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ACUMIITOTUYECKUI AHAJIN3 3AJAUN
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B YVIIPYI'OM TEJIE
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Abstract: We consider the equilibrium problem for a 2D elastic
body with two thin elastic inclusions with a junction at a point. It
is assumed that a crack exists between the inclusions and the body.
Inequality-type boundary conditions are imposed at the crack faces
to prevent mutual penetration. The problem depends on rigidity
parameter of one of the inclusions: we are talking about family
of problems. A weak convergence of solutions of the family of
problems in suitable functional spaces is proved. By this conver-
gence, we pass to the limit in the problems and establish the
form of limit problem. Strong convergence of solutions of family
of problems is also established. On its basis, the existence of a
solution of the optimal control problem is proved. The optimal
control problem is formulated in accordance with the Griffiths
failure criterion, the control parameter is the rigidity parameter
of the inclusion.
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1 Bsegenne

B coBpemenHO# MHIYCTPHUH TITIPOKO PACTPOCTPAHEHO UCITOJTB30BAHNE KOM-
HO3UNUOHHBIX MATEPHUAJIOB, B TOM YHCJIE COCTOANIAX U3 CBA3YIOMEH MaTPUIIBI
W apMUPYIOMINX BOJIOKOH. BoCTpebOBAHHOCTL KOMTIO3UTOB OOYCIOBIEHA, B
JaCTHOCTHU, UX JIYIIITUMU MEXaHUICCKUMU XaPaKTECPUCTUKAMU 10 CPABHEHUTO
¢ TPAAUIIMOHHBIMEU MaTepuaiamMu. CBOHCTBA MATEPUAIOB, U3 KOTOPBIX COCTO-
UT KOMIIO3UT, MOTYT CYIIIECTBEHHO PA3INYIATHCA. 9TO MOZKET CTaThb IPUYIN-
HOI BO3HUKHOBEHUSA TpemnHbI OTC/JIOCHUA BKJIOYCHNUA OT pryI‘Oﬁ MaTpPHUIIBI.
COBpeMeHHbIﬁ IOAXO0A K OIMMCaHWIO TPEIMWH OCHOBBLIBACTCA Ha IIPUMEHCHNN
HeJIMHEHHBIX KPaeBbIX yCJ—[OBI/HU/I7 HNCKJIIOYAIMUX B3aWMMHOE IIPDOHMKHOBCHHNE
UX MPOTHUBOMOJOKHBIX OeperoB. 3ajauu ¢ yCJIOBUSIMU HEIPOHUKAHUsT (DOp-
MyJIMPYIOTCs B 00J1aCTH C 3apaHee HeM3BECTHON rpanuneil (30HbI KOHTAKTA
U PACXOKJIeHNsI GEPEroB TPENTMHBI HAXOSITCST B TIPOIIECCE PEIeHNUsT 3a,1atH )
U B IEI0M siBAsIOTCH HeauueiinbiMu. Ilocnennne gecartuieTns: XapakTepu-
BYIOTCS aKTUBHBIM M3yUEHUEM MOJejell, OMUCHIBAIOIINX 33129l PABHOBECHUS
JUI YOPYTUX TEJA C TOHKUMHU BK/ITIOUEHUSMH W TPENIUHAME C HEJIWHEHHbI-
MU KpaeBbiMu ycsopusivu. B paborax [1, 2, 3, 4, 5] paccMOTpeHBl 331241 0
PaBHOBECHH YIPYTHX TeJ C YIPYIUMHU BKJIIOUYEHUSIMH, MOBEJEHHE KOTOPBIX
OTIMCHIBAETCS B paMKax Mojeseit 6amok bepraymmu — Ditiepa u TumoreHko;
HCCJIe0BAHBI PA3PEIIMMOCTE U CBOUCTBA PEIeHu 33,124, 01y YeHbl (DopMy-
JIBL JIJIs IPOU3BO/IHBIX (DYHKIIMOHAJIOB SHEPTUHU 110 JiTuHe Tpeimunbl. CTarbu
[6, 7, 8] TOCBsIIIEHBI N3y YEHNIO 3a/a9 PABHOBECHS YIIPYTHX TEJ C JKECTKUMHU
U CJIa0OUCKPEBJIEHHBIMU YIPYIUMUA BKIFOUYEHUSMU. Pa3ndHble MOIX0/IBI K
OIMCAHUIO BKIOYeHUi 6e3 orcioenus MoxkHO Haiitu B |9, 10, 11, 12, 13]. B
paborax [14, 15, 16, 17, 18, 19, 20, 21, 22| cchopMyTHpOBAHBL 3314l COMPS-
JKEHUS TOHKMX BKJIIOYEHUN pa3/IMYHON NPUPOJBI B yupyrux tenax. B aTux
paborax Mpero/IaraeTcs, ITO BKIOYUYEHNA MOTYT KOHTAKTHPOBATH B KOHIIE-
BBIX TOYKaX. HOHy‘{QHbI pPe3yabTaThl, CBA3aHHBIE C PA3PEIMMMOCTBIO 3a/J1a9,
CBOiCTBaM1 peH_[eHI/Iﬁ 3a1a4, 9UCJICHHBIM aHaJIU30M M APYTUMU BOIIPOCAMMA.
B [23, 24, 25, 26] MoxkHO HANTH M3yUeHNe 33,29 O CONPSKEHNH CTePKHEI.

