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Abstract: We prove that the number of partitions of the hypercu-
be Zj into g™ subcubes of dimension n — m each for fixed ¢, m
and growing n is asymptotically equal to n(¢"—1/(a=1),

For the proof, we introduce the operation of the bang of a star
matrix and demonstrate that any star matrix, except for a fractal,
is expandable under some bang, whereas a fractal remains to be a
fractal under any bang.
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1 Bseaenue

IIycts g, m,n — nensle uucaa, ¢ > 2, n > m > 0. [logkybom pazmepHo-
CTH N — M B Z; HAa3bIBAETCS TaKOe MOJAMHOKECTBO HAOOPOB Zg, y KOTOPOro
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1504 10.B. TAPAHHUKOB

HEKOTOPBIC 1M KOMIIOHCHT (1)I/IKCI/IpOBaH]:'I7 a KaxXJdad M3 OCTaJIbHLIX TV, — 1N
KOMIIOHEHT IIpoberaeT BCe BO3MOXKHbBIC 3HaUYeHUs U3 Zg.

IIpn pasbueruu na nodkybv KazK bl HAGOP 13 Zy TOTKEH MOTACTh POBHO
B ojuH moaky6. Pasbuenne Ha moakyObl HA3BLIBACTCS A2uesut-npumumus-
HbLM, TN TPOCTO A-npumumuensim’, ecnm Kaxkas KOMIOHEHTa 3aHKCH-
poBaHa XoTd OLI B OJHOM U3 IOAKYOOB pa3bueHus.

Haubosnee uzsecTHa 3amava o paszbuenun Ha MOAKyOBI MaJjoil pa3zMepHO-
cru. Tak, eciin Bce nogkyOsl paszbuenus OyseBa Kyba MUMEHOT pa3zMepHOCTD
1, To 3TH MOAKYOBI SIBJISIOTCS pebpamu, a pa3bmeHus Ha3LIBAIOTCA COBEP-
[IIEHHBIMA [TAPOCOYCTAHUSIMH, U 3a/1ava 00 UX Juc/Ie XOpomo u3sectHa. B [1]
paccMaTpUBaOTCs 3aa4un pasbuenus OyeBa Kyba Ha MOIKYOBI, TPpEUMYIIIe-
CTBEHHO MAaJIbIX Pa3MEpPHOCTEN, KOTOPBIE B TOM YHUCJE MOTYT OBITh Pa3HBIMU
B COCTaBE OHOTO Pa30MEHMsI.

Pasbuenust na moaKy6s! (He 063aTeIBHO OHON PA3MEPHOCTH) C JOTIOTHHU-
TeJIbHBIM YCIOBHEM HEIIPUBOIMMOCTH UCCIEAYIOTCS B CTaThe |2| MoTHBarmeit
KOTOPO#1 CTaJI0 TO, 4TO pa3bueHus Ha M0 IKyObl B IBOMYHOM CJIy4Yae COOTBET-
CTBYIOT HeBBITOTHUMBIM OyieBbiM KH® cremmannoro suga. 3amMeTnm, 9T0
paccMaTpUBAONINECST B HAIeH ¢TaThe pasOueHns Ha MOAKYOBl KOPa3MEpHO-
ctu He Gostee k, rje k — KOHCTAHTA, B YITOMSHYTOM KOHTEKCTE COOTBETCTBYIOT
svepbioaruMbiM KH® crenmasibnoro suga u3 3agaun k-SAT.

Pazbuenunam ma ogmomepHbie MOAKYOBI B HE 0043aT€ILHO JBOUYHOM CJIY-
vae nocssiena pabora [3|. Pasbuenne Ha noakyObl 0JMHAKOBOI pasMepHO-
CTU sIBJIsleTcst 4acTHbIM caydaeM A(n, ¢, w,t)-1u3aifHoB, BbIparKeHHe YHUCIa
KOTODBIX Yepe3 MHOIOMEPHBIE TIePMAHEHThl PACCMaTPpUBaIoch B [4].

TnaBubIM npesMeToM usydenus B 5] 6bliu pasbuenus Ha adpduHHbIE T10/1-
OPOCTPAHCTBA, & Jid pas3dueHuii Ha TOAKYOBI, SIBIASIONIAXCA YACTHBIM CJIY-
qaeM pazbuenuit Ha adPUHHBIE TOMIPOCTPAHCTBA, JOKA3AHBI CJIEIYIONINE
YTBEPKICHNS, OPUCHTUPOBAHHBIE HA pa3bueHvs HA TMOAKYObI OJUHAKOBOMI
00JIBIIION Pa3MEPHOCTH.

Teopema 1. [5] ITyemwv q > 2. JTas a106020 namypaavrozo m cywecmeyem
HouMeHbWeEe Hamypasvroe N, maxoe wmo npu n > N we cywecmeyem A-
npumumuehur pasbuenuts Zy na ¢ nodkybos pasmeprocmu n — m.

Bsenewm cremyrore obo3HaIeHN:

° Ngoord(m) — HamMeHbIee [N 13 TeopeMbl 1;

° cgoord(n, M) — 9UC/I0 PA3IUYHBIX HEYTOPSI0YeHHbIX pasbuennit Zg

Ha ¢ noaKy0OB PAa3MEPHOCTH N — M;

L Aruesua B [6] BBest st 91010 HousTHs (B Gostee OOUEM Cilyuae pasGuenus Ha adduu-
HBIE TIOJPOCTPAHCTBA) TEPMUH <«IIPUMHATHBHBIN», OJHAKO HUCIIOJb30BAHAE ITOTO TEPMHHA,
HEeOECCIIOPHO, MOCKOJIBKY OH XapaKTepu3yeT CKOpee HEKOTOPYIO HEBBIPOXKIEHHOCTH Pai-
buenns. Kpome T0ro, 1ogo6HOr0 pojia HEBbIPOKAEHHOCTh Pa30MeHusi MOXKHO OIIPeIe/IsATh
Pa3HBIMI CIIOCOOAMM, & CJIOBO «IPUMHUTHBHBIN» B MaTeMAaTHKe BOOOIIe IeperpyxeHo. B
TO K€ BPeMsd JaBaTh JAPYroli TEPMUH TOXKE MPEJCTABIAETCS HEIPABUIHHBIM, IIOITOMY B
[5] 6bL10 BpeaoKeno HaspBaTh Takoe pasbuenue npumumMUEHbM N0 Azuesuyy wim A-
NPUMUTNUEHBLM. 3AMETUM, 9TO B [2] aBTOPBI MCIIOIB30BAIIH AJIs STOTO YK€ MOHSTUS TEPMUH
«tight», KOTOPBIIl TakzkKe He MPEICTABIIETCS HAM «TOYHBIM>.
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° cgoord* (n,m) — YUCI0 PABIMYHBIX HEYIIOPHAJOUYEHHBIX A-IIPUMUTUB-

HbIX pasbuennit Zg Ha ¢ 104KyOOB pasMepHOCTH 1 — M.
Teopema 2. [5]| Cnpasedausa gopmysa
Ngoord (m)
c;,oord(n7 m) _ Z <Z> Cgoord*(h’ m) (1)
h=m

Teopema 3. [5] ITycmv q¢ um dukcuposanv, n — 0o. Tozda umeem mecmo

ACUMNMOMUKA |
coor
¢ (0, m) ~ C'pNa" ()

q
ccoordsx (Ncoord (m) m)
ede C' = . :
Né:oord(m)!
m_
Takexe B [5] MOy 9eHbI OLEHKN qq_ll < Neeerd(m) < m - ™' u ycranos-

JIeHDBI TOUHbIe 3Ha4Yenus [V, goord(Q) =q+ 1

T1aBHBIM Pe3yJIbTATOM HACTOsIIEN PABOThI ABISETCS CJIe/IyIOlas TeopemMa
6, MOJIHOE JI0KA3ATEILCTBO 2 KOTOPOil ByjleT TOoJIyHeHo B KOHie paboThl T1o-
cJie BBeJeHHsI HEOOXOMMBIX [OHATUH U J0KA3aTeJIbCTBA BCIIOMOTATEeIbHBIX
YTBEPKICHUIA.

Teopema 6. ITycmv q,m — purcuposarnvie HamMYpasbrove wucaa, ¢ > 1.
Tozda npu n — 0O CNPABEJAUBE ACUMNMOMUKA

m_q

c(c]oord(n’ m) ~ nqqfl . (2)

2 3sBe3gnble MaTpunbl pa3bmueHwnii m X CBOMCTBA

3eesdnvim nammeprom 1oaKyba runepkyba Zg naszbiBaercd HabOp JIu-
uel 1 Hag Zg U {*}, rae smementsr Zg COOTBETCTBYIOT 3abHKCHPOBAHHBIM
KOMITOHEHTaM, B TO BPEMHA KaK * COOTBETCTBYET «CBOOOHOI» KOMIIOHEHTE.

