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Ïðåäñòàâëåíî Å.Ì. Ðóäûì

Abstract: We consider the equilibrium problem for a 2D elastic
body with two thin elastic inclusions with a junction at a point. It
is assumed that a crack exists between the inclusions and the body.
Inequality-type boundary conditions are imposed at the crack faces
to prevent mutual penetration. The problem depends on rigidity
parameter of one of the inclusions: we are talking about family
of problems. A weak convergence of solutions of the family of
problems in suitable functional spaces is proved. By this conver-
gence, we pass to the limit in the problems and establish the
form of limit problem. Strong convergence of solutions of family
of problems is also established. On its basis, the existence of a
solution of the optimal control problem is proved. The optimal
control problem is formulated in accordance with the Gri�ths
failure criterion, the control parameter is the rigidity parameter
of the inclusion.

Keywords: elastic body, thin inclusion, rigidity parameter, junc-
tion conditions, crack, non-penetration conditions, variational in-
equality, optimal control.
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1 Ââåäåíèå

Â ñîâðåìåííîé èíäóñòðèè øèðîêî ðàñïðîñòðàíåíî èñïîëüçîâàíèå êîì-
ïîçèöèîííûõ ìàòåðèàëîâ, â òîì ÷èñëå ñîñòîÿùèõ èç ñâÿçóþùåé ìàòðèöû
è àðìèðóþùèõ âîëîêîí. Âîñòðåáîâàííîñòü êîìïîçèòîâ îáóñëîâëåíà, â
÷àñòíîñòè, èõ ëó÷øèìè ìåõàíè÷åñêèìè õàðàêòåðèñòèêàìè ïî ñðàâíåíèþ
ñ òðàäèöèîííûìè ìàòåðèàëàìè. Ñâîéñòâà ìàòåðèàëîâ, èç êîòîðûõ ñîñòî-
èò êîìïîçèò, ìîãóò ñóùåñòâåííî ðàçëè÷àòüñÿ. Ýòî ìîæåò ñòàòü ïðè÷è-
íîé âîçíèêíîâåíèÿ òðåùèíû îòñëîåíèÿ âêëþ÷åíèÿ îò óïðóãîé ìàòðèöû.
Ñîâðåìåííûé ïîäõîä ê îïèñàíèþ òðåùèí îñíîâûâàåòñÿ íà ïðèìåíåíèè
íåëèíåéíûõ êðàåâûõ óñëîâèé, èñêëþ÷àþùèõ âçàèìíîå ïðîíèêíîâåíèå
èõ ïðîòèâîïîëîæíûõ áåðåãîâ. Çàäà÷è ñ óñëîâèÿìè íåïðîíèêàíèÿ ôîð-
ìóëèðóþòñÿ â îáëàñòè ñ çàðàíåå íåèçâåñòíîé ãðàíèöåé (çîíû êîíòàêòà
è ðàñõîæäåíèÿ áåðåãîâ òðåùèíû íàõîäÿòñÿ â ïðîöåññå ðåøåíèÿ çàäà÷è)
è â öåëîì ÿâëÿþòñÿ íåëèíåéíûìè. Ïîñëåäíèå äåñÿòèëåòèÿ õàðàêòåðè-
çóþòñÿ àêòèâíûì èçó÷åíèåì ìîäåëåé, îïèñûâàþùèõ çàäà÷è ðàâíîâåñèÿ
äëÿ óïðóãèõ òåë ñ òîíêèìè âêëþ÷åíèÿìè è òðåùèíàìè ñ íåëèíåéíû-
ìè êðàåâûìè óñëîâèÿìè. Â ðàáîòàõ [1, 2, 3, 4, 5] ðàññìîòðåíû çàäà÷è î
ðàâíîâåñèè óïðóãèõ òåë ñ óïðóãèìè âêëþ÷åíèÿìè, ïîâåäåíèå êîòîðûõ
îïèñûâàåòñÿ â ðàìêàõ ìîäåëåé áàëîê Áåðíóëëè � Ýéëåðà è Òèìîøåíêî;
èññëåäîâàíû ðàçðåøèìîñòü è ñâîéñòâà ðåøåíèé çàäà÷, ïîëó÷åíû ôîðìó-
ëû äëÿ ïðîèçâîäíûõ ôóíêöèîíàëîâ ýíåðãèè ïî äëèíå òðåùèíû. Ñòàòüè
[6, 7, 8] ïîñâÿùåíû èçó÷åíèþ çàäà÷ ðàâíîâåñèÿ óïðóãèõ òåë ñ æåñòêèìè
è ñëàáîèñêðåâëåííûìè óïðóãèìè âêëþ÷åíèÿìè. Ðàçëè÷íûå ïîäõîäû ê
îïèñàíèþ âêëþ÷åíèé áåç îòñëîåíèÿ ìîæíî íàéòè â [9, 10, 11, 12, 13]. Â
ðàáîòàõ [14, 15, 16, 17, 18, 19, 20, 21, 22] ñôîðìóëèðîâàíû çàäà÷è ñîïðÿ-
æåíèÿ òîíêèõ âêëþ÷åíèé ðàçëè÷íîé ïðèðîäû â óïðóãèõ òåëàõ. Â ýòèõ
ðàáîòàõ ïðåäïîëàãàåòñÿ, ÷òî âêëþ÷åíèÿ ìîãóò êîíòàêòèðîâàòü â êîíöå-
âûõ òî÷êàõ. Ïîëó÷åíû ðåçóëüòàòû, ñâÿçàííûå ñ ðàçðåøèìîñòüþ çàäà÷,
ñâîéñòâàìè ðåøåíèé çàäà÷, ÷èñëåííûì àíàëèçîì è äðóãèìè âîïðîñàìè.
Â [23, 24, 25, 26] ìîæíî íàéòè èçó÷åíèå çàäà÷ î ñîïðÿæåíèè ñòåðæíåé.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à î ðàâíîâåñèè äâóìåðíîãî

óïðóãîãî òåëà ñ äâóìÿ òîíêèìè óïðóãèìè âêëþ÷åíèÿìè ïðè íàëè÷èè
îòñëîåíèÿ. Ïîâåäåíèå òîíêèõ âêëþ÷åíèé îïèñûâàåòñÿ â ðàìêàõ ìîäå-
ëåé áàëêè Áåðíóëëè � Ýéëåðà è áàëêè Òèìîøåíêî. Ïðåäïîëàãàåòñÿ, ÷òî
âêëþ÷åíèÿ êîíòàêòèðóþò â òî÷êå. Â ðàáîòå [27] ïîëó÷åí ïîëíûé íàáîð
êðàåâûõ óñëîâèé â òî÷êå ñîïðÿæåíèÿ âêëþ÷åíèé. Êðîìå òîãî, óñòàíîâëå-
íî, ÷òî ïîñòàâëåííàÿ çàäà÷à èìååò ðåøåíèå, à òàêæå ïîëó÷åíû ôîðìóëè-
ðîâêè çàäà÷, îòâå÷àþùèõ ïðåäåëüíûì çíà÷åíèÿì ïàðàìåòðà æåñòêîñòè
âêëþ÷åíèÿ Áåðíóëëè � Ýéëåðà â èçîòðîïíîì ñëó÷àå. Â íàñòîÿùåé ðàáîòå
ïîëó÷åíû ðåçóëüòàòû, ñâÿçàííûå ñ ïðåäåëüíûì ïåðåõîäîì â ñåìåéñòâå
çàäà÷ óêàçàííîãî âûøå òèïà, çàâèñÿùèõ îò ïàðàìåòðà α, ïðîïîðöèî-
íàëüíîãî ìîäóëþ ñäâèãà âêëþ÷åíèÿ Òèìîøåíêî. Â ñåìåéñòâå çàäà÷ ñ
ïîìîùüþ âàðèàöèîííîãî ïîäõîäà îñóùåñòâëåí ïðåäåëüíûé ïåðåõîä ïðè
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ñòðåìëåíèè α ê áåñêîíå÷íîñòè; ïîëó÷åíû âàðèàöèîííàÿ è äèôôåðåíöè-
àëüíàÿ ôîðìóëèðîâêè ïðåäåëüíîé çàäà÷è. Êðîìå òîãî, äîêàçàíà ñèëü-
íàÿ ñõîäèìîñòü ðåøåíèé ñåìåéñòâà çàäà÷ ðàâíîâåñèÿ, íà îñíîâå êîòîðîé
óñòàíîâëåíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ.
Óêàçàííàÿ çàäà÷à ñôîðìóëèðîâàíà â ñîîòâåòñòâèè ñ êðèòåðèåì ðàçðó-
øåíèÿ Ãðèôôèòñà, è ïàðàìåòð α â íåé ÿâëÿåòñÿ óïðàâëÿþùèì.

