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Abstract: We prove that the number of partitions of the hypercube
Z; into ¢™ subcubes of dimension n —m each for fixed g, m and
growing n is asymptotically equal to n(¢” —1/(@=1)

For the proof, we introduce the operation of the bang of a star
matrix and demonstrate that any star matrix, except for a fractal,
is expandable under some bang, whereas a fractal remains to be a
fractal under any bang.
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1 Bsenenue

IIycts g, m,n — nesble uucaa, ¢ > 2, n > m > 0. [logkybom paszmepHO-
CTH 1 — M B Zg Ha3bIBAETCs TAKOE MOJMHOKECTBO HAOOPOB Zy, y KOTOPOro
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HEKOTOPBIE 11 KOMIIOHEHT (PUKCHPOBAHBI, & KaXKjasl U3 OCTAJbHBIX 1 — M
KOMIIOHEHT IIPOOETaeT BCe BO3MOXKHBIC 3HAYECHUA U3 Zg.

Ipn pasbueruu na nodkybv Kazk aplit HabOp n3 Zy NOJZKEH IOmacTh POBHO
B ojuH 1ojiky6. Paszbuenue Ha mojgkyObl HA3BIBACTCS A2Ue6Ud-NPUMUNUG-
HoLM, M TIPOCTO A-npumumuensvim’, ecn Kazk/ias KOMIOHEHTa 3abHKCH-
poBaHa XOTs ObI B OJHOM U3 IOJAKYOOB pa3OueHus.

Haubosee nzBectna 3ajada 0 pa3dueHun Ha MOAKYObI MAJION pa3MepHO-
cru. Tak, ecau Bce mOJAKyObI pa3buenusi OyjieBa Kyba MMEIOT pPa3MEepHOCTH
1, To 3TN MOAKYOBI SIBJISIOTCA pebpamu, a pa3dueHns Ha3bIBAIOTCA COBEp-
MIEHHBIMU [TAPOCOYETAHUSIMH, U 3aJ1a9a 06 UX JUC/Ie XOpomo u3sectHa. B [1]
paccMaTpUBAIOTCS 3aa9K pa3buenus OyiieBa Kyba Ha MOAKYObI, TPENMYIIe-
CTBEHHO MAaJIbIX Pa3MepPHOCTEN, KOTOPbIE B TOM YHUCJIE MOTYT OBITH Pa3HbIMU
B COCTaBe OJHOTO pa3OMeHusI.

Pasz6uenns Ha mokyOs! (He 06s13aTEILHO OHON PA3MEPHOCTH) € JIOTIOJIHH-
TeJIbHBIM YCJIOBHEM HENPUBOJAMMOCTHU UCCJIE/YIOTCS B CTaThe |2 MoTuBarmei
KOTOPO#1 CTaJIO TO, YTO pa3dbueHus Ha NOJKYObI B JBOMYHOM CJIydae COOTBET-
CTBYIOT HeBBITOTHUMBIM OysteBbiM KH® crermanbmoro suga. 3amMeTnm, 910
paccMaTpUBAOININECS B HaIllell cTaThe pasbMeHnsT Ha MOJKYObl KOpa3MepHO-
cru He Ooutee k, ryie k — KOHCTaHTA, B YIIOMSIHYTOM KOHTEKCTE COOTBETCTBYIOT
HepbInoHUMBbIM KH® crenumaibaoro sujga us 3agadn k-SAT.

Pazbuenusim Ha ogHOMEpHDbIE MOAKYOLI B HE 00513aTE/ILHO JBOUTHOM CJIy-
Jae 1ocBsiena pabora [3|. Pasouenne Ha 1ojky6bl 0uHAKOBOI pa3MepHO-
CTH sIBJIsIeTCs 9acTHBIM caydaeM A(n, ¢, w, t)-1u3aifHOB, BbIparKeHUE YHUCIIA
KOTOPBIX Yepe3 MHOIOMEPHBIE IIEPMAHEHThI PACCMATPUBAJIOCH B [4].

[aBHBIM 1IpejvMeToM u3ydenus B [5] 6puin pasbuenus Ha adduHHbIE 110/1-
[IPOCTPAHCTBA, a sl pa30ueHuil Ha MOJKYObI, SBJISTFOIIUXCS YACTHBIM CJIy-
qaeM paszbumennii Ha addUHHBIE TOAIIPOCTPAHCTBA, JIOKA3AHBI CJIEIYIONINe
YTBEpPKJIeHUsI, OPUEHTUPOBAHHBIE Ha pPa30MeHUst Ha TMOJAKYObI OIMHAKOBOI
GOJIBITION Pa3MEPHOCTH.

Teopema 1. [5] ITyemv g > 2. Jas 1106020 Hamypaavrozo m cywecmesyem
Haumenvwee namypasvroe N, maxoe wmo npu n > N ne cywecmseyem A-
npumumusHolr pasbuenul Zy na ¢™ nodxybos pasmeprocmu n — m.