B nammoit paGore paccMaTpuBaeTcd 3a/ada O PABHOBECHH IBYMEPHOTO
yupyroro rTejga € ABYMA TOHKUMHU YHIPYIUMUW BKJIIOYECHUAMU TIPU HAJUYIUU
OTCJIOCHU]. HOBe,Z[eHI/Ie TOHKMX BKJIIOUEHHUI ONMNCHLIBAETCSI B pPaMKax MOae-
Jsteti basnku Beprynnm — Jitepa u banaku Tumorenko. [Ipeamnonaraercs, aro
BKJIOUEHNSI KOHTAKTUPYIOT B Touke. B pabore [27] mosyuen nosubiii Habop
KPAaEeBbIX YCJIOBWH B TOUKE COMPsKEHNS BKIOYeHuil. Kpome Toro, ycTanosie-
HO, UTO TIOCTAB/IEHHAS 33/1a9d, UMEET PEIeHne, a TaKXKe [0y IeHbl (POPMyJIn-
POBKHM 3ada4, OTBEYAIOINUX IIPEJC/IbHBIM SHAYCHUAM ITapaMeTpPa 2KECTKOCTHU
BRJFOUeHns Bepry i — Jiyiepa B u30TponHoM ciryuae. B macrosiieit pabore
NOJIy4Y€HbI PE3Yy/JbTaTbl, CBA3dHHbLIC C HPEAC/IbHBIM II€PEXOJ0M B cemencrse
3aJiad YKa3aHHOTO BBINIE THUIA, 3aBUCAINIAX OT [apaMeTrpa «, MTPOIOPIHO-
HAJIFHOTO MOJIYJIIO C/IBUTA BKJIFOUeHuns Tumornenko. B cemeiicTBe 3amau ¢
OMOIIBIO BAPUAITMOHHOTO TTOIX0/1a OCYIIECTBIEH MPEEIbHBIN Tepexo/] TpH
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CcTpeM/ieHnH (¢ K OECKOHEYHOCTH; TTO/IyY€Hbl BAPUANMOHHAA U gudpdepeniim-
aJibHast (DOPMYJIMPOBKU I1IPejle/IbHON 3a/ja4u. Kpome Toro, jloKkaszaHa CuJib-
Had CXOAMMOCTH pellleHnli ceMeicTBa 331a49 PaBHOBECH, HA, OCHOBE KOTOPOM
YCTAHOBJICHO CYIIIECTBOBAHHUE PEIICHUA 33Ja4Yl ONTUMAJIBHOTO YIIPpABJICHUI.
Ykazan#uas 3a7ada chopMyJIUPOBaHA B COOTBETCTBUM C KPUTEPUEM Pa3Py-
menus ['puddurca, n mapaMerp o B Heil sIBJSETCS YIIPABJISIONTM.

2 IlocranoBka 3aga4dn

Ilycts @ C R? — orpannmueHHas o6/acTh C JIMIIIAIEBOI rpamumei I
(Puc. 1). Iycrs v, = (=1,0) x {0}, v = (0,1) x {0}; v = Uy U{(0,0)},
npudem 7 C Q, Q, = Q\7. Uepesz v = (0, 1) obo3navaeTcss HOpMAIb €IHHIY-
HO#t Bl K 7y; T = (1, 0) — Kacarenpublii BeKTop. C MOMOIIBIO HATIPABJICHUST
v olpeie/seTcs 3HaK oepera 7t 3HAKK £ COOTBETCTBYIOT MOIOKHTETEHOMY
U OTPUIATEIBHOMY HAIIPABJIEHUIO HOpMaJsu. byer ucrtonb3oBano obo3xnade-
nue [h] = ht —h™ nna ckauka dyukuun h za 7, rae ht — cuenst dynxmum b
ra 6eperax y&. O6macth (2, COOTBETCTBYET yIPYTOMY Ty, CerMEeRTH Yp W Yt
MPEACTABISIOT COOOH yIpyTrHe BKIIOUEHNsI, TOBEIEHNEe KOTOPHIX OMNCHIBALT-
cs1 ypaBHeHusiMu 6aJioK Beprymmu — Ditstepa u TUMOIIEHKO COOTBETCTBEHHO.
TIpesnosiaraeTcst, YTO BKJIOUEHHs OTCAAMBAIOTCA Ha Y1, T.e. MekK/y BKJIIO-
YEeHUAMU U YIPYToi MaTpUIell MMeeTCd TPEIuHA.

Puc. 1. T'eomerpus 3aga4m.

IIycts A = {ajji } — TeH30p MOAy7I€ll yIpyrocT, obra aomnmii cBoiicTa-
MU CHMMETPUH U HOJOXKATEILHON ONpeIe e HHOCTH:
Qijkl = Qjikl = Qkiij, 1,7, k0 =1,2,
2 O
airiéruéi; > Cl§]°  mma seex &, & = & C = const > 0.
HpeﬂHOHaFaeTCH, YTO BCE€ BEJIUMYUHBI C ABYMSA HU2KHUMU MHACKCAMU CUMMET-
PUYHBI II0 3TUM HMHIACKCAM, a TaKXKe€ II0 ITOBTOPAIOIIUMCA HUHICKCAM IIPOBO-
aurest cymmuposanue. [lomaraem, 910 a;jp € L°(§2).
ITycts u = (u1, ug) — CMEIEHUS TOYEK YIPYTOTrO TEMA, Uy = UiV, Ur = U;T,
i =1,2. Yepes e(u) = {eij(u)} Oymer obosHagarscs renzop pedopmariuii,
Y P N " .
gij(u) = 5(uij +uj;),4,7 = 1,2. Hmkmmit nagexc mocae 3angToil o3Hagaer
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muddepennupoBanre Mo COOTBETCTBYIONEH KoopauHare. Takyke BBOIUTCH
oboznauenne 0 = o(u) = {04j(u)} aus rensopa Haupsizkennit. Kpome Toro,
ov = (o1;vj,09V;), Oy = 04VjVi, Or = 045VjT;, 1,7 = 1,2. Ilycte w, v — me-
pPEeMEIeHusT BKIIOUEHUH Yp, U Y4 BJIOJH OCei £1 W Lo COOTBETCTBEHHO. Yepes ¢
060O3HAYMM YTOJI TIOBOPOTA HOPMAJBHOTO CeUeHUsT BKIIOUEHNUsT Y. DyHKIMH,
OTIpeJIEIEHHbIE Ha, 7Yy | V¢, OTOXKICCTBISIIOTCS ¢ (DYHKITHSIMHI OTHON TTepeMeH-
HOIl T1; w,| = %, (x1,22) € Q.

