,):

211 -/ i .,

n
~ ~ '7 1 ~ 1
0 < S7ZI+1J€ - C;,k Cn, k+7n(T ) — rzz,kJr“/(n*l)(TV) = NLmaX + ﬁz Ly

I3 u

v=1
n
Z k+wvn) Z v,k (k+v(n—1) Vn) - ﬁz_: :

To ensure all these 1nequalit1es it sufﬁces to take «y such that

%Lmax = Zévk’(ﬂv(n 1) vn) Ziﬁ

v=1

holds for any i’ € [m], 1 € [u— 1], k € [N]. E.g., S(TW) is feasible for any

5 Z 7* - mln{’y cN ‘ 'YLmax/j\v[ 2 Oé(d),uzpmax + Lmax/j\v]} = ’Va(d)uﬁimax—‘ + 1.

max

Lastly, once schedule Si(ﬁy*) (for any 7 € [m]) has no idle time, its length is equal
to Lpax plus the total length of all S-dummy operations on machine M;. Since each
machine M; has v*(1 — 1) S-dummy operations at each level € [u] (each of length
i;/ﬁ), their total length over all levels is equal to v* (1 — 1) Lax/N, and we can

estimate the length of schedule S (ﬁ,) as:

e Lmax max
(19) Con(STr)) = w77 (0= 12 < Lt (N 2 1 2)).
Lm"tx 21— 2
(ponhm (1+ L )Lmaxw(u—1)<mu—1+1/mu>pmax
—2 2(# 1)
N Lmdx S /"anmdx7

which yields the bound:
Cmax(S(T’Y*)) S Lmax + (mMZ(M - 1) + (%M(:U’ - 1) - /’L(M - 1> + %))pmmr

p(p—1)
3

Since m > 2 and p > 2, the summand (”7_1 — ) in the above bound is

always negative, which enables us to derive bound (15). Lemma 3 is proved. O

Lemma 4. For any v > ]\7 schedule S(AW) is feasible. For any instance of the Job
Shop problem, schedule S( 5) has length Cinax(S(T5)) = ptlmax-

Proof. Let SO;(y) denote the sequence of operations executed on machine M;
according to schedule S(TW). Then by construction of a table-based schedule (see
its definition on page 14) and by the choice of v > N, the initial segment of SO; (7)
consisting of yu operations contains all N extended operations of the first level on
that machine (and only such extended operations), v — N S-dummy operations of
the first level, and v S-dummy operations of each level from 2 to p. Thus, the total
duration of this initial segment of operations on each machine M; is equal to

W “ YL} YLuax
L{ + — = ==

Similarly, we ensure that the next segment of SOi('y) (¢ € [m]) consisting of the
same (yp) number of operations occupies in schedule S(T,) a time interval of
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the same length (yLmax/N) and contains all N extended operations (of machine
M;) of level 2, and so on, until the u-th segment. This last segment is shorter:
it contains only uN operations, with total length L .y; still, it contains all N
extended operations of the p-th level on that machine. Thus, all operations of
the 7n-th level on each machine M; are concentrated in the n-th segment of the
sequence of operations on that machine, while the n-th segments of all machines
are synchronized in time. This provides the property that all extended operations
of the (n+ 1)-th level are processed in this schedule after all operations of the n-th
level, which provides the feasibility of schedule S(T. (A ).

The length of schedule S ( ) coincides with the total duration of ;1 segments of
sequence SO;(v) on each machine M;, while the duration of each segment (in the
case of y = ]\7) is equal to Lyax. So, we have C’max(S(fﬁ)) = ulpax- O

Theorem 2. Algorithm A(y) with v = % = min{~y*, N} runs in time O(m>p*n?)

and finds a feasible schedule S,..(Y") of length
(20) Omax(sact ('Y#)) < min{mLmaX7 PJLma)n Liax + m,u2 (,U - l)pmax}-

Proof. Since in the case with either m =1 or u = 1 the Job Shop problem can be
solved to the optimum in O(|O|) time, we can further assume that the conditions
m > 2 and g > 2 of Lemma 3 hold. This implies that algorithm A(y*) finds a

feasible schedule S(ﬁ*) that meets bound (15). Next, we have relations
(21) CmaX(SaCt (’7#)) S Cmax(S(T\ry#)) S min{MLmaxa Lmax + m//"2 (/1/ - 1)pmax}7

where the first inequality is valid by Lemma 2 (since schedule S’(f(fy#)) is feasible
in both cases of v# € {N,7*} due to Lemmas 4 and 3). The second inequality
is valid due to the monotonic increase of the function Cpayx(S (iy)) on v and due
to Lemmas 4 and 3. Lastly, bound Cpax(Sact(7%)) < mLpax is valid, because
schedule S, (77) is feasible (by Lemma 2) and active. Along with (21), this yields
bound (20).

To complete the proof of the theorem, it remains to justify the bound on the
running time claimed above. Clearly, Stages 1 to 3 of algorithm A(y) can be
performed in time O(mpun). The algorithm of vector summation performed at
Stage 4 for the extended set of N = 3n jobs requires time O(m?u2N?) < O(m2ﬂ2n2).
Next, as we could see from the description of Stage 7, neither table T nor table
f(*y#) defined at Stages 5 and 6 were used for constructing the active schedule
Sact(77), which means that Stages 5 and 6 of algorithm A(v) are “imaginary” parts
of it — they contribute nothing to the running time of the algorithm. (However, the
structure of the table-based schedule S(T'(y#)) was essentially used while deriving
our upper bound on the length of schedule S, (7#).) Finally, Stage 7 (of finding
the active schedule Saet(7#)) can be performed in time O(uN) < O(un). Totally,
this all takes time O(m?u?n?). O

5. LINEARIZATION OF ALGORITHMS FROM (SHMOYS ET AL., 1994) WITH
RESPECT TO THE NUMBER OF JOBS (n)

Two algorithms published in (Shmoys et al., 1994) were briefly described in
the Introduction (with mentioning the role that our algorithm from (Sevast’yanov,
1986) plays in both of them, see pages 5-6).
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In both those algorithms, the set of all jobs J is first separated into two subsets
(J1, and Js) of so-called “large” and “small” jobs, after which different algorithms
are applied to them, constructing two schedules independent of each other. (In
particular, to construct a schedule for “small” jobs, our algorithm from (Sevast’yanov,
1986), based on the compact vector summation technique, was used.) The “watershed”
between two sets of jobs is established at the input of the Algorithm of job separation
by specifying a threshold value p* of the parameter 8(p;) (where p; is the vector of
operation durations of job J;, and §(z) is the maximum component of vector z):
jobs with B(p;) < p* fall into Js, the rest ones — into Jr,. Thus, the value of pyax
over all small jobs is not greater than the value of the “watershed” p#.