Breniem cirenyrornie 0603HaMEHMSA:

° Ngoord(m) — HanmMeHbIlee [N U3 TeopeMbl 1;

° cgoord(n, M) — YHUCJIO0 PA3IMYHBIX HEYHOPSJIOUEeHHbIX Pa3OueHuii Zg

Ha ¢ moIKyOOB pasMepHOCTU N — M;

LArnesus B [6] BBEJ 15t 3TOrO IOHSITHS (B GoJee OGIEM ciydae pasbueHus Ha adduH-
HBIE TTOIIPOCTPAHCTBA) TEPMUH «ITPUMUTUBHBII», OJIHAKO UCIOIL30BAHAE ITOTO TEPMUHA
HEOECCIIOPHO, MOCKOJIbKY OH XapaKTEePU3YyeT CKOPee HEKOTOPYIO HEBBIPOXKJIEHHOCTH Pa3-
6uenusi. Kpome Toro, 1oj1o6HOr0 pojia HEBBIPOXKIEHHOCTH Pa30UEHHs MOYXKHO OIIPE/IENISITh
pa3HBIMU CIIOCOOAMU, a CJIOBO «IIPUMUTHBHBIN» B MaTeMaTHKe BOOOIIE Meperpyxeno. B
TO K€ BpeMs JIaBaTh JAPYroii TEPMUH TOXKE IIPEJICTABIIAECTCS HEMPABUJIHLHBIM, [IOITOMY B
[5] 6bLIO TpenIOlKeHO Ha3BIBATH TaKoe pasOueHue NpumMumusHum no Azuesuuy niam A-
NPUMUTNUESHBIM. 3AMETHUM, UTO B [2] ABTOPBI UCIIOJIB30BAJIH JJIs STOTO YK€ IOHSATUS TEPMUH
«tighty, KOTOPBIN TaKKe HE MPEJICTABJIAETCI HAM «TOYHBIM>.
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° Cgoord* (n, m) — 9UCJIO PA3JIMIHBIX HEYTIOPSIOYEHHBIX A-IIPUMUTHBHBIX

pasbuennit Zg Ha ¢ 1101KyOOB pa3sMEpHOCTH T — M.

Teopema 2. [5| Cnpasedausa gopmyaa
Ngoord (m)
d n dx
e’ (n,m) = Z <h> e’ (h,m). (1)
h=m
Teopema 3. [5] ITycmv ¢ um durcuposanvi, n — co. Tozda umeem mecmo

acumMnmomura 4
/ coor:
Cgoord(n’ m) ~C an (m)’

dx* coord
;o cgo" (Nq (m),m)
2de C' = Neoord (m)]

q"—1
qg—1
JICHBI TOYHDIE 3HATCHHS Nsoord(Q) =q+ 1

[1aBHBIM pe3yJIbTaTOM HACTOSIIEH pabOThI SIBJISIETCS CJIE LY IOIasl TeopeMa
6, IOJIHOE JIOKA3ATENHCTBO > KOTOPOii Gy/IeT MOyHdeHo B KOHIE PabOThI Io-
cJle BBeJICHHsI HEOOXOMMBIX IIOHSITUIl U JIOKA3aTeIbCTBA BCIIOMOTATEIbHBIX
YTBEP2KICHUN.

Taxke B [5] HOIyUeHbI OIEHKH

< Neeord(m) < m - ¢™* u yeranos-

Teopema 6. Ilycmv q,m — durcuposartbvie HaMypasvHbie wucaa, ¢ > 1.
Tozda npu n — 0O CNPaBECAUBH ACUMNIMOMUKQ

m_1

c(c]oord(n’ m) ~ nqqfl . (2)

2 3Be3aHble MaTpUIlbl pa3dbueHnii 1 UX CBOMCTBA

36e3dnvLm nammeprom noaKyba runepkyba Zy HasblBaeTcs HaOOP M-
ubl 1 Hag Zg U {*}, rie smemeHTsl Zy COOTBETCTBYIOT 3a(UKCHPOBAHHBIM
KOMIIOHEHTaM, B TO BpeMd KaK * COOTBETCTBYET <<CBO60,ZLHOI7D> KOMIIOHEHTE.

Hanpumep, nabop (0,*,1,0, %) siBisieTcss 3Be3JHBIM [IATTEPHOM CJIELYIO-
mero nojky6a B Z3:

{ (0,0,1,0,0),
(0,0,1,0,1),
(07 17 17 07 0)7
(0,1,1,0,1) }

23&M€TI/IM, qaro B 2024 r. HaMu OBLIM HATpaBJIeHBI Ha KOHMepennuio «IIpobiembr Teo-
peTuvyecKoil KNOEpHETUKU» CJIeYIOINIe TeopeMbl 4 u 5 6e3 J0Ka3aTeIbCTB.

Teopema 4. Hmetom mecmo mounvie suauenus N$°™4(4) = 15, N§°o4(5) = 31,
N;oord(S) — q2 +q+ 1} CEOOTd*(1574) — 15', Cgoord*(3175) — 31|} Cgoord*(qZ +q+ 1,3) _
(@ +q+1).

