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Abstract: Antipodal distance-regular graph with intersection array
{—p? +u? 4+ 2u,k — 1,u,1;1, 4,k — 1,k} has folded graph with
parameters (1/2(u? —u? — 3u +u)(u? — u? — 3 —u)/u, k, 0, 2u).

For fixed p infinite series are only in the cases u = 1,2,3 with
corresponding arrays

{u? +1,u%, 1,151, 1, u?, u? + 1},

{u? u? —1,2,1;1,2,u — 1,u*} and

{u? —3,u? —4,3,1;1,3,u® — 4,u* — 3}.

The article studies graphs with such arrays.
Keywords: distance regular graph, strongly-regular graph, antipodal
graph, triple intersection numbers.

1 Introduction

We consider undirected graphs without loops and multiple edges. Given
a vertex a in a graph I', we denote by I';(a) the subgraph induced by I" on
the set of all vertices, that are at a distance i from a. We put [a] = I'i(a),
at = {a} Ula].

For given vertices a,b in the graph I', we denote by d(a,b) a distance
between a and b. The number of vertices in [a] N [b] is denoted by p(a,b) (by
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Aa, b)), if d(a,b) = 2 (if a and b are adjacent) in I'. Further, the subgraph
induced by [a] N [b] is called p-subgraph (A\-subgraph). Let T' be a graph of
diameter d, i € {2,3,...,d}. The graph T'; has the same set of vertices, and
the vertices u,w are adjacent in T'; if dp(u, w) = i.

If the vertices u,w are at distance ¢ in I', then by b;(u, w) (¢;(u,w)) we
denote the number of vertices in the intersection T'jyq(u) (Ij—1(u)) with
[w]. A graph of diameter d is called distance-regular with intersection array
{bo, ..., bg—1; €1, ..., cq}, if the values b;(u, w) and ¢;(u,w) do not depend on
the choice of the vertices u, w at distance ¢. We put a; = k; —b; —¢;. Note that
for a distance-regular graph by is the degree of the graph, ¢; = 1. Further,
by péj (x,y) we denote the number of vertices in the subgraph I';(z) N T';(y)
for vertices =,y located at distance [ in the graph I'. In a distance regular
graph, the numbers péj(a;, y) do not depend on the choice of vertices x, y, are

denoted by péj and are called the intersection numbers of the graph I' [1].

We consider an antipodal distance-regular graph I' for which A =T'; 5 is
a strongly regular graph. Then A =T 5 is a strongly regular graph without
triangles, the antipodality index is equals 2, k(A) = u(r + 1) + r2, where
r,s = —(u + r) are the nonprincipal eigenvalues of the graph A (Makhnev
and Paduchikh in [3]).

An antipodal distance-regular graph with intersection array {—pu? + u? +
2, k—1, 1, 1; 1, i, k—1, k} has an antipodal quotient with parameters (1/2(u?—
w? = 3p 4 u)(p® —u® = 3p —u)/p, k, 0,2p).

For a fixed p, infinite series occur only in the cases p = 1,2,3 with
corresponding intersection arrays:

(1) {U2 + 17 u27 17 1a 11 11 UZ, u2 + 1}7

(2) {u?,u?—1,2,1;1,2,u? — 1,u?} and

(3) {u? —3,u? —4,3,1;1,3,u® — 4,u> — 3}.

In this paper, the graphs I with the shown intersection arrays are studied.
As we see, all these graphs have diameter 4. Earlier authors studied distance
regular graphs of diameter 3 (Makhnev, Golubyatnikov and Guo in [4]) and
(Makhnev, Guo and Efimov in [5])

Graphs I' with intersection arrays {k,k—p, (r—1)pu, 1; 1, u, k—1,k}, where
k =t(t*+3t+1) and ru = t(t + 1), are considered Brouwer, Cohen and
Neumaier (1989). In case r = 2, p = 1 we have k = 5 and I" is the Wells
graph.