Safaua paBHOBECUSA I YIIPYTOTO TeJIa, ¢ OTCTOUBITHMICS TOHKIMY BKJTIO-
YeHnAME O JelicTBHeM 3aJanubX sHemmmux cua f € L2(Q)? B auddepen-
MAAJBHOM BHJIE (DOPMYIUPYETCS CAEAYIONM 00pa30M:

Haittn taxwe dbynkimn u = (u1,ug), 0 = {04}, 1,7 = 1,2, w, v u ¢, 9ro

—dive=f, 0 —As(u) =0 B Q,, (1)

w1 =0, HA 7, U,1111= [0y] HA Y, (2)
—av,11 —op,1 = [oy], —p1tav,+ap =0 Ha Y, (3)
u=0 ma I, uy =w, u, =v na 7, (4)

[uy,] >0, of =0, o} <0, of[u,] =0 ma 7, (5)
wap=van=v,11=0 mpn x;=-1, (6)
w1=v,1+p=¢,1=0 mpm x =1, (7)

w(0—) = w(04), v(0—) =v(0+), v,1(0-)=—p(0+), (8)

w,1 (0_) =wn (0+)7 —VU,111 ( ) ( U "HP)( ) U511 (0_) = —¥1 (0+)

(9)
Coorromenus: B (1) — 970 ypaBHEHHWE DABHOBECHsI U yDABHEHUE COCTOSHUS
yupyroro resia. Ypapterus B (2) u (3) OLMCHIBAIOT PABHOBECHE BKJIFOYEHUI
Bepuynnm — Ditnepa n Tumomenko. [ocaeqane na yerosust B8 (4) o3naua-
0T, Y4TO BEPTUKAIbHbIE (BJOJIb OCH T2) U OPU30HTAJIbHBIE (BJIOJIL OCU T'])
[epeMeITeHnsl YIIPYTOTo Tesa COBNATAI0T ¢ COOTBETCTBYOIINMU HePEMEIe-
HUSIMI BKJTIOUCHNH Yp U Y. HepBoe ycnosue B (5) obecriednBaeT HEIPOHMKA-
HHe TIPOTHBOTIONOKHEIX Oeperos v+ Tpemmumnl orcioenns. Yemosus (6), (7)
O3HAYAIOT PABEHCTBO HY/IO ITPOJIOIBHBIX, HOMEPETHBIX CHJI U W3THOAMOIINX
MOMEHTOB B KOHIaxX 6aysok Beprym — Ditnepa (mpu 21 = —1) n Tumomnten-
ko (mpm z1 = 1). Pasencrsa (8), (9) — yc/10BHS CONpsizKeHUsT BK/IIOUEHHUI B
touke (0,0). [lapamerp o > 0 TIPOIOPIIMOHATIEH MOJIYJIEO CIBUTA, BKJIFOUCHUST
TwuMmormenKo.

B pabote [27] paccmoTrpena 6m3Kast 3a/1a49a, OMUCHIBAOIIAS COTPSZKEHIE
YIPYTUX BK/IIOUEHUH B YIIPYTOM TeJIe [IPY HATUIHN TPEIUHBI B/IOJIb BKIIOTe-
aust Bepuynnm — Ditnepa. B cooTBeTcTBHM € pe3yibraTaMu, IOJIYIeHHBIMA B
|27], mozkHO yTBepKIATE, uTO 3ama4a (1)-(9) SKBHBATEHTHA HA KJacce TUIal-
KUX peIIeHn# cieayioniell BapruauuoHHON 3a/1a4e:

Haiiru rakyio (u,w,v,¢) € K, uto (10)
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/a(u)s(u —u) + /w,1 (0,1 —w,1 )+ /v,u (0,11 —v,11)
8!

Q'y )

Yt Vt

+ / o (B —pa) +a / (01 +9)(B1 +6 — 11 —) > / f(a— )
Q'Y

auts Beex (u,w,v,9) € K, (11)
rAae MHOYKECTBO JOIYCTUMBIX IIepeMelleHnid MMeeT BUJL:
K ={(a,0,9,0)| u € H{ () @ € H'(y), 0 € H' (), v € H* (),
peH (m); [w] >0, a; =, @, =0 may; 0,(0-) =—-p(0+)},
HLNQ,) ={a € H(Q,)| 4 =0mnaT}

Kpowme roro, cymecrsyer petenne 3aga4u (10), (11) upu « € (0, 00). Herpyu-
HO 3aME€THUTh, YTO pelieHne ¢AnHCTBCHHO.

3 IlpenenwsHbIll IEpEXON IPU ¥ — OO

Pacemorpum cemeiicrso 3aa4 tuna (10), (11), cHabKeHHbBIX 110J10KUTEb-
HBIM [1ADAMETPOM (U

Hafitn Takyio (u®, w,v%, %) € K, uro (12)

/ o (u®)e(@—u) + / w3 (D1 —wS) + / 08 (511 — %) + / PP — %)
Q

auist Beex (u,w,v,9) € K. (13)

Hac wnTepecyer, BOBMOXKHO Jin epeiiTh K mpeeay B CeMeicTBe 3a1a49 Ipu
Q — 00 W Kakoil Oymer Buj mpenenbHol 3agadu. C 9To Meblo, MOKaXKeM,
9TO CIPaBEIINBa CACAYIOMAA JIEMMA.