Hanpuwep, nabop (0,*,1,0, %) siBisiercs 3Be3HBIM ATTEPHOM CJIEIYIO-
mero moakyba B Zg:

{ (0,0,1,0,0),
(0,0,1,0,1),
(0,1,1,0,0),
(0,1,1,0,1) }

23aMeTI/IM, qro B 2024 r. HaMu ObLIn HapasjeHb! Ha KoHpepermuio «IIpobsemsr Teo-
permyeckoil KubepHeTHUKU» Cjaemyiomue TeopeMbl 4 u 5 6e3 JOKa3aTe bCTB.

Teopema 4. Hmewm mecmo mounvie snawenus N5°4(4) = 15, Ns°°d(5) = 31,
N;oord(B) — q2 +q+ 1; c(éoo[-d*(1574) — 15!’ c§°°rd*(31,5) — 31!’ Cgoord*(qQ +q+ 1’3) _
(¢ +q+1).

15 _coord

Teopema 5. ITpu n — co cnpasediusn, acumnmomury ¢4 (n,4) ~ n'®, ¢5°"(n,5) ~

2
n31’ Cgoord(n’ 3) ~ nq +q+1'

JlokazaTebCcTBa TeopeM 4 U 5, TIOJIydYeHHBIE TIEPBOHAYAIBLHO CYIIECTBEHHO JPYTHM Me-

TOZIOM, B HACTOSAMIEH pabOTe HE MPUBOISITC, IOCKOJIBKY UX YTBEPKICHUS SB/ISIOTCS JaCT-
HBIMH CJIy49asiMU TeopeM 7 1 6, COOTBETCTBEHHO.
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Marpuna, 1o cTpokaM KOTOPOU BBIMUCAHBI 3BE3/HBIE TATTEPHDBI BCEX MOTKY-
00B pasbueHus, HA3bIBACTCS 36€30H0T Mampuyeli pa3bueHms.
Hampuwmep, 3Be3amas MaTpuiia

bl )

) )

) )

_= =0 O
¥ ¥ B~ O
= O % %

) )

sasaet pasbuenme Z5 wa 22 mogxy6os pazmeprocTn 3 — 2 = 1 KaskIblil.

Jlerko BueTh, 9TO pasbuenne Z(’; Ha ¢ moaKybOB OMHAKOBON Pa3MEPHO-
CTH N — M 33JIa€TCs 3BE3MHON MaTpuIeil, mMeromell B TOUYHOCTH ¢ CTPOK U
7 CTOJIOLOB, U SABAMETCHd A-IIPUMUTUBHBIM TOIMA U TOJILKO TOIJIA, KOI'/A €0
3BE3/IHAS MATPUIA HE COMEPKUT CTOIOIE W3 ONHUX *. 3BE3THYIO MATPHUILY
A-npuMuTEBHOTO pazbueHus GyIeM TakKe Ha3hIBAThH A-npumumusenot.

SaMeTnM, UTO YaCTHBIM CAy4YaeM pa30ueHus Ha MOAKYOBI SBJSIIOTCS aC-
coyuamusnvie 6aok-dusatinn (AB/]), Kotopele 6pln BBEIeHBI PuBectom [7]
JIJIT MCTIOJIb30BAaHUS B JITOPUTMaX XEIIUPOBAHUS U U3YyYaJUCh B Psijie pa-
6or (cm., Hampumep, (8, 9, 10, 11]). ABJI—»sT10 pasbumenne Z5 Ha HOIKY-
OBl OJIMHAKOBOH PA3MEPHOCTH C JOTOJHUTEJIHHBIM TPeOOBAHUEM: B MATPHUIIE
pasbueHust KaxK bl CTOJOEI] COMEPKUT OJHO U TO K€ YHUCJIO 3Be3moueK. U3
onpenenenns oueBugHO, 9T0 ABJl siBAsteTcst A-TIpUMUTHBHBIM pa3OUeHneM.
B paborax mo ABJ] 66111 pa3BUTHI 3JIEMEHTHl TEXHUKHU U3YICHUsT 3BE3THBIX
MaTpPHII, KOTOPBIE TOJIe3HbI U B Gostee obmeMm, weM ABJI, cayuae.

Pasmepom cmoabuya 3Be31HON MATPUITEL Oy/IeM HA3BIBATH KOJIMYECTBO Y-
cen B HeM. Ilepexpoimuem NBYX CTOJIONOB Oy/eM HA3BIBATH MHOYKECTBO CTPOK,
B KOTOPBIX 3TU CTOJOIbI OJTHOBPEMEHHO COJIEPKAT YUCIOBbIE 3HAUEHUSI, & KO-
JIMIECTBO TAKUX CTPOK — PA3MEPOM Nepexpumus. e pazmep mepexkphITrst
JIBYX CTOJIONOB PaBeH HYJ0, TO MBI TOBOPUM, UTO ITH CTOJOIBI He nepe-
KPOBalOMCea, a eCIM Pa3Mep TEePEKPHITHsT COBMAIAET ¢ PA3MEPOM OIHOTO U3
CTOJIBITOB, TO MBI OyAeM TOBOPUTH, ITO CTOJI0EI] MEHBITIEr0 PA3MEPA 8A00/CEH
B cTosiber bosibitiero pasmepa. [Hogmarpurty mupunb 1, COCTOAIIYIO W3 BCEX
TUCEIT, BXOMSIMUX B CTOJIOEIT, W TOJHKO U3 HUX, OYIeM HAZBIBATH CIMEPAHCHEM
crosbIia.

V1BepxK gerune TeopeMsl § IBUTCS CJIEACTBUEM W3 TEOPEMBI 7, B KOTOPOii Oy-
JIyT YCTAHOBJICHBI TOYHBIC 3HAYCHI BenIuH [V, 5°°rd(m) u cgoord* (N, goord(m) ,
m). B cBow ovepenn, 11 yCTAHOBIEHUS 3HAYEHWH, BHITMCAHHBIX B (DOPMY-
JINPOBKE TeOPeMbI 7, OyAeT MPOU3BEIeH aHaA N3 A-TIPUMUTUBHBIX 3BE3/IHBIX
marpur pasmepa ¢ X N, ;oord (m). Hagum hOpMyInpoOBKY U JOKA3ATENBCTBA
HECKOJIBKUX HYXKHbIX HaM JIEMM O CTPOCHUM 3BE3IHBIX MATPUI.

Jlemma 1. B seesdnot mampuye pasbuenus eunepryba Zy oas a106vz deyz
PABAUNHBLE CMPOK HATIEMCA COADEY, UMENWUT 8 IMUL CMPOKAT PA3HVIE
srauenus us L.

Hoxazameavcmeo. Ilpennonoxum npotuBHoe. llycTh B 3Be3mHON MaTpuile
pasbueHus HANIYTCS JBE Pa3/JUYHBIE CTPOKH, JJjis KOTOPHIX HET CTOJIDIA,
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HMEIOIIero B 9TUX CTPOKaX pasHble 3HadeHnd u3 Zg. Torjja MOKHO 3aMeHUTH
3B€3J0YKHN B ITUX CTPOKaAX Ha 4YUCJIa TaK, YTO O6e CTPOKHM CTAaHYT OJUHAKO-
Beivu. [losyauBiuiics HAbOp NPUHAIEKUT 000UM TOAKYOaM, 3a/1aBaeMbIM
3BE3/IHBIMU TIATTEPHAME CTPOK, TIOITOMY STH TOJAKYOBI TIEPECEKAIOTCST, TET0
B pasbumeHnu OBITHL HE MOXKET. O

Jlemma 2. B seezdnol mampuye M pasbuenus eunepryba Z; na nodkybu
odunaroeot pazmepHocmiu 6 aobom cmonrbue 6ce snavenus us Ly scmpeva-
10MEA 0OUHAKOBOE WUCAO PA3.

Hoxaszameavemso. Pacemorpum i-it cronbery marputiet M. Eciun HekoTopast
CTpOKa 3Be3/1HOHM MaTpuiibl M UMeeT * B ¢-M CTOJOIE, TO COOTBETCTBY O
noaKy0 71 KaxK10r0 a € Zg CONEpKUT B TOYHOCTH ¢! mabopos co 3Ha-
UeHueM a B ¢-M crogibie. Eciun HekoTopas cTpoKa 3Be3/IHOM MaTpPUIIBI HMEeT
a B i-M cTosbne, a € Zg, T0 Bce ¢" """ HaOOPOB COOTBETCTBYIOIIETO MOJIKY-
Oa mMerT a B i-M cronbue. Jloboit mabop n3 Z; NPUHAIIEKHUT B TOTHOCTH
onHoMy noAKyOy pazbuenusi. OTC0JIa BEITEKAET YTBEPKIEHUE JeMMBI 2. [

Jlemma 3. ITyemv M — seesonasn mampuya pasbuenusn eunepxyba Zyg na
NnoodKYOvL 00UHAKOB0T PASMEPHOCTIU, T U J — HOMEPY J8YL €€ DASAUNHDIL
cmoabuyos u T — nexomopas nepecmanoska u3 Sy. Paccmompum mrooice-
cmeo R ecex maruzx cmpor us M, xomopoie 00H08PEMERHO UMEIOMm 6 CIMOAD-
yazx i u j wucaosve snavenun us Lq. Tozda cymma (my;+m(my;)) (mod q),
83AMAA NO 6CceM cmpoKam 1 u3 R, npunumaem xasicdoe snauenue us Ly 00u-
HAKOBOE YUCAO PA3.