2 Ïîñòàíîâêà çàäà÷è

Ïóñòü Ω ⊂ R2 � îãðàíè÷åííàÿ îáëàñòü ñ ëèïøèöåâîé ãðàíèöåé Γ
(Ðèñ. 1). Ïóñòü γb = (−1, 0)× {0}, γt = (0, 1)× {0}; γ = γb ∪ γt ∪ {(0, 0)},
ïðè÷åì γ̄ ⊂ Ω, Ωγ = Ω\ γ̄. ×åðåç ν = (0, 1) îáîçíà÷àåòñÿ íîðìàëü åäèíè÷-
íîé äëèíû ê γ; τ = (1, 0) � êàñàòåëüíûé âåêòîð. Ñ ïîìîùüþ íàïðàâëåíèÿ
ν îïðåäåëÿåòñÿ çíàê áåðåãà γ±: çíàêè ± ñîîòâåòñòâóþò ïîëîæèòåëüíîìó
è îòðèöàòåëüíîìó íàïðàâëåíèþ íîðìàëè. Áóäåò èñïîëüçîâàíî îáîçíà÷å-
íèå [h] = h+−h− äëÿ ñêà÷êà ôóíêöèè h íà γ, ãäå h± � ñëåäû ôóíêöèè h
íà áåðåãàõ γ±. Îáëàñòü Ωγ ñîîòâåòñòâóåò óïðóãîìó òåëó, ñåãìåíòû γb è γt
ïðåäñòàâëÿþò ñîáîé óïðóãèå âêëþ÷åíèÿ, ïîâåäåíèå êîòîðûõ îïèñûâàåò-
ñÿ óðàâíåíèÿìè áàëîê Áåðíóëëè � Ýéëåðà è Òèìîøåíêî ñîîòâåòñòâåííî.
Ïðåäïîëàãàåòñÿ, ÷òî âêëþ÷åíèÿ îòñëàèâàþòñÿ íà γ+, ò.å. ìåæäó âêëþ-
÷åíèÿìè è óïðóãîé ìàòðèöåé èìååòñÿ òðåùèíà.

x1

x
2

ν
+

-0 1-1  γ
b

 γ
t

 Ω

Γ

Ðèñ. 1. Ãåîìåòðèÿ çàäà÷è.

Ïóñòü A = {aijkl} � òåíçîð ìîäóëåé óïðóãîñòè, îáëàäàþùèé ñâîéñòâà-
ìè ñèììåòðèè è ïîëîæèòåëüíîé îïðåäåëåííîñòè:

aijkl = ajikl = aklij , i, j, k, l = 1, 2,

aijklξklξij ≥ C|ξ|2 äëÿ âñåõ ξij , ξij = ξji; C = const > 0.

Ïðåäïîëàãàåòñÿ, ÷òî âñå âåëè÷èíû ñ äâóìÿ íèæíèìè èíäåêñàìè ñèììåò-
ðè÷íû ïî ýòèì èíäåêñàì, à òàêæå ïî ïîâòîðÿþùèìñÿ èíäåêñàì ïðîâî-
äèòñÿ ñóììèðîâàíèå. Ïîëàãàåì, ÷òî aijkl ∈ L∞(Ω).
Ïóñòü u = (u1, u2) � ñìåùåíèÿ òî÷åê óïðóãîãî òåëà, uν = uiνi, uτ = uiτi,

i = 1, 2. ×åðåç ε(u) = {εij(u)} áóäåò îáîçíà÷àòüñÿ òåíçîð äåôîðìàöèé,
εij(u) =

1
2(ui,j + uj,i), i, j = 1, 2. Íèæíèé èíäåêñ ïîñëå çàïÿòîé îçíà÷àåò
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äèôôåðåíöèðîâàíèå ïî ñîîòâåòñòâóþùåé êîîðäèíàòå. Òàêæå ââîäèòñÿ
îáîçíà÷åíèå σ = σ(u) = {σij(u)} äëÿ òåíçîðà íàïðÿæåíèé. Êðîìå òîãî,
σν = (σ1jνj , σ2jνj), σν = σijνjνi, στ = σijνjτi, i, j = 1, 2. Ïóñòü w, v � ïå-
ðåìåùåíèÿ âêëþ÷åíèé γb è γt âäîëü îñåé x1 è x2 ñîîòâåòñòâåííî. ×åðåç φ
îáîçíà÷èì óãîë ïîâîðîòà íîðìàëüíîãî ñå÷åíèÿ âêëþ÷åíèÿ γt. Ôóíêöèè,
îïðåäåëåííûå íà γb è γt, îòîæäåñòâëÿþòñÿ ñ ôóíêöèÿìè îäíîé ïåðåìåí-
íîé x1; w,1=

dw
dx1

, (x1, x2) ∈ Ω.
Çàäà÷à ðàâíîâåñèÿ äëÿ óïðóãîãî òåëà ñ îòñëîèâøèìèñÿ òîíêèìè âêëþ-

÷åíèÿìè ïîä äåéñòâèåì çàäàííûõ âíåøíèõ ñèë f ∈ L2(Ω)2 â äèôôåðåí-
öèàëüíîì âèäå ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:
Íàéòè òàêèå ôóíêöèè u = (u1, u2), σ = {σij}, i, j = 1, 2, w, v è φ, ÷òî

− divσ = f, σ −Aε(u) = 0 â Ωγ , (1)

w,11= σ−
τ íà γ, v,1111= [σν ] íà γb, (2)

− αv,11−αφ,1= [σν ], −φ,11+αv,1+αφ = 0 íà γt, (3)

u = 0 íà Γ, u−τ = w, u−ν = v íà γ, (4)

[uν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν ] = 0 íà γ, (5)

w,1= v,111= v,11= 0 ïðè x1 = −1, (6)

w,1= v,1+φ = φ,1= 0 ïðè x1 = 1, (7)

w(0−) = w(0+), v(0−) = v(0+), v,1 (0−) = −φ(0+), (8)

w,1 (0−) = w,1 (0+), −v,111 (0−) = (v,1+φ)(0+), v,11 (0−) = −φ,1 (0+).
(9)