Teopema 5. [Ipu n — oo cnpasedaues, acumnmomury ¢4 (n,4) ~ n'®, ¢5°™(n,5) ~
7’L31, Cgoord(n’ 3) ~ nq2+q+1'

JlokazaresbcTBa TeopeM 4 u 5, IIOJIyYeHHbIE IIEPBOHAYAIBHO CYILIECTBEHHO JIPYTHM Me-
TOZOM, B HACTOSIIIEH paboTe He IPUBOISITCS, IIOCKOJILKY UX YTBEPAKICHUS SIBJISIIOTCS 9aCT-
HBIME CJIy4YasMu TeopeM 7 U 6, COOTBETCTBEHHO.
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Marpuria, o cTpokaM KOTOPOil BBITUCAHBI 3BE3/THbIE TATTEPHBI BCEX TOJIKY-
00B pasbHeHmsI, HA3BIBACTCS 36€30H0T Mampuuyeli pa3sOUeHUSs.
Hanpumep, 3Be3inas matpuria

) )

bl )
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) )

sajiaeT pasbuenue Z5 na 22 nomxy6os pazmeprocTH 3 — 2 = 1 KasK/Iblil.

Jlerko BuzeTh, 4TO pasduenue Z; Ha ¢ 104Ky00B OANHAKOBOII pa3MepHO-
CTU M — M 338JIaeTCsI 3BE3/IHON MaTpUIleil, UMeIoeil B TOYHOCTH ¢'" CTPOK U
N CTOJIOIOB, U SABJsIeTCd A-TTPUMUTUBHBIM TOTJA U TOJIBKO TOTJA, KOTJA ero
3BE3/(HAS MATPHUIA HE COJEPKUT CTOJIOIA M3 OJHUX *. SBE3IHYIO MATPUILY
A-tpumuTEBHOTO paszbueHus Oy/eM Tak»Ke Ha3bBaTh A-npumumusenod.

3aMeTnM, UTO YaCTHBIM CjIydaeM pa30ueHus Ha MOJIKYObl SBJISIFOTCS aC-
coyuamuenvie 6.a0xk-dudatino. (AB/]), Kotopsle OblH BBeJeHBI PuBecToMm |7]
JIIE UCIIOJIb30BAHUS B AJITOPUTMAaX XCHNIUPOBAHUS U U3YyUAJUCh B Psijie pa-
6or (cm., mampumep, [8, 9, 10, 11]). ABJI— 310 pasbuenne Z§ na HOIKY-
OBl OJIMHAKOBOI PA3MEPHOCTH C JIOTOJHUTEBHBIM TPEOOBAHUEM: B MATPHUIIE
pas30bueHnst KaXKIblil CTOJOEI] COAEPKUT OJHO U TO K€ JHUCJIO 3Be3j104eK. 13
omnpejienenust oueBuaHO, 90 ABJl siBistercst A-IpUMUTHBHBIM pa3OUeHueM.
B paborax mo ABJI 66111 pa3BUTHI 3JIEMEHTHI TEXHUKY U3YIEHUS 3BE3THBIX
MaTpUII, KOTOPBIE MTOJIE3HBI U B OoJtee obmeM, ueM ABJI, ciyuae.

Paszmepom cmoabuya 38e3/1HO# MaTpUIibl Oy/1eM HA3bIBATH KOJIMYECTBO YH-
cest B HeM. [lepexpuimuem IByX CTOIOIOB Oy/IeM HA3BIBATDH MHOYKECTBO CTPOK,
B KOTOPBIX TU CTOJIOIBI OJJHOBPEMEHHO COJIEP2KAT YUCJIOBbIE 3HAUEHUS, & KO-
JINYECTBO TAKUX CTPOK — PA3MeEPOM nepexpuimud. Ecan pasMep nepekpouITus
JIByX CTOJIOIIOB PaBeH HYJIIO, TO Mbl TOBOPHUM, UTO 3TH CTOJIOIBI He nepe-
KPu8atomes, a eCiai pasMep IMePeKPhITHsSI COBIAIAET ¢ PA3MEPOM OIHOIO U3
CTOJIOITOB, TO MBI Oy/IeM FOBOPUTH, YTO CTOJIOEI] MEHBIIIEIO Pa3MEPA GA0MHCEH
B croJibery bosibitiero pasmepa. [logmarpuiry mupunbt 1, COCTOSIIYIO U3 BCEX
YUCEJI, BXOJSIIUX B CTOJIOEI], U TOJIBKO U3 HUX, Oy/IeM HA3bIBATH CIMEPHCHEM
CTOJIOIA.

YTBepKaeHne TeOPEeMbI 6 IBUTCsI CJIEACTBUEM U3 TEOPEMBI 7, B KOTOPOii Oy-
JIyT YCTAHOBJICHDLI TOYUHBIEC 3HAYEHI BeJTHIHH [V, 5°°rd(m) u cgoord* (N, goord (m),
m). B cBOro ovepeib, Jjisi yCTAHOBJICHUST 3HAYEHUH, BBIIMCAHHBIX B (hOpMY-
JINPOBKE TEOpEMBI 7, OyleT MPOu3Be/IeH aHaIn3 A-TTPUMUTUBHBIX 3BE3/IHBIX
Marpuil pazmepa ¢ x N, ;oord (m). Haaum bopMyIMpOBKE U JIOKA3aTEIbCTBA
HECKOJIbKUX HYKHBIX HaM JIEMM O CTPOEHUU 3BE3J/IHBIX MATPWUII.