Aloxasameavcmeo. Ecmm nia seex Habopos a = (a1, .. ., ap) U3 Zy PACCMOT-
perb cymmy (a;+m(aj)) (mod ¢), To 9Ta cymma, 04eBuIHO, Oy1eT IPUHUMATD
KazK/j0oe U3 ¢ 3HadeHuil u3 Z, oxunHakoBoe duciao pa3. Eciam paccmorpers
TaKyI0 CyMMY JIJISI BCEX HADOPOB MOJKY0a, 3BE3MHBIN TMATTEPH KOTOPOTO CO-
JEPKUT 3BE3/I0YKY XOTSI ObI B OHOM W3 ABYX PA3PAIOB ¢ U j, TO T4 CYMMa
TOZKE, 09eBU/THO, Oy/IeT IPUHUMATH KaxK/0e U3 ¢ 3HaueHuit n3 Z, oJuHaKoBoe
9UCJIO Pa3, MOTOMY 9TO HADOPBI U3 MOAKy0a 00beAMHIIOTCS B 9TOM CIydae
B MIOJIMHOXKECTBA 110 ¢ HAOOPOB, OTJIMYAOIIMXCST TOJBKO B Pa3psijie, COOTBeT-
CTBYIOIEM 3Be304Ke, 1 cymMa, (a;+7(a;j)) (mod ¢) Ha HaGOpax MOAMHOKE-
CTBA IPUHAMAET KAZKJI0€ U3 ¢ 3HAYEHHUlT 110 OTHOMY Pa3y (IOTOMY 4TO CyMMa
10 MOJLy/II0 ¢ — Tpynmnosas onepanusg). CaemoBarensHo, s COBOKYITHOCTH
oAKy0O0B, COOTBETCTBYOIMX CTpoKaM u3 R, cymma (a; +m(a;)) (mod ¢) mo
BCeM HAOOPaM M3 TUX MOIKYOOB JO/KHA MPUHAMATE KAXKI0€ U3 ¢ 3HAYCHUT
u3 Z, oguHakosoe uncsao pad. Oguaxo jis Habopos m3 1mojkyba, coorser-
crByfomero crpoke 1 u3 R cymma (a; + m(a;)) (mod ¢) npuHnmaer oxHO 1
TO Ke 3HadeHue, paBHoe (M, ; + m(m,;)) (mod ¢), a moxKyGe! 10 yCI0BHIO
COJIEPKAT OJIMHAKOBOE KOJIMIeCTBO HAOOPOB. OTCIO/Ia CIIe/lyeT yTBEPXK ICHUE
JeMMBI 3. U

JlemMbl, 6y1M3KHE K IPUBEJIEHHBIM BBIIIE, B 4eM-TO OoJiee 00IIHe, B 4€M-TO
6oJtee gacTHBIE, comepKared B 7, 8, 9, 10, 11, 12].
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EcrecrBenno, Mbl Morin chOpMyIMPOBATH HAIIK JEMMbBL U B D0Jj1ee 001em
Buzie (B 4aCTHOCTH, /sl COBOKYIIHOCTEH 13 60J1ee uem aByX CToJ010B), OjiHA-
KO He TPEeCJe0BaIN 3Ty 1eTh, OTPAHUYUBIINCH (DOPMYJIUPOBKOH U JTOKA3a-
TeJILCTBOM JIEMM B MUHUMAJIHHOM BUJE, HYKHOM JIJIS TTOJTHOTHI U3JI0XKEHUS
HAIAX TOCTEAYIONIX PE3YILTATOB.

3 O‘{eBI/I,I[Haﬂ HHU>KHAA AaCUMIITOTIYECKAas OIl€HKa YNcCJjia
pa3oueHmit

Humxnaa acumororngeckas OIICHKa

" -1

c;oord(n’m) > a1 (1 + 0(1)) (3)

SIBJISIETCST OUEBUIHOM. 3aMeTuM, 9T0 ee HeoDsI3aTeThHO JOKA3BIBATE OTIEb-
HO, MOTOMY 9YTO aCUMITOTHUKA BEJTWUUHBI cgoord(n, m), TpeJjCcTaBjeHHas B
dopmyne (2) Teopemb 6, MOTYUUTCS ABTOMATHYECKH U3 TEOPEMBI 3 TTOC/IE TO-
ro, KaK MbI B TeOpeMe 7 YCTAHOBUM TOYHBIE 3HAYCHUS BETUINH choord(m) =

qm—1 coordx ("' —1 _ (4d"=1}) "
T 1 ¢ ( T ,m) = T )" Tem He MeHee, ceif9ac MBI IPHBEIEM

PaCCyKJEeHWs, MOKA3BIBAIONIME CIIPABEIUBOCTL OTEHKH (3), TIOCKOIBKY 9TH
pacCyxkKaeHud MO3BOJAT MTPOYYBCTBOBATH CMBICJI U BaKHOCTH (bpaKTaﬂbHOﬁ
MaTPHUIIBI, OIPEIEJIEHNE KOTOPOH MBI QUM B CJIEIYIONEM Pa3jese.

Urax, paspexem runepkyd Zg 1o 0fHOH M3 KOODJAUHAT Ha ¢ noaKy6oB®
pasmeprocTr 1 — 1. D10 MOXKHO crenaTh n cruocobavu. Kaxieiii uz ¢ mosry-
YUBIMUXCS MOAKYOOB paspexeM OJHUM u3 1 — 1 CIrocobOB MO O/IHON U3 ero
OCTABIIIMXCsI KOOPAWHAT HA MOAKYOBI PA3MEPHOCTH N — 2 U T. JI., TTIOKA HE I10-
JiyanM pasbuenue Ha ¢ OAKYyDOB PA3MEPHOCTH 1 — 1M Kaxk ibiii. OnucaHHbIT
BblIIC MIPOIECC MOXKHO OCYIICCTBUTDH

m—1 ¢* 1

n_
(n—1i)~n el

i=0 j=1

criocobamu.

BaMernM, 9T0 HEKOTOPBIE U3 ITUX CIIOCOOOB IPUBEAYT K Pa3pe3aM PA3HBIX
noaKy6oB 10 OxHOM KoOpauHaTe. MOXKHO J10KA3aTh, YTO 10Jis pa3dueHuit
¢ TAKUMHU TOBTOpaMU OyIeT acHMOTOTHYECKH MaJia. JIJs 9Toro MBI TOCTY-
OUM CJIEAYIOMUM 06pa30M: 3alpeTUM OCYIIECTBIAThL pa3bueHue IBYX pas-
HBIX TTOJAKYOOB 1O 0fHOI KoopawHaTe. Bece paBHO y HAC YHUCTIO0 MHOXKHUTESEHT
KOHEYHO (MIOTOMY 9TO ¢ U M KOHEYHBI), & 1 CTPEMUTCST K OECKOHEUIHOCTH.

3Ecmm xoro-To CMYIIAET, UYTO OJHUM Pa3PE30M TUIMEPKYO pas3aessieTcs Ha ¢ TMOAKyOOB,
TO MOYKHO TIPEJICTABUTH, KaK ITOCJIE OHOTO CPE3aHMs KOPEIIKa KHUTH OHA, PACIaIaeTCsa Ha
HECKOJILKO DJIOKOB.
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IIpu Takom orpanwuerun pazdueHus, 0YEBUIHO, OYAYT MMOJYyIaTHCA Pa3-
HBIMH, & UX YUCJIO0 PABHO

g"—1

q—1
H (n—i—f—l)wnqqﬁ,
i=1

T. €. ACUMIOTOTHIECKH, HECMOTPS HA OTPAHUIEHHUS, OKAYKETCS TEM YKe CAMBIM.

Tem cambIM CIIPaBETMBOCTD OTEHKH (3) yCTAHOBJIEHA.

BamMeTnM, YTO OMUCAHHBIMU BBITIIE TPOIEAYPAMEA MOYKHO TIOJYUIUTEH HE BCE
pazomennst. Tak, HanmpuMep, B pasbnernn, 3a7aBaeMOM 3BE3IHON MaTPHUIIE,
npuBe/ieHHON B crarhe Pusecra [7], paspes ucxojnHoro runepkyba mo 6o
13 KOOPUHAT IPUBEIET K PA3PE3AHUI0 HEKOTOPBIX MOAKYO0B pasbuenust, mo-
TOMY 9TO B KaxKJI0M CTO/I01€e ecTh 38e370uku (cM. puc. 1). Tlosromy Bompoc
0 Bepxmeii omenke Bermannbl 2% (n, M) Tpebyer AOMOIHITEILHOrO HCCIe-

q
JOBAHMUsT, KOTOPOE MBI ITPOBEIEM B JIAHHOM paboTe.
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Puc. 1. 3Be3gnas Marpuiia co 3Be34049KaMi BO BCEX CTOIOIAX.