Ñîîòíîøåíèÿ â (1) � ýòî óðàâíåíèå ðàâíîâåñèÿ è óðàâíåíèå ñîñòîÿíèÿ
óïðóãîãî òåëà. Óðàâíåíèÿ â (2) è (3) îïèñûâàþò ðàâíîâåñèå âêëþ÷åíèé
Áåðíóëëè � Ýéëåðà è Òèìîøåíêî. Ïîñëåäíèå äâà óñëîâèÿ â (4) îçíà÷à-
þò, ÷òî âåðòèêàëüíûå (âäîëü îñè x2) è ãîðèçîíòàëüíûå (âäîëü îñè x1)
ïåðåìåùåíèÿ óïðóãîãî òåëà ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ïåðåìåùå-
íèÿìè âêëþ÷åíèé γb è γt. Ïåðâîå óñëîâèå â (5) îáåñïå÷èâàåò íåïðîíèêà-
íèå ïðîòèâîïîëîæíûõ áåðåãîâ γ± òðåùèíû îòñëîåíèÿ. Óñëîâèÿ (6), (7)
îçíà÷àþò ðàâåíñòâî íóëþ ïðîäîëüíûõ, ïîïåðå÷íûõ ñèë è èçãèáàþùèõ
ìîìåíòîâ â êîíöàõ áàëîê Áåðíóëëè � Ýéëåðà (ïðè x1 = −1) è Òèìîøåí-
êî (ïðè x1 = 1). Ðàâåíñòâà (8), (9) � óñëîâèÿ ñîïðÿæåíèÿ âêëþ÷åíèé â
òî÷êå (0, 0). Ïàðàìåòð α > 0 ïðîïîðöèîíàëåí ìîäóëþ ñäâèãà âêëþ÷åíèÿ
Òèìîøåíêî.
Â ðàáîòå [27] ðàññìîòðåíà áëèçêàÿ çàäà÷à, îïèñûâàþùàÿ ñîïðÿæåíèå

óïðóãèõ âêëþ÷åíèé â óïðóãîì òåëå ïðè íàëè÷èè òðåùèíû âäîëü âêëþ÷å-
íèÿ Áåðíóëëè � Ýéëåðà. Â ñîîòâåòñòâèè ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â
[27], ìîæíî óòâåðæäàòü, ÷òî çàäà÷à (1)-(9) ýêâèâàëåíòíà íà êëàññå ãëàä-
êèõ ðåøåíèé ñëåäóþùåé âàðèàöèîííîé çàäà÷å:

Íàéòè òàêóþ (u,w, v, φ) ∈ K, ÷òî (10)
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Ωγ

σ(u)ε(ū− u) +

∫
γ

w,1 (w̄,1−w,1 ) +

∫
γb

v,11 (v̄,11−v,11 )

+

∫
γt

φ,1 (φ̄,1−φ,1 ) + α

∫
γt

(v,1+φ)(v̄,1+φ̄− v,1−φ) ≥
∫
Ωγ

f(ū− u)

äëÿ âñåõ (ū, w̄, v̄, φ̄) ∈ K, (11)

ãäå ìíîæåñòâî äîïóñòèìûõ ïåðåìåùåíèé èìååò âèä:

K = {(ū, w̄, v̄, φ̄)| ū ∈ H1
Γ(Ωγ)

2, w̄ ∈ H1(γ), v̄ ∈ H1(γt), v̄ ∈ H2(γb),

φ̄ ∈ H1(γt); [ūν ] ≥ 0, ū−τ = w̄, ū−ν = v̄ íà γ; v̄,1 (0−) = −φ̄(0+)},

H1
Γ(Ωγ) = {ũ ∈ H1(Ωγ)| ũ = 0 íà Γ}.

Êðîìå òîãî, ñóùåñòâóåò ðåøåíèå çàäà÷è (10), (11) ïðè α ∈ (0,∞). Íåòðóä-
íî çàìåòèòü, ÷òî ðåøåíèå åäèíñòâåííî.

3 Ïðåäåëüíûé ïåðåõîä ïðè α → ∞
Ðàññìîòðèì ñåìåéñòâî çàäà÷ òèïà (10), (11), ñíàáæåííûõ ïîëîæèòåëü-

íûì ïàðàìåòðîì α:

íàéòè òàêóþ (uα, wα, vα, φα) ∈ K, ÷òî (12)

∫
Ωγ

σ(uα)ε(ū−uα)+

∫
γ

wα
,1(w̄,1−wα

,1)+

∫
γb

vα,11(v̄,11−vα,11)+

∫
γt

φα
,1(φ̄,1−φα

,1)

+ α

∫
γt

(vα,1 + φα)(v̄,1 + φ̄− vα,1 − φα) ≥
∫
Ωγ

f(ū− uα)

äëÿ âñåõ (ū, w̄, v̄, φ̄) ∈ K. (13)

Íàñ èíòåðåñóåò, âîçìîæíî ëè ïåðåéòè ê ïðåäåëó â ñåìåéñòâå çàäà÷ ïðè
α → ∞ è êàêîé áóäåò âèä ïðåäåëüíîé çàäà÷è. Ñ ýòîé öåëüþ, ïîêàæåì,
÷òî ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà 1. Äëÿ ïîäïîñëåäîâàòåëüíîñòè ðåøåíèé (uα, vα, wα, φα) ñåìåé-
ñòâà çàäà÷ (12), (13) èìåþò ìåñòî ñõîäèìîñòè ïðè α → ∞:

uα → u∞ ñëàáî â H1
Γ(Ωγ)

2, (14)

wα → w∞ ñëàáî â H1(γb), vα → v∞ ñëàáî â H2(γb), (15)

wα → w∞ ñëàáî â H1(γt), vα → v∞ ñëàáî â H1(γt), (16)

φα → φ∞ ñëàáî â H1(γt). (17)
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Äîêàçàòåëüñòâî. Âûáåðåì â êà÷åñòâå òåñòîâîé ôóíêöèè â íåðàâåíñòâå
(13) ïîî÷åðåäíî (ū, w̄, v̄, φ̄) = 2(uα, wα, vα, φα) è (ū, w̄, v̄, φ̄) = (0, 0, 0, 0).
Òîãäà èç âàðèàöèîííîãî íåðàâåíñòâà ñëåäóåò ðàâåíñòâî∫

Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1 + α

∫
γt

(vα,1 + φα)2

=

∫
Ωγ

fuα. (18)

Îáðàòèìñÿ ê ëåììå [1, ñ. 4], â ñîîòâåòñòâèè ñ êîòîðîé

δ

∫
γt

((vα)2 + (wα)2) +

∫
γt

φα
,1φ

α
,1 +

∫
γt

wα
,1w

α
,1 +

∫
γt

(vα,1 + φα)2

≥ c0∥(wα, vα, φα)∥2H1(γt)3
, (19)

ãäå c0 = const, δ � ïîëîæèòåëüíûé ìàëûé ïàðàìåòð, êîòîðûé âûáèðàåòñÿ
òàêèì îáðàçîì, ÷òîáû áûëà ñïðàâåäëèâà òåîðåìà î ñëåäå [28, ãë. 3, � 5,
ï. 1] è, êàê ñëåäñòâèå, âûïîëíÿëèñü íåðàâåíñòâà:

1

4

∫
Ωγ

σ(uα)ε(uα)− δ

∫
γt

((vα)2 + (wα)2) ≥ 0, (20)

1

4

∫
Ωγ

σ(uα)ε(uα)− δ

∫
γb

((vα)2 + (wα)2) ≥ 0. (21)

Çàïèøåì ðàâåíñòâî (18) â âèäå∫
Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1 + α

∫
γt

(vα,1 + φα)2

± δ

∫
γt

((vα)2 + (wα)2)± δ

∫
γb

((vα)2 + (wα)2) =

∫
Ωγ

fuα.