In this article we prove

Theorem 1. If the graph T with intersection array {u?+1,v?,1,1;1, 1, u?, u?+
1} exists, then w =2 and T is the Wells graph.

Theorem 2. If a distance-reqular graph T with intersection array {u?, u® —
1,2,1;1,2,u® — 1,u?} exists, then u =2 and T is a 4-cube.

Corollary 1. Distance-regular graphs with intersection arrays {25,24,2,1;1, 2,
24,25}, {36,35,2,1;1,2,35,36}, {49,48,2,1;1,2,48,49}, {81,80,2,1;1,2,80,81}
do not ezist.
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Theorem 3. Distance-reqular graph with intersection array {u® — 3,u® —
4,3,1;1,3,u® — 4,u® — 3} does not ewist.

Corollary 2. The antipodal 2-covering of the Higman-Sims graph does not
exist.

The proofs of the theorems use the triple intersection numbers (Coolsaet,
Jurishich in [2]).

Let T' be a distance-regular graph of diameter d. If wuj,us,us are the
vertices of the graph I', r1,rg,r3 are non-negative integers not greater than

d, then {%ﬁ;ﬁ; } — set of vertices w € T" such that d(w, u;) = 7y, [?11;22:,‘33} =

| {“1“2“3 } |. The numbers [”1“2“3} are called triple intersection numbers. For
17273 r1T2T3

a fixed triple of vertices ui,us, u3 instead of [i‘,“j;gﬂ we will write [r1rar3].

Let u,v,w be the vertices of the graph I', W = d(u,v),U = d(v,w),V =
d(u,w). Since there is exactly one vertex z = u such that d(z,u) = 0, then
the number [0jh] is 0 or 1. Hence [0jh] = 0w épy . Similarly, [i0h] = d;wonu
and [ZjO] = 6iU5jV~

Another set of equations can be obtained by fixing the distance between
two vertices from {u,v,w}. Counting the number of vertices located at all
possible distances from the third, we get:

d d d
> il = pjh — 07h], Y [ith) = pip, = [i0n], Y _[ijt) = pij — [ij0)(+)
=1 =1 =1

At the same time, some triplets disappear. For |[i —j| > W ori+j < W
we have pyj[/ = 0, therefore [ijh] = 0 for all h € {0, ...,d}. Put Sijn(u,v,w) =
Zf}sizo QriQsiQun ["”w]. If Krein’s parameter qzhj =0, then Sjjn(u,v,w) =

rst

2 Properties of a graph with intersection array
{w*+1,u%1,1;1,1,u*,u? + 1}

In this section, T is a distance-regular graph with intersection array {u®+
1,u%,1,1;1,1,u%, u? + 1}. The antipodal quotient of I is a strongly regular
graph with parameters (1/2(u? +2 — u)(u? + 2 +u),u? + 1,0, 2). The graph
I'3 4 is strongly regular with the same parameters.

Further, T has 1+u? + 1+ (u? + 1)u? +u? +1+1 = u* + 3u? + 4 vertices,
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a spectrum

u? + 1, of miltiple: 1,
u — 1,0f miltiple: i (v +u+2)(u? +1),
Vu2 41, of miltiple: i (0 + u+2) (u? —u+2),
—V/u2 + 1, of miltiple: i (W + u+2) (u? —u+2),

—u — 1, of miltiple: i (u2 —u+ 2) (u2 + 1),

and the dual eigenvalue matrix

1 f h h g
1,3 ,1, 1 uw43u?+4 w*43u%44 1,3 1, 1
I gu +42“ 2 Va1 Va2l U 42“ 2
Q=11 e 0 0 |
1,3, 1 1 A43u44 A43u44 1,3 1 1
L qw+qu—5 =Y omr Tven CiW T iu—3
1 f - - g
where
f=—u"+ u3+3u2+7u+1,
4 4 4 4 2
1y 15 3 5 1 1
g=gw gt w ity
1 3
h=-ut4+Su?+1
4u +4u +