This value is taken differently in the two algorithms: p# = QLT;;‘;@_ in the first
algorithm and p# = an“;’;‘ in the second one. As a result, the first algorithm from

(Shmoys et al., 1994) provides a relative error bounded by O(log®(my)), while the
second algorithm yields a (2 + &)-approximation for any fixed £ > 0. At that, the
bounds on the running times of both algorithms (O(n?m?u? + P(m, u)), where
P(m, p) is a polynomial of m and u, and O(n?), under assumption that parameters
m and p are fixed, respectively) show that they heavily depend on the algorithm
from (Sevast’yanov, 1986). We are now to show that the bounds on the running
times of both these algorithms can be made linear in n.

Linearization of both algorithms from (Shmoys et al., 1994) in the parameter
number of jobs can be achieved (after the separation of the set of jobs into “large”
and “small”) by a preliminary gluing together “small” jobs to “aggregated small
jobs”, the number of which (due to the choice of the threshold value p#) is bounded
from above by an amount independent of the initial number of jobs (n). This value
is a polynomial in m and p in the case of the first algorithm from (Shmoys et al.,
1994) and a polynomial in m, u, and 1/¢ in the case of their second algorithm.
Since the “aggregated small jobs” also meet the threshold value p#, applying to
them our algorithm from (Sevast’yanov, 1986) or algorithm A(7y) from Sect. 3, we
obtain a feasible schedule for the aggregated (and hence for the original) small
jobs, which has exactly the same upper bound on its length as we would
have obtained for small jobs without gluing them together. The only difference is
that the complexity of this algorithm will no longer depend on n, but will be a
polynomial in m and p (and of 1/¢ in the case of the second algorithm). Thus,
the dependence on parameter n is preserved only for the complexity of the gluing
procedure itself, which can be performed in time O(};c(, 1) < O(un) (ie., in
time needed to look through the input information) by means of the procedure
Job_ Separation_ Gluing Unification (further — JSGU, for short) described below.

In this procedure, three different processes are combined in a natural way within
a single loop of scanning the list of original jobs: (1) Stage 1 of algorithm
A(7) (where the unification of job routes through machines is performed), (2) job
separation (into “large” and “small” ones), and (3) the gluing the small jobs.

Prior to the description of the procedure, we should make two remarks. First, we
note that after the status of a job (being large or small) is defined, large jobs have
not be subjected to processes of unification and gluing, as well as to the subsequent
stages of algorithm A(+y), since other algorithms (not based on the compact vector
summation) are used in (Shmoys et al., 1994) for constructing the schedules for large
jobs. Thus, since the JSGU-procedure includes the job unification, it is intended
to replace Stage 1 of algorithm A(v) applied to small jobs.
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Second, it can be observed that the procedure of gluing the small jobs and the
unification of their routes can be performed simultaneously. Indeed, at Stage 1 we
define wide jobs ({J;}), each consisting of mu “wide operations” {0} ;liem], ne
[11]}. The duration p, ; of each such operation is first set to zero. Then, for each
job J; € J, we plunge its 0-os {O, ;|n € [p;]} into “wide operations” by setting
R
small jobs J; (all together) could be loaded into the same wide job Ji, 50 as the
total duration Dy k of their operations within each wide operation O;’k would not

5= M(O,. ;). But in fact, several original

exceed the given threshold p#. (This process can be viewed as a packing of vectors
{p;} into an (mu)-dimensional bin Ji.) So, the jobs placed into the same wide job
Ji. could be glued together, thereby forming an “aggregated small” wide job.

We next observe that the process of packing the original jobs into a fixed wide
job J, can be continued until the attempt to place the next in turn vector pj of
a small job J; into the current bin Ji yields an overload of some cell of that
(mp)-dimensional bin. In this case, we proceed quite simply: we treat bin Ji as
“filled” and add the “aggregated small” wide job .}, (with a total vector p, € R™*
of operation durations) to set Jg. After that, we start filling the next bin (J,11) by
placing vector p;s into it. Finally, if job J; is “large”, we add it to set Jr. (These
jobs will not be further involved in our algorithm.)

Thus, our procedure (combining the three processes mentioned above) represents
aloop of scanning the list 7 of the original jobs (in any order), where, while scanning
some job J; € J, we clarify two questions:

(A) Does the job fit into the current bin Ji? (Does ﬁ;%’]) + py,; < p* hold for
all 7 € [14]?)

(B) Is it “small” or “large™? (Does p,, ; < p? hold for all 1 € [11;]?)

Clearly, 2u; comparisons are sufficient to answer both questions. Yet, this can
be done faster: by performing at most (u; + 1) (at best, two) comparisons. This
can be done as follows (see the description of the procedure below for details).

So, while considering some job J; € J, we start the loop on its operations {O,, ; |
n=1,2,...,u;}. For each value of 7, we first try to answer only the first question:

does operation O, ; fit into the current “aggregated wide operation” 017;7,;] )? (If it
fits, then it is small.) If for all values of 1 we have the positive answer to this
question, we get positive answers to both questions ((A) and (B)) on job J;: it is
small and it fits into the bin. .

In case that a value n = n* is encountered such that p;?ﬁk’” + Py > p* (and
so, we have got the negative answer to question (A), while it still remains unclear,
if job J; is small or large), we start (for values = n* and on) getting answers to
question (B): is operation O, ; small or large? (Or: does p, ; < p* hold?) If for
all n the answers are positive, job J; is small. Otherwise, it is large. (It should be
included in list J;, and taken out of the operation of our algorithm.)

Procedure JSGU (described below) uses the following global variables:

integer K is the number of “aggregated small” wide jobs;

pr (k € [K]) is an (mp)-dimensional vector of integers accumulating the
resulting operation durations of the k-th “aggregated small” wide job;
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Ty, and Zg (k) (k € [K]) are sets of integers accumulating the sets of the original
indices of large jobs and of small jobs plunged into the k-th aggregated small wide
job, respectively. All other information on the original jobs is also global.