Òîãäà, ïðèìåíÿÿ çäåñü íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî äëÿ ïðàâîé ÷à-
ñòè ðàâåíñòâà, ïåðâîå íåðàâåíñòâî Êîðíà [29, ãë. 1, � 1, ï. 3], íåðàâåíñòâà
(19)-(21), ìîæíî ïîëó÷èòü îöåíêè, ðàâíîìåðíûå ïî α ≥ α0 > 0:

∥uα∥H1
Γ(Ωγ)2 ≤ c, ∥wα∥H1(γb) ≤ c, ∥vα∥H2(γb) ≤ c, (22)

∥(wα, vα, φα)∥H1(γt)3 ≤ c, (23)

ãäå c � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ðåøåíèÿ (uα, wα, vα, φα) è ïàðàìåò-
ðà α. Ñëåäñòâèåì ïîëó÷åííûõ îöåíîê ÿâëÿåòñÿ âûïîëíåíèå ñõîäèìîñòåé
(14)-(17). □
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Ñòîèò îòìåòèòü, ÷òî ïîìèìî îöåíîê (22) è (23) èç (18) ñëåäóåò íåðà-
âåíñòâî

α

∫
γt

(vα,1 + φα)2 ≤ c. (24)

Â ñèëó (24) äëÿ ïðåäåëüíûõ ôóíêöèé â (16) è (17), ñïðàâåäëèâî ðà-
âåíñòâî ∫

γt

(v∞,1 + φ∞)2 = 0,

èç êîòîðîãî ñëåäóåò, ÷òî

v∞,1 + φ∞ = 0 íà γt, ò.å. v∞(x1) = c∞ −
x1∫
0

φ∞, c∞ = const. (25)

×òîáû îñóùåñòâèòü ïåðåõîä ê ïðåäåëó â (12), (13) ïðè α → ∞, ðàñ-
ñìîòðèì ìíîæåñòâî

K∞ = {(ū, w̄, v̄, φ̄)| ū ∈ H1
Γ(Ωγ)

2, w̄ ∈ H1(γ), v̄ ∈ H2(γb), φ̄ ∈ H1(γt);

[ūν ] ≥ 0, ū−τ = w̄ íà γ, ū−ν = v̄ íà γb,

ū−ν (x1) = c̄∞ −
x1∫
0

φ̄ íà γt, c̄
∞ ∈ R; v̄,1(0−) = −φ̄(0+)}.

Ïóñòü (ū, w̄, v̄, φ̄) ∈ K∞. Òîãäà (ū, w̄, v̄, φ̄) ∈ K ïðè v̄(x1) = c̄∞ −
x1∫
0

φ̄ íà

γt. Âûáðàâ òåñòîâóþ ôóíêöèþ â (13) òàêîãî âèäà, ïåðåéäåì ê íèæíåìó
ïðåäåëó â (12), (13) ïðè α → ∞ íà îñíîâå ñõîäèìîñòåé â ëåììå 1. Â
ðåçóëüòàòå ïîëó÷èì çàäà÷ó:

íàéòè òàêóþ (u∞, w∞, v∞, φ∞) ∈ K∞, ÷òî (26)∫
Ωγ

σ(u∞)ε(ū− u∞) +

∫
γ

w∞
,1 (w̄,1 − w∞

,1 )

+

∫
γb

v∞,11(v̄,11 − v∞,11) +

∫
γt

φ∞
,1 (φ̄,1 − φ∞

,1 ) ≥
∫
Ωγ

f(ū− u∞)

äëÿ âñåõ (ū, w̄, v̄, φ̄) ∈ K∞. (27)

Íåñëîæíî çàìåòèòü, ÷òî ðåøåíèå çàäà÷è (26), (27) åäèíñòâåííî. Ýòî
îçíà÷àåò, ÷òî ñõîäèìîñòè (14)-(17) ñïðàâåäëèâû äëÿ âñåé ïîñëåäîâàòåëü-
íîñòè ðåøåíèé (uα, wα, vα, φα).
Ïîëó÷èì äèôôåðåíöèàëüíóþ ïîñòàíîâêó çàäà÷è (26), (27). Ïðåäïîëî-

æèì, ÷òî ðåøåíèå çàäà÷è (26), (27) áîëåå ãëàäêîå. Ðàññìîòðèì ñíà÷àëà
ôóíêöèþ ξ ∈ C∞

0 (Ωγ)
2. Âûáèðàÿ â (27) â êà÷åñòâå òåñòîâîé ïîî÷åðåä-

íî ôóíêöèè (ū, w̄, v̄, φ̄) = (u∞, v∞, w∞, φ∞) + (ξ, 0, 0, 0) è (ū, w̄, v̄, φ̄) =
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(u∞, v∞, w∞, φ∞)− (ξ, 0, 0, 0), ïîëó÷èì ðàâåíñòâî, èç êîòîðîãî â ðåçóëü-
òàòå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ñëåäóåò, ÷òî óðàâíåíèå ðàâíîâåñèÿ

− divσ = f â Ωγ

âûïîëíåíî â ñìûñëå ðàñïðåäåëåíèé.
Ñîîòíîøåíèÿ äëÿ êîìïîíåíò âåêòîðà íàïðÿæåíèé íà òðåùèíå îòñëî-

åíèÿ
σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [u

∞
ν ] = 0 íà γ (28)

ìîæíî ïîëó÷èòü îáû÷íûì äëÿ çàäà÷ ñ óñëîâèåì íåïðîíèêàíèÿ ñïîñîáîì,
ñì. [1], [2].
Ïóñòü â (27) ïðîáíàÿ ôóíêöèÿ ïîî÷åðåäíî èìååò âèä (ū, w̄, v̄, φ̄) =

(u∞, w∞, v∞, φ∞) + (ũ, w̃, ṽ, φ̃) è (ū, w̄, v̄, φ̄) = (u∞, w∞, v∞, φ∞) − (ũ, w̃, ṽ, φ̃),

ïðè÷åì [ũν ] = 0 íà γ, (ũ, w̃, ṽ, φ̃) ∈ K∞. Òîãäà èç (27) ñëåäóåò óðàâíåíèå∫
Ωγ

σ(u∞)ε(ũ) +

∫
γ

w∞
,1 w̃,1 +

∫
γb

v∞,11ṽ,11 +

∫
γt

φ∞
,1 φ̃,1 =

∫
Ωγ

fũ.

