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Introduction

Computational gas dynamics has now become a powerful tool for justifying
technical characteristics of industrial products, optimizing their workflows and predicting
flow parameters in different applications. The system of Navier-Stokes equations, for
approximation of which on an unstructured mesh the method of finite volumes is used, is
the main system of numerical solution of fundamental and industrial problems of
computational fluid dynamics [1-3]. When solving problems of gas dynamics, the accuracy
of determining the characteristics of compressible currents directly depends on the
approximation order and the types of selected flow calculation schemes. In practice, they
usually use schemes that have a clear physical interpretation and use solutions to the
Riemann problem [4-5].

From the point of view of numerical modeling, one of the most complex processes
of gas dynamics is chemical kinetics, which describes the interaction of a different number
of reacting materials [6]. For the numerical study of chemical transformations, special
methods have been developed and applied; they are called detailed, skeletal, reduced and
global kinetic mechanisms. As a result, a complete mathematical model based on the
system of Navier-Stokes equations, supplemented by equations of turbulence models and
equations of chemical kinetics, makes it possible to describe the interaction of heat release
due to chemical reactions, molecular transfer of heat and mass with turbulent pulsations
[7].

The use of the detailed kinetic mechanism (DKM) is under development for a long
time and is described in the works by many authors. Thus, in [8] DKM is proposed to
describe the oxidation and combustion of iso-octane. The authors of [9] use DKM to



determine the concentration of carbon dioxide and oxygen during the oxidation of methane
in a flow reactor. The results of the work [9] are of particular interest, as they are compared
with an experiment. The influence of turbulent mixing mechanisms and chemical kinetics
on hydrogen combustion in supersonic flows is considered in [10], which uses the
mechanism of chemical kinetics presented by the authors of [11]. The main difficulty in
using DKM to simulate combustion is that they can comprise hundreds and thousands of
materials and elementary reactions [12]. In [13], 71 substances and 417 chemical reactions
are considered to simulate high-temperature combustion of aviation kerosene surrogate. It
should be noted that the consideration of low-temperature fuel combustion reactions in
DKM leads to an increase in the number of chemicals. So, the authors of [14] considered
the process of low and high-temperature combustion of a gasoline surrogate, taking into
account more than 1000 substances and 4000 chemical reactions. Kinetic mechanisms of
hydrocarbon oxidation are used to numerically solve the problems of combustion and
detonation of acetylene-based mixtures [15]. When modeling the transition from slow
combustion to detonation, the mechanism of high-temperature combustion of acetylene
presented in [16] can be used within the gas dynamic computations. The main advantage
of DKM is the ability to describe the real processes of molecular interactions [15] and
predict all the physical features of the combustion process under the selected conditions
(flame speed and temperature, ignition delay time and extinction conditions) [7].

The detailed kinetic mechanism of chemical reactions is very accurate, but often
requires large computing power, which imposes restrictions in modeling real industrial
products. This is because the variation of each substance is described by solving a partial
differential equation. When considering a mixture of real fuels with a large number of
components, a multiple increase in the computational load occurs due to the increase in the
dimension of the state vector of the system, and numerical simulation of combustion
becomes difficult.

It becomes necessary to reduce the number of independent variables (substances)
and processes (reactions) used to describe fuel combustion under given conditions that do
not lead to the decrease in the accuracy of the solution. To do this, simplification of the
mechanism can be applied due to the exclusion of materials and reactions that do not exist
under these conditions, which leads to the use of the skeletal mechanism [17]. If the time
of formation of a chemical component is much less than the time of its diffusion and
convective transfer, then the diffusion and convective term in the corresponding balance
equation is not taken into account, due to its smallness with regard to chemical terms. As
a result, the main equation is replaced by the balance equation between the formation of a
chemical component and its consumption [7]. This approach underlies the reduced schemes
[18], which are also a simplification of DKM.

In terms of the number of reactions and components used, the most "compact" is the
global kinetic mechanism (GKM). The construction of such a mechanism is carried out by
replacing the whole stage of the real kinetic process with gross reactions, a set of which
describes the entire combustion process. A decrease in the number of elementary
components leads to a respective decrease in the dimension of the system of differential



equations that describe chemical transformations. Thus, the global mechanism includes a
relatively small number of components and reactions describing the integral stages of
chemical transformations. When using GKM, the approximation of the reaction rate is
performed by empirical expressions containing fitting parameters [15]. Ultimately, this
results in a shorter chemical source computation time in the total integration time of the
gas dynamics equations.