Procedure JSGU (integer: n, p™);

% Formal input parameters:
% n is the number of original jobs in J;
% p* is the upper bound on the maximum operation duration for “small” jobs

% Local parameters:
integer: i, j, k., n, D;
Boolean: unfit, large;

Procedure Load(integer: j, k); % load job j into bin k
integer: 7;

begin
Is(k) < Is(k) U {j}; )
forn«1,...,u; do p;f}i’” — 13:],(7,1’]) + Py

end % Procedure Load

BEGIN
I+ @; k<« 1; Ig(k) « @; pp « 0
for j < 1,...,n do begin

unfit «+ FALSE; large < FALSE; n + 1;
% Initially we assume that job J; is small and fits into the current bin.
% Next, we run the loop on its operations (indexed by 7):
repeat if (}5;%’]) + py; < p?) then 1) < n+ 1 else unfit + TRUE
until (n > p;) V unfit;
if unfit then repeat if (p, ; < p”) then n < n+ 1 else (large +~ TRUE)
until (n > p;) V large;
if not unfit % which means that job J; is small and fits into the current bin
then Load(j, k)
else if not large then {k < k+ 1; Zg(k) < &; pr < 0; Load(j,k)}
else Iy «— I, U{j};
end % for j
K+ k;
if k£ > 2 then begin
D+ 0;fori+1,....mdoforn+1,...,udo D(—D—i—ﬁf}yl —|—]§$1k;
if D< p# then {p; < p1 +pi; Zs(1) «+ Zs(1) UZs(k); K + k—1}
% If the total length (D) of aggregated small jobs J1 and J;, does not exceed
% p*, we combine them; if D > p#, we do nothing (thus retaining the value
% K = k; in particular, D > p# is guaranteed in case k = 2).
end % if k > 2
END;

Lemma 5. Procedure JSGU (n,p™) runs in time O(un). The resulting number K
of aggregated small jobs and the number ny of large jobs meet the relation

(22) K/2+np < MLy /7.
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Proof. The procedure requires a single scanning of the set of original jobs, while
the information on each job j € [n] is bounded by O(u;). This yields the bound on
the running time of the procedure.

Let d(x) denote the sum of components of vector z, (p, K’) and (pj/, K"') denote
the values of vector p, (of operation durations of the aggregated small wide job
J;) and of parameter K (the resulting number of aggregated small wide jobs) right
before and after performing the “if & > 2”7 block, respectively. According to the
JSGU-procedure, at least one component of each vector pj + py,, (£ € [k —1]) is
greater than p# (while other components are non-negative), which implies

(23) d(p) + d(Plyr) = Ay + Pr) > p*, VL€ [k 1],
After performing the block “if k > 2”, we have one of two cases: either (a) K" =

or (b) K” =k —1 (when we combine the aggregated jobs J; and J,, and vector
receives the value pf = p} + p}.). Thus, in case (b), we have:

(24) (@) + d(Bger) = d(By +Py) + d(Bl—1) = d(BY) + d(Bl_y + ) > d(By) +p*,
while (23) in terms of vectors {pj} transforms into
(25)  d(py) + d(Fy) = d(py + Py + P5) = d(By + 55) + d(pr) > p* + d(pL);
(26) A@H) + d(l) > o%, Le {2, k- 1},

Summing up inequalities (24)—(26), we obtain:

2 > dp)) > K'p* +d(p) + ).
ZE[K”]

k,
D1

Since in case (a), we have K" = K’ = k and p) = p, V ¢, we obtain:
(@) + d(pn) = d(py) + d(p,) > p*, and, using (23):
d(p)) + d(Fi) = d(Fy) + d(Fyq) > p7, VL€ [K” 1],
Similarly summing up these inequalities, we obtain the inequality:
(27) 2 Z () > K"p#,
ee K//]
which holds in both cases ((a) and (b)). Similarly, for “large” job, we have:
(28) > d(p;) > nep*.
JEIL
Using these two bounds on the total durations of “aggregated small” and of “large”
jobs, and recalling that their total duration is at most m Ly ax, We obtain:

K//
mLmax Z Z d(ﬁf) + Z d(p]) > TP# + an#7

Ce[K JETL

which implies (22). Lemma 5 is proved. O

Corollary 2. Ezecuting the JSGU(n,p™) procedure instead of Stage 1 of algorithm
A(7) applied for constructing a schedule for “aggregated small” jobs in the ﬁrst and

; ; Lax eLmax
second algorithms from (Shmoys et al., 1994) (with values iy and Egpess

of parameter p* , respectively) provides the number ns of “small” jobs which meets
upper bounds: ng < 2m*p®(pn — 1) and ng < 2m?p?(u — 1)/e, respectively. This
provides an approximate solution for the original instance of the Job Shop problem
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with a running time esimated as O(pun+f(m, 1)) and O(un+g(m, p, €)), respectively,
where f(m, p) is a polynomial of m and p, while function g(m, p,€) exponentially
depends on parameters m, u, and 1/¢.

6. COMPARATIVE ANALYSIS OF FOUR THEORETICAL APPROXIMATION
ALGORITHMS FOR THE JOB SHOP PROBLEM

When there are several alternative ways to solve a problem, the question of
comparing these ways naturally arises. We want to find out in which cases we
should give preference to one solution method and in which cases to another ones.
For that purpose, it is desirable to have tools that enable one to conduct an objective
analysis of the quality of methods and to compare the methods with each other.

As for “tools”, in recent decades the methods of “experimental analysis” and
“experimental comparison” of algorithms have become widespread. These methods
are based on programming algorithms and on subsequent running of those programs
on some finite sets of instances of the problem under consideration. The results of
these calculations for different programs/algorithms are compared with each other,
and from this (usually ambiguous) comparison a conclusion is drawn most suitable
to the author of such a comparison. However, the results of this kind pertain to
another science, called “experimental mathematics”, and have no relation to the
science (mathematics) to which this article is dedicated.

It seems that an objective comparison of algorithms is possible only in those cases
when theoretically justified guarantees of their quality (such as accuracy bounds
and bounds on their running time) have been obtained. However, such results
are encountered in scheduling literature several orders rarer than those mentioned
above. For example, for the Job Shop problem in its general form (i.e., for one
of the most difficult-to-solve representatives of the area of multistage scheduling
problems), only four (as far as I know, over the more than 70-year history of
this field) such polynomial-time approximation algorithms with guaranteed a priori
accuracy bounds valid for all instances of this problem have been developed.
(Either detailed or brief descriptions of these four algorithms were given in the
previous sections and in the Introduction.)

However, even the presence of such bounds does not always provide the opportuni-
ty for comparing different algorithms with each other, since those bounds may turn
out to be incomparable. This may happen for different reasons. For example, they
may be formulated in different terms that are not comparable with each other. In
addition, a typical situation is when different methods may have their advantages in
different sub-domains of the problem definition domain, but no method dominates
absolutely in the entire domain. Finally, there may be no “absolute winner” for that
simple reason that the problem of comparison is multi-criterion.

In our case, when we limited ourselves to evaluating the quality of algorithms
by only two criteria: the accuracy of the solutions obtained and the complexity
of the algorithm, the objective of a theoretical identification of a “winner” among
the algorithms is difficult already due to the multi-criteria nature of the compared
objects. Yet, even when comparing only by one criterion (for example, by complexity),
certain difficulties may arise in those cases when the bounds on the running times of
candidate algorithms depend on several independent parameters (as is in the case
of the Job Shop problem). Alternatively, if we are talking about accuracy bounds
(even without comparing algorithms by their complexity), then, in my opinion, the
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bounds on absolute and relative errors have different physical dimensions, and
for this reason are incomparable. Comparing such bounds is the same as trying
to answer the question: “Who jumps better: a long jumper or a high jumper?”