JIemma 1. Jlas nodnocaedosamenvrocmu pewenud (u®, v® w®, %) cemer-
cmesa 3adaw (12), (13) umerom mecmo cxodumocmu npu o — 00:

u® = u™®  caabo 6 HE(Q,)?, (14)
w® = w™  caabo 6 H'(7), v° —= 0> caabo 6 H2(p), (15)
w* = w>® caabo s Hl(’yt), v® — v*>°  caabo 8 Hl(’Yt)’ (16)

(o7

©* = @ caabo 6 H(vy). (17)
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Joxasamesavcmeo. Boibepem B KavuecTBe T€CTOBOM (PYHKIMHU B HEPABEHCTBE
7 oon 4 (A) — [ A e s e T oan () —

(13) HOO09epeiHo (U, w, v, 90) - 2(“ YW, v, ) u (U,’lU,’U, 80) - (0’ Oa 07 0)

Torma m3 BApUAIMOHHOrO HEPABEHCTBA, CJIEAYET PABEHCTBO

/ o (u®)e(u®) + / wiud + / o810y + / Pl ta / (v + )2
Qy v Vb Yt Vt
:/fua. (18)
Q'Y

O6parmmvcs K memme [1, c. 4], B cooTBeTCTBIN ¢ KOTOPOi

5 / ()2 + (™)) + / P / wiud + / (v + )2
Tt Yt Yt Yt

> Co||(wa’ya7(pa)||l2ql(%)37 (19)

r7ie ¢g = const, 6 — TOTOKUTETHHBIN MAJIBIT TapaMeTp, KOTOPBI# BRIONpaeTcst
TakuM 06pa30M, 9To0BI ObLITA CpaBeinBa Teopema o caefe 28, r. 3, § 5,
n. 1| u, KaK cyescTBHE, BBHIMOTHSIINCH HEPABEHCTBA:

1 [ o) =5 [+ @) =0 (20)

Q’Y
1 [ o) =5 [+ w20 21)
Qy T

Barmmmem pasercTso (18) B BugE

/a(ua)s(uo‘) + /wgwﬁ + /vﬁluﬁl + /cp?igpﬁ + a/(vﬁ + )2

~

5 [ (@ + @) 26 [ (@) + @) = [ fue,
e T Oy

Torma, mpuMends 371eck HepaBeHCTBO Komu — ByHIKOBCKOTO /T TPaBOit Ta-
CTH PaBEHCTBA, epBoe HepaseHcTBo Kopaa [29, rur. 1, § 1, . 3], HepaBeHcTBa
(19)-(21), MOYXKHO TOIyYINTH OIEHKH, pABHOMEPHBIE TI0 o > ag > 0:

[ a0z < ¢ lw i) <6 0% la2e,) < e (22)

||(waavaa<)0a)”Hl('yt)3 <g¢ (23)

rie ¢ — TIOCTOSIHHASI, He 3aBHUCAIas oT pertenus (u®, w®, v, ¢%) n napamer-
pa a. CieacTBueM Oy YeHHBIX OIEHOK sIBJISETCs] BBITIOJHEHUE CXOIUMOCTE

(14)-(17). O
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Crour ormeruth, 4yro nomumo onenok (22) u (23) usz (18) caemyer nepa-
BEHCTBO

o /('UO{ +¢*)? < (24)
Yt
B cuny (24) mas npepenbubix dbyukuunii B (16) u (17), cupasegiuso pa-
BEHCTBO
Jex+e=r =0,
Tt
U3 KOTOPOTO CJIEJYET, 9TO
a
vY + ¢ =0 ma 7y, Te. v¥(r1)=c>— /npoo, > =const.  (25)
0

Yrob6s1 ocymecTBuTh nepexox, kK npeaeny B (12), (13) mpn o — oo, pac-
CMOTPUM MHOXKeCTBO

€ Hi()?, w e H'(7), v € H (), € H' (n);
0 =W Ha 7Y, U, =T Ha Y,

1
@ (21) = ¢ - / @ wa i, & € Ry 5,(0-) = —p(04)}.
0

xr1
Iycrs (u,w,0,p) € K. Torga (4, w,0,p) € K npu v(x1) = ¢ — [ ¢ Ha
0

~¢. Boibpas recroByio dbyukuio B (13) Takoro Buza, mepeiijieM K HIUZKHEMY
npegeny B (12), (13) mpw @ — oo ma ocHOBe cxogmMmocTeil B gemme 1. B
pe3y/abTaTe MoJIyYuM 3a/a4y:

Hafitn Takyto (u>, w™, v ™) € K, gro (26)

/J(uoo)s(ﬂ — ) + /wf’f(wJ )

Q, ¥

+ /vf)lol(v,ll - v:’ﬁ) + /cp?f(go,l — 90,010) > /f(u _ uoo)
) Yt Q.
autst Beex (4, w, v, ) € K. (27)

Hecnoxkuo 3amernTs, uTo pemenne 3agaqdn (26), (27) eauHCTBeHHO. DTO
o3HagaeT, 9To cxoaumoctn (14)-(17) crupaBenauBhl 71 Beil TOCTE0BATE b
HocTH perrenuit (u®, w®, v¥, e%).

Moayunv quddepeHMaIbHY 0 TOCTaHOBKY 3a1adn (26), (27). [Ipennoso-
JKNM, ITO perrrerne 3a1aun (26), (27) 6onee rmaaxoe. Pacemorpum cragana
bynkmmo € € C5°(€2,)?. Buibupag B (27) B KadecTBe TECTOBOH MO0YEPe]I-
o dyuknun (4, w,7,p) = (™, v, w>, =) + (£,0,0,0) u (4, w,v,p) =
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(u, v, W, =) — (£,0,0,0), moayIuM PABEHCTBO, U3 KOTOPOIO B PE3YJib-
TaTe MHTECI'PUPOBAHUA 110 YaCTAM Cﬂe,ZLyeT, qTo ypaBHeHI/Ie PpaBHOBECHUA

—dive=f B £,

BBIIIOJIHEHO B CMbICJ/I€ PACLIPELE/ICHUN.
CooTHolteHust 771 KOMIIOHEHT BEKTOPa, HAMPSXKEHNN HA TPENIUHE 0TCI0-
€HUA

of =0, of <0, of[u’] =0 ma v (28)