Jlemma 1. B seesdnotli mampuye pasbuenus 2unepryba Zy das mobviz deys
PABAUNHBLE cMPOoK HaTdemca cmoabey, UMeNWUl 8 IMUL CMPOKAT PA3HbLE
snavenus us L.

Zoxaszameavcmeo. Ilpenmonoxkum mporusHoe. IlycTh B 3Be3nmHON MaTpuIle
pas30ueHus HANyTCd JBE PA3JIMYHBIE CTPOKH, JJIs KOTOPBIX HET CTOJIOIA,
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UMeEIOIIEero B 3TUX CTPOKaX pasHble 3HadeHud u3 Z,. Torga MoXKHO 3aMeHUTD
3BE3/I0YKM B 3TUX CTPOKAX HA UUCJIA TAK, 9TO 00€ CTPOKU CTAHYT OJMHAKO-
Beivu. [TosryauBiuiicss HAOOP MPUHAJJIEKUT 000OUM TIOJKYOaM, 33/ 1aBaeMbIM
3BE3HBIMU MATTEPHAMHU CTPOK, TIO9TOMY 9TH TOAKYOBI MEPECEKAIOTCS, YEr0
B pa3bueHun ObITH HE MOXKET. O

Jlemma 2. B seesdnot mampuye M pasbuenus eunepryba Zy na nodxyoo
0dunaroeoti pazmeprocmu 6 ar0bom cmoabue 6ce snavernus us Ly 6cmpeva-
0MCA 00UHAKOBOE “UCAO PA3.

Hoxazamenvemeo. Paccmorpum i-it crosibern; marpuiiel M. Eciin HekoTopast
CcTpOKa 3Be3/iHOi Marpuribl M uMeeT * B ¢-M CTOJOIE, TO COOTBETCTBYIOIIUI
HoAKY6 1715 Kaxk 010 a € Zg colieput B Tounoctn ¢ ™1 mabopos co 3na-
JeHueM a B i-M cTojibte. Eciin HekoTopast cTpoKa 3Be3/IHOi MaTpPUIIBl IMEET
a B i-M cTosbne, a € Zg, To Bce ¢" """ HADOPOB COOTBETCTBYIOMIEIO TIOJIKY-
Oa mmeroT a B i-M cronbne. Jloboit Habop ns Z; NpUHAJIEKUT B TOYHOCTH
onnomy 1oJikyOy pazduenusi. OTCI0/Ia BLITEKAET YTBEPKICHUE JIeMMbI 2. [

Jlemma 3. Ilycmv M — seesdnas mampuya pasbuenusn eunepkyba Zg na
nodKkYyovl 00UHAK0B0T, PABMEPHOCTIU, © U J — HOMEPL J8YT ee PA3AUNHBIL
cmoabyoe U T — Hexomopas nepecmanoska us Sq. Paccmompum mrodice-
cmeo R scex maxux cmpox uz M, xomopoie 00HOBPEMEHHO UMEIOM, 8 CTNOAD-
yax i u j wucaoevie snavenun us Lg. Toeda cymma (my;+m(m, ;) (mod q),
63AMaAA NO 6cem cmpokam  us R, npunumaem xasicdoe snavenue us Ly 00u-
HAKOBOE YUCAO PA3.

Jokazamenvemeso. Eciu nyst Bcex Habopos a = (ay, .. ., a,) U3 Z; paccMoT-
petb cymmy (a;+m(aj)) (mod ¢), To 9Ta cymMma, 0ueBUIHO, Oy/IeT IPUHIMATD
KazKJ0e U3 ¢ 3HadeHnil u3 Z, oAmHAKOBOE 4HCJIO pa3. Ecim paccMorpers
TAKYyI0 CyMMY JIJIsl BCeX HAOOPOB MOJKY0a, 3Be3/HBIN NaTTepH KOTOPOro CO-
JIEPXKUT 3BE3/I0UKY XOTs ObI B OJHOM U3 JIByX Pa3psioB ¢ U j, TO 9Ta CYMMAa
TOZKe, O4eBH/IHO, OyJleT IPUHUMATD KaxKJl0e U3 ¢ 3HaueHnit u3 Z, oJJuHaKoBoe
9UCJIO pa3, MOTOMY UTO HADOPBI U3 IMOAKYy0a 0ObEIMHSIOTCST B 9TOM CJIydae
B [IOJIMHOKECTBA 110 ¢ HAOOPOB, OTJIMYAIONIUXCST TOJIBKO B Pa3psijie, COOTBET-
CTBYIOIIEM 3Be3/04Ke, 1 cyMMa (a;+7(a;)) (mod ¢) na Habopax HOIMHONKe-
CTBa IPUHUMAET KaKJI0€ U3 ¢ 3HAYEHUI] 110 OJIHOMY pasy (IIOTOMY YTO CyMMa
0 MOJLYJII0 ¢ — rpymmoBast onepanust). CiesoBaresbHO, JIJIsi COBOKYIIHOCTH
0/IKy0OB, COOTBETCTBYIOIIUX CTpoKaM u3 R, cymma (a; +m(a;)) (mod ¢) mo
BCceM HaboOpaM U3 9TUX MOJAKYOO0B JIOXKHA TPUHUMATDH KayK0€ U3 ¢ 3HaUeHU
u3 Z, onunakosoe 4ucyio pa3. OnHaxo 1ast HAGOPOB U3 MOAKYOa, COOTBET-
cTByIoIiero crpoke 1 u3 R cymma (a; + m(a;)) (mod ¢) npuHIMaer oxHO 1
TO JKe 3HadYeHue, paBHoe (Mmy; + m(my;)) (mod ), a MOAKYOBI 1O yCIOBUIO
CoJIepzKAT OJIMHAKOBOE KOJIMIeCTBO HAOopoB. OTCIoNa CiiejlyeT yTBepKIeHne
JIEMMBI 3. U