To tell the truth, it is not difficult to transform the absolute bound (15) into a
relative one: it suffices to divide both parts of the inequality by Ly.x and recall
that Lp.x is a lower bound on the optimum. Right such a relative bound

3
Cmax(S) < Crnax(S) <1+ MU~ Pmax
C* - Lmax o Lmax

max

(29)

implies the asymptotic optimality of our solutions under the condition that n — oo.

Ok! We now have a priori relative accuracy bounds for all four algorithms.
At that, all of them are parametric and all of them estimate the worst case (for
given values of the parameters in terms of which they are expressed). Let us try
to compare them. And before starting this process, let us collect in one table the
information we have about the four algorithms mentioned above, according to two
criteria: (1) the accuracy of the solutions obtained and (2) the running time of the
algorithm. We will number the algorithms in chronological order: 1 — (Sevast’yanov,
1986), 2 — (Shmoys et al., 1994) (1st), 3 — (Shmoys et al., 1994) (2nd), 4 — (Jansen
et al., 2003).

Alg. Accuracy bound Run-time | Parameters | Applicability

1 (29) O(m*u*n®) | Any m,p,n Yes
2 | “gpi < Ollog®(mp) | O(m*un?) | Any m,pun | Bad accuracy
3 Cnen() < 94 ¢ O(n?) | Fixed m,p,e No
4 be%?(TS) <l4¢ O(n) Fixed m, u, e No

TABLE 1. Comparison of the four algorithms

Can we start comparing these four algorithms now?

No, they still remain incomparable in accuracy (except for the two algorithms
heaving bounds depending only on ¢; they can be compared), since they depend
on different sets of parameters. Namely, bound (5) depends on parameters m and
i, bound (6) by (Shmoys et al., 1994) and bound (1 + ¢) for each algorithm A,
by (Jansen et al., 2003) depend on &, while our bound (29) depends on two extra
parameters: pmax and Lyax, and does not depend on e. However, these differences
are easily leveled off by Shmoys et al.: they just put pmax = Lmax in our bound (29),
which is a gross distortion of the bound. Of course, for some (very rare) instances
(with small values of parameters m, u and n) these parameters can take close values.
But such an event is practically improbable for instances of practical size. For the
overwhelming majority of practically significant instances, our accuracy bound
(due to its asymptotic optimality) outperforms bound (6) (not mentioning (5)).

However (Shmoys et al., 1994), having performed the above transformation of my
accuracy bound (i.e., having equated pmax t0 Limax), came to a completely different
conclusion: “It is interesting to note that Sevast’yanov’s algorithm for the job shop
problem can be viewed as a (1 +mu?)-approximation algorithm”. This “interesting
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observation” and a comparison of the accuracy bound obtained in this way with
their own (obviously better!) bounds on the relative error enabled the authors
to make an irrefutable conclusion that their algorithms are “better than previously
known ones” (which is reflected in the title of their article: “Improved Approximation
Algorithms...”’)*. It had not come to their mind that I would never publish an
algorithm with that terrible relative accuracy bound, just because the simplest
algorithm A constructs a min{m, u}-approximate schedule in O(ny + mu) time
(see Lemma 1 on page 9).

As for the evaluation and comparison of algorithms by the second criterion (the
running time), Shmoys et al. (1994) admit that their algorithms are inefficient, but
they assign the responsibility for that inefficiency on my algorithm: “While all of the
algorithms that we give are polynomial-time, they are all rather inefficient. Most
rely on the algorithms of Sevast’yanov.” However, I would look at this differently.

Of course, the authors of (Shmoys et al., 1994) are right that the complexity
of their algorithms depends significantly on the complexity of our algorithm, for
the simple reason that our algorithm is the most significant part of their
algorithms, applied to the majority of jobs in the original problem instance (to
so-called small jobs). For this reason, the bound on the running time of their first
algorithm coincides with that of ours. Which, however, is not a “death sentence”
for it, since the bound O(m?u?n?) is completely polynomial in all parameters
of the problem, and is only quadratic in the main parameter, the number of jobs
n, whereas the values of the other two parameters, m and pu, are usually relatively
small, and, while solving the problem for a fixed shop, they “hit into” their natural
upper limits, when the planning horizon is expanded. Taking into account the
possibility of linearization of the complexity of this algorithm in 7, demonstrated in
Section 5, and also due to the high speed of modern Supercomputers (SC, for short),
such complexity of the algorithm does not seem to be an insurmountable obstacle
for its application to instances of practical size. However, this does not make this
algorithm competitive with ours, since in accuracy it remains catastrophically worse
than our (asymptotically optimal) algorithm on the majority of instances of
practically significant size.

As for the second, (2 + ¢)-approximation algorithm from (Shmoys et al., 1994)
(the complexity of which, after linearization, can be represented as O(un)+v(m, u, ),
where ¥ (m, p,€) is an exponent of m, u, and 1/¢), its main complexity (and the
fundamental inapplicability of the algorithm for solving practical problems) lies not
in our algorithm, but is hidden in the “constants” that estimate the complexity
of the second half of the algorithm. And as will be shown below, neither the
linearization by n of the running time of the first half of this algorithm, nor any
technical progress in the design of supercomputers can correct this situation.

To convince the reader in the practical inapplicability of this algorithm, we will
suggest to it to find a (2+¢)-approximate solution for a definitely small-size instance
with m = 10 machines in the shop and with u = 10 operations per job (all of which
are to be processed on 10 different machines)®. At that, we will take the number

“In a similar way, i.e., ignoring other conditions and parameters of comparison and taking into
account only the parameters chosen by themselves, they could conclude that “The long jumper
jumps better!”.

5This special case of the Job Shop problem is called an acyclic job shop problem, in which each
job has exactly one operation on each machine, and each machine M; processes n jobs according
to some permutation ¢ = (i,...,7%).



30 SERGEY SEVASTYANOV

of jobs n = 10000, which clearly does not exceed its average value for practically
significant instances. We will neither overstrain their algorithm by proposing to
find solutions arbitrarily close to 2-approximate ones, but take instead e = 8 (thus
letting the algorithm find just a 10-approximate solution for our small instance).

Finally, we will allow the authors to use our new accuracy bound (15) (which
should help reduce the running time of their algorithm). We will also make five
further agreements.

A. That our instance is being solved in a System of parallel Supercomputers,
each SC having the maximal known for today capacity of 2 - 10'® flops.

B. That there are 10 billion such SCs in our System on the Globe, i.e., about
one “personal Supercomputer” for every inhabitant of the Earth®.

C. That in each of 10 trillion galaxies (in the visible part of the Universe) there
are 100 billion stars, and each star has 10 planets, on each of which we have placed
an SC-system similar to that of the Earth. Totally, 102> Globe SC-systems, forming
the Supercomputer System of the Universe (SSU, for short).

D. That we have the opportunity to parallelize our problem, equally dividing
the load between all computers of the SSU, and that each SC can work as long and
continuously as desired.