4 @pakTajbHBIE 3BE3IHbIe MAaTPUIILI I UX CBOiCTBa

Beegem marpursr My, peKypcuBHO ciaegyiomum obpasom. Marpuna M, o
MMeeT OJHY CTPOKY M Hy/b cronbuos?, marpuna Mg m, m =1,..., oupese-
Jgercd depe3 MaTpuiy My ,—1, KaK IpecTaBIeHO Ha PUC. 2, T1e *q,m—l —
MaTPHIA TOTO K€ pasMepa, 9T0 U My -1, HO COCTOAIIAsS U3 OJTHUX 3BE3/I0-
YeK.

Marpursr Mg, MBI 6yJieM Ha3bIBATh (HparmarbHbimMu 3BE3THBIMA MATPHU-
[AMH, WIH IPOCTO HPaKmaiamu’.

ITpuBenem npumepsl bpaKkTaIbHBIX 3BE€3IHBIX MaTpull (CM. puc.3):

Matrpuiipl, moJydaomuecs nu3 (PAKTAJIBHBIX TEPECTAHOBKONW CTPOK U
cToJI0I0B, MBI Takke 0y/1eM Ha3bIBaTh (PPAKTAIbHBIMU.

4Ecim MAaTPHIR C OJHOU CTPOKON U HyJIEM CTOJIOOB KOMY-TO KAaXKeTCHd Ka3yUCTUIEeCKOM,
TO MOXKHO HAYMHATH C MaTpuubl M, 1, IMeomeil ¢ CTPOK M OJWH CTOJIOEI] U IIPeICTABIIS-
o1eil coboil BEpTUKAIBHBIN CTOI0EI] U3 BBIIIUCAHHBIX MO B BO3PACTAIONIEM HOPSIKE
Bcex umcesn u3 Zg.

5Takoe mnasbanme BBIOPAHO IMOTOMY, 9TO MATPHUIBl Mg, 00/AZAI0T HEKOTOPBIM
camonogobueM.
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Puc. 2. PekypcuBnas KOHCTPYKIHUs (PPAKTATHHON MaTPHUIIHL.
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Puc. 3. llpumepnl bpakTaabHBIX MATPHII.

Bameuanue 1. ScHo, 4mo nepecmarnoska cmpok 36e30H0T MaMPULYbE 3000~
em dpyeoe YnopadouerHoe, HO MO JHCE CaMOe HEYNOPAJOUEHHOE PA3OUEHUE Ha
nooKyOoL.

3ameuanne 2. Moowcro 6vi40 Gvr onpedesumsv, Kok GPaxmMasbHyo, 36€30-
HYIO MAMPUYY, NOAYHAIOULYIOCHA U3 PPAKMAILHOT 3aMEHOT 6 HEKOMOPOM €€
CTOADUE BCET YUCAOBHLL CUMBOA0E8 8 COOMBEMCMBUL ¢ HEKOMOPOT Nepecma-
Ho6%0%T T U3 Sq, HO deaams 2Mo HeobASAMEALHO, NOMOMY 4MO MAKAA MATN-
PUUG a8MOMAMUMECKY DYdem PPpaxmarvHot 6 Cusy Yyorce JaHHLT onpedese-
HUl, NOCKOADKY €€ MONCHO NOAYYUMD NEPECMAHO8KOT CMPOK U cmoabyos
UCTOOHOU 36€3010T Mampuubl. JeicmeumesbHo, ecat NepecmaHosky T Yuc-
A0BVIT CUMBON0E NPUMEHUMD K CAMOMY ALBOMY Coabyy mampuyve My m Ha
puc. 2, mo makoz0 gce Pe3yAbMama MoAHCHO J0OUMBCA U NEPECMANHOCKAMU
771 20pusonmasvHuT U 6EPMUKAALHHLT NOAOC (6EPMUKAALHDIE NOAOCH OM-
CUUMBIBAIOMNCHA OE3 YHENA CAMO20 AEB020 CMOAOUA,).

Hecnoxuo mpoBepuTh, uTo (bpakTagbHas 3Be3HAS MATPHUIA 0071a73eT
cBOiiCTBaAMHU, KOTOPBIE OYAYT MEPEUNCIEHBI TAJBINE [0 XOIY 9TOT0 Pa3Iesa.
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CsoiicTBo 1. Yucao cmpox 6o dpaxmanrvroti 36e301ot mampuye My, pas-
1o q".

Hoxaszameavemeso. Croeslyer 10 MHAYKIANA W3 PEKYPCUBHOTO OIPEIeJIEHUsT

dpaxTaIa. O

CsoiicTBo 2. Yucao cmoabuyos 6o dpaxmanvroti seesdnoti mampuue My,
gr=1

pasho L.

JHoxazamesvcmeo. Nunyknma mo m. Ilpu m = 0 uucno cronbios pasBHO
¢°~1
q—1
M YKCJIO CTOJIOIOB 110 OnpejeneHnio ppakTaaibHOi MaTpuibl pasio 1 + ¢ -
qm—l_l . qm_l

qg—1 — qg-1

= 0. Illyctn yTBepxkpenmne Bepuo mpu m — 1. Torga mnaa mapaMerpa

, 9T0 1 TpeboBajIOCh J0KA3ATh. O

CsoiicTBo 3. Ppaxmanvnas szeezduas mampuya My, 3adaem pasbuenue
)/(a—1)

m__q .
Ha ¢ nodkybos pasmepHocmu qq_l —m KaoHcOul.

eunepkyba qum -

Hoxazameavcmeo. HemocpencTBeHHO caeyeT O WHAVKIINY W3 33JIaHN pPe-
KYPCUBHOM KOHCTPYKINU MaTPHILI My . [l

Habuitogenue 1. @paxmaavraa 3630008 MAMPUYG TIOCAE BCMABKY 6 HEE
cmoabuyo6 u3 00HUT 36e300uer 00 06WE20 KOAUHECMEA CMOADU08, PAEHOZ0
N, NPEBPOUWAETNCA 6 36E30HYI0 MAMPUYY PA3OUECHUA, NOAYUAIOULYIOCH NOCAC-
dosameavrocmsio paspesos, npedcmassernot 60 smopol wacmu pasdeaa 3
0AA JOKA3AMENLCNEA ACUMNMOMUYECKOT HudcHel ouenky (3).

CsoiicTtBo 4. Yucao passuunvix Heynopadowennvix pasbuerut, 3adasaemoix
PPaxMasLHBMUY MAMPUUAGMU C NEPAMEMPAMU ¢ U M, PAEHO 6 TMOYHOCIU

qa"—1Y)

T )
Joxasameavcmeo. Mbr yxke ormerwiu B 3aMedanuu 1, 9TO MEPECTAHOBKA
CTPOK He JTaeT HOBOIO HEYTOPSA0UeHHOT0 pa3buenus. B cBoticTe 2 MbI ycTa-
HOBWJTH, 9TO BO (PPAKTATBLHON MATPUTIE C YKA3AHHBIMYU HAPAMETPAMEI B TOU-

m
-1
HOCTH qq,l cronbros. To, uTo BCe TTepecTAHOBKM CTOJIDIIOB [AIOT Pa3HBIE

pasbuenust runepkKyba, MOKHO IMOHSITH M3 00IyMBIBAHNS IIPOIIECCA, PA3PE30B
runepkyba, onucaHHOro BO BTOPOIl dacTu pasiena 3, a MOXKHO BOCIIOIB30-
BaThCH MHIYKTHUBHOM TPOIENypoiil nocTpoerus (hpakTasa. JleiicTBUuTebHO,
OYCTh YTBep:KJIeHNe BepHO JId m — 1, TorJa Ui m UMeeM, ITO TUCIO Pas3-
JINYHBIX pa3bueHuii paBHO

m_1
qm_l' qq—l -1 qul_l | Q_ qm_l |
¢—1 \&pl -1 )) " \q—1)"

9T0 U TpebOBAJIOChH TOKA3aTh. O
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Bynem rosoputh, UTO HO,ZLManI/ILIaG T 3Be3 HON MATPHIIBI SIBJISETCS

mpanchparmanom, ecin oHa sB/sercs (BPAKTANOM M BCE IEPECEKAFOIIe-
¢ ¢ nogmarpureit T cTojbIbl 3a mpeaesaMu TOAMATPHUIBI 1 COCTOAT U3
OJTHUX 3BE3JI0UEK.

Ha pucynke 4 depHoit paMKkoii BbIeT€H TpaHChHpaKTa.
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Puc. 4. llpumep TpancdpakTasa BblJIeJ€H YepHOIl paMKOIA.