The application of the global mechanism in CFD is shown in [19]. According to
[19], simpler GKMs can give satisfactory results in the distribution of only some basic
parameters (for example, the concentration of substances, and the temperature). The paper
[20] discusses the use of GKM together with the LES-model of turbulence when simulating
high-speed hydrogen combustion. The authors obtained the results on determination of the
ignition delay time consistent with the results using DKM in [21]. The [6] describes
modeling the combustion using a global mechanism, where GKM is used to model multi-
stage oxidation and self-ignition of hydrocarbons in reacting currents. The results obtained
are compared with experimental data on self-ignition delays of individual hydrocarbons
and reference fuels. The description of the methane combustion process is discussed in
[22], where the global kinetic mechanism is used for this, and the EDC model is used to
take into account turbulence. As a result, the authors showed good agreement with the
experimental data on temperature characteristics, however, there is a difference in the
concentration of reaction products, which indicates the need for modification of GKM.

There are papers where GKM 1is used to describe the combustion process when
justifying the safety of nuclear power plants [23], and often the computation is carried out
on structured meshes. The modern approach to solving design problems involves the use
of mainly unstructured meshes [3], and that requires adaptation of computational
algorithms in terms of finite-volume discretization of the system of basic equations (for
example, a method for calculating the gradient of a gas-dynamic quantity when
interpolating it onto the cell face [24] or determining the value of the limiter [25]). In order
to speed up the computation, implicit difference schemes are used that allow computing
with the Courant number value greater than one. At the same time, when solving gas
dynamics problems, one of the basic computation schemes remains the explicit difference
scheme underlying the shock-capturing method or the Godunov method [4-5; 26]. The
choice in favor of the latter is common when computing hyper- and supersonic
aerodynamics tasks, as well as when modeling fast-going macro-processes (such as
combustion and explosive processes).

This work discusses the problem of combustion of a hydrogen-air mixture
characterized by a possible transition of combustion to detonation [27]. The solution of the
system of gas-dynamic equations is based on the use of the Godunov method - an explicit
difference scheme and the computation of flows based on the solution of the Riemann
problem. It has been shown that a one-step explicit scheme leads to numerical oscillations
in the solution. To suppress oscillations, it is proposed to use a multi-step scheme based on
the Godunov method - a Runge-Kutta type scheme. To increase its stability and reduce
computational costs, a hybrid modification of the scheme is used, when there is no



recalculation of diffusion flows at each internal step and there is mixing of dissipative terms
from different steps [28]. To describe the combustion process, a global kinetic mechanism
is used, where a single hydrogen oxidation reaction is considered replacing the whole stage
of the real kinetic process. The selected approach reproduces one scenario of interaction of
chemical components, due to which the computational cost of the entire algorithm is
reduced, while it remains possible to predict the speed of flame propagation at the specified
setting of the problem. This combination of computational algorithms allows simulating
complex chemical processes, while it can be characterized by computational economy and
a stable numerical solution.

Basic equations and discretization ways

To simulate the flow of a reacting multi-material gas, a system of Navier-Stokes
equations averaged according to Reynolds [29-30] can be used, which in a conservative
form, in Cartesian coordinates, is written as follows (averaging signs are removed):
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In the system of equations (1), the following notations are used: p is density; u 1is
the flow velocity vector with u, v, w components, p is pressure; £ =C,T+0.5 (u2 +V wz)
is total gas energy per unit mass; h=C,T +O.5(u2 +v7 + wz) is total gas enthalpy; ¢, and
t, are molecular and turbulent components of the tangential stress tensor, respectively; ¢,
and ¢, are molecular and turbulent components of the heat-flux density, respectively; 7 1s
temperature; C, = (CPT—R/ m) is specific heat at constant volume; ¢ is specific heat at
constant pressure; R 1s a universal gas constant; m 1s molar mass of the gas; ¢ 1s mass

concentration of the i-component of the mixture; J; is diffusion flux vector of the i-

N,
component; o, 1s mass rate of the i-component formation; Zc;. =Li=1..N,—1, N, is the number
=

of components in the mixture.