Lemma 1. The non-zero intersection numbers of the graph I' are:
2 _ .2 _ .4 _ .2 _ .2 _ .1 _ 2 _ .2 _ .2 1 _ .3 _
11011 —31913 —2p1;i = Pzzé = P33 C P3342— L, 31012 = 523 —2U N L P412 —512 =
Pa3 = Pag = u”, P13 = u” + 1, pag = Py = Py = U — U7, Py = u” +u

Proof. Direct calculations. ([

Let u,v,w be the vertices of the graph T, {ijl} = {ﬁ"f}, [ijl] = {“;]’ﬂ
We put ¥ = I'y(u), A = ¥o. Then A is a regular graph of degree p2, = u* —u?
on ko = u* + u? vertices.

Lemma 2. Let d(u,v) = d(u,w) = 2,d(v,w) = 1. Then the triple intersection
numbers are:

[112] = [121] = 1, [122] = w® — 3, [123] = [132] = 1;

[212] = [221] = w? — 2, [222] = u? — 3u? + 4, [223] = [232] = u? — 2,
[234] = [243] = 1;

[312] = [321] = 1, [322] = w? — 3, [323] = [332] = 1;

[422] = 1.

Proof. Simplification of formulas (+). O
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Lemma 3. Let d(u,v) = d(u,w) = 2,d(v,w) = 3. Then the triple intersection
numbers are:

[112] = [121] = 1, [122] = u® — 3, [123] = [132] = 1;

[212] = u? — 2, [214] = [241] = 1, [221] = u? — 2, [222] = u* — 3u? + 4,
[223] = [232] = u? — 2, [241] = 1;

[312] = [321] = 1, [322] = w® — 3, [323] = [332] = 1;

[422] = 1.

Proof. Simplification of formulas (+). O
Lemma 4. Let d(u,v) = d(u,w) = 2,d(v,w) = 4. Then the triple intersection

numbers are:
[113] = [131] = 1, [122] = u® — 1;

[213] = [213] = w? — 1, [222] = u? —w?, [231] = u® - 1;
[313] = [331] = 1, [322] = w® — 1;
[422] = 1.
Proof. Simplification of formulas (+). O

In view of Lemmas 2-4, for the number of edges d between A(v) and
A — ({v} U A(v)) in the graph A following equalities are true d = (u? —
1) (u* = 3u? 4+ 4) +u?(u? — 1) = ub — 3u* + 6u® — 4.

On the other hand, d = (u* — u?)(u* — u? — 1 — X\), where X is the mean
value of the parameter A(A). That’s why u* —u? —1— X = (u% — 3u* 4 6u? —

4)/(u* —u?) and A = u* —u? — 1 — (u8 — 3u* + 6u? — 4)/(u* — u?).

Lemma 5. Let d(u,v) = d(u,w) = d(v,w) = 2. Then the triple intersection
numbers are:

[111] = ry, [112] = =1y — o+ 1, [113] = 7o, [121] = —rp —r3 + 1, [122] =
P24 +rotry+ry—3, [123] = —rg—ry+1, [131] = 73, [132] = —r3—r4+1,
[133] = 7y4;

[211) = —ry —rg + 1, [212) = [221] = 7 + 711 + 1o + 13+ 74 — 3, [213] =
—rg — 13+ 1, [222] = 7{ — 3r} — 2r) — 219 — 2r3 — 21y + 4, [223] = [232] =
P24 o+ ry+rg—3, [224] = [242) =1, [233] = —ry — s+ 1;

[311) =7y, [312) = —r3 — 7y + 1, [313] =13, [321] = —rp — 1y + 1, [322] =
P24 +rotrytry—3, [323] = —r1 —r3+1, [331] =79, [332] = —ry —ro+1,
[333] = 71;

[422] = 1,

where r1 +ro, 1 + 13,72 + 14,73 + 14,71 + 14,72 + 13 < 1.