Yucsio cTpok B TpaHcdpakTaie OYIeM HA3BIBATH PA3MEPOM TPAHCHPAK-
masa. Bxogsituit B coctas TpaHcdpakTaia cToabelr, pa3Mep KOTOPOro COB-
najaeT ¢ pa3sMepoM TpaHcdpakTaia, OyIeM Ha3bIBATH 6e0YULUM CIMOADUOM
TpaHcdpakTasa. 13 onpenenenns dpakranga JErkKo BUAETh, YTO y JIEOHOTO
TpaHcdpakTasa B TOYHOCTH ONUH Beiyiuit crojber. CTepKeHb BeIyIEero
crojibra TpanchpaxTaga OyleM HA3BIBATH TAKKE CMEPHCHEM TNPAHCHPAK-
masa. Ha puc. 4 xpacHbIM BBIJIEJIEH CTEPXKEHb TpaHchpakTasia. Pazmepom
cmepoicna mpanchparmana 6yaeM Ha3bIBATH pazMep TPaHCHPAKTAIA.

Habuitogenue 2. Bee wucaogbie aaemenimos mpanchparmana nokpueaomes
HENEPECERAIOULUMCH 00PAZOM CTNEPIHCHEM SedYULe20 cMOosbUua U q mparchpat-
MAAAMU MEHDBUWEZO PAIMEDG.

Hoxasameavcmeso. 1lo nocrpoenuto ppaxTalia. (]

Habuitogenue 3. Kaowcdoili cmoabey paxmana asasemcs 6edyuyum cmonb-
YOM HEKOMOPOo20 MPAHCPHPAKmana.

Hoxasameavcmeso. 1lo nocrpoenuto ppaxTalia. O

Jlemma 4. Ilycmov 6 ssesdnol mampuye M pasbuenus eunepryba Z; na
nodkybvl 0dunakosot pasmeprocmu ecmbv nodmampuys 1, AGAAOWAACH
mpancpparmanom. Toeda sce nepecexarwueca ¢ nodmampuyetd T cmporu
3a npedesamu, nodmampuyvt T noanocmsro cosnadaiom kax cmpoxu.

GCTpOKI/I ¥ CTOJIOIHI TIOIMATPUITHI B MCXOJHON MaTpUIE He 00si3aHBI WATH TIOAP, Ha,
HEKOTOPBIX TOCTEAYIONNX PUCYHKAX CTPOKH W CTOJIOIBI IIOMATPHITHI H300paKeHbl B HC-
XOHO! MATPHUIE UAYIIUMI HOAPS] UCKIIOYUTEHHO [UId yI100CTBA BOCIIPAATHS.

7E(:TeCTBeHHo, MBI CUMTAEM, 9TO y TpPaHCHPAKTaJIa MapaMeTp ¢ TaKOH ke, KaK U y
COZIEpKAIeil ero 3Be3IHON MaTPUIIHL.
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Joxazamesavcmeo. JlokazarenbCTBO MHAYKIMEN 110 pa3mepy TpancdpakrTa-
aa. Ilo ceoiicrey 1 dpaxrasa pazmep TpaHcPpaKTaia €CTh CTEHEHb TUC/IA
q.

IIycts pasmep tpaucdpakrana T pasen ¢. Torma mo jiemme 2 Bemyrumit
cronber; ¢ Tpancdpakrana T COLEPKHUT KAXKI0E UHCIO U3 Z, poBHO OnVH
pa3. Pacemorpum crosibert S, Jjiexxamuii 3a npejenamu Tpancdpakraita 1.
Ilo semMe 3 pasMep HEPEKPBITHSI CTOJIOLOB § U ¢ JIOJIKEH JeIUTHCS HA (.
Buagut, ou win 0, wiu q. Eciiv pasmep nepekpoitusi pager 0, To B CTpoO-
Kax moaMaTpunnl 1T’ B ¢ToJIONe § CTOAT ONHM 3BE3JI0UKHU, U, 3HAUUT, BCE Ta-
KHe CTPOKHU B cTojbie § copmagaror. IlycTh pasMep mepekphiTHs CTOJIOIOB
§ut paBeH ¢, T. €. B CTPOKAxX HOAMATPHUIELl I B CTOJONE § CTOST TOJb-
KO uncia. llpeamnosoKmM, B 9TOM HEPEKPBITHH B CTOI0IE § HallayTcs IBa
Pa3HBIX YUCJIOBBIX 3HAUCHUA: My s 7 Myy,s. MBI y2Ke KOHCTATHPOBAJIH, 9TO
Myt 7 Moy t, TOITOMY MOYKHO IO0OPaTh MEPECTaHOBKY T € Sy TaK, UTO-
OBl BBIIOTHAIOCE (M ¢ + T(Myy s)) (mod q) = (Myy ¢ + (M, 5)) (mod gq),
HALPUMED, HOTOKUB T (M 5) = My t, T(Myy,s) = My . OJIHAKO 3TO Cpasy
JKe IPUBOAUT K TTPOTHBOPEYHIO C YTBEPKAeHUEM JieMMbl 3. CrieoBaTeIbHO,
OKa3aJIOCh HEBEPHBIM TPEANOJJIO?KEHNE O ABYX PA3HBIX YNCJTOBBIX 3HAYEHUAX
B CTOJIOIE § B €ro MepeKphITHI co cToa6IoM t. T109TOMY BCe CTPOKH TpamHC-
dpakraaa 1T B crosbie S coBrnajgaior. B kagecTse cro/bia § MOXKHO ObLIO
B34Th J11000# crosiber] 3a npemenavu TpancdpakTansa 1, mMO3ITOMY yTBEp-
JKJIEHWE JIeMMbl 0Ka3aHO i Tpancdpaktana T ¢ 9ucaoM CTPOK ¢, ITO
COCTaBJIgeT OCHOBAHWE WHIAYKIINN.

Jlokaykem Tereph WHAYKTUBHBIN mepexon. IlycTh yTBep)KieHwe JIeMMBbI
Bepo a1 TpancdpakTatos pasmepa ¢l L. Pacemorpum Tpancdpakran ¢ ¢
crpokamu. I1o crpoenuto dbpakrasa (cBoiicTso 1) u emme 2 Bepymuii ¢TosI-
6er ¢ Tpancdpakrasa CONEPKUT KazKI0e 3HAUCHUE M3 Z, poBHO ¢! pas.
Tem cambiM TpamcdpakTaa 1 pa3zdmBaeTcs Ha ¢ TOJOC ¢ OANHAKOBBIM 3Ha-
genneM B crosibie ¢ BHYTPH Kaszk10ii mostockl. 1o crpoenio TpancdpakTaia
B KayKJI0U M3 T0JI0C €CTh BEAYIIHii cTOIOeIl pa3zmMepa ql*1 MEHBITIETO TPAHC-
dpakrana. Orcoga M0 WHIYKTUBHOMY TPEITIOM0KEHUIO I KAk 10 u3 ¢
MOJIOC BCE CTPOKU 3TOMH TIOJIOCHI COBIAMANT 33 MperesaMu TpaHchpakTaia
T. PaccMoTpuM OpoOM3BOALHBIA cTOIOEI §, JIesKAIIWil 32 [PEIeIOM TPAHC-
dpakrana T. VI3 cka3aHHOrO BHIIE, BHYTPU KaXK 0 W3 ¢ MOJIOC B CTOJIOTE §
HAXOJNUTCS OJIMH M TOT 2Ke 7eMeHT (4uCa0 mim 38e37049ka). OTcona Kax jas
napa 9JeMEHTOB (Mg, My s) B ¢' crpokax Tpanchpaxrara T maybaupyercs
o ¢! paz. Bocmomssyemcs memmoit 3. Crpymmmpyem ¢! coBmagaomnmmx
3HadMennil B CToa0uax ¢ u § B KaK/0il 10JI0CE B OHO 3HAMEHHE. DTO He Ha-
pymmT pe3yabTaT daHaAJIN3a YTBEPXKICHUA JICMMBbI 3 OPUMEHUTEJBHO K 9YNCITY
COBITAIAIONINX 3HAYEHUN CYMM 110 MOIYJIIO ¢. Takum 00pa3oM, MBI TIEPEITLIn
K JBYM CTOJIOI[AM BBICOTBHI ¢ KaXKJIbIH, J/Isi KOTOPBIX MOXKHO TOBTOPHUTDH PaC-
CyzxKJaeHusd m3 A0Ka3aTC/JIbCTBa OCHOBAHMA WHAYKIWU ,Z[OKaSbIBaeMOIU/I HaMHn
aeMMbl. TeM caMBIM MBI TTOKa3bIBAEM, UTO BCE CTPOKM TpaHcdparTaaa 1T’ B
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crojibe § coBmaaoT. B cuiy npousBosibHOCTH BbIOOpa CTOJIONA § 3a mpe-
nesqavu Tpancdpakraaa T Mbl 10KA3a/M MHYKTUBHBIN [I€PEX0/l, & C HUM U
BCIO JIEMMY. ([l

Caencreue 1. ITycmo t — cmonbey, 6x0dauuti 6 cocmas MpancHparmaia
T, a § — cmoabey, enewnuti no omuowenuto k T. Tozda cmoabuyw t u § aubo
HE NePeRpueaomcs, Aubo cmoibey, t noxpueaemcs cmoibuom 5, npudem
6 nocaednem cayuae Kaxrcdoe wucao cmoabua t aescum 6 odnoti cmpoke ¢
OOHUM U MEM HCE MUCAOM 4 8 COAOUE §.