The values of the molecular component of the tangential stress tensor of the
Newtonian medium meet the Newton's rheological law satisfying the relationship between
the viscous stress tensor and the strain rate tensor, and the components of the heat flux
density vector are related to the local temperature gradient by the Fourier law [29-31]:
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The dynamic viscosity coefficient x(T) and thermal conductivity coefficient 47 ) are

determined by Sutherland formula depending on the temperature of the flux [30,32]:
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where g and j, are dynamic viscosity and thermal conductivity coefficient, respectively,
at temperature 7;, 7, is the Sutherland constant.

System of equations (1) is open due to the unknown relationship of one of the main
variables of this system 7, and ¢, with averaged flow parameters. This connection can be

established by additional relationships, which are generally referred to as turbulence
models. Linear differential turbulence models use empirical relationships for turbulent
viscosity coefficient 4.

In case of multi-material (or multi-component) flow computation, the diffusion flow
vector of the i-component of the mixture are written according to Fick's law:
Ji = -pD, Ve, (7)
where D, is the diffusion coefficient of the i-component.

To simulate the combustion process, a general record of the reaction r of the
chemical interaction 1s used, that looks as follows:
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where v/, is the stoichiometric coefficient of the i-th reactant of reaction r, v/, is the
stoichiometric coefficient of the i-th product of reaction », 4, is the i-th component of the

mixture, &, is the velocity constant of the direct reaction, %, , is the velocity constant of

the reverse reaction.

An expression that defines the mass rate of formation of the i-component @, of the
mixture is as follows:
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where x 1s molecular weight of the i-component , w;,is molar rate of formation (or
decomposition) of the i-component of the mixture in reaction r, N, is the number of
reactions, I', is third component factor.

According to Arrhenius's law, the rate constant of a direct reaction is given by:
E

k,, = AT e kT (10)
where A is pre-exponential index, f.is temperature index, E, is activation energy, R is

universal gas constant.
The velocity constant of the reverse reaction is calculated as:

k,, =—L", (11)

where K is equilibrium constant; it is determined according to the following expression:
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here p, 1s atmospheric pressure, R’ and R’ are entropy and enthalpy factors,

respectively:

AS:) _ - "o S_IO

R - & (Vi,r lr) R ’ (13)
AH,E) _ Y "o h_,o

o7 => (v, V"”)RT' (14)

In expressions (13)-(14) S’ and A4’ are entropy and enthalpy of the standard state,

respectively.

The above system of equations is approximated using the finite-volume method [33-
34] and uses the integral formulation of the basic conservation laws. Discrete analogues of
terms are recorded for control volume by summation by faces.

The finite-volume method is based on the integration of initial differential equations
over the control volume. The control volumes (the mesh cells) are arbitrary polyhedrons
covering the calculated domain without gaps and overlapping. Each polyhedron is limited
with an arbitrary number of faces. Vertices of faces are mesh nodes. The general view of
the cell is shown in Figure 1 (left).



Figure 1. General view of a mesh cell (left), approximation diagram of gas-dynamic
quantities (right)

We look for the solution of the initial system (1) in the area, on the boundaries of
which boundary conditions of the following types can be set [35]:

"a free boundary" - static pressure, temperature, Mach number are set;
— "an output boundary" - a fixed pressure is set, with a supersonic output flow
the values are extrapolated from the boundary cell;
— "awall" - a sticking condition, a sliding condition;
— symmetry condition;
— periodicity condition.
For a numerical solution using the finite-volume method, the Navier-Stokes equation
system can be written in a vector form:
%dem [/ (F-G)ds = | Hav, (15)
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where vector W is a vector of conservative variables, F and G are convective and diffusion
flows, H is a source term,
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here u, is normal velocity component, ¢ is heat flux, z,; is product of viscous stress tensor
by normal vector.
The discrete analogue of equation (8) has the following form:
N,
n+ n T 5 n
W = —72[[Fm—Gm]AS]f+THP, (17)
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where V), is the cell volume P, 7 is a time integration step, Z 1s summation by faces n of

n=1

the cell P. Let’s denote the total flow vector /1psthrough faces f of the cell i:
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Then expression (17) will look as follows:
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On the basis of an explicit difference scheme of the (19), the Godunov method was
built, where convective flows are calculated by parameters on the faces determined from
the solution of the Riemann problem [36].
Before you solve the Riemann problem, you should define environment parameters

on the left (Wf_) and on the right (W;) from the face, i.e. to perform approximation of

values. In its original form, Godunov's method assumes a piecewise-constant distribution
of parameters within a cell, so "pre-breakup" parameters are considered equal to those
adjacent to the cell face. This method has the first-order accuracy over space.