E. That we measure the working time of our SSU in time units “AU” (Age of
the Universe). We took the value of this amount to be 15 billion years.

After that much strong assumptions (and suggestions on our part), the reader
should have absolutely no doubts about the “success of the enterprise”. However,
the results of the forthcoming analysis may be very discouraging to those potential
users of this algorithm who were attracted by its theoretical performance guarantees
in accuracy and complexity given in (Shmoys et al., 1994).

To begin with, let us estimate the total capacity of our SSU, as well as how many
flops (floating point operations) it can perform per the new unit of time, 1AU.

Taking into account the above characteristics of the System, its total capacity is
2-10%% .10 . 10% = 2-10° flops. Accepting the agreement that the Earth year
consists of 365.25 days, we obtain the relation: 1AU = 1.5-10'9-365.25 - 24 - 3600 ~
4.73 - 10'7 seconds. Multiplying this by the capacity of SSU, we obtain an upper
bound on the capacity of SSU per 1AU: 107 flopAU.

Now let us estimate the complexity of an approximate solution to our problem
instance by the second algorithm from (Shmoys et al., 1994). The user of this
algorithm will have to find an optimal schedule for the set of so called large jobs,
the number of which can be estimated from above by n’ = m?p?(p — 1)/e =
11250. If we solve this sub-problem by a simple enumeration of all combinations of
permutations {7’ |i € [m]} (I remind that this sub-problem must be solved exactly,
0 as to guarantee the relative error of 10 for the resulting solution), then this will
require enumerating (n’)!I™ a (11250/e)12°00. (27r- 11250)° ar 10112500-1og,0 4138.644 .
10510810 70 650 ~ 10406 921 yariants of combinations of job permutations. For each
variant of this schedule, graph G of precedence constraints specifying the precedence
of operations by jobs and by machines, contains mn’ = 112500 nodes and about
2mn’ = 225000 arcs. It should be checked for the absence of directed cycles, and if
there are no cycles, the length of the critical path in graph G should be computed.
Using for these purposes the algorithm with running time O(mn’) (linear in the

6By the way, ONE such modern SC occupies an area greater than 1000 m?, which results in
total more than 10.000.000 km?, — more than the area of China.
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number of arcs of the graph), we have to multiply the above amount by at least
the number 225000 ~ 10%3 of arcs in G, which results in 10406 926 elementary
actions to be performed. Thus, to perform these calculations on our CSU (the
Super-Computer System of the Univers) and find a solution (to a given small
instance) that would be no more than 10 times worse the optimum, they would
need time equal to 106 85> Ages of the Universe.

As for the question of the practical feasibility of algorithms A, from the PTAS
designed by Jansen et al. (2003), preliminary estimation shows that the situation
for these algorithms is even more deplorable starting from rather small values ?7of
parameters m and p. (At that, the scheme works only with values € < 1.)

7. CONCLUSION

In this paper, we present a new version of the algorithm for solving the Job Shop
problem based on the compact vector summation algorithm. As shown in the paper,
the new algorithm guarantees an improved a priori bound on the absolute error of
the solutions obtained, while the bound on the running time remains the same. In
addition, in Section 6 we perform a comparative analysis of quality of four currently
known theoretical algorithms of approximate solution of this problem with a priori
performance guarantees. Undoubtedly, the algorithms presented in (Shmoys et al.,
1994) and (Jansen et al., 2003) have significant theoretical value from the view point
of parametric analysis of the complexity of approximate solution of the
Job Shop problem. However, in Section 6 we pursued a different goal: to perform a
comparative analysis of the practical suitability of these algorithms for solving
real-size instances of the Job Shop problem. The results of this analysis and of the
comparison of the four algorithms are the following conclusions (the first two relate
to accuracy, the rest ones — to the complexity of the algorithms).

(1) According to the theoretical accuracy bounds derived for these algorithms,
none of them dominates the others in the entire range of instances of this
problem (in terms of accuracy of the solutions obtained).

(2) For the overwhelming majority of instances having practically significant
sizes, our algorithm with bound (29) (ensuring asymptotic optimality of the
solutions obtained with an increase in the planning horizon) has an advantage in
accuracy over the algorithms from (Shmoys et al., 1994).

(3) Our algorithm has a moderate, polynomial in all main parameters, bound
on the running time O(m?p?n?), which is just quadratic in the main parameter of
the problem, the number of jobs n. At that, the other two parameters, m and p,
have natural upper bounds independent of length of the planning horizon (7'), and
thus, in the conditions of solving a practical problem for a fixed shop, with an
increase in T they can be treated as amounts ??limited by constants, which justifies
the practical feasibility of our algorithm on real size problem instances on
modern computers.

(4) The first of the two algorithms from (Shmoys et al., 1994) in its original
version has no advantage in complexity over our algorithm, but after its modification
(linearization in n, performed in Section 5) it gains some advantage in the running
time for large values of n. At that, as n increases, it becomes much worse than
our algorithm in accuracy (due to the fact that its accuracy bound, depending on
m and pu, remains stable, while the relative error of our algorithm tends to zero).
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(5) The second algorithm from (Shmoys et al., 1994), supposedly guaranteeing
(2 4 ¢)-approximation in polynomial time (for any fixed values of parameters m,
i, and €), is practically inoperative on the overwhelming majority of instances
(starting with instances of small size), since even after its linearization in n
it is not capable of obtaining even 10-approximate solutions for small enough
instances in any physically observable time. Thus, its comparison with our
algorithm makes no sense on the majority of real-size instances.

The situation with the practical applicability of any algorithm A, from the
PTAS presented in (Jansen et al., 2003) (according to our preliminary estimation)
seems even more hopeless. Moreover, as our calculations performed in Section 6
convincingly demonstrate, this deplorable situation with the last two algorithms
can be corrected by no future progress in the development of Supercomputers.

The calculations made in Section 6 raise up some further interesting questions:

— What are the huge Super-Computers needed for, if, even with the help of
algorithms with “improved” performance guarantees, the Super-Computer Army
of the whole Universe for the whole Eternity is not capable of finding a rough
approximate solution for a small instance of an ordinary (just strongly NP-hard)
discrete optimization problem?

— What are the ingenious algorithms with theoretically justified “excellent perfor-
mance guarantees” (high accuracy and “polynomial-time” complexity) needed for,
if, even with the power of the Super-Computer System of the Universe and for the
whole Age of the Universe they are unable to find a rough approximate solution for
a small problem instance?

The answer to the first question, apparently, is that Super-Computers are dedica-
ted to solving some other-type enumeration problems (consisting in processing a
large amount of information in a minimum time and allowing maximum parallelization
of this process). And even when they are used for solving such problems as the Job
Shop problem, they should run programs for the algorithms having more definite
performance guarantees (without hiding their inaccuracy into forms like “O(-)” and
hiding their running time into “constants” with indefinite values). When any new
algorithms appear that position themselves as an “improvement of all previous ones”,
a not bad idea is to test their practical applicability in terms of the time unit “AU”
(as demonstrated in Section 6). And in case that 1AU appears to be insufficient to
find a solution by the new method, this clearly indicates that one should not rush
into programming such an algorithm.