5 Omepamusa B3pbIBa 3BE€3IHOII MaTPUITHI

Beejsiem oreparuio B3pbiBa 3Be3HON MaTpuiibl. Onepanuio omnpejessgem
TOJTBKO JIJTST 3BE3IHBIX MATpUTl A-TPUMUTHUBHBIX pas3buenuit Ha moaKyonl o/1u-
HaKOBOHM Pa3MEepPHOCTU.

Ilycte M — 3Besanast MaTpuiia A-MPUMUTUBHOTO Pa3bUeHUs HA MTOIKY-
OBl OMHAKOBON pasMepHOCTH. Beibupaem crosberr i ¥ 3HAYEHUE a U3 Z,.
OcyItmecTBiisieM CeYIONNe TeHCTBUS.

e 1. YoansgeMm croaberr i

e 2. ViajsieM BCe CTPOKHU, B KOTOPBIX B CTOJIOIE ZHaXO,ZLI/I.HOCb YKCJIOBOE
3HAYEHUE, OTJIUIHOE OT G.

e 3. Kaxkyio u3 CTpOK, B KOTOPBIX B CTOJIOIE i HAXOMIIOCH IHCI0BOE
3HaYEHUE a, IyOJupyeM J0 ¢ OAWHAKOBLIX CTPOK.

e 4. Jlna Kaxkaol u3 06paz0oBaBIINXCA MOJOC U3 ¢ OAWHAKOBLIX CTPOK
NPUIUCLIBAEM K MATPHUIIE CTOIOEI, B KOTOPOM 33 MPEIeIaMH OJI0CHI
OJTHH 3BE30YKH, & B IIPEJeIaX MOJIOCH — KaxKI0€ YNCI0BOE SHATCHUE
II0 OIHOMY paszy.

e 5. Ecam B MaTpuiie ecrb CTOJOIBI U3 OMHUX 3BE3J0YEK, TO YIAJIIEM
uX.

Onucannast mOCTEI0BATETLHOCTD JEHCTBUI OTIPEeIesiaeT Onepatuto 63poi-
¢a® 3Be3anoit Marpuisl M. Muorma Mbr mis yI0OCTBA BMECTO B3PBIBA, MAT-
puiibl OyJeM TOBOPUTH O B3PbIBE CTOJIOIA Z, [oJIpa3yMeBas Te YKe CaMble
Jencreud.

Ecnu i-it cTonber comepakan kg wucesa, TO TIPU €ro B3PbIBE W3 MATPHUIIEI
yraanmaoch k(g — 1) ¢Tpok, HO CTOJBKO Ke ¥ J0OABUIOCH 3a CUeT AyOIupo-
BaHUs, TTO3TOMY 00ITee TUCJIO CTPOK OCTAJIOCh TeM Ke. B cTpokax co 3Bes-
JIOYKAMHU B 4-M CTOJIOIE YUCET HE YAAJIMIOCh U HE MOSIBJSIIOCh, & B CTPOKAX,
[OOJIYIUBIIUXCA U3 CTPOKU € YHCJIOM @ B i-M CTOJIOIE, 9TO 9HUCJIO @ UCIE3-
JIo, HO 0GABUIOCH YUCJIO BO BHOBBL npunucanHoM crojbie. Takum o6pazom,
obIriee KOJTUYECTBO YUCET BO BCEX CTPOKAX OCTAJOCH OJIMHAKOBBIM M TAKUM
ke, kKak B marpurie M. HecnoxkHo BUI€TH, 9TO JIOOBIE JIBE CTPOKH TTOJTY YU B-
eficsi MaTpHIThl OYJIYT COAEPXKATH PA3HBIE YUCIA XOTs Obl B OJHOM CTOJIOIE

8TepMI/IH «B3PBIB» JIJIST OTTMCAHHOTO TIPOIIECCA MPEICTABISIETCST HaM TOYHBIM. JleficTBI-
TeJIbHO, TPYU B3PbIBE YHUYTOXKAIOTCS HEKOTOPBIE CTOJIOIBI M CTPOKH, €lle YaCTh CTPOK
pacuiernyigercd, & KyCKA UX COAEPKUMOT0 yJaeTaioT B CTOPOHY.
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— npobJIEMBI 110 XOJY BO3HUKAJWA TOJBKO € JyDJUDPYIOMIMMUCS CTPOKAMH,
HO OHU IIOJIYYUWJIM PA3J/JIMYHBIC YUC/I0BbIEC 3HAYEHUA BO BHOBL IIPUITMCAHHOM
crosibie. Hakomerr, B ciIy mMocaeaHell OMepanny B MATPHUIE He OYIET CTOI0-
[IOB W3 OJHUX 3Be3/0ueK. Takum 0b6pa3oM, B pe3yabTaTe B3PHIBA TOTYIUTCS
A-TpuMUTHBHAS 3BE3/THAST MATPHUITA, SIBJISTIOIIASICS MATpHIled pasbuenns Ha
TaKoe K€ YUCJI0 TOIKyOOB OIMHAKOBOM Pa3MEPHOCTH, 9TO U UCXOHAA MaT-
punia M. OaHako 9uc/io cToabI0B B MATPHUIE MOYXKET U3MEHUTHCS.

Omnumrem HEDOPMAIBHO, 9TO IPOUCXOIUT PHU B3pHIBe ¢ paszdbuenuem. CHa-
gasia PaKTUIECKH TPOUCXOJUT YAAJEHUE U3 TPOCTPAHCTBA - KOODIUHATHI.
Ocrarorcs TOJIBKO Te HAbDOPBbI, KOTOPBIe UMEU YNUCI0BOE 3HAUYEHWE @ B i-if
komtioHeHTe. I1pu 9T0M eciiu 3B€3HBIH ATTEPH MOIKYOa COleprKaJl 3BE3/0Y-
Ky B -l KOMIIOHEHTE, TO Pa3MEPHOCTh T0/IKyHa yMeHbITaeTcs Ha 1; moaKyObI
€ YUCJIOBBIM 3HAYEHUEM B i-if KOMIIOHEHTE, OTJIMYHBIM OT G, TIOJIHOCTBIO TIPO-
[aJa0T; NOJAKYObl C YMCJIOBBIM 3HAYEHUEM B i-ii KOMIOHEHTE, PABHbIM @,
[IOJTHOCTBIO ocTarorcsd. Takum obpa3oMm, B pazdbueHnn OKa3bIBAIOTCS TTOIKYObI
Pa3HBIX Pa3MEpPHOCTeH, KOTOpble MOryT oT/indarbcd Ha 1. OjHAKO npunu-
ChIBaHUE€ HOBBIX CTOH6HOB BHOBL YPaBHUBAECT PA3SMEPHOCTU — K 3BE3THLIM
IaTTEePpHAM MEHBIITNX HO,Z[KY6OB TPUTINCHIBAIOTCA OAHW 3BE3J0YKU, N KarK-
Jas Takas 3BE30UKA YBEIUUNBAET PA3MEPHOCTh Ha 1, a K 3BE3HBIM MMaT-
TepHAM OOBITTUX TOAKYDOB OMH Pa3 MPUNAINIETCT YUCI0 — W 38 CIET ITOTO
Pa3sMepHOCTH YPABHAKOTCH.

IMpusesem npumep B3pbiBa 3BE3HON MaTpuribl. llporecc B3pwIBa Mpes-
CTaBJIeH Ha pHUC. 5.
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Puc. 5. llpumep B3pLIBa 3BE3IHON MATPHITH.

s mpuMepa MBI B3siin MaTpuily w3 crateun Pusecta [7]. 3gecs ¢ = 2.
BspriBaem JieBrrit crosber co 3uadennem 0. B3opBauusbiit cTosber yaaasercs
3 MATPUITLL; YIATIIOTCT TaKKe 2-, 4-9 U 5-91 CTPOKM, KaK MMEOTIe BO B30-
pPBaHHOM CTOJIDIIE YMCIOBBIE 3HAUEHUsI, oTyinaHbie 0T 0; B TO Ke BpeMms 1-s,
6-g 1 8-s1 CTPOKM, KAK MMEIOIHe BO B30pBaHHOM cToj01e 0, PACIIEISTIOTCS
Ha JIBE KaK/ias, MOoCe Tero g KayKI0H mapbl KIOHUPOBAHHBIX CTPOK CIIPa-
Ba MPUIIUCHIBAEM CBOII cT0oJi0el], B KOTOPOM B CTPOKAX U3 3TOH Hapbl CTOAT
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no pasy suauenusi u3 Zo (1. e. 0 u 1), a B OCTAJIbHBIX CTPOKAX 3BE3/I0YUKH.
Takum 06pa3oM, BCEro LPUIUCAHO TPU HOBbIX ¢10160a. CToabU0oB U3 OJHUX
3BE370YEK B PE3y/IbTaTe B3PhIBA HE MOMYUMIOCH, IOITOMY HHUUYEro OOJbIme
VIAJSITh HE HAIO.