Èíòåãðèðóÿ çäåñü ïî ÷àñòÿì, ïîëó÷èì ðàâåíñòâî

−
∫
γ

[σν · ũ] +
∫
γb

v∞,1111ṽ −
∫
γb

w∞
,11w̃ −

∫
γt

w∞
,11w̃ −

∫
γt

φ∞
,11φ̃

+ v∞,11ṽ,1|0−1 − v∞,111ṽ|0−1 + w∞
,1 w̃|0−1 + w∞

,1 w̃|10 + φ∞
,1 φ̃|10 = 0,

êîòîðîå ñ ó÷åòîì ïåðâîãî óñëîâèÿ â (28) ïðèìåò âèä

−
∫
γb

[σν ]ũν +

∫
γb

σ−
τ ũ

−
τ −

∫
γt

[σν ]ũν +

∫
γt

σ−
τ ũ

−
τ

+

∫
γb

v∞,1111ṽ −
∫
γb

w∞
,11w̃ −

∫
γt

w∞
,11w̃ −

∫
γt

φ∞
,11φ̃

+ v∞,11ṽ,1|0−1 − v∞,111ṽ|0−1 + w∞
,1 w̃|0−1 + w∞

,1 w̃|10 + φ∞
,1 φ̃|10 = 0. (29)

Â ñèëó ïðîèçâîëüíîñòè ñîîòâåòñòâóþùèõ òåñòîâûõ ôóíêöèé ïîëó÷èì
óðàâíåíèÿ, îïèñûâàþùèå ðàâíîâåñèå âêëþ÷åíèé γb è γt:

v∞,1111 = [σν ] íà γb, w∞
,11 = σ−

τ íà γ.

Êðîìå òîãî, ñïðàâåäëèâû ðàâåíñòâà

v∞,111 = v∞,11 = w∞
,1 = 0 ïðè x = −1,

w∞
,1 = φ∞

,1 = 0 ïðè x = 1,

w∞
,1 (0−) = w∞

,1 (0+), v∞,11(0−) = −φ∞
,1 (0+).

Òàêèì îáðàçîì, â (29) îñòàåòñÿ ðàâåíñòâî

−
∫
γt

[σν ]

c̃∞ −
x1∫
0

φ̃

−
∫
γt

φ∞
,11φ̃− v∞,111(0−)ṽ(0−) = 0.
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Ïîñêîëüêó ṽ(0−) = c̃∞, èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò, ÷òî∫
γt

[σν ] + v∞,111(0−) = 0,

∫
γt

[σν ]

x1∫
0

φ̃−
∫
γt

φ∞
,11φ̃ = 0 äëÿ âñåõ φ̃ ∈ H1(γt).

Èòàê, äèôôåðåíöèàëüíàÿ ïîñòàíîâêà çàäà÷è (26), (27) çàêëþ÷àåòñÿ
â ñëåäóþùåì. Òðåáóåòñÿ íàéòè òàêèå ôóíêöèè u∞ = (u∞1 , u∞2 ), σ =
{σij(u∞)}, i, j = 1, 2, w∞, v∞, φ∞ è c∞ ∈ R, ÷òî

− divσ = f, σ −Aε(u∞) = 0 â Ωγ , (30)

v∞,1111 = [σν ] íà γb, w∞
,11 = σ−

τ íà γ, (31)

u∞ = 0 íà Γ, u∞−
ν = v∞ íà γb, u∞−

τ = w∞ íà γ, (32)

u∞−
ν (x1) = c∞ −

x1∫
0

φ∞ íà γt, (33)

[u∞ν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [u

∞
ν ] = 0 íà γ, (34)

w∞
,1 = v∞,111 = v∞,11 = 0 ïðè x = −1, (35)

φ∞
,1 = w∞

,1 = 0 ïðè x = 1, (36)

w∞(0−) = w∞(0+), v∞(0−) = v∞(0+), v∞,1 (0−) = −φ∞(0+), (37)

w∞
,1 (0−) = w∞

,1 (0+), v∞,11(0−) = −φ∞
,1 (0+), (38)∫

γt

[σν ]− v∞,111(0−) = 0, (39)

∫
γt

[σν ]

x1∫
0

φ̃+

∫
γt

φ∞
,11φ̃ = 0 äëÿ âñåõ φ̃ ∈ H1(γt). (40)

Ïîêàæåì òåïåðü, ÷òî èç äèôôåðåíöèàëüíîé ôîðìóëèðîâêè çàäà÷è
(30)-(40) ñëåäóåò âàðèàöèîííàÿ ïîñòàíîâêà (26), (27). Òàêèì îáðàçîì
áóäåò óñòàíîâëåíî, ÷òî ôîðìóëèðîâêè (30)-(40) è (26), (27) ÿâëÿþòñÿ
ýêâèâàëåíòíûìè íà êëàññå äîñòàòî÷íî ãëàäêèõ ðåøåíèé.
Ïóñòü (ū, w̄, v̄, φ̄) � ôóíêöèÿ èç ìíîæåñòâà K∞. Íà îñíîâå óðàâíåíèé

(30), (31), (39) è (40) ìîæíî ïîëó÷èòü ðàâåíñòâî∫
Ωγ

(−divσ−f)(ū−u∞)+

∫
γb

(
v∞,1111 − [σν ]

)
(v̄−v∞)−

∫
γ

(
w∞
,11 − σ−

τ

)
(w̄−w∞)

−

∫
γt

(
[σν ] + v∞,111(0−)

) (c̄∞−c∞)+

∫
γt

[σν ]

x1∫
0

(φ̄−φ∞)−
∫
γt

φ∞
,11(φ̄−φ∞) = 0,
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êîòîðîå ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïðèìåò âèä∫
Ωγ

σ(u∞)ε(ū− u∞) +

∫
γ

[σν(ū− u∞)] +

∫
γb

v∞,11(v̄,11 − v∞,11)

+ v∞,111(v̄ − v∞)|0−1 − v∞,11(v̄,1 − v∞,1 )|0−1 −
∫
γb

[σν ](v̄ − v∞)

+

∫
γ

w∞
,1 (w̄,1 − w∞

,1 )− w∞
,1 (w̄ − w∞)|10 − w∞

,1 (w̄ − w∞)|0−1

+

∫
γ

σ−
τ (w̄ − w∞)−

∫
γt

[σν ]

c̃∞ −
x1∫
0

φ̃− (c∞ −
x1∫
0

φ∞)


− v∞,111(0−)(c̄− c∞) +

∫
γt

φ∞
,1 (φ̄,1 −φ∞

,1 )−φ∞
,1 (φ̄−φ∞)|10 =

∫
Ωγ

f(ū− u∞).

Äàëåå, ïðèìåíÿÿ ê ïîñëåäíåìó ðàâåíñòâó óñëîâèÿ (32)-(38), ïîëó÷èì∫
Ωγ

σ(u∞)ε(ū− u∞) +

∫
γb

v∞,11(v̄,11 − v∞,11) +

∫
γ

w∞
,1 (w̄,1 − w∞

,1 )

+

∫
γt

φ∞
,1 (φ̄,1 − φ∞

,1 ) +

∫
γ

σ+
ν [ūν ] =

∫
Ωγ

f(ū− u∞). (41)

Â ñèëó ïåðâîãî è òðåòüåãî óñëîâèé â (34), ïîñëåäíåå ñëàãàåìîå â ëåâîé
÷àñòè (41) íåïîëîæèòåëüíîå. Òàêèì îáðàçîì, âàðèàöèîííîå íåðàâåíñòâî∫

Ωγ

σ(u∞)ε(ū− u∞) +

∫
γb

v∞,11(v̄,11 − v∞,11)

+

∫
γ

w∞
,1 (w̄,1 − w∞

,1 ) +

∫
γt

φ∞
,1 (φ̄,1 − φ∞

,1 ) ≥
∫
Ωγ

f(ū− u∞)