The answer to the second question is ambiguous and requires a detailed analysis
of each algorithm under consideration. It is only clear that the mere existence of
“excellent theoretical performance guarantees” for an algorithm does not guarantee
equally excellent practical behavior of this algorithm in solving real-size problems
(as shown by the above analysis of the algorithms from (Shmoys et al., 1994) and
(Jansen et al., 2003)). It is obvious that all three algorithms were not originally
intended for solving practical instances of the Job Shop problem. They have purely
theoretical significance and contribute to the theoretical analysis of the
parametric complexity of an approximate solution of this problem.

Thus, our algorithm remains today the only workable algorithm for an
approximate solution to the Job Shop problem with theoretically justified a
priori bounds of their quality, enabling one for practically significant instances
of this problem to find solutions with acceptable accuracy and in a realistic time.
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As for the approach we have developed for an approximate solution of the Job
Shop problem (first proposed in (Sevastyanov, 1984, 1986) and improved in this
paper), its potential, as we see it, is far from being exhausted and lies in two
possible directions. First, we are not sure that this paper presents the most perfect
method for reducing the original problem to a compact vector summation problem.
Reducing the degree of dependence of the solution error on parameters
m and p is, in our opinion, a relevant and quite achievable goal. Second, the
unimprovability of the (presented here) accuracy bound of the vector summation
algorithm had not been proved either, which gives hope for a possibility of its
further improvement.
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APPENDIX A. SEARCHING FOR A BASE OF A GIVEN FAMILY OF VECTORS

Next, lin(Y) will denote the linear hull of a set Y C R

Definition 4. A set of vectors Xp C R? is called a base of a family of vectors
X C R%,if Xp is linearly independent and Xp C X C lin(Xp).
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The following lemma was proved in [14].

Lemma 6 ([14]). Let a family of vectors X = {x1,...,2,} C R? and a family of
numbers A = {\; € [0,1]|j € [n]} be given. Then there exists an algorithm that
in O(nd?) time finds a base Xp of family X and a family of numbers A’ = {)\; €
[0,1]|j € [n]} such that

Z)\;JUJZZ/\jiEJ:l‘ & ({.T]|)\;E(O,1)}QXB)
J€[n]

J€(n]

It is easy to verify the existence of the desired base of the family of vectors X
and of the family of numbers {\’}. Indeed, if the family of vectors {z; | A; € (0,1)}
is linearly dependent, then we can find this dependence and, using it, change the
coefficients {A; € (0,1)} while preserving the sum 3 \;x; so that at least one of
the coefficients turns to 0 or 1. Repeating this procedure no more than n times,
we arrive at a linearly independent family of vectors {z;|A; € (0,1)}, which is
obviously contained in some base of family X. If (in the case of |X| > d) we first
consider subfamilies of vectors X’ C X of cardinality | X’| = d+1, and use the usual
Gauss method to find (in O(d®) time) the coefficients of the linear dependence of
vectors in each such subfamily, then we can obtain the desired base and the family
of numbers {\}} in time O(nd?). The procedure below yields the desired result in
O(nd?) time.

The procedure executes a loop on ¢t = 1,...,n. At the end of each iteration ¢ of
this loop, we know coefficients {\; € [0,1]|j € [n]} and a partition of the index set
[n] into three subsets: [n] = Jz U Jy U Jg such that:

S Nazi=a; Ny=X, VieJp={t+1,....n} N;€{0,1}, Vj € Jz;
Jj€ln]
Xp={z;|j € Jw} is a base of the subfamily {z;|j € [t] = Jw U Jz}.

Thus, initially all coefficients /\;- coincide with A;. At subsequent iterations ¢,
the set of indices {j € Jr} corresponds to those coeflicients )\; that have not yet
been transformed, and the set Jz corresponds to those ones that will not be further
transformed (they are integers). The coefficients {); | j € Jw } are “in progress”.

The base Xp changes dynamically during the iterations of the loop over t: new
vectors are added to it, while some vectors (that were previously included) leave
it. (In the latter case, their indices move from set Jy to set Jz.) The current list
of the base is determined by the set Jy = {j(1),(2),...,5(s)} of indices of the
vectors included in it. It should be noted that those indices of the base vectors will
not necessarily be listed in ascending order, since the place of each new vector in the
base is dynamically determined during the algorithm. In this case, the place in the
base that a vector receives when it enters the base is permanent until the moment
of its leaving the base or until the end of the algorithm. This place corresponds to
the column number of matrix C' of the transition from base Xp = {xj(1), ..., Zj(s) }
to basis B (to be defined below).

Thus, at each iteration ¢, beyond the sets Jz, Jy, Jr, we adjust the following;:
— basis B = {by,...,bs} of space lin{zy,...,x:} and the first s = |Jy| components
of the formed permutation 7 = (m1,...,m4) of coordinates of space RY, so that
bp(m)) = 0, Vi € [k—1]; bp(mg) # 0, V k € [s]. Namely, both basis B and
permutation 7 may be incremented by a new, (s+ 1)-th element, while s previously
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defined elements remain unchanged;

— matrix C' = (cg,i)r,icl Of the transition from base Xp = {zj(1),..., Zj(s)} to
basis B:
(30) by = Z Chyi Tjnays k€ [s];

i€fs]

— function j'(4), specifying the position of each vector z; € Xp in the base and in
matrix (cg,;) (the i-th column of this matrix corresponds to vector ;).

When adding a new vector x; to consideration at iteration ¢, the following three
cases are possible.

(1) Vectors Xp U {x;} are linearly independent. In this case, vector z; is added
to basis X5 and placed in it at the (s+ 1)-th position, where s = | X g|. In addition,
basis B and permutation 7 are supplemented with (s+ 1)-th elements; matrix C' is
incremented by one more column and one row.

(2) Vectors X pU{z;} are linearly dependent; vector x; does not get into the base.
After recalculating the coefficients {\’}, index t of vector x; is transferred from Jy
to Jz. The base, the basis, matrix C', and permutation 7 remain unchanged.

(3) Vectors XpU{x;} are linearly dependent; one of vectors of the base (z;(;-)) is
removed from it, and vector x; is inserted into the base at the vacated position
i*. (In matrix C' it will correspond to the recalculated i*-th column.) Matrix C' and
function j'(4) are recalculated; basis B and permutation 7 remain unchanged.