Proof. Simplification of formulas (+). O
By Lemma 5, we have [222] < 4. On the other hand, A = u* —u? — 1 —

(ub — 3ut 4+ 6u? — 4)/(u* — u?), so u = 2.
Theorem 1 is proved.
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3 Properties of a graph with intersection array
{v?u? —1,2,1;1,2,u® — 1,u?}

In this section, T is a distance-regular graph with intersection array {u?, u?—

1,2,1;1,2,u2—1,u?}. For this graph I'3 4 is strongly regular with a nonprincipal
positive eigenvalue r. For u = r + 1 we consider intersection array {(r
2,72 42r,2,1;1,2,7%2 4+ 27, (r + 1)2} with 7 > 1. Then T has 1+ (r +1)? +
(r? 4+ 2r)(r +1)2/2 + (r + 1) + 1 vertices,

a spectrum

r? 4+ 27+ 1, of multiple 1,

r—+1, ofmultlplef(r —|—3r+4)(7“ —1—7“—1—2),
r — 1, of multiple = (r® + 37 +4) (r + 2)(r + 1),

—(r + 1), of multiple r2+3r+4)(r —|—r+2),

o | HOO\HOO | = COo| =

(
—(r +3), of multiple = (r* + 7 +2)(r + 1),

and the dual eigenvalue matrix

1 f g f h
A e
A T r r+
1 0 _r’43r44 0 r24r42

2 (r+1) ) 2 (r+1) ’
- g £ _(Pr2) 49
r—i—} r+1 7'+ch 8 (r+1)
_ g _
where )
f= §(T +3r+4)(r2+r+2),
1
9= g(r +3r+4)(r+2)(r+1),
1

h:§(r2+r+2)(r+1)r.

Lemma 6. The intersection numbers are:
11 = 0; p%l = T2+2T} pil’)Q = 7“2—|—2T; p%2 = 7/‘4/2_'_27‘3_|_712/2_37n: pi133 = O;

p{134 = 1;.

p%l = 2; p%Q = 7’2+27’—3; p%?) = 2; p%Q = 7'4/24-27’3—'-7"2/2—37'—’-4’
p23—7’ —|—2T—3 p24—1 p33—2

p12 =7r242r, p13 =0, p14 =1, p22 = r4/2+2r +r2/2 3r, p23 =242,
P33 =0;

ply =12+ 2r +1, pio =74/2+ 23 +5r2/2 + 1.

Proof. Direct calculations. ([
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We fix vertices u,v,w of the graph I' and put {ijh} = {“”w}, [ijh] =

ijh
uvw
ijh |

Let A = I'a(u), A = As. Then A is a regular graph of degree p3, =
rt/242r3 402 /2—-3r+4 on kg = (r2+2r)(r?+2r+1)/2 = r* /24203 +5r2 /241
vertices.

Lemma 7. Let d(u,v) = d(u,w) = 2,d(v,w) = 1. Then the triple intersection
numbers are:

[112] = [121] = 2, [122] =72 + 2r — 7, [123] = [132] = 2;

[212] = [221] = 72 + 2r — 4, [222] = r*/2 + 2r® — 312 /2 — Tr + 12, [223] =
[232] = 72 + 21 — 4, [234] = [243] = 1;

[312] = [321] = 2, [322] =72 +2r — 7, [323] = [332] = 2;

[422] = 1.

Proof. Simplification of formulas (+). O
By Lemma 7 we have [222] = 74/2 4+ 2r3 — 3r2/2 — Tr + 12.

Lemma 8. Let d(u,v) = d(u,w) = 2,d(v,w) = 3. Then the triple intersection
numbers are:

[112] = [121] = 2, [122] = r? + 2r — 7, [123] = [132] = 2;

[212] = [221] = 2 +2r —4, [214] = [241] = 1, [222] = r*/2+2r% - 3r% /2 -
Tr+12, [223] = [232] = r? +2r — 4, [214] = [241] = 1;

[312] = [321] = 2, [322] =72 +2r — 7, [323] = [332] = 2;

[422] = 1.