JleMMbl, 6yIM3KHME K IPUBEICHHBIM BBIIIE, B 4eM-TO Oojiee o01ne, B 9eM-TO
6oJiee vacTHble, cojaepxkares B [7, 8, 9, 10, 11, 12].
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EcrecTBenno, Mbl MOy ¢POPMYJINPOBATDH HAIIH JIEeMMBbI U B OoJiee obIiem
Bujie (B 9aCTHOCTH, JIjisl COBOKYIIHOCTEN 13 6ojiee ueM JIBYX CTOJIOIOB), OIHA~
KO HE IPECJIe0BaIu 3Ty 1eJib, O'PAHUIUBIINCH (DOPMYJIUPOBKON U JTOKA3a-
TEJIbCTBOM JIEMM B MUHUMAJIbHOM BUJIE, HYKHOM JIJIsl TIOJIHOTBI U3JI0ZKEHUS
HAIIUX [IOCJIEAYIONNX Pe3yJIbTaTOB.

3 OwueBujHasi HUKHSIS aCUMIITOTUYECKAs OIEHKA YHCJIa
pa3bueHmii

Humxnsaa acumnrorndeckast OIICHKa

cg?(n,m) > n =t (1+ 0(1)) (3)

SIBJISIETCST OUEBUIHOM. 3aMeTHM, 9TO ee HeoDsI3aTeIbHO JTOKA3BIBAThH OTIE b~
HO, TIOTOMY YTO ACUMITOTUKA BEJIUINHBI cgoord(n, m), NpeJICTABICHHAS B
dbopmyste (2) TeopeMbl 6, Oy INTCsT ABTOMATHYECKH M3 TEOPEMBI 3 TI0CIIe TO-

I'o, KaK MBI B TeOpeMe 7 YCTAHOBUM TOYHbIE 3HAUEHUsI BeJTUINH [V, goord(m) =

qm—1 coordx ("' —1 _ (4d"=1}) "
T M Cg (q_—l,m) = (4= )" Tem HEe MeHee, cefidac MBI IIPHBEICM

pacCyKJIeHNs, MOKA3bIBAIONINE CIPABEJIMBOCTD OIEHKN (3), TOCKOJIbKY 3TH
pacCyKJAeHnd ITO3BOJIAT IIPOI1YBCTBOBATH CMBIC/I U BaKHOCTb d)paKTaanoﬁ
MaTPUIIBI, OIIPEJIEJIEHHE KOTOPON MbI JIa/ UM B CJIEIYIOIIEM pasJelie.

Urax, paspexem runepkyd Zg 10 OfHOII U3 KOOpJAUHAT Ha ¢ noKy608>
pa3MepHOCTH 1 — 1. DTO MOXKHO CAeJaTh 1 criocobaMu. Kaxkapiii u3 ¢ moJry-
YUBINUXCS MTOJKYOOB pa3pekeM OJHUM u3 1 — 1 crocobOB 10 OJIHOM U3 ero
OCTaBIIUXCsT KOOPJUMHAT Ha MOJAKYObI PA3MEPHOCTH 1 — 2 U T. JI., TIOKa HE TI0-
JiyauM pazbuenne Ha ¢'" 0JKyO0B pPa3MepPHOCTH 71— 1M KaxK abiit. OmucaHHbIi
BBIIIIE IIPOIIECC MOYKHO OCYIIECTBUTH

7

m—1 ¢q

(n—1)~na
i=0 j=1

gm—1
—1

crocobaMu.

3aMeTHM, 9TO HEKOTOPbIE U3 3TUX CIIOCODOB IIPUBEIYT K paspe3aM pasHbIX
moAKy6oB 1o oxHO# KoopauHaTe. MOXKHO T0Ka3aTb, YTO J0JIsI pasOHeHuit
C TAKMMU IIOBTOpaMu OyJeT acUMITOTHYECKH MaJjia. JLIst 3Toro Mbl IMOCTy-
UM CJIEAYIONUM 00pa30M: 3allpETUM OCYIIECTBJIATH pa3dMeHne IBYX Pas-
HBIX ITOAKYOOB 110 OJHOI KoopauHaTe. Bce paBHO y HAC IUCI0 MHOXKHTEJIEH
KOHEYHO (TIOTOMY YTO ¢ U 1M KOHEYHBI), & 1 CTPEMUTCsI K OECKOHEYHOCTH.