The Riemann problem is solved in various ways. For example, sound (or
approximate) breakup dissociation or an exact solution to the self-similar breakup
dissociation problem can be applied.

Eventually, for face f'a vector of quantities on the cell face is defined (R, U, V, W, P,
E), where R is density, U, V, W are components of the velocity vector by axes x, y, z, P is
pressure, E is energy. Then the vector of convective flows for the face f of the cell P in
equation (18) is determined by the formula:

RU,
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RU W + Pn,
RU,E +PU,

. (20)
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where U, is normal speed, n,, n,, n. are normal vector components.

To improve the order of accuracy by the spatial variable when determining
parameters on the face, the Godunov-Kolgan-Rodionov scheme is used [37-39]:
W,=W,+a(Ar-VW,), (1)

where W, 1s the value of the variable in the center of the cell P, a is the flow restriction
factor [25], Ar is the distance from the center of cell P to the center of face f, VW, is the

gradient value in the cell P.
Then the values on the left (Wf_) and on the right (W;) from the face f'are calculated using

(22) (Figure 1, on the right):
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where x;, y;, z; are Cartesian coordinates, i, j,k are unit vectors in Cartesian coordinates.

Besides, to improve the accuracy of the numerical scheme, various time conversion
algorithms are used; they are called Runge-Kutta methods and underlie the creation of
multi-step schemes.

Multi-step explicit hybrid scheme
In Runge-Kutta method of the m-th order of accuracy [35, 40], the solution on a new

time layer 1s written as:
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where R; is a residual found by the following:
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The computational complexity of explicit multi-step schemes can be reduced if
viscous flows are not recalculated at each step. In addition, dissipative terms from different
steps can be mixed to increase the robustness of the difference scheme. Such methods were
developed in [28] and they are known as hybrid multi-step schemes. The complexity of
these methods does not exceed the complexity of conventional multi-step schemes.

Let us consider a five-step hybrid scheme, where diffusion terms are redefined in odd
steps. The residual is represented as two parts:

R =(R.),~(R,), (25)

1

The first part R, contains central discretization of convective flows, which can be

average in variables or in flows. It also contains a source term. The second part R, consists

of viscous flows numerical dissipation. For example, for central difference schemes with
artificial dissipation, the discrepancies will look as follows:

(k) = X[ (7.))as] -(00). )
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where W is the arithmetic mean of the values on the left and right sides of the face k.

With the account for the residual split the scheme can be written as follows:
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For central-difference and upwind difference schemes, the values of step coefficient «,

and mixing coefficient g, are taken from Table 1.

Table 1 - Values of step coefficient ¢, and mixing coefficient S,

Central scheme Upwind scheme
order a p a p
1 0.25 1 0.2742 1
2 0.1667 0 0.2067 0
3 0.375 0.56 0.502 0.56
4 0.5 0 0.5142 0
5 1 0.44 1 0.44

It is worth noting that the viscous term R. is usually calculated only in the first two
steps.

Chemical kinetics

When using models of chemical kinetics, the inclusion of source (1) directly into the
Navier-Stokes equations is difficult due to the fact that the eigenvalues of the system of
equations of chemical kinetics are higher than the eigenvalues of the Navier-Stokes system
of equations. In this case, the component transfer equations are solved separately using the
following procedure:

1. An implicit difference scheme is written as:

n+l n+/

— (pc,)' + At (30)

2. Source @' is linearized by Newton:
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3. The increment of the mass concentrations is found by the following formula:
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where Ar is an integration step, @ is the factor of safety (necessary to ensure the
stability of the iterative process). Thus, expression (32) defines an iterative procedure to
find the increment of mass concentrations.
do

The problem in solving equations (32) is to calculate the Jacobian (d_j . Due to the
c

fact that the user can set an arbitrary mechanism of chemical kinetics, the analytical
expression of its Jacobian cannot be obtained a priori. This means that it must be found
numerically in the process of solving a specific problem.