MOZKHO ITOJTy9UTh OOBIMHBIM JIJIS 38184 C yCJIOBHEM HEIIPOHUKAHUSA CIIOCOBOM,
em. [1], 2]

IIycte B (27) mpobuasg (yHKIUS MOOYEpeTHO WMeeT BUI (U, W,0,p) =
(u™, w>, v, =) + (4, w,v,p) n (@0, 0,@) = (U°,w>®,v>°,0>°) — (4,w,0,P),
npuuem [4,] = 0 wa v, (4,0, 0,9) € K. Torga u3z (27) caexayer ypaBHeHue

/U(uoo)é(ﬂ)—i-/w?w,l +/7)701011~)711 —i—/g&f)lo@,l = /ffL
Qy

Qy v Vb VM

MuaTerpupys 371€ch M0 9acTaM, MOJTYIUM PABEHCTBO

~ oo~ 00 )~ 00 )~ 00 %
_/[UV'U]+/U,nu“—/w,u”W—/w,u”W—/80,1190
R Yo Yo Ve Ve

+ P00 — o302 + 0w + wTBl; + eT el =0,

KOTOPOE C y4eTOM TIEPBOTO yCaoBus B (28) mpumer Bu

/@m+/¢@/mm+/ﬁ@

b T Vt Tt

oo ~ oo oo o0 =
+/U,1111U_/w,nw_/w,nw_/@,n@
b b Tt Tt
oo~ |0 co ~10 00,~10 oo, ~ 1 oo ~11 __
+oT01]2; — v 02 +wT w2, +wT bl + ¢TPlg = 0. (29)

B cuny npousBoSIbHOCTH COOTBETCTBYIOIIUX TECTOBBLIX (DYHKIUN ITOIYIUM
YPaBHEHWS, OTIMCHIBAIOIINE PABHOBECHE BKIIOUEHWN Yy W V¢!

o0 _ oo __ -
V1111 = [oy] ma 7, wiyp =0, Ha 7.
Kpowme Toro, cpaseinBel paBeHCTBA
vip =vi=wy =0 mpn z=-1,
wy =¢T =0 npu z=1,
o0 _ o0 (o] _ o0
wT (0—) = wT (0+), v37(0—) = =T (0+).
Takum obpaszom, B (29) ocTaercss paBeHCTBO

1

_/ S / J i / PH® — vF1(0-)3(0-) = 0.

Yt 0 Tt
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IMockonbky 9(0—) = ¢°°, U3 MOC/IEHErO PABEHCTBA CJIELYET, Y4TO

/ 0] + v (0-) =0,

vt

1
/[J,,]/@—/gpf’f’lgbzo IUIS BCEX @ € Hl(%).
vt

Yt 0

Urak, nuddepennuanbas nocTaHoBka 3agadn (26), (27) zakaodaercs

B ciaenyomeM. T'pebyerca naifitm Takne QyHKIUH U™
{Ul]<uoo)}7 Z?] = 1727 ,w007 ,Uoo’ SOOO uc>® e R; q9To

—dive=f, 0 —Ae(u>®)=0 B Q,,

o0 _ oo __ -
V1111 = [UV] Ha Y, W11 =0, Ha 7,

oco— o0 oco— oo
o= HA Y, U =W Ha 7,

u* =0 m I, u -

0
[USO]ZO, Uj:()? U;SO, O—Ij‘[ugo]:() Ha 7,
wy =07 =073 =0 mpn z=-1,
T =wT =0 mpu z=1,

w(0-) = w®(0+4), v°(0-) = v°(04), vF(0—) = —™(04),
wF(0—) = wT(0+), v (0-) = —pT(0+),
/ 0] — v (0-) =0,

Tt

3
/[%]/@Jr/sof’ﬁsbzo ais Beex @ € H' (7).
Yt 0 Yt

(ui®,u3°), o =

(40)

TToxaxkem Temepb, ato m3 mudepeHnraabHol (POPMYIUPOBKU 33191

(30)-(40) cnemyer BapmanmonHas mocTanoBka (26),

(27). Takum obpazom

6yner ycranosseno, uro dopmyauposkn (30)-(40) u (26), (27) ssasiorcs

3KBHUBAJICHTHBIMHU Ha KJIaCCe JOCTATOYHO IJIaJKHX peLL[eHI/IfI.

MMycts (u,w, 0, p) — Gyaknms n3 maOkecTBa K °°. Ha ocHoBe ypasHeHwmit

(30), (31), (39) u (40) MOKHO HOIYYINTH PABEHCTBO

Jdvo-na-w [ @5 - ) 0020 [ (i - o)

Q, ) v

xr1

- [ @@+ 03000 | @) [10a) [(o-02)- [ ete-o=) =0,

't Yt 0 Yt
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KOTOPOE€ II0CJI€ MHTCI'PUPOBAaHUA 110 IaCTAM IIPDUMET BU/T

/U(uoo)a(u — ) + /[ay(u — Y] + /v?ﬁ (81— v3)

Qy v b

v 7t 0
—oFu0-)e— )+ [ @ (- o) - T e - el = [ fa-u).
Ve Qy

Hastee, mpuMeHsist K TOCTEIHEMY PABEHCTBY ycioBus (32)-(38), mosryamm

/ o ()@ — 1) + / o5 (B0 — vF) + / WP () - wF)

Q’Y T v

+ [ex@a-em)+ [l = [ fa—u). @
o ¥ Q,

B cuny nepsoro u tperbero ycaosuii B (34), nociaenHee cjiaraemoe B JIeBOii
gacru (41) menonoxkureapbHoe. TakuM 06pa3zoM, BAPUAIIMOHHOE HEPABEHCTBO

[otwe@—u)+ [oxon - ox)