ñëåäóåò èç çàäà÷è (30)-(40). Êðîìå òîãî, ðåøåíèå çàäà÷è (30)-(40) ñîäåð-
æèòñÿ â ìíîæåñòâå K∞. Ôîðìóëèðîâêè çàäà÷è ðàâíîâåñèÿ (30)-(40) è
(26), (27) ýêâèâàëåíòíû íà êëàññå äîñòàòî÷íî ãëàäêèõ ðåøåíèé.
Çàìå÷àíèå. Ìîæíî ïðèâåñòè äðóãóþ äèôôåðåíöèàëüíóþ ôîðìóëè-

ðîâêó ïðåäåëüíîé çàäà÷è. Ó÷èòûâàÿ ñîîòíîøåíèÿ äëÿ ïðåäåëüíûõ ôóíê-
öèé (25), êîòîðûå òàêæå ñïðàâåäëèâû äëÿ ôóíêöèé ìíîæåñòâà K∞, è
îñíîâûâàÿñü íà óñëîâèÿõ (39), (40), ìîæíî çàïèñàòü ðàâåíñòâî∫

γt

[σν ](c̄
∞ − v̄)−

∫
γt

v∞,111v̄,1 − c̄∞

∫
γt

[σν ]− v∞,111(0−)

 = 0.
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Èíòåãðèðóÿ çäåñü ïî ÷àñòÿì, ïîëó÷èì, ÷òî

v∞,1111 = [σν ] íà γt, v∞,111(0−) = v∞,111(0+), v∞,111 = 0 ïðè x = 1.

Òîãäà äèôôåðåíöèàëüíàÿ ïîñòàíîâêà çàäà÷è ïðèìåò ñëåäóþùèé âèä.
Òðåáóåòñÿ íàéòè òàêèå ôóíêöèè u∞ = (u∞1 , u∞2 ), σ = {σij(u∞)}, i, j =
1, 2, w∞, v∞, ÷òî

− divσ = f, σ −Aε(u∞) = 0 â Ωγ ,

v∞,1111 = [σν ] íà γ, w∞
,11 = σ−

τ íà γ,

u∞ = 0 íà Γ, u∞−
ν = v∞ íà γ, u∞−

τ = w∞ íà γ,

[u∞ν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [u

∞
ν ] = 0 íà γ,

w∞
,1 = v∞,111 = v∞,11 = 0 ïðè x = −1,

w∞
,1 = v∞,111 = v∞,11 = 0 ïðè x = 1,

w∞(0−) = w∞(0+), v∞(0−) = v∞(0+), v∞,1 (0−) = v∞,1 (0+),

w∞
,1 (0−) = w∞

,1 (0+), v∞,11(0−) = v∞,11(0+), v∞,111(0−) = v∞,111(0+).

Ôîðìóëèðîâêà çàäà÷è â òàêîì âèäå áîëåå íàãëÿäíà: ïðåäåëüíàÿ çàäà-
÷à ÿâëÿåòñÿ çàäà÷åé ñîïðÿæåíèÿ äâóõ âêëþ÷åíèé Áåðíóëëè � Ýéëåðà â
óïðóãîì òåëå ñ òðåùèíîé.

4 Ñèëüíàÿ ñõîäèìîñòü ðåøåíèé ïðè α → ∞
Â ïðåäûäóùåì ïóíêòå áûëà ïîëó÷åíà ñëàáàÿ ñõîäèìîñòü ðåøåíèé ñå-

ìåéñòâà çàäà÷ (12), (13) ïðè α → ∞. Îêàçûâàåòñÿ, ìîæíî óñòàíîâèòü
ñèëüíóþ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé ðåøåíèé. Ïîêàæåì, ÷òî ñïðà-
âåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Äëÿ ïîñëåäîâàòåëüíîñòè ðåøåíèé (uα, wα, vα, φα) ñåìåé-
ñòâà çàäà÷ (12), (13) èìåþò ìåñòî ñõîäèìîñòè ïðè α → ∞:

uα → u∞ ñèëüíî â H1
Γ(Ωγ)

2, (42)

wα → w∞ ñèëüíî â H1(γb), vα → v∞ ñèëüíî â H2(γb), (43)

wα → w∞ ñèëüíî â H1(γt), vα → v∞ ñèëüíî â H1(γt), (44)

φα → φ∞ ñèëüíî â H1(γt). (45)

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ïðîñòðàíñòâî

H = {(ū, w̄, v̄, φ̄)| ū ∈ H1
Γ(Ωγ)

2, w̄ ∈ H1(γ), v̄ ∈ H1(γt), v̄ ∈ H2(γb),

φ̄ ∈ H1(γt); ū
−
τ = w̄, ū−ν = v̄ íà γ}.

Ïîêàæåì, ÷òî∫
Ωγ

σ(ū)ε(ū) +

∫
γ

w̄,1w̄,1 +

∫
γb

v̄,11v̄,11 +

∫
γt

φ̄,1φ̄,1 +

∫
γt

(v̄,1 + φ̄)2 (46)
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ÿâëÿåòñÿ êâàäðàòîì íîðìû ôóíêöèè (ū, w̄, v̄, φ̄) â ïðîñòðàíñòâå H. Ðàñ-
ñìîòðèì íîðìó â ïðîñòðàíñòâå H, îïðåäåëÿåìóþ ñëåäóþùèì îáðàçîì:

∥(ū, w̄, v̄, φ̄)∥2H
= ∥ū∥2H1

Γ
(Ωγ)

2 + ∥w̄∥2H1(γ) + ∥v̄∥2H2(γb)
+ ∥v̄∥2H1(γt)

+ ∥φ̄∥2H1(γt)
.

Ïî ïåðâîìó íåðàâåíñòâó Êîðíà è íåðàâåíñòâàì (19), (20) èìååì îöåíêó
ñíèçó:

∫
Ωγ

σ(ū)ε(ū) +

∫
γ

w̄,1w̄,1 +

∫
γb

v̄,11v̄,11 +

∫
γt

φ̄,1φ̄,1 +

∫
γt

(v̄,1 + φ̄)2

=

∫
Ωγ

σ(ū)ε(ū) +

∫
γb

w̄,1w̄,1 +

∫
γb

v̄,11v̄,11 +

∫
γt

w̄,1w̄,1 +

∫
γt

φ̄,1φ̄,1 +

∫
γt

(v̄,1 + φ̄)2

± δ

∫
γb

(w̄2 + v̄2)± δ

∫
γt

(w̄2 + v̄2)

≥ c̄
(
∥ū∥2H1

Γ
(Ωγ)

2 + ∥w̄∥2H1(γ) + ∥v̄∥2H2(γb)
+ ∥v̄∥2H1(γt)

+ ∥φ̄∥2H1(γt)

)
, (47)

ãäå δ � ìàëûé ïàðàìåòð, c̄ � ïîñòîÿííàÿ. Íåòðóäíî çàìåòèòü, ÷òî íåðà-
âåíñòâî âûïîëíÿåòñÿ â îáðàòíóþ ñòîðîíó, à èìåííî

∫
Ωγ

σ(ū)ε(ū) +

∫
γ

w̄,1w̄,1 +

∫
γb

v̄,11v̄,11 +

∫
γt

φ̄,1φ̄,1 +

∫
γt

(v̄,1 + φ̄)2

≤ C̄
(
∥ū∥2H1

Γ
(Ωγ)