) } . . . do
For clarity, let's write a formula for numerical simulation of (—j :

dc
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You see that to find the Jacobian in this way you will need to recalculate the sources of
concentrations N? times (/N is the number of concentrations). It should be noted that finding
values o, 1s the most computationally loaded operation in the entire computation module,
and the increase in this time by N times would have resulted into the fact that it would have
taken huge computing resources to solve relatively simple problems.

To optimize the Jacobian calculation procedure, let us consider the formula that determines
the rate of formation of the i-th component (for simplicity, we assume that a single reaction
is defined in the system):

" ’ pci
R = (Vi _Vz‘)k.fH[ﬁJ

where v",v"are stoichiometric coefficients for the i-th component, &, is determined by

Pij

; (34)

formula (1.1), p,are degrees of reactants.

Pij
You see that the value ka[&] does not depend on the component and can be
M

1

calculated once and multiplied by the difference of stoichiometric coefficients of the i- th
(v/—v/) component in the reaction. So, to save time, in the process of calculating the first

row of the Jacobian (33), a local array of size [number of concentrations] [number of

Pij
reactions] is created containing values @H(%} when the mass concentration of the i-



th reaction changes by a small value. This data is then used to compute the remaining rows
of matrix (33).

4
The second assumption is that the Jacobian (d_a)j does not depend on iteration y and

dc
can be computed once on the first internal iteration of the integration of chemical kinetics
equations.
do

j matrix in time
de

The application of the above approach makes it possible to find (

comparable to the time for calculating reaction sources ., i.e. the total integration time of

chemical kinetics equations increases only 2 times.

Global Kinetics mechanism

Detailed reaction mechanisms give an idea of the flame structure and the reactivity
of gas mixtures. However, in the case of simulating the flows in complex geometric areas,
we strongly need one-step global kinetics. So, a global kinetic mechanism was proposed
and substantiated, where the interaction of hydrogen and oxygen, as well as the rate of the
one-stage general reaction, are determined by the modified expression proposed in [6,41]:
H,+ /0, =H,0, 59)
ky =7%10" exp(~20998/0(H, 1[0, ",
where k,, is the reaction velocity, T is the temperature, symbols “H,,0,,H,0” stand for
hydrogen, oxygen and water, [H,] and [O,] are molar concentrations of unreacted

hydrogen and oxygen.

This mechanism is described by the "Arrhenius" expression (10) and is used
together with the described chemical kinetics to simulate the combustion of a hydrogen-air
mixture.

Results of numerical simulation

We simulate the flow in a piece of pipe with ring inserts (Figure 2) [27].

Figure 2 — Geometry of the initial model

A part of the pipe (2 m long) and a % part of its circular section are considered as a
computation area (Figure 3).



Figure 3 — Geometry of the computation area

A block-structured computation mesh (Figure 4) is used; it contains 14 million cells.
Typical cell sizes are as follows: horizontally: 1e-4 m; vertically: 2e-3 m.

Figure 4 — A piece of the computation mesh

For integration in time, when solving the problem, a one-step explicit scheme (19)
and a hybrid scheme of (28) are used. The flow is considered laminar. A second-order
approximation over space (22) is used to improve the accuracy of the numerical solution.
The flows through the faces of the computation cells are calculated by solving the Riemann
problem. As chemical kinetics, the approximation of a laminar flame is used, with setting
the chemical kinetics through the global mechanism of an oxygen-hydrogen mixture
combustion (35).

Ignition of the mixture occurs on the left side of the pipe by setting the initial
temperature of 1450 K in a small area (4 cells (Figure 5).