3Ecmn koro-to CMYIIIAET, YTO OJHUM pPa3Pe30M TUIEPKYD pasiessieTcss Ha ¢ MOJIKyOOB,
TO MOXKHO IPEJACTaBUTh, KaK IOCJIE OJIHOIO Cpe3aHusl KOPEIIKa KHUTH OHA PACIaJ aeTcs Ha
HECKOJIBKO OJIOKOB.
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IIpu TakoMm orpaHwdeHNM paszbMEHUs, OUYEBUIHO, OYIYT TOJIYIATHCS Pas3-
HBIMU, & UX YUCJIO PABHO

g"—1

q—1 M1
H (n—i+1)~nat
=1
T. €. ACHMIITOTUIECKH, HECMOTPS HA OTPAHNIEHNS, OKAYKETCSA TEM YK€ CAMBIM.
Tem caMbIM CIpaBeJIMBOCTD OIEHKHU (3) yCTaHOBJICHA.
3aMeTHuM, YTO OINMCAHHBIME BBIIIE IPOIEIyPAMU MOXKHO IIOJIYYUTh HE BCE
pasz6uenusi. Tak, HapuMep, B pa3bueHnn, 3aaBaeMOM 3BE3IHON MaTpHUIlei,
HpuBeJIeHHOl B crarbe Pusecra [7], paspes ucxomHoro runepkyba 1o Jiroboi
13 KOOPJAUHAT IPUBEJIET K Pa3pe3aHnio HEKOTOPHIX MOIKYO0B pasOueHusl, mMo-
TOMY YTO B KaXKJIOM CTOJIOIE ecTh 3Be3710uku (cM. puc. 1). ITosromy Bompoc
O BEpXHEil OlleHKEe BeJIMUNHBI ccoord(n, m) TpebyeT JMONOTHUTEIBHOIO HCCIIe-

q
JOBaHUs, KOTOPOE MBI IIPOBEJIEM B JIAHHOM paboTe.

O ¥ O = % = O
¥ O = FH % = OO
O H %X kR OO %
— =% = O O % O

Puc. 1. 3pesgnast Marpuia co 3B€3J09KaMHi BO BCEX CTOJIOIAX.

4 @paKTaJ’ILHbIe 3Be3JHble MaTpUllbl U UX cBolicTBa

Brenem marpunpt My, peKypcuBHO cire/yiomum obpasom. Matpura M, o
HMeeT OJHy CTPOKY M HyJIb CTOJIONoBY, Marpuia Mgym, m =1,..., onpene-
ageTcs 4epe3 Marpuiy My ,—1, KaK IPeJCTaBICHO Ha PHC. 2, IIe *q,m—l —
MaTpUIla TOTro ke pasMepa, 910 u My y,—1, HO COCTOAIIAA U3 OJHUX 3BE3/0-
YeK.

Marpurer My, MBI Oy7eM Ha3BIBATE HPAKMaNLHbLMU 3BE3THBIMI MATDH-
[AMH, HIH IPOCTO BPaKmanamu’.

[TpuBeem npumepsl bpaKkTaIbHBIX 3BE3HBIX MATPHIL (CM. pHC.3):

MaTpuiisl, IOy YaroIuecs n3 (ppakTaabHbIX IEPECTAHOBKON CTPOK M CTOJIO-
II0OB, MBI Tak:Kke Oyj1eM Ha3bIBaThb (PPaKTaJIbHBIMH.

Ecm MAaTPHUIIA C OJIHOM CTPOKO U HYJIEM CTOJIOIIOB KOMY-TO KayKeTCsl Ka3yUCTHIECKOI,
TO MOXKHO HAYMHATL C MaTpunsl My 1, IMeIomeil ¢ CTPOK U OAUH CTOJIOEI] U IIPEICTABIISI-
foreil coboit BEpTUKAJIBHBIN CTOJI0EI] U3 BBIIIMCAHHBIX MOJIPS] B BO3PACTAIOIIEM IOPSIKE
BCex uncen u3 Z,.

5Takoe HasBamme BBIOpDAHO IIOTOMY, €TO Marpunbl My ,, 00JaIal0T HEKOTOPHIM
caMonogobreM.
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0
. Mq,m—l *q,m—l >l<q,m—l
0
1
>l<q,’m—l Mq7m—1 o >l<q,m—l
Mym = 1
q—1
*q,m—l *q,m—l Tt Mq,m—l
q—1

Puc. 2. PekypcuBHasi KOHCTPYKIHsT (PPAKTAILHON MATPHUIILL.

00 0 x x x x 00 x *
0 1 * =
00 1 *x * % * 02 =

0 0 =* 01 %« 0 % % x
0 1 = 01 % 1 % % x Lox 0
]\/1272: 1 % 0 s ]\/[2,3: 1 % % £ 0 0 % s Mso = 1 x 1 =%
1 *x 2 %

1 % 1 1 x % x 0 1 x
2 % x 0

1 = = x 1 % 0
1 % % x 1 x 1 2ok ol
2 x x 2

Puc. 3. Ilpumepsr ppakTaIbHBIX MaTPHIIL.

Bameuanue 1. fcHo, wmo nepecmaroska cmpok 36e30H0U MaMPUUbL 3600~
em dpyz0e YnopadouerHoe, Ho Mo HCE CaAMOE HEYNOPAJOUEHHOE Pa3OUEHUE HA
nodKyovL.