Procedure Search _for a_Base(integer: n,s;
family of integers: {jg[i]|i € [d]}; family of vectors in R?: X ={x|t € [n]};
family of reals: A = {\; € [0,1][j € [n]}, A" = {\; € [0,1]]j € [n]});
% The OUTPUT parameter {jg[i] |7 € [s]} is the set of indices of the vectors
% x; € X forming the base Xp of X that we are looking for
% Local parameters:
integer: t, k, j,i,i*; real: ¢,¢*; vector in RY : b;
family of integers: Jr, Jz, Jw, Jiy, {7k | k € [d]};
family of reals: {uy |k € [n]}; {4, | € [n]}; {ewi| ki € [d]}:
family of vectors in R?: B={b, |k € [d]};

BEGIN
Jr < [n]; Jz < @5 Jw @5 N < N, Vj€[n]; s 0;
fort + 1,...,n do begin

Jr < Jr \ {t}; if 2; = 0 then {)\; —0; Jz:=JzU {t}}
else begin
Jw — Jw U{t}; jpls+ 1] < t; b+ x4
for k «+ 1,...,sdo {pg < b(mr)/bx(7k); b b— pgbi};
% We have obtained vector b = x; — >, o) pibr such that b(m;) =0 (i € [s]).
% Substituting the values of {b;} from (30) to this expression, we obtain
% b= =3 icit1) My inli], Where the coefficients {1 ,} are defined as:
Minfi) € Dkep) Hi ~ Chiis © € [8]5 10y ¢ =15
% As proved in [14], z;,[5,11) linearly depends on vectors {z; 1, ..., % 55}, if and
% only if b = 0. We next check, if b(m;) = 0 holds for all ¢ € [d] \ {m;|i € [s]}.
if b # 0 then begin
find a coordinate i* € [d] \ {m; | ¢ € [s]} such that b(i*) # 0;
Tst1 <= 15 boyr < b;
% We next complement matrix (¢; ;) by defining the coefficients from the
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% (s + 1)-th row and the (s + 1)-th column as:

Cs+1,i € 7[1,3{3[14], 1€ [S + 1},

Chst1 < 0, k€ [s]; s s+ 1;
end % “f b # 07
else begin % the case when vectors {2, 1], ..., Zj,[s+1]} are linearly dependent,

% since D ;e 1) My sl = 0, while s (541 = L

Define the set Jy, = {j € Jw [ ; # 0}

find e* = max{e | \; + e € [0,1], ¥V j € Jy };

redefine the coefficients {\; |j € Jyy } as: N <= N +e*p), j € Jyps
% At that, the sum 3, Aj2; does not change and at least one of the
% coefficients {\} |j € Jjy } takes a value from {0, 1}.

Find i* € [s + 1] such that (A;B[i*] € {0,1}) &(Bli*] € Jiy);

Jw < Jw \{isli]}; Jz < Jz U{jsli"]};
% In case that jp[i*] = jp[s + 1] = ¢, there is nothing to do next, because
% both the base and the basis remain unchanged. Otherwise, we replace
% vector x;,;+1 of base Xp by vector x; and recalculate the coefficients (cy ;)
% of the transition from the base to basis B (which remains unchanged)
% according to formula (30). (We note here that Jjj, = Jj;, \ {t} # @, since
% Ty = ZjEJ",(/ ,LLJ/SCJ 7é O) SO,

if i* < s then begin

Chyix < Ck,i*/N]{B[i*]Q Chyi < Ckyi — Ck,i*ﬂ]{B[i]a i€ [s]\{i"}, ke s);
jB [Z*} —

end; % “if”

end; % “else”
end; % “for ¢”
END; % of Procedure Search_for a_Base

APPENDIX B. VECTOR SUMMATION ALGORITHM .A4; FROM THEOREM 1

Definition 5. Let B be a convex set in R?, I be a finite set such that k = |I| > d,
a € RY B, = conv{0,a — B/d}. A family of vectors {z;|i € I} C B is called a
By, -balanced system of vectors (B,-BSV, for short), if there is a family of numbers
{\i € R|i € I} satistying the conditions:

(31) X €[0,1], i€,
(32) dhi=k-(d-1),
i€l
(33) Z \ix; € B,.
el

The construction of the desired sequence 7* of summing the vectors of family
X = {x;]i € [N]} € R? by algorithm .A; is based on the cyclic usage of the
procedure Next BSV (described below), which, heaving at its input a B,-balanced
system of vectors U = {z;|i € I} C R? (defined for a subset I C [N], s.t. |I| >
d + 1), finds an index i* € I such that the family U \ {z;~} is a B,-BSV again.

The correctness of this procedure was justified in
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Lemma 7 ([19]). Let B be a convez set in RY, a € RY, {z; € B|i € I} be a B,-
BSV with |I| = k > d+1, for which the corresponding family of numbers {\; |i € I'}
satisfying the conditions (31)-(33) is known. Then there exists an index i* € I such
that the system of vectors U' = {x;|i € I\ {i*}} is By-BSV again; indez i* and
the numbers {\.} corresponding to vectors from U’ can be found in O(kd?) time.

Procedure Next BSV (integer: i*, k; finite set of integers: I; % |I| =k
family of vectors in R?: U = {x;|i € I}; family of reals: A = {\;|i € I});
% The input family of vectors U is a B,-BSV with given coefficients {\; |i € I}.
% The set I (with the output value I < I\ {i*}), numbers ¢* and k, and the
% transformed families U and A are also output parameters of the procedure.

% Local parameters:
integer: i, ig;
real: ¢,r;
a finite set of integers: I\, I, I}, I}y;
a family of reals with indices {i € I'}: {\.}, {N/}, {ws}, {}, {d }, {ni}s
family of vectors in R4t U = {z;|i e I}; U' ={z;|i € Iw};
vector in R%: ¢, b;
vector in R¥*!: ¢, a;

BEGIN
Put A, «+ (k—d)\;/(k—d+1), Vi€ I. Then we have:
(34) X, e[0,1], i€l
(35) Y N =k—d,
icl
(36) > X; € Ba.
iel

To obtain the desired result (a B,-BSV with the number of vectors less by one), it
remains to transform the coefficients {\;} while preserving the properties (34)—(36)
so that one of the coefficients (\}.) becomes zero (which would mean that the family
of vectors U' = {x; |i € T\ {i*}} becomes a B,-BSV). The desired transformation
will require at most four “Steps” described below.

Step 1. Let us define a family of vectors U = {z; = (v;,1)|i € I} C R+,
and then transform the coefficients {\;} while preserving the condition (34) and
the sum Y, ; \;#; so that the subfamily of vectors U’ = {z; € U |X, € (0,1)} is
contained in some base U* of family U. By Lemma 6, the desired coefficients {\.}
and the base U* C U can be found (by means of the procedure Search_for a_Base
described in Application A) in O(|I|d?) time. If among the coefficients {\,} there
is a coefficient Aj. = 0, then the family of vectors {x;};;- is the desired B,-BSV
with coefficients {\; <— A} };zi-. Next we assume that

(37) N;>0,Viel.