Q’y T

T / W (@1 — wT) + / ST — o) / £ —u™)
v Tt Q’y

crepyer u3 3aaaaum (30)-(40). Kpome Toro, pemenne 3anaan (30)-(40) conep-
xurca B MHOXkecTBe K°°, ®opmynuposku 3amaqaun pasrosecus (30)-(40) u
(26), (27) sKBUBaJIEHTHDBI HA KJIACCE JOCTATOYHO [VIAJKUX DEIIeHMIL.
3ameuyanue. Moxuo npusectu apyryio muddepeHinaibayio popMyiu-
POBKY IIPeJIe/IbHOI 3a1a1uu. Y UnThiBas COOTHOLIEHUs JIJIsl IPEJIe/IbHbIX DYHK-
it (25), KOTOpbIe TaKKe CIpaBeIuBbl s (byHKIMA MHOXKecTBa K u
OCHOBBIBasICh Ha ycaoBusx (39), (40), MOKHO 3ammcarb PaBeHCTBO

Jiode—a - [vxioa-e=| [l - 30| =0

Vt Tt Tt
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Muarerpupyst 371€ch 110 9acTsM, MOJIYYUM, ITO
o0 _ o0 _ o0 o0 _ J—
V1111 — o] ma 7, U,111(0_) = v’111(0+), V111 — 0 mpn z=1.
Torma audepennmuaabHasg MOCTAHOBKA 3339 MIPUMET CJIEIYIOMNII B,

Tpebyerca maiitu Takue Qynknun u>® = (uf®,u3°), o = {0;;(u™®)}, i,j =
1,2, w*™, v*>°, gro

—dive=f, 0 —Ae(u>®)=0 B Q,,

) _ oo
071111—[01,] Ha 7y, W11 =0, Ha 7,

u® =0 ma I, uy =0 ma 7, u) =w* ma 7,

[uS®] >0, of =0, of <0, o/ [uS’] =0 ma 7,
w3 :U?lolleﬁolzo npu ZL':—l,
wf’f:vﬁollzvj’flzo mpr =1,
w*(0—) = w>(0+), v>°(0-) =v>(0+), vT(0—) =0T (0+),
wy(0-) =wT(0+), v11(0-) =v71(04), v111(0—) =v711(0+).
@opMyIMpOBKa, 33/ad1 B TaKOM BuJe 0oJiee HarJsiHAa: [pejeabHas 3a/1a-

4a sIBJISETCs 3a/1aUeil CONPsRKEeHUs JIBYX BKJOUeHUt Beprysum — Diiyiepa B
VIPYIOM TeJie C TPEIUuHOM].

4 CuapHad CXOANMOCTH PeNIeHuil mpu o — 00

B npempiayimem nyakTe 6b11a mosygena cabasi CXOAUMOCTE PEIeHui ce-
medicTa 3aga4d (12), (13) mpu a — oo. OkasbiBaeTCa, MOXKHO YCTAHOBUTH
CHJIBHYIO CXOJMMOCTD TIOC/IeA0BATeIbHOCTEH permennuti. [Tokaxkem, 910 crpa-
BeJINBA CJAEAYIONAd TEOPEMa.

Teopema 1. Jlua nocaecdosamenvrocmu pewenut (u®, w®, v, %) cemed-
cmea 3adaw (12), (13) umerom mecmo crodumocmu npu o — 00:

2

u® = u™®  cuavno 6 HE(Q,)?, (42)

w® = w>®  cuavno 6 H'(y), v¢ = 0™ cusvno 6 H>(y), (43)
w® = w™®  cumvno 6 H'(y), v¥ = 0™ cumno e H'(y), (44)
©* = @™ cumvno s H'(y). (45)

ZHoxazameavcmeo. PaccMoTpum cHavasa MpOCTPAHCTBO

H = {(a,0,7,¢)| u € HNQ)?, @€ H'(7), v€ H'(m), € H (),
g€ H' (v);u, =, 4, =0 uay}
ITokaxkem, uTO

/ o()e(a) + / 10,1 + / U110,11 + / @191 + / (T1+¢)°  (46)
Yt

Q v Yo "t
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SIBJISIETCA KBAAPATOM HOpMbI dbyHKimu (4, W, U, $) B npocrpancrse H. Pac-
CMOTPUM HOPMY B IPOCTPAHCTBE H, ONPEAEIAEMYIO CIEAyIONUM 00Pa3oM:

(@, 5,53,
= [[@l12 ()% + 101371y + 191272 + 191301y + 120300

ITo mepromy mepasencTBy Kopra u Hepasercrsam (19), (20) umeem oreHky
CHU3Y:

/a(u)s(u)+/w,1w,1 +/U,11U,11 +/80,1ﬂP,1 +/(U,1+<P)2

Qy v b Mt Mt

= /0(@7)6(@)+/U7,1w,1+/17,11?7,11+/w,1w,1+/35,195,1+/(77,1+¢)2
Q. T o e Mt Yt
ﬂ:d/(w2+®2)ié/(w2+z72)
) Yt

> ¢ (11al13. (22 + 101311 + 15120y + 19131100 + 191020 ) » - (47)

rje 0 — MaJjiblii mapaMeTp, ¢ — MOCTOsSHHAsA. HeTpyaHo 3aMeTnTh, 4TO HEpa-
BEHCTBO BBIMOJIHAECTCA B 0OPATHYIO CTOPOHY, & NMMEHHO

/U(U)ﬁ(U)Jr/W,NU,l +/U,11U711 +/90,190,1 +/(v71 + )

Qy v T Vt Yt

< O (813022 + 101310y + 1902 + 1803035 + 180301, )+ (48)

re C' — nocrosmras. Torma B ety (47) n (48) Beipazkenme (46) ompenenser
KBa/JIPAT HOPMBI B IPOCTpaHcTBE H.