3ameuanue 2. Moocro Oviio 6vr onpedeaumsv, Kak GpaxmasvHyo, 36e30-
HYI0 MAMPUYY, NOAYUGOUYIOCA U3 PPAKMaNLHOT 3GMEHOT 6 HEKOMOPOM €e
CMOAOUE BCET YUCAOBHLT CUMBOA0E 8 COOMBEMCMBUY ¢ HEKOMOPOT nepecma-
106xK0% T U3 Sg, 1O 0eAamsb 2Mo HEObAZAMENDHO, NOMOMY 4MO MAKGA MAM-
PUUE a8MOMAMUYECKY, bYdem PpaxmarvHot 8 cusy yoce JGHHLLT onpedene-
HUL, NOCKOALKY €€ MOINCHO NOAYUUMD NEPECMAHOBKOT CMPOK U CMOAOYO0E
ucro0Hotl 36e3010T MaMPUYLL. J[etcmeumenvo, ecal nepecmarosky T Yuc-
NOBVIT CUMBOA06 NPUMEHUMD K CAMOMY NEEOMY CTOAOYY Mampuyve My m Ha
puc. 2, mo maxoz2o gce Pe3YALMAMA MOAHCHO O0OUMBCA U NEPECNAHOBKAMU
Tl 20pUsOHMAILHOIT U 6EPMUKANHBLT NOAOC (6EPMUKAALHBLE NOAOCHL 0T~
CHUMBIBAIOMCA OE3 YHEMaA CAMO20 ALB020 CMOAOUA,).

Hecitoxxuo mpoBeputh, 4T0 (bpakTajibHas 3Be3JHAS MATPHUIA 00JIa1aeT
CBOICTBaMU, KOTOPBIE OYIYT MEPEUUCEHBI JTAJIBIIE 10 X0y ITOrO Pa3Jesa.
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CsoiicTBo 1. Yucsao cmpox 60 paxmanvroti 3e6e3dnoti mampuye My, pas-
1o q.

Hoxazamenvcmeo. Ciiejlyer 10 WHIAYKIUUA U3 PEKYPCUBHOIO OIIPEIEJIEHUs

dpaxTasa. O

CsoiicTtBo 2. Yucsro cmoabuyos 6o gparmanvroti 36e3dnoti mampuye My m
qm—1

pasho =

Joxaszameavcmeo. Unnyknusa mo m. Ilpu m = 0 [gumciao cronbios paBHO
¢°~1
q—1
M YHUCJIO CTOJIOIOB 110 OIpEJe/IeHII0 PpaKTaJIbHON MaTpuIlbl paBHo 1 + ¢ -
qm—l_l o qm_l

qg—1 — qg-1

= 0. Ilyctp yTBepxkmenue Bepuo npu m — 1. Torma mjasa mapamerpa

, I9TO U TPeOOBAJIOCH JOKA3aTh. [l

CsoiicTtBo 3. Ppaxmanvrasn 3eezdnas mampuua My, 3adaem pasbuenue

@1 16 g™ nodwy6os pasmeprnocmu q;n:ll —m KastcIvi.

eunepkyba Zéqm -

Jloxaszameavcmeo. HemocpencTBeHHO cielyeT O MHIYKIINHN U3 3aTaHAA Pe-
KYPCUBHOIl KOHCTPYKIIMU MaTPHILI My . [l

Hab6maroneuue 1. @paxmanvras 36e30nan Mampuua nocie 6CMasky, 6 Hee
cmoabuo6 u3 odHuT 36e3douer do 0b0WE20 KOAUMECTNBA CMOAOU0S, PABHO20
N, NPESPAUWGEMCA 6 36E30HYI0 MAMPULY PA3OUEHUA, NOAYUAIOULYIOCA NOCAE-
d08AMEALHOCTNDIO PA3PE308, NPEICMABAEHHOT 60 6MOPOT “wacmu paddeaa 3
das dokazameavbemea acumnmomuieckol nustcrel oyernku (3).

CsoiicTBO 4. Yucao pazauumvir Heynopadowennsr pazouenul, 3a0a6aeMblL
PPAKMANLHOMY MAMPUUAMY € NAPAMEMPAMY ¢ U T, PAGHO 8 MOYHOCTNU
(=)
q—1

Joxaszameavcmeo. Mbl yKe OTMETH/IN B 3aMedaHuu 1, YTO II€PECTaHOBKA
CTPOK He JlaeT HOBOI'O HEYTIOPsIIOUeHHOTO pa3buenusi. B cBoiicTBe 2 MBI ycTa-
HOBUJIU, 9TO BO (ppakTabHON MATPHUIIE C YKA3AHHBIMU ITapaMeTPaMy B TOU-
HOCTU q;n:ll cTosib1oB. To, UTO BCe IEepPecTaHOBKH CTOJIOIOB JTAOT Pa3HBIE
pasbuenust rurepKyba, MOKHO IOHATDH U3 O0OLYMBIBAHUSI IIPOIECCa Pa3pe30B
runepky0ba, OIMMCcaHHOro0 BO BTOPOIl dacTu pa3sjesa 3, a MOXKHO BOCIIOJIB30-
BaTbCs WHIYKTUBHOM mpoIeaypoil mocTrpoenust ppaxrTaia. HecTrBuTeabHO,
IIyCTh YTBEPXKJEHUE BEPHO it m — 1, Torja Jijis m uMeeM, 4TO YUCIO Pas-
JINYHBIX pa30ueHuit paBHO