Proof. Simplification of formulas (+). O
By Lemma 8 we have [222] = 74/2 4+ 2r3 — 3r2/2 — Tr + 12.

Lemma 9. Let d(u,v) = d(u,w) = 2,d(v,w) = 4. Then the triple intersection
numbers are:
[113] = [131] = 2, [122] =72 + 2r — 3;

[213] = [231] =72 + 2r — 3, [222] = r*/2 + 213 + 72 /2 — 3r + 4;
[313] = [331] = 2, [322] = r? + 2r — 3;
[422] = 1.
Proof. Simplification of formulas (+). O

By Lemma 9 we have [222] = 74/2 4+ 2r3 +r2/2 — 3r + 4.

Recall that p2y = 72 4+ 2r — 3, p3y = r1/2 +2r3 +7r2/2 — 3r + 4, p3; =
r2+2r—3, p3, = 1. Let v, w be vertices from A. Then the number d of edges
between A(w) and A — ({w} U A(w)) satisfies d = (72 + 2r — 3)(r* + 473 —
3r2 — 14r +24) +r4/2 + 203 + 72 /2 — 3r + 4.

On the other hand, d = (74/2 4+ 2r3 +7%/2 — 3r +4)(r*/2 + 2r® + 12 /2 —
3r +3 — \), where X is the mean value of the parameter A(A). That’s why
r4/242r3 472 /2-3r4+3 -\ = (r2+2r—3)(r*+4r3 - 3r2 —14r+24) /(r* /2+
28 +72/2 —3r+4)+1land A =r*/2+2r3 +72/2 = 3r +2 — (12 + 21 —
3)(r* +4r3 — 3r? — 14r +24)/(r*/2 + 203 +72/2 — 3r + 4).
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Lemma 10. Let d(u,v) = d(u,w) = d(v,w) = 2. Then the triple intersection
numbers are:

[111] = 77, [112] = —rg — r7 + 2, [113] = rg, [121] = —rg — r7 + 2,
[122] = 15+ 16 + 17 + 18+ 12+ 2r — 7, [123] = —r5 — rg + 2, [131] = rg,
[132] = —7r5 — T8+ 2, [133] =T5y

[211] = —rs —r7 + 2, [212) = [221] = r5+ 16+ 7+ 18 + 7%+ 2r — 7,

[213] = [231] = —rg — 78 + 2, [222] = —2r5 — 2rg — 217 — 2rg + 14 /2 4+ 213 —
3r2/2—Tr+16, [223] = [232] = r5+re+rr+rs+r2+2r—7, [224] = [242] = 1,
[233] = —r5 — 17 + 2;

[B11] = 75, [312] = —r5 —rg + 2, [313] = rg, [321] = —r5 — 16 + 2,
[322] = r5 + 16+ 17 + 18+ 12+ 2r — 7, [323] = —r7 —rg + 2, [331] = g,
[332] = —r7 — 16 + 2, [333] = 17,

[422] = 1,

where r¢ + 7,18 + 17,75 + 16,75 + 18,75 + 17,78 + 16 < 2.

Proof. Simplification of formulas (+). O

By Lemma 10 we have 74/2 +2r% —3r2/2 — 7r + 8 < [222] < r?/2+ 23 —
3r2/2 — Tr + 16.

Let d(u,v) = 2.

Count the number e; of pairs of vertices (s,t) at a distance 1, where
se {4} and t € {4} On the one hand, by Lemma 7 we have [221] =
72 +2r —4, 50 €1 = (r?+2r —3)(r? 4+ 2r —4). On the other hand, by Lemma
10 we have [211] = —r5 —r; +2 and e; = — >, (rk +rd) + 7t + 43 + 92 —
6r +8 = (r2+2r —3)(r2 +2r —4) = r* + 493 — 3r? — 147 + 12. Thus,
St 1) =4r? +8r —4dand 3, (rl + L) /(rt/2 +2r3 +12/2 = 3r +4) =
(4r? +8r —4)/(rt/2+ 2r3 +r2/2 — 3r + 4).