Teneps mepeiieM K J0Ka3aTeIbCTBY yTBEPXK/AeHHs TeopeMbl. [lockonbKy
BBITIOJTHSIETCST PaBeHCTBO (18), MOXKHO yTBEPKIaTh, 9TO BEPHO HEPABEHCTBO

/a(u“)e(ua)—i-/wf’{wf{ +/v?{11}f}1 +/<p?ig0fi < /fua. (49)
Qy v b 7t Qy
W3 BapmanuoHHOTO HepaBeHCTBA (27) cieyer paBeHCTBO

/a(uoo)a(uoo) —&-/wf’fwf’f%—/v?wf’ﬁ —|—/<p?1°<pf>1° = /fuoo.

Qy v Vo "t 2y
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Tlepeiinem BEPXHEMY IpeJe/ly B HEPaBEHCTBE (49) n IIOJYy4YUM ILEIOYKY
COOTHOUIECHUIA:

lim sup /J(uo‘)e(ua)ﬁ-/wﬁw?{ +/U,Oi1v,oil ‘*‘/S‘ﬁ%ﬁ
N v

Yo Yt
§limsup/fu°‘:/fu°°
a—r00
Q, Q,

:/a(u°°)€(u°°)+/w?fw?f+/vﬁ°1vﬁol +/gpf’fg0f’1°. (50)

Qy Y Yo Yt

B 10 ke Bpems, ciaraembie B j1eBoit gactu (49) saasiorcst cabo nosyHenpe-
PBIBHBIMU CHU3Y, TTOITOMY

lim inf /a(u"‘)e(ua) +/wﬁwﬁ+/vﬁ1vﬁl+/§0ﬁ¢ﬁ

a—r00
Qy Y Vo Mt
> /a(uoo)s(uoo)—i—/w:’fw?f’—l—/v:’ﬁvﬁol —I—/tpﬁogp:’f. (51)
Qy v b Yt

Hanee, n3 mHepaBencTBa (24) MOXKHO MOJyYUTh, YTO

lim [ (u§ + %2 =0= /(vgo + )2, (52)

a—00
Tt Tt

Taxmwm obpasom, B cuiy (50), (51) u (52) BEIIONHSETCS TTPEIETBEHOE COOT-
HOIIIEHHE

lim /U(uo‘)e(u“) —i—/woiw“l +/vﬁ1vﬁl +/(,pf“1<,9?‘1 —I—/(vf“1 —|—(pa)2

a—r 00
Q. vy b Tt vt
_ o e’} 00, , 00 0 , .00 00, 00 o0 00\ 2
—/a(u )e(u )+/w,1 w7y +/U,11v,11+/90,1 Y1 +/(U,1 +¢%)%,
Q. ot Vb Yt Vi

U3 KOTOPOTO CJIeyeT CXOMUMOCTh HopM. U3 cmaboit cxommmocrtn (14)-(17)
CXOZMMOCTH HOPM CJIEJYIOT CHIIbHBIE cXoauMocTH (42)-(45) mpu av — co. O

5 3agava onTUMaJIbHOrO YIIPDABJIEHUS

Paccmorpum 33129y onTUMAIBHOTO yIpPaBIeHs, KOTOpasi (hopMyIupyeT-
¢ B COOTBETCTBUU ¢ KpurepueMm paszpyienus ['puddurca. Corsacio kpu-
TEPUIO TPEIUHA B YIPYTOM Tejle HATHET Pa3BUBATHCS, KOTJIA TPOU3BOTHAS
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dyHKIMOHAJIA FHEPIUU 110 JIJIMHE TPEILIUHbBI JOCTUIHET KPUTUYECKOI'O 3HaYe-
Hust K (3asaHHBI napaMeTp, oupejaessieMblii cBoiicrBamu mMarepuasa). [Ta-
paMeTp « B 3ajave OyIeT YIpaBAdoNnM. B 9ToM TyHKTE MpearnoaraeTcs,
qTO Gjijkl € C’lloc(R),f € Cl(N)2

IIpn paccmaTpruBaemMoit reoMeTpun 3a1a91, TO €CTh KOTJIa TPEIHA B YIIPY-
rOM TeJjie PACIOJIOXKeHa BJO0JIb Y, MPOU3BOAHYIO0 (PYHKIMOHAIA SHEPIUH 110
JITAHE TPEIUHBI TTOIYYNTh He YAAeTCA. DTO CBA3AHO ¢ TEXHUIECKUMHU TPY/I-
HOCTSIMU TIPU BBIBOJIe (bOopMyJibl pon3BoaHoii, [4]. TIpeanonoxum, aro Tpe-
IIIMHE OTCJIOEHUS B yIIPYTOM Tejie COOTBeTCTByeT cerment Y. = (—1,1+a) X
{0}, a > 0. O6ozraunm Q, = Q\ 7.. B s10M cayuae Bapuammonnas 3a1a4a,
cripaBeuBag st Kaxaoro « € (0, 00), mpuMeT BHI:

«
c

Hajitu Takywoo (us,ws, vy, ¢l) € K., uro (53)

/ o (u®)e( — ul) + / W (@1 —wly) + / e (B — 02yy)

Qe v Vo

+ / (@1 — ¢t +a / (081 + ) (B1 + @ — 02 — %) > / fla—u®)
Yt Yt Qe
auist Beex (4, w,v,9) € K¢, (54)

T7le MHOYKECTBO JOTYCTUMBIX TTEePEeMEITeHnl TMeeT BUT:

Bamada (53), (54) mMeer eTMHCTBEHHOE peleHre. AHAJOTUIHO TOMY, KaK
OBLTH OJTy9eHbl cXOMuMOCTH (42)-(45), /ist moc/Ie10BaTeNbHOCTH PEIeHui
(ug, ws,ve, %) cemeiicta 3ama1 (53), (54) mpu o — 00 MOKHO HOJYUUTH,
B YaCTHOCTH, CXOJAUMOCTb

ul = u® cmmpno B HE Q)2 (55)

o0 ,,,00 5,00

npuaeM (ul, we®, v, o) € K° — pelenne BapHar@oOHHOIO HEPABEHCTBA

/ o(uXe(a —ul) + /wgﬁ(w,l —weq) + /vgoll(f),n —vai1)
v

Q’Yc Mo

+[entea -z [ -
Vi Qe
nutd Beex (4, w, v, @) € K2°, (56)
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rae MHO2KecTBO K J° ompejessgercs CaeayomuM 00pa3oM:

K = {(a,w,0,9)| u € H{(Qn,)%, w € H'(7), v € H* (), ¢ € H' (n);

[QV}ZOHa%, U, =W HA 7y, U, =T HA Yp,

Z]

u,, (r1) =™ — /gp Ha Y, ¢° €R; 01(0—) = —p(0+)}.
0

PacemorpuMm  popMmysty TpoM3BOAHON (DYHKIMOHAIA SHEPrUU IO JIJIHHE
Tpermuer |29, . 3, § 1, o. 1

Gl) = 5 [ (Av(Vaszneuue)ess(ut) - 20 () By (Vi )}

Q’YC

— /div(Vfi)ua
Q’Yc
Bnecs Eij(Usu) = (uinUri + ujnUsj)/2, V = (Vi(x),0). @ysxmusa Vi -

9TO TIagKasa cpesalomasa QyHKIUA C HOCHTEJEM BOJN3W BEPITUHBI TPEIH-
uol (1 4 a,0), koropsiit He cogepxkur Touky (1,0), mpuuem Vi = 1 B ma-
soit okpectrocTu To0ukn (14 a,0). PopMysa TPOU3BOMHON CIPABEIIUBA TIPU
a € [ap, 0], ap > 0, TTOCKOIBKY MMeeT JIOKAJIbHbBI XapakTep U He 3aBUCUT
SIBHO 0T DyHKIMH W, v, ¢f.

Teopema 2. 3adaua onmumasbHO20 YNPaBACHUA

sup G(a)
@€ a,00]

umeem pewerue.

Joxasameavcmeo. Ilycts «,, € [, 00] — MAKCUMUBUPYIOMIAs MOC/IEI0BA-
TesIbHOCTh. CyIIECTBYET CXOJSNIALACs HO/IOCIe0BATETbHOCTD OCIE0Ba~
TEJSBHOCTH (v, SJEMEHTHI KOTOPOi 0003HAYMM TaK K€ YepPes (i) Oy — (s,
ay € [ag,00]. TIpn i, = 00, ocHoBBIBasich Ha cxoxuMocTh (55), MOXKHO TI0-
JY9UTH CJEYIONNE MPEJETbHbIE COOTHOTTEHMNS:

sup G(a) = lim G(ap)=G(0) < sup G(a).

a€a,00] n =700 a€a,00]
Pacemorpum cayuaii, korma a, = o,/ € [ag,00). Takum xke cmocoGoM,
KaK ¥ TP (¢ — 00, MOYKHO YCTAHOBUTDH CXOJAUMOCTD JIJIsl TMOCJIEI0BATEIHLHO-
cru pemennii (ud, ws, ve, @) cemeiicrBa 3amaa (53), (54) mpu o — o/, B
9aCTHOCTH,
u® — u® O B HE(Q,)?,

rae (ud, we v, ) — pemrenne 3agaqn (53), (54) mpu a = o/. Ha ocuose
9TOM CXOIUMOCTH MOYKHO MOJYYUTD [EIN0YKY COOTHOIICHUIT

sup G(a) = Oélii)no/G(om) =G() < sup G(a).

a€log,00] n a€o,00]
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Takum obpaszom, TeopeMa JOKA3aHA. [l

6 3akaoueHne

Wccnenopanne 3amad COMPsizKeHWS BKIIOYEHWI PA3HOTO THUITA TTO3BOJIAET
OTMCATDH CAyYan, KOTa MaTePHUaJbl U PA3MEPH! BKIAIOUEHNH PA3ANIHbBI. Tak,
Teopud Oajiok Beprysinm — Jitjiepa UCHOMB3YETCS TTPU MOAESTUPOBAHWE TIO-
BeJIeHMs! BKIIOUEHU ¢ npeobagananem n3ruba (Wan JJIMHHBIX BKJIFOUEHN! );
reopust TUMOMEHKO TpuMeHsaeTcst A1t 6aoK ¢ mpeobaaganueM capura (umm
KOPOTKHX BKJIO4eHuii). B pafore paccMorpena 3aaua CONMPAKEHUs BKJTIO-
genuit Bepuymiun — itiepa u TuMomeHKO B yIpyroM Tejie ¢ TPEIuHOM.
Wccnenopan nipemenbHbIil mepexon B 33/1a9e Py CTPEMJICHUU I1apaMerpa,
OPOMOPIUOHAIBLHOTO MOJIYJIIO CABATA BK/IIOUEHUS THUMOIIEHKO, K OeckoHed-
voctu. [losydensr Bapuannonnas u guddepennuaibHas MOCTAHOBKH, COOT-
BETCTBYIOIINE TIPE/Ie/IBHOM 3a/1a4e, OIMMCHIBAIONIEN PABHOBECUE YIIPYTOrO Te-
JIa, ¢ JIBYMSI COLIPSTAaIONMMUCH BKJIOUeHUsIMU Beprysuin — Diijiepa u Tpely-
Hoii. Kpome Toro, ycTaHOBJIEHA CUIbHAS CXOANMOCTH PEIIeHUi, ¢ TOMOIHIO
KOTOPO# JOKa3aHa Pa3spelrmMOCTh 3a1a9i ONTUMAJIBHOTO YIIPABIEHUs, (POp-
MYJIUpPYeMO#l Ha OCHOBE KpHTepus paspyirenus I puddurca.
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