2 + ∥w̄∥2H1(γ) + ∥v̄∥2H2(γb)
+ ∥v̄∥2H1(γt)

+ ∥φ̄∥2H1(γt)

)
, (48)

ãäå C̄ � ïîñòîÿííàÿ. Òîãäà â ñèëó (47) è (48) âûðàæåíèå (46) îïðåäåëÿåò
êâàäðàò íîðìû â ïðîñòðàíñòâå H.
Òåïåðü ïåðåéäåì ê äîêàçàòåëüñòâó óòâåðæäåíèÿ òåîðåìû. Ïîñêîëüêó

âûïîëíÿåòñÿ ðàâåíñòâî (18), ìîæíî óòâåðæäàòü, ÷òî âåðíî íåðàâåíñòâî∫
Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1 ≤

∫
Ωγ

fuα. (49)

Èç âàðèàöèîííîãî íåðàâåíñòâà (27) ñëåäóåò ðàâåíñòâî∫
Ωγ

σ(u∞)ε(u∞) +

∫
γ

w∞
,1 w

∞
,1 +

∫
γb

v∞,11v
∞
,11 +

∫
γt

φ∞
,1 φ

∞
,1 =

∫
Ωγ

fu∞.
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Ïåðåéäåì ê âåðõíåìó ïðåäåëó â íåðàâåíñòâå (49) è ïîëó÷èì öåïî÷êó
ñîîòíîøåíèé:

lim sup
α→∞


∫
Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1


≤ lim sup

α→∞

∫
Ωγ

fuα =

∫
Ωγ

fu∞

=

∫
Ωγ

σ(u∞)ε(u∞) +

∫
γ

w∞
,1 w

∞
,1 +

∫
γb

v∞,11v
∞
,11 +

∫
γt

φ∞
,1 φ

∞
,1 . (50)

Â òî æå âðåìÿ, ñëàãàåìûå â ëåâîé ÷àñòè (49) ÿâëÿþòñÿ ñëàáî ïîëóíåïðå-
ðûâíûìè ñíèçó, ïîýòîìó

lim inf
α→∞


∫
Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1


≥

∫
Ωγ

σ(u∞)ε(u∞) +

∫
γ

w∞
,1 w

∞
,1 +

∫
γb

v∞,11v
∞
,11 +

∫
γt

φ∞
,1 φ

∞
,1 . (51)

Äàëåå, èç íåðàâåíñòâà (24) ìîæíî ïîëó÷èòü, ÷òî

lim
α→∞

∫
γt

(vα,1 + φα)2 = 0 =

∫
γt

(v∞,1 + φ∞)2. (52)

Òàêèì îáðàçîì, â ñèëó (50), (51) è (52) âûïîëíÿåòñÿ ïðåäåëüíîå ñîîò-
íîøåíèå

lim
α→∞


∫
Ωγ

σ(uα)ε(uα) +

∫
γ

wα
,1w

α
,1 +

∫
γb

vα,11v
α
,11 +

∫
γt

φα
,1φ

α
,1 +

∫
γt

(vα,1 + φα)2


=

∫
Ωγ

σ(u∞)ε(u∞) +

∫
γ

w∞
,1 w

∞
,1 +

∫
γb

v∞,11v
∞
,11 +

∫
γt

φ∞
,1 φ

∞
,1 +

∫
γt

(v∞,1 + φ∞)2,

èç êîòîðîãî ñëåäóåò ñõîäèìîñòü íîðì. Èç ñëàáîé ñõîäèìîñòè (14)-(17) è
ñõîäèìîñòè íîðì ñëåäóþò ñèëüíûå ñõîäèìîñòè (42)-(45) ïðè α → ∞. □

5 Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

Ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ, êîòîðàÿ ôîðìóëèðóåò-
ñÿ â ñîîòâåòñòâèè ñ êðèòåðèåì ðàçðóøåíèÿ Ãðèôôèòñà. Ñîãëàñíî êðè-
òåðèþ òðåùèíà â óïðóãîì òåëå íà÷íåò ðàçâèâàòüñÿ, êîãäà ïðîèçâîäíàÿ
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ôóíêöèîíàëà ýíåðãèè ïî äëèíå òðåùèíû äîñòèãíåò êðèòè÷åñêîãî çíà÷å-
íèÿ κ (çàäàííûé ïàðàìåòð, îïðåäåëÿåìûé ñâîéñòâàìè ìàòåðèàëà). Ïà-
ðàìåòð α â çàäà÷å áóäåò óïðàâëÿþùèì. Â ýòîì ïóíêòå ïðåäïîëàãàåòñÿ,
÷òî aijkl ∈ C1

loc(R), f ∈ C1(Ω)2.

Ïðè ðàññìàòðèâàåìîé ãåîìåòðèè çàäà÷è, òî åñòü êîãäà òðåùèíà â óïðó-
ãîì òåëå ðàñïîëîæåíà âäîëü γ, ïðîèçâîäíóþ ôóíêöèîíàëà ýíåðãèè ïî
äëèíå òðåùèíû ïîëó÷èòü íå óäàåòñÿ. Ýòî ñâÿçàíî ñ òåõíè÷åñêèìè òðóä-
íîñòÿìè ïðè âûâîäå ôîðìóëû ïðîèçâîäíîé, [4]. Ïðåäïîëîæèì, ÷òî òðå-
ùèíå îòñëîåíèÿ â óïðóãîì òåëå ñîîòâåòñòâóåò ñåãìåíò γc = (−1, 1+ a)×
{0}, a > 0. Îáîçíà÷èì Ωγc = Ω \ γ̄c. Â ýòîì ñëó÷àå âàðèàöèîííàÿ çàäà÷à,
ñïðàâåäëèâàÿ äëÿ êàæäîãî α ∈ (0,∞), ïðèìåò âèä:

íàéòè òàêóþ (uαc , w
α
c , v

α
c , φ

α
c ) ∈ Kc, ÷òî (53)

∫
Ωγc

σ(uαc )ε(ū− uαc ) +

∫
γ

wα
c,1(w̄,1−wα

c,1) +

∫
γb

vαc,11(v̄,11 − vαc,11)

+

∫
γt

φα
c,1(φ̄,1 − φα

c,1) + α

∫
γt

(vαc,1 + φα
c )(v̄,1 + φ̄− vαc,1 − φα

c ) ≥
∫

Ωγc

f(ū− uαc )

äëÿ âñåõ (ū, w̄, v̄, φ̄) ∈ Kc, (54)

ãäå ìíîæåñòâî äîïóñòèìûõ ïåðåìåùåíèé èìååò âèä:

Kc = {(ū, w̄, v̄, φ̄)| ū ∈ H1
Γ(Ωγc)

2, w̄ ∈ H1(γ), v̄ ∈ H1(γt), v̄ ∈ H2(γb),

φ̄ ∈ H1(γt); [ūν ] ≥ 0 íà γc, ū−τ = w̄, ū−ν = v̄ íà γ; v̄,1 (0−) = −φ̄(0+)}.