Tloyunprytocst B pe3yabTaTe B3PbIBa 3BE3THYI0 MATPUILY B30PBEM CHOBA.
IIpomecc moBTOpHOTO B3pBLIBA TpECTaBIEH Ha pUC. 6.

100 % % 00— 01 % % % 0 % $01 % %0 %
11%x%x0 % T+t * 01 % % x 1 % £ 01 % %1%
11*x%x1*x = Tttt = 11*xx*xx%x0 =— 11s%x%xx0
011 % % 11 %% %< 11 %4k xx%1 11 % %% %1
*01*xx%x0 01x*xx%0 01 %% 0x%xx 01 %0 % % %
* 01 *x%x1 01=x*=x1 01 %% 1% x*x 01 %1 % % %

Puc. 6. lloBTopHBIil B3PHIB.

BroBb B3pBIBaeM JieBblil cTosiber co 3uadenueM (. Baopsannbiit crosberr
yIAJAeTCs U3 MATPUIIBI; VIAJIAIOTC TaKKe 3-41, 4-9 U 5-9 CTPOKHU, KaK NMe-
FOIIIE BO B30OPBAHHOM CTOJIDIIE YUC/IOBBIE 3HAUEHUS, OTyindHble OT (; B TO Ke
BpeMst 1-s1, 2-g u 6-s1 CTPOKHM, KAK UMEIIKe BO B3opBaHHOM cToJidie 0, pac-
MIETTATOTCA Ha JIBE, TOCe HUero s KayK 10l mapbl KJIOHWPOBAHHBIX CTPOK
cIpaBa IPUINCBLIBAEM CBOIl CTOJIOEI], B KOTOPOM B CTPOKAX W3 ITOI IMaphI
CTOAT 10 pa3y 3HadeHust w3 Zy (1. e. 0 u 1), a B OCTATBHBIX CTPOKAX 3BE3-
nouku. Takum oOpa3oM, BCEro NMPUIIMCAHO TPU HOBBIX cToJibna. [Ipu srom
obpazoBaJics cToJI0el] U3 OJHUX 3BE3JI09eK — yIajisdeM ero U3 MaTPUIIb.

Ecnn nmpurnanerbesa, To MOXKHO 3aMeTUTD, YTO TOJYIUBIIASCT 8 X 7 MaT-
puna gBiagerca ppakTaabaoit. Kak Mbl moliMem B JabHENIEeM, 9TO HE CIy-
YanHO.

6 Hepacmupsiemble 3Be3THbIE MATPUIIBI

3Be3IHYI0 MATPUITY A-TTPUMUTHBHOTO PA3OUEHHs HA MOAKYOHI OMTMHAKOBON
Pa3MEPHOCTH HAZ0BEM PacuLupAemol, eClri TPU HEKOTOPOM B3pbIBE KOJMde-
cTBO CTOJNOIOB B Hell yBenumauBaercs. COOTBETCTBEHHO, 3BE3JIHYI0 MATPHUILY
A-TpuMuUTHBHOTO pa3bueHusT Ha TOAKYOBI OMHAKOBOM pasMEpHOCTH HA30-
BEM HEPACUUPAEMOT, €CIU KOJIUIECTBO CTOJIOIOB B HEll HE YBEJIUYUBAETCS
upu Ji060M B3DHIBE.

B sToM pazjesie Mbl IIOKaXKeM, YTO HEPACIHIUPSAEMbIMU SIBJISIOTCS TOJBKO
dparTaTbHbIE MATPHIIHI.

Jlemma 5. Ilycms A-npumumuenan zeesduas mampuya M pasbuenus 2u-
nepkyba Zyg na nodkybv. 00uHaK060l pPasMEPHOCTU ABAAETNCA HEPACULUDA-
emoti. Tozda ecaxuill ee cmoabey, umeem pa3mep, PASHHILT CMENEHU YUCAGL
q, U CMEPICEHb IMO20 CMOABUG ABAAETNCA CMEPNHCHEM BEOYUEL20 CMOAOUG
HEKOMOPO20 MPAHCHPAKMANa.
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Zoxasameavcmeo. B arobom cronbite maTputibl M mo gemMme 2 KaxKa0e Junc-
JIO BCTPEYAETCS OJHO M TO KE KOJAMYECTBO PA3, MOITOMY pasmep JHb0ro
crosbia nMmeer Bund kq. IlpoBemem mokaszaTenbcTBO mHAyKImeid mo k. Ilpm
k = 1 crepxkenb cTOJOIA CaM SIBJISETCS TpaHCHPAKTATIOM, UTO TaeT Oazy
muaayknn. JlokaykeM WHAYKTHBHBIN mepexoj. PaccmoTpum crosibert § pas-
Mepa kq. llo nHAYKTUBHOMY MPEJITOJ0KEHNIO I BCEX CTOJIOIIOB MEHBIIIErO
pasMepa yTBEp:KICHIE JEMMBI 5 BBITIOJIHEHO, TOKAXKEM ero Jjs CToJbIa, §.

OcyrtecteuM B3phIB cTos1011a S npu 3Hadernn 0. [lo onpenenennto B3pbIBa
M3 MATPUILI YIAJIUTCA cToJIOer § U no6aBdarcs k HOBBLIX CTOJOIOB 3a CUET
pacIIeIIeHus CTPOK TOJIOCH! Ry, COCTOsINel U3 BCeX CTPOK MaTpuilbl M,
nMesiux 3uadenne 0 B cronbie S. Taxkke, BO3MOXKHO, yIaIUTCs HEKOTOPOE
KOJIMYECTBO CTOJIOIOB, KOTODBIE CTAHYT COCTOSTh U3 OJIHUX 3Be3yodek. Ore-
HUM KOJIHIECTBO TaKUX CTOJIONOB (CM. puc. 7).

Iycrs B crosbme ¢ Marpuisl M Bce WHCIA MPOMATIAIOT IPH B3phiBe. 13
OTIpeIeTICHIsT B3PbIBA JETKO BHIETH, UTO CTONOEI] ¢ JOMKEH MOKPBIBATHCS
CTOJBIOM §, TIPIYeM CTPOKH C YHCIAME CTOJIONA § He MOTYT MMETh PA3HBIX
quces B cToJibIe § mo JieMMe 4, TTOCKOBKY [0 UHAYKTUBHOMY TTPEJIITOI0Ke-
HEIO CTONOEI] § SIBISETCS BEAYIIM CTOIOIOM HEKOTOPOTo TpaHcdhpaKTasIa,
a cToaber] § o OTHOIIEHWIO K 9TOMY TPAHCQPPAKTATY SBISIETCS BHEITHUM.
I109TOMY CTepsKeHDb CTOIOMA § JO/KEH HAXOINTHCS B OJHOH U3 ¢ — 1 moJoc
R; pasmepa k, rne i-d 10J10Ca COCTOUT U3 BeexX Kk CTpOK MarTpuilbl M, nme-
FOIUX 3HaYeHnne i B crojbmne §, ¢ = 1,...,k — 1. Pacemorpum mosocy R;
U CpeIu BCEX JIEYKAIUX B Hell crep:kHell cToibI1I0B BhIbEpEM MaKCHUMAaJIbHOE
[0 BKJIFOUEHHUIO MHOXKECTBO 1; TaKuX CTepKHeil cTosbiioB, KOTOphIE HE TI0-
KPBIBAIOTCS JIDYTUMU TakKuUMU crepxkuaMu. 1lo ycimopuio BbiGopa, cTepKHU
u3 T; 9BASIOTCS CTEPKHIMU BEIYIIUX CTOJIOIIOB MOMAPHO HE COEPIKAIIUXCS
apyr B apyre Tpancdpaxkraios. CienoBaTesnbHO, 0 CJAEICTBUIO 1 CTepKHU
u3 T momapHo He nepekpoiBaiorTcd. [lycTs nx pasmepnt ecth [ 1, ..., 1 p,. 13
TOTaPHOTO HEMEPEKPBIBAHUS CIEAYET, 9TO

Zz” < (4)