Let Iy = {i e I| X\, € (0,1)}, I = {i € I'| X, = 1}. Then using (35) and (37),
we obtain

k—d=Y " N=> N+ N=|L|+ > N=k-—|Iw|+ > X,

iel i€l iclw iclw i€lw
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implying d +3_,c; A = [Tw| < |U*| <d+1. Thus, 7, X, must be an integer
not greater than 1. It cannot be 0 (since |Iy| > d), so, we obtain:

Z No=1, |lw|=d+1, U is a basis of RI1,
i€lw

Let us transform the coefficients {\,|i € Iy} while preserving the properties
(34)—(36) so that one of the coefficients becomes zero. To that end, we denote:

(38) c==Y x, e=(c,1) ERM™ b= "Nz, € B,.
i€l el

Step 2. Let us find the unique representation ¢ = ZiEIW 1;Z;. The coefficients
{u;} can be found, for example, by the Gauss method in O(d?3) < O(kd?) time. If

(39) Iy ={ie v p <0} £,
we define € = maxieI;V{—ui/(Ag — ;) }. Clearly, € € [0,1),

/\g = (1—8)/11'4—8/\2 Z/,Li—FS(/\; —/,Li) >0, Viely,
and there is an i* € Iy, such that Aj% = 0. It follows from » ;. pi = 1,3 ;cp ANi=1

ielw™ 1
that >, ., A/ = 1. Put A/ < 1, Vi€ I;. Then 37, ;N = [Li| + 3 ;0 A =

kE—|Iw|+1=k—(d+1)+ 1=k — d. Furthermore, due to (38) and ¢ € [0,1),

Z)\;/% = Z x; + Z N xg = —c+ Z (1 —e)pi +eXj]a; =
el i€l i€l iclw
= —c+ (1 —¢)c+e(lc+b) =cbe B,.

Thus, the family of vectors U = {x; |i € I'} (specified for the set of indices I’ =
I\ {i*}) is a B,-BSV with coefficients {\; <— A/ |i € I'}.
Let (39) not hold, which means, p; € (0,1), Vi € Iy.

Step 3. Find the unique representation of vector a = (da, 1) € R%*! in the form:
a = cr, MmTi- Since Y ;cp (dp; +m;) = d + 1, there exists ig € Iy such that
dpi, + ni, < 1. Since p;, > 0, the inequality 7;, < 1 holds, and we can define

Hig 1
40 r = ——- S —.
(40) T—
As shown in [19], vector ¢ — rz;, can be presented as
(41) c— 1wy = Z wix; — dar
i€lw
with coefficients 1 = p; + pioni /(1 — 14, ), @ € Ity = Iw \ {io}; pi, = 0. Thus,
1L
Zu2= ZM;Z Zﬂﬁ-ﬁ Zmz ZMH‘MOZ Zuizl,
i€lw i€l i€l Mio i€l i€l i€lw

so, putting pj =1 (i € I,), we obtain ), uj = k— (d+1) +1 = k — d. Using (41)
and (40), we also get

1
Zuéxi = Zﬂgmi + Z iz, = —c + ¢ — ra;, + dar = dr (a— dmi‘]) € B,

iel iel i€lw



40 SERGEY SEVASTYANOV

(since a — %xio €a— éB C B, and dr < 1). Thus, if u; > 0, V ¢ € Iyy, we put
I' =T\ {io}, \i < p} (i €I'), i* < ip, and the family of vectors U = {z; |i € I'}
becomes a B,-BSV with coefficients {); |7 € I'}.

We next suppose that Ifj, = {i € Iy | u; < 0} # @.

Step 4. Define e = max;ery {—p;/(ni—p;)}. Thene € (0,1) (because all p; > 0).
So, we get p!! = (1 —e)p} + e = p) +e(p; —pl) >0, Vie Iy,

it ey p. =0,
ZiGIW M;/ =1

Putting puj = 1 (i € Iy), we have ), ; ' = k—d. Then, using (41), the definition

of {p:} (see Step 2), and (38), we obtain:
Dt i = Dier, Tit Dieny HiTi = —C+ Xiep, (1 —e)pi + epile; =
=—c+(1—¢)(c—ra;, +dar) + ec= (1 —e)dr (a — 2z;,) € B,.

Thus, the family of vectors U = {x;|i € I'} (for I’ = I\ {i*}) is a B,-BSV with
coefficients {\; « pf |i € I'}.
Put I+ I'.
END; % of Procedure Next BSV

Algorithm A;(d,a, N, X;n)
(of finding the order 7 of a “compact summation” of the family of
vectors X = {z;|i € [N]} C R4, Y eex i = 0)
% Notation (see Theorem 1, page 9, and Definition 5, page 37):
% B = conv{X}; a € R B, = conv{0,a — B/d}
% To obtain the desired permutation 7 of indices k € [N], we find a sequence of
% sets I, C[N] (k=1,...,N) such that

(42) LcLc---CcIy=I[N}|; |l =k Vkel[NJ
(43) > @i€(d—1)B+B,, Vke[N]
i€l

% To that end, we first observe that if a family of vectors X (I) = {z;|i € I} C R?
% (for |I| > d) is a B,-BSV with coefficients {); | ¢ € I'}, then we have:

Zﬂl‘i = Z(l — )\z)xl + Z)\ll‘z S Z(l — )\l)B + B, = (d — 1)B + B,

i€l i€l i€l i€l
% which means that X (I) meets (43). Also observe that X (Iy) is a B,-BSV with
% coefficients {X\; = (N —(d—1))/N|i € In}, since \; € [0,1], DA = N—(d—1),
% > Aiz; =0 € B,. Applying these two facts and Procedure Next BSV, we can
% find subsets I, ..., Iy_1 which are B,-BSV (and thus, meet (43)) and can define
% the items 7y, € Ip\Ix—1 (k = d+1,..., N) of permutation 7, respectively. Finally,
% defining the subsets {I} | k < d} satisfying (42) arbitrarily, we obtain for them:

1 k 1 .k
PO IL R e DI

i€l i€l

% since #' =Y., 1x; € B, 7% <1, and 0 € B. Thus,

> zie(d-1)BC(d—-1)B+ B,
i€l

i€l
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% (since 0 € B,), providing (43) again.
% This yields the following simple scheme for Algorithm A;.

% Local parameters:
integer: k,i*;

BEGIN
I+ [N]; i« (N—-(d—1))/N, Viel,
for k <+ N step —1 down to d + 1 do
{Next_BSV(i*; I U={x; € X|iel}; A={\|i€I}); mp«i*};
for k< 1,...,ddo {Find i* € I} m < i*; I + I\ {i*}}
END.

SERGEY VASILYEVICH SEVASTYANOV
SOBOLEV INSTITUTE OF MATHEMATICS,
PR. KoPTYUGA, 4,

630090, NovosIBIRSK, Russia

Email address: seva@math.nsc.ru

41