Figure 5 — Temperature field at the time point of t = 9e-06 s

Figures 6-11 further show comparative results of two computations at the time points
oft=0,0017 s and t = 0,0032 s — using one-step and multi-step hybrid schemes.
Velocity l’zgll'gas]
187.5
125.0

62.5

0.0
Velocity Z [m/s]
iy ZLIJ-,U]
187.5
125.0

62.5

0.0
Figure 6 — Velocity profiles along axis Z at the time point t = 0,0017 s (a one-step scheme
is above, a five-step scheme is below)
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Figure 7 — Velocity profiles along axis Z at the time point t = 0,0032 s (a one-step scheme
is above, a five-step scheme is below)
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Figure 8— Pressure profiles at the time point t =0,0017 s
(a one-step scheme is above, a five-step scheme is below)
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Figure 9 — Pressure profiles at the time point t = 0,0032 s
(a one-step scheme is above, a five-step scheme is below)
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Figure 10 — Temperature profiles at the time point t =0,0017 s
(a one-step scheme is above, a five-step scheme is below)
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Figure 11 — Temperature profiles at the time point t = 0,0032 s
(a one-step scheme is above, a five-step scheme is below)

From the fields provided, you can see that in the solution obtained according to the
one-step scheme, there are numerical oscillations that are absent when using the hybrid
scheme. So, the solution obtained in the second case has greater accuracy and allows you
to get a physically correct picture of the flow.

These are typical pressure distribution fields for different combustion modes -

detonation and transition.
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Figure 12 — Detonation combustion behavior (molar fraction of hydrogen is 16%)
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Figure 13 — Transition combustion behavior (molar fraction of hydrogen is 13%)




Table 1 shows the summary of typical front pressures and shockwave velocities
derived from the hybrid scheme.

Table 1. Computation results compared to the experiment [27]

Experiment Computation

# of H2, molar Pressure, Velocity, Pressure, Velocity,

experimen | percentage atm m/s atm m/s
t

k21 0.158 12 1116 ~16 1400

k13 0.1497 12 1058 ~16 1360

k14 0.1393 4.4 868 ~16 1300

k19 0.1383 33 843 ~10-16 1260

k15 0.1272 2.7 683 2.0-6.0 400

k16 0.1183 23 644 1.3-3.0 430

k18 0.11 1.6 550 1.2 370

k132 0.1 combustion | combustion | no ignition | no ignition

k135 0.0857 combustion | combustion | no ignition | no ignition

k134 0.08 no ignition | noignition | no ignition | no ignition

Experimental data show the combustion process for modes with the hydrogen
concentration of more than 8%. In the computation, the combustion of the mixture was
obtained at the hydrogen concentration of more than 10%, which is two modes "late" from
the results of the experiment. A further increase in the concentration of hydrogen (up to
14%) results into the implementation of a "locked" combustion mode (choking), which is
considered transitional, and, as a rule, has the most unstable combustion character. The
detonation mode is realized at the hydrogen concentration of more than 14% - here the
computation results are confirmed by the experiment. For the detonation mode, the error
in determining the pressure at the front and the velocity of the shock wave does not exceed
25%. In absolute terms, this may seem an unacceptably large value. However, within the
framework of the described problem, the obtained result is of practical value, since the
behavior of the air mixture has been predicted, which complies with the experimental data
in the case of the most complex combustion modes, depending on the concentration of
hydrogen.

Conclusion

The paper describes the approach for simulating chemical processes and discusses
the combustion of a hydrogen-air mixture using a Godunov-type scheme. The described
model is based on the Navier-Stokes equation system, supplemented by chemical kinetics
equations. The complete system of equations is approximated by the finite volume method
and solved numerically using an explicit difference scheme.

In order to reduce computational costs when modeling chemical processes, a global
kinetic mechanism is used based on one reaction of hydrogen oxidation, replacing the
whole stage of the real kinetic process.



Using the example of the problem of simulating the combustion of a hydrogen-air
mixture, it is shown that a one-step explicit scheme results into oscillations in the numerical
solution. A multi-step hybrid scheme allows you to get a solution without oscillations and
form a physically correct picture of the flow. As a result, flame characteristics are obtained
- the speed and the pressure for various molar concentrations of hydrogen. An important
result of the use of the global kinetic mechanism was the ability to predict the value of
hydrogen concentration in the air mixture, at which there is a transition from its combustion
to detonation. Comparison with experimental data allows us to make a conclusion about
the reliability of reproducible processes obtained using the described mathematical model.
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