Ilo uHIYKTUBHOMY TIPEIIOIOKEHUIO BCE CTEPKHN U3 T; UMEIOT pa3Mep, pas-
HBIIl CTENEHUW YNUCJIa ¢, U SBJFIOTCH CTEPKHIAMU BEIYIIUX CTOJIOIOB HEKOTO-
PBIX TpaHC(hPAKTAIOB, BCe CTOJDIBI KOTOPBIX TAKKE MPOMAIYT IPU B3PBIBE.
Yucsio cTosibiioB B TpancdpakTasie Mbl 3HAEM M3 ONpejeneHnil Tpancdpak-
rajga, dpaxrana u csoiicrsa 2. Ilosromy uncio N cTosbioB, KOTOpbIE TPH
B3pbIBE OYIyT yIAJCHBI U3 MATPHUIIBI, MOYKHO OIEHWUTDH, YIUTHIBast (4), Kak

q—1 p; logq i _1 q—1 ];l,] —Pi

i=1 j=1 i=1
(5)
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s
* * * * *
* * * * *
* * * * *
0 * * * *
Ro k
0 * * * *
*
1 Dll,l % * *
Ry k ; : : :
*
1 . D ll,pl * *
qu—l 1
qg—1 * * ;
Rq—l k
_ *
q—1 * * D lg—1,pg_1
T
B3PHIB ()

Puc. 7. UnmiocTpamnus K J0Ka3aTeIbCTBY JEMMBI 5.

npuyeM u3 HepaseHCTBa B (5) J1erko Bujerb, uro pasencrso N = k moxer
JIOCTUIAThCH, TOABKO ecyu Bce p; = lusce l;1 =k, i=1,...,¢—1, 1. e. Ko-
/18 BCE MHOXKECTBa T; COCTOST U3 OJHOTO CTEPKHS, pa3sMep KOTOPOTO PaBeH
YUCTy CTPOK B mosioce R;. OcytmecTsiisis B3PBIB cTOJONA § O 3HAUEHHEM 1,
moJIydaeM Takoe Ke TpeboBaHue NI ToJIockl .

Orcrona ciiesiyer, 9To 9uca0 cToa010B B MaTpuiie M He YBEIUUUTCS [IpH
HEKOTOPOM B3pBIBE CTOJIONA §, TOMBLKO €CJIN CTOJOEI § SIBIISIETCS BEAYIIIM
crobroM TpancdpakTaia u ero paszmep kg ecTb creneHnb ducia q. Tem ca-
MBIM 3aBEPIIEHO JI0KA3aTEJBCTBO UHAYKTUBHOTO MEPEXOIA. O

Caencrsue 2. [lycmo mampuya M asasemca nepacwupaemoti. Toeda mam-
puya M asasemca dpaxmanvrol mampuyed.
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Zoxasameavcmeo. Tlo memme 5 kaxkapiit crosiber; Mmarpuitbl M aBiserca Be-
JYIIUM CTOJIOIOM HEKOTOPOro TpancdpakTaia. Ilpeanonoxny, 900 B MaT-
putie M ecTsb 1Ba cToNOMA t] U T, He MOKPLIBAIOIINECS IPYT APYTOM I HIKA-
KEMH JApyrumu crosomamm. Torma mo crencrsmio 1 cTobmst i) u iy He mepe-
KPBIBAIOTCs. BOBBMEM CTPOKY 7 ¢ 9HCIOM B CTOJIONE ¢ M BO3EMEM CTPOKY
7 ¢ amucsoM B cTosI6me To. W3 ompemesnenns TpancdpakTana U CaeacTsus 1
BBITEKAET, UTO CTPOKH 7] U 7o HE UMEIOT CTOJ0IIA, B KOTOPOM B 9THX CTPOKAX
CTOST pa3HBIE UUCJIA (I];eI/ICTBI/ITeJIbHO ecam Tagoit cTosibert § HAlIeTCsT, TO
OH HE€ BJIO2KEH HU B tl, HU B t27 a HOSTOMy ABJIAETCA BHEIITHUM 110 OTHOIIIEHUWID
K TpaHc(paKTaj aM, B KOTOPBIX t1 u tg ABJIAIOTCS BEJTy MU CTOIOIAMU, HO
TOrAA O CjaeacTBuio 1 u crosbernn t1, u crojberr {5 BJIOIKEHDI B §, 4T0 HpOTU-
BOPEUYUT HAIIEMY PEANO/I0KeHnt0). Takum 06pasom, Mbl IOy UM TPOTH-
BOpeure ¢ jJeMMoil 1 n Cae/TaHHBIM TPEAIOI0KEHNEM O HAJTUIUN CTOJIONOB
t, u to.

Bmaunt, B Marpuie M ecTh cTONGer {1, TOKPHIBAONINIT BCE OCTATBHBIE
cronbusl. Torma croberr {) JOMKEH COTEPIKATD YNCIA BO BCEX CTPOKAX, TIO-
TOMY YTO €CJTM OH COJIEPKUT 3BE30YKY B HEKOTOPO# CTPOKE T, TO, BBUIY
orcyTcTBEs B M CTPOKH U3 OJHHUX 3BE3I0YEK, HAIIETCS CTOMOEI fy ¢ dnc-
JIOM B CTPOKE T, HO TOTJa CTOJOEI ty He TOKPBIBAETCS CTOJONOM ti, 9TO
OPOTHBOPEYIUT CETAHHOMY BBIIIE YTBEPIK ICHHIO. Taxum o6pa30M crojberr
£ COMEPIKHUT HNCIA BO BCEX CTPOKAX M, CJIEIOBATENLHO, CTOIOEIL t] SBIISETCS
BEJIYIIIUM CTOJIOIOM Beeit MaTpuiisl M, KOTOpasi, B CBOIO OUYEDE/lb, SBJISETCS
(dpaKTaIBHON MaTpHIIEH. O

Habuoaenue 4. Ppaxmasdvhas Mampuya AGAAEMCA HEPACUUDACMOT.

Hoxazameavbemeo. ITOT (PaKT MOKHO MPOCTEAUTD TI0 TOKA3ATETHCTBY JeM-
Mbl 5. Brupouem, menats 3T0 He 00s13aTEIBHO, TOCKOJBKY Jtobast apyras
MaTpuiia, KpoMe (ppakTaJbHON, TI0 CAEACTBUI0 2 SIBJIAETCS PACITUPAEMOii, a
HEPACIIUPSIEMble MATPHUIILI CYIIECTBOBATE JOJIXKHBI BBUJIY OI'DAHUYEHHOCTH
mo Teopeme 1 gmcia ¢TONGIOB B A-TIPUMATHBHBIX MATPHUITAX TPH (QUKCHPO-
BAHHBIX ¢ U M. O

7 TI';maBHBIE TEOpPEMBI

Teopema 7. Hmerom mecmo mourvie 3HaNeHUA

Ncoord(m) _ qm - 1, CCoord* qm - 1’m _ qm -1 I

Hoxasameavemeso. Boitekaer u3 ciencrsusa 2, nabironenus 4 u cBoilcTBa

4. (]

Acnmnroruaeckas dopmysia (2), BelncanHast B TeopeMe 6, BEITEKAeT 13
TeopeM 3 u 7.

Caeancrsue 3. [lycmov ¢, m — durcuposannoie Hamypasvroe wucaa, q > 1.
- n
Tozda npumn — 0o wucao pasbuenut euneprkyba Zg na nodkybvl pasmeprocmu

gMm—1

HE MEHEE 1L — 1N ACUMTITNOTNUMECKU PABHO T g-1
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oxazameavcmeo. Jlnsa aucia pazbuenuil Ha nogaKyObl Pa3MEpPHOCTH HE Me-
Hee M — M, 09eBUAHO, cupaseymBa dhopmysa, anagorudnas (opmyse (1),
T. €. BOIIPOC CBOINUTCS K HAXOXKIEHUIO MAKCHMAJILHOTO UMCIA CTOJIOIOB B A-
OPUMHUTHBHBIX MATPHUIIAX, COTEPKAIINX B KaXKI0#M CTpoke He OoJiee m amc-
JIOBBIX 3Hadennit. OQHAKO eC/IN KAaKasdg-TO CTPOKA, COAEPKUT MEHee 1 INUCI0-
BBIX 3HAUEHMH, TO COOTBETCTBYIONINN TOIKYD MOXKHO PACIIEHTH IO HOBOIt
KOOpAnHATe Ha TOIKYOLI MEHBIIEH PasMepHOCTH, aHAJIOTIIHO TOMY, KaK Je-
JIAJIOCH TI0 XOJy OIIEPAIlNH B3PLIBA, YTO HPUBOANT K YBEAHYEHUIO CTOJIOIIOB
Marpuilsl. 1losToMy MakCHMaJIbLHOE YHUCJIO CTOJIOIIOB MOXKET OLITH JOCTUTHY-
TO TOJBKO Ha MaTPHIE, COIepzKaIieil pOBHO 1M YHCE] B KaXKI0i CTPOKE, T. €.
Ha MaTpuie A-IPUMHTHBHOrO pa3bueHus Ha MOAKYOLI Pa3MEpPHOCTH 1 — M
KaK OBl O

8 3akJjroueHne

Jlrobast 3Be3qHasd MATPUIA, 38 UCKJIOYeHneM (ppakrasa, IPpu HEKOTOPOM
B3pBIBE PACITUPAETCs, a (PPAKTAJ 0CTAeTCsT (DPAKTATIOM TIPH JOOOM B3DBIBE.

Any star matrix, excepting a fractal, expands under some bang, whereas
a fractal remains to be a fractal under any bang.
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