Çàäà÷à (53), (54) èìååò åäèíñòâåííîå ðåøåíèå. Àíàëîãè÷íî òîìó, êàê
áûëè ïîëó÷åíû ñõîäèìîñòè (42)-(45), äëÿ ïîñëåäîâàòåëüíîñòè ðåøåíèé
(uαc , w

α
c , v

α
c , φ

α
c ) ñåìåéñòâà çàäà÷ (53), (54) ïðè α → ∞ ìîæíî ïîëó÷èòü,

â ÷àñòíîñòè, ñõîäèìîñòü

uαc → u∞c ñèëüíî â H1
Γ(Ωγc)

2, (55)

ïðè÷åì (u∞c , w∞
c , v∞c , φ∞

c ) ∈ K∞
c � ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà∫

Ωγc

σ(u∞c )ε(ū− u∞c ) +

∫
γ

w∞
c,1(w̄,1 − w∞

c,1) +

∫
γb

v∞c,11(v̄,11 − v∞c,11)

+

∫
γt

φ∞
c,1(φ̄,1 − φ∞

c,1) ≥
∫

Ωγc

f(ū− u∞c )

äëÿ âñåõ (ū, w̄, v̄, φ̄) ∈ K∞
c , (56)
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ãäå ìíîæåñòâî K∞
c îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

K∞
c = {(ū, w̄, v̄, φ̄)| ū ∈ H1

Γ(Ωγc)
2, w̄ ∈ H1(γ), v̄ ∈ H2(γb), φ̄ ∈ H1(γt);

[ūν ] ≥ 0 íà γc, ū−τ = w̄ íà γ, ū−ν = v̄ íà γb,

ū−ν (x1) = c̄∞ −
x1∫
0

φ̄ íà γt, c̄
∞ ∈ R; v̄,1(0−) = −φ̄(0+)}.

Ðàññìîòðèì ôîðìóëó ïðîèçâîäíîé ôóíêöèîíàëà ýíåðãèè ïî äëèíå
òðåùèíû [29, ãë. 3, � 1, ï. 1]:

G(α) =
1

2

∫
Ωγc

{div(V aijkl)εkl(u
α
c )εij(u

α
c )− 2σij(u

α
c )Eij(V ;uαc )}

−
∫

Ωγc

div(V fi)u
α
ci.

Çäåñü Eij(U ;u) = (ui,kUk,i + uj,kUk,j)/2, V = (V1(x), 0). Ôóíêöèÿ V1 �
ýòî ãëàäêàÿ ñðåçàþùàÿ ôóíêöèÿ ñ íîñèòåëåì âáëèçè âåðøèíû òðåùè-
íû (1 + a, 0), êîòîðûé íå ñîäåðæèò òî÷êó (1, 0), ïðè÷åì V1 = 1 â ìà-
ëîé îêðåñòíîñòè òî÷êè (1+a, 0). Ôîðìóëà ïðîèçâîäíîé ñïðàâåäëèâà ïðè
α ∈ [α0,∞], α0 > 0, ïîñêîëüêó èìååò ëîêàëüíûé õàðàêòåð è íå çàâèñèò
ÿâíî îò ôóíêöèé wα

c , v
α
c , φ

α
c .

Òåîðåìà 2. Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

sup
α∈[α0,∞]

G(α)

èìååò ðåøåíèå.

Äîêàçàòåëüñòâî. Ïóñòü αn ∈ [α0,∞] � ìàêñèìèçèðóþùàÿ ïîñëåäîâà-
òåëüíîñòü. Ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâà-
òåëüíîñòè αn, ýëåìåíòû êîòîðîé îáîçíà÷èì òàê æå ÷åðåç αn; αn → α∗,
α∗ ∈ [α0,∞]. Ïðè α∗ = ∞, îñíîâûâàÿñü íà ñõîäèìîñòè (55), ìîæíî ïî-
ëó÷èòü ñëåäóþùèå ïðåäåëüíûå ñîîòíîøåíèÿ:

sup
α∈[α0,∞]

G(α) = lim
αn→∞

G(αn) = G(∞) ≤ sup
α∈[α0,∞]

G(α).

Ðàññìîòðèì ñëó÷àé, êîãäà α∗ = α′, α′ ∈ [α0,∞). Òàêèì æå ñïîñîáîì,
êàê è ïðè α → ∞, ìîæíî óñòàíîâèòü ñõîäèìîñòü äëÿ ïîñëåäîâàòåëüíî-
ñòè ðåøåíèé (uαc , w

α
c , v

α
c , φ

α
c ) ñåìåéñòâà çàäà÷ (53), (54) ïðè α → α′, â

÷àñòíîñòè,

uαc → uα
′

c ñèëüíî â H1
Γ(Ωγc)

2,

ãäå (uα
′

c , wα′
c , vα

′
c , φα′

c ) � ðåøåíèå çàäà÷è (53), (54) ïðè α = α′. Íà îñíîâå
ýòîé ñõîäèìîñòè ìîæíî ïîëó÷èòü öåïî÷êó ñîîòíîøåíèé

sup
α∈[α0,∞]

G(α) = lim
αn→α′

G(αn) = G(α′) ≤ sup
α∈[α0,∞]

G(α).
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Òàêèì îáðàçîì, òåîðåìà äîêàçàíà. □

6 Çàêëþ÷åíèå

Èññëåäîâàíèå çàäà÷ ñîïðÿæåíèÿ âêëþ÷åíèé ðàçíîãî òèïà ïîçâîëÿåò
îïèñàòü ñëó÷àè, êîãäà ìàòåðèàëû è ðàçìåðû âêëþ÷åíèé ðàçëè÷íû. Òàê,
òåîðèÿ áàëîê Áåðíóëëè � Ýéëåðà èñïîëüçóåòñÿ ïðè ìîäåëèðîâàíèè ïî-
âåäåíèÿ âêëþ÷åíèé ñ ïðåîáëàäàíèåì èçãèáà (èëè äëèííûõ âêëþ÷åíèé);
òåîðèÿ Òèìîøåíêî ïðèìåíÿåòñÿ äëÿ áàëîê ñ ïðåîáëàäàíèåì ñäâèãà (èëè
êîðîòêèõ âêëþ÷åíèé). Â ðàáîòå ðàññìîòðåíà çàäà÷à ñîïðÿæåíèÿ âêëþ-
÷åíèé Áåðíóëëè � Ýéëåðà è Òèìîøåíêî â óïðóãîì òåëå ñ òðåùèíîé.
Èññëåäîâàí ïðåäåëüíûé ïåðåõîä â çàäà÷å ïðè ñòðåìëåíèè ïàðàìåòðà,
ïðîïîðöèîíàëüíîãî ìîäóëþ ñäâèãà âêëþ÷åíèÿ Òèìîøåíêî, ê áåñêîíå÷-
íîñòè. Ïîëó÷åíû âàðèàöèîííàÿ è äèôôåðåíöèàëüíàÿ ïîñòàíîâêè, ñîîò-
âåòñòâóþùèå ïðåäåëüíîé çàäà÷å, îïèñûâàþùåé ðàâíîâåñèå óïðóãîãî òå-
ëà ñ äâóìÿ ñîïðÿãàþùèìèñÿ âêëþ÷åíèÿìè Áåðíóëëè � Ýéëåðà è òðåùè-
íîé. Êðîìå òîãî, óñòàíîâëåíà ñèëüíàÿ ñõîäèìîñòü ðåøåíèé, ñ ïîìîùüþ
êîòîðîé äîêàçàíà ðàçðåøèìîñòü çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ, ôîð-
ìóëèðóåìîé íà îñíîâå êðèòåðèÿ ðàçðóøåíèÿ Ãðèôôèòñà.
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