Count the number es of pairs of vertices (s,t) at a distance 3, where
se {4} and t € {4 }. On the one hand, by Lemma 7 we have [223] =
72 +2r —4, 50 €1 = (r?+2r —3)(r? +2r —4). On the other hand, by Lemma
10 we have [213] = —rg —rs + 2 and e; = — >, (r§ +ri) +rt + 43 + 12 —
6r +8 = (r2+2r —3)(r2 +2r —4) = r* + 473 — 3r? — 147 + 12. Thus,
Sk +ri) =4r?+8r —4dand 3, (rk + L) /(rt/2 + 2r3 +12/2 = 3r +4) =
(4r? +8r —4)/(rt/2+ 2r3 + 1% /2 — 3r + 4).

Now A = Y,[222)"/(r4/2 + 2r3 +12/2 — 3r +4) = =2 ,(rl + 7§ + i +
&)/ (rt)2 4+ 2r3 + 12/2 — 3r +4) + r1/2 + 213 — 3r2/2 — Tr + 16. Hence,
AN=74/2 423 —3r2/2 — Tr + 16 — 4(dr? + 8 — 4)/(r*/2 + 23 + r2/2 —
3r +4). A cotradiction with the fact, that A = r%/2 4+ 2r3 +72/2 — 3r + 2 —
(r? 4+ 2r — 3)(r* + 4r3 — 3r2 — 14r +24)/(r*/2 + 2r3 + r2/2 — 3r + 4) and
(r24+2r —=7)(r* +4r3 + 72 —6r+8) = (12 +2r —3)(r* +4r3 — 3r2 — 14r + 24).

Theorem 2 is proved.
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4 Properties of a graph with intersection array
{u? —3,u*—4,3,1;1,3,u* — 4,u? — 3}

In this section T is a distance-regular graph with intersection array {u? —
3,u? —4,3,1;1,3,u® — 4,u® — 3}. Then T has 1+ (u?® — 3) + (u?® — 3)(u? —
4)/3 4+ (u? = 3) + 1 = (u* — u?)/3 vertices,

a spectrum
2

u” — 3, of multiple: 1,
u — 3, of multiple: 1—12 (u® = 3)(u+2)(u+1),
u? — 3, of multiple: 1—12 (u+1)(u — 1)u?,
—Vu? — 3, of multiple: 1—12 (u+ 1) (u — 1)u?,
—u — 3, of multiple: 1—12 (u? —3)(u—1)(u—2),

and the dual eigenvalue matrix

1 f h h g
4 2 49,2

1 1,3+ 1,-1 w+3u“+4  _ w'43w 44 1,3 1, 1

e e Y N EES rEvees i S

Q = 1 w?tut+2 0 0 u?—u+2

2u 2u )

1 1341, 1 _ut43u44 ut43u44 1,3 1,1

4 4 2 4v/u2+1 4v/u2+1 4 4 2

1 f —h — g

where

1 3
h:ZU4+Zu2+1

Lemma 11. The non-zero intersection numbers of the graph I' are:

Pl = P3s = Pa = L PR = Pls = Py = 3, ply = Py = w0 9, piy =
Pl = Pag = Phg = u” — 4, p3 = u” — 3, pyy = phy = (u” — 13u”)/3 + 12,
p3o = (u* — 13u?)/3 + 20. p3, = (u* — Tu?)/3 + 4.
Proof. Direct calculations.

Let u,v,w are vertices of the graph T, {iji} = {“;J“l”}, [ijl] = [“;fl” .
We put ¥ = I's(u), A = ¥a. Then A is a regular graph of degree p3,
(u* — 13u?) /3 +20 on kg = (u? — 3)(u? —4)/3 = (u* — Tu® 4 12)/3 vertices.

Lemma 12. Let d(u,v) = d(u,w) = 2,d(v,w) = 1. Then the triple intersection
numbers are:

[112] = [121] = 3, [122] = w2 — 15, [123] = [132] = 3;

h— 0
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[212] = [221] = u? 10, [222] = (u*—19u?)/3+40, [223] = [232] = u?— 10,
[234] = [243] = 1;

[312] = [321] = 3, [322] = u® — 15, [323] = [332] = 3;

[422] = 1.

Proof. Simplification of formulas (+). O

Lemma 13. Let d(u,v) = d(u,w) = 2,d(v,w) = 3. Then the triple intersection
numbers are:

[112] = [121] = 3, [122] = u? — 15, [123] = [132] = 3;

[212] = [221] = u? — 10, [214] = [241] = 1, [222] = (u* — 19u?)/3 + 40,
[223] = [232] = u? — 10;

[312] = [321] = 3, [322] = u? — 15, [323] = [332] = 3;

[422] = 1.

Proof. Simplification of formulas (+). O

Lemma 14. Let d(u,v) = d(u,w) = 2,d(v,w) = 4. Then the triple intersection
numbers are:

[113] = [131] = 3, [122] = u® — 9;

[213] = [231] = u? — 9, [222] = (u* — 13u?)/3 + 20);
[313] = [331] = 3, [322] = u? — 9;
[422] = 1.
Proof. Simplification of formulas (+). O

By Lemmas 12-14 for the number of edjes d between A(v) and A — ({v}U
A(v)) in the graph A the equalities d = 2(u? — 9)((u* — 19u?) /3 +40) + (u* —
13u?)/3 + 20) = (2u® — 55u* + 329u? + 180)/3 are true.

From the other hand, d = ((u*—13u?+60)/3((u*—13u%+57)/3—\), where
A is an average value of parameter A(A). Therefore, (u? —13u?+57)/3 -\ =
(2u® — 55ut + 329u? 4 180)/(u* — 13u? + 60) and A = (u* — 13u® +57)/3 —
(2u® — 55u* + 329u% + 180) /(ut — 13u? + 60).

Lemma 15. Let d(u,v) = d(u,w) = d(v,w) = 2. Then the triple intersection
numbers are:

[111] = ro, [112] = —ry — ro + 3, [113] = 71, [121] = —ry — 13 + 3,
[122] = 72 + 71y + 19 + 13+ 14 — 15, [123] = —r; — 74 + 3, [131] = 73,
[132] = —r3—7T4+ 3, [133] = T4,

[211) = —ro —ry + 3, [212] = [221]) = 72 + 11 + 72 + 13 + 14 — 15, [213] =
—r1 — 713+ 3, [222] = (rf — 1972)/3 — 21y — 219 — 2r3 — 2ry + 48, [223] =
[232] =72 + 11 + 1o+ 13+ 1y — 15, [224] = [242] =1, [233] = —rg — 74 + 3;

[B11] = ry4, [312] = —r3 —7q + 3, [313] = r3, [321] = —r; — 74 + 1,
[3822] = rf + 11 + 71+ 713+ 71y — 15, [323] = —ry —r3 + 3, [331] = ry,
[332] = —r1 —r2 + 3, [333] = ry;

[422] = 1,

where r1 + 19,1 + 13,79 + 74,73 + 74,71 + 74,72 + 13 < 3.

Proof. Simplification of formulas (+). O
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By Lemma 15 we have [222] = (r] — 1972)/3 — 2r1 — 21y — 2r3 — 274 + 48

In case r1 = 3 we have [222] = 32, and in case r; < 2 we have [222] < 36.

If (u* — 13u® + 57)/3 — (2u® — 55u* + 329u? 4 180)/(u* — 13u? + 60) =
[222] < 36, then u < 4.

A contradiction with the fact that intersection array {u?—3,u?—4,3,1;1, 3,
u? — 4,u? — 3} is valid only for u > 5.

Theorem 3 is proved.

From Theorem 3 for v = 5 we obtain Corollary 2.
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