m_1
qm_l' qq—l -1 qul_l | (J_ qm_l |
¢—1 \&pl -1 )) " \q—1)"

q—

9T0 U TPebOBAJIOCH JIOKA3aTh. O



O YHMCJIE PABBUEHUI HA BOJIBIIUNE [TOAKYBbI 1153

Bynem ropoputs, 9TO HOﬂManHHaG T 3Be3IHOI MaTPUIIBI SIBJISIETCS MPaHC-
Gparxmanrom, eCiv OHa SIBJIACTCS d)paKTaJIOM7 7 BCe TIepeceKalonIuecs ¢ Mo/~
Marpuieit T cTo0nb! 3a npeieaMi IOAMATPHUILI 1’ COCTOAT U3 OTHUX 3BE3-
JOYEK.

Ha pucynke 4 deproii paMKkoii Bbljie/ieH TpaHchpaKTaJl.

* ¥ = = O O
*

* % = O = O
*
*
*

*¥ = O
o

_ === OO O O

_— = O O

*
—_

Puc. 4. Ilpumep Tpancdpakraa BbLIEICH Y€PHOIl pAMKOI.

Yucito ¢Tpok B TpaHcdpakTaje OyaeM HA3BIBATH PASMEPOM MPAHCHPaK-
mana. Bxogsmuit B coctaB TpaHcdpakTalia cTOJ0EI, pasMep KOTOPOTO COB-
majaeT ¢ pasMepoM TpaHcdpakTaia, OyIeM Ha3bIBATb GEOYULUM CIMOADUOM
TpancdpakTana. I3 onpenenenus ¢ppakTasia JIErKO BUIEThb, UTO y JIIOOOTO
TpaHcdpaKTajia B TOTHOCTH OJMH Bemymuil crosider. CTeprKeHb BeLyIero
crosibiia TpaHchpakTaga OyaeM Ha3bIBATb TaK¥Ke CIMEPHCHEM MPAHCHPAK-
mana. Ha puc. 4 KpacHbIM BBIJIEJIEH CTepXKeHb TpaHcdpakTana. Paszmepom
cmepocHa mparchparmana 6yIeM Ha3bIBATH pasMep TpaHchpaKkTaa.

Habunrwoaenue 2. Bcee wucaosvie anemermo, mpaHc@hparmaia nokpueaomecs
HEMEPECEKANOUUMCH 00PAZOM CTNEPHCHEM GEAYULE20 CMOAOUG U ¢ Mparchpar-
MANAMU MEHDULERO PAZMEPG.

Hoxazamenavcmeo. 1lo ocrpoenuto ppaxradia. U

Hab6unwoaeuue 3. Kaoicdoili cmoabey, hpaxmana A6AAeMCA 8€QYUUM CMOAD-
YOM HEKOMOPO20 MPAHCHPAKMaa.

Hoxazamenvcmeo. Ilo ocrpoennio ppakradia. U

Jlemma 4. Ilycmo 6 36e30nol mampuye M pasbuenusn eunepryba Zy na
noIKY6vL 00UHAKOBOT PA3MEPHOCTU ecmb nodmampuia T, A6AAOWAACA MPAHC-
dpaxmanom. Tozda ece nepecexarowsuecs ¢ noomampuyets T cmpoku 3a npe-
desamu nodmampuyvt T nosnocmsvio coenadarom Kak cmpoku.

6CTpOKI/I ¥ CTOJIOIBI IMOAMATPHUIILI B UCXOIHOW MATPUIE He 00S3aHbI UIATH MOAPSII, Ha
HEKOTOPBIX MTOCJEAYIOMINX PUCYHKAX CTPOKUA U CTOJIOIBI MOAMATPUIIBI N300ParKEeHbI B HC-
XOJTHOM MATPHUILE WYITAMU TOAPA UCKITIOIUTETBHO JIJIst YI00CTBa BOCIIPUSITHSI.

7ECTeCTBeHHo, MBI CUMTAEM, YTO y TpPaHCHpAKTaa MapaMeTp ¢ TaKOH ke, KaK U y
coepzKallleil ero 3Be3/HOi MaTpUILbL.
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Zoxasameavcmeo. JlokazaTeabCTBO MHIAYKIMEN 10 pa3Mepy TpaHcdpaKTa-
sa. Ilo cBoiictBy 1 dpakrana pasmep TpaHcdpaKTaaa eCTb CTEIEHb YHCIa
q.

IIycrs pasmep Tpancdpakrana 1T pasen ¢. Torma mo jgemme 2 Bemytmumit
crouber ¢ rpancdpakrana T COLEPKHUT KAXKIOE TUCIO U3 Z, poBHO OnMH
pa3. Paccmorpum crosbernt §, sexkamuit 3a mpeieaamMu TpancdparTaia 1.
Ilo sieMMe 3 pasMep HepEeKPBITHS CTOJIONOB § U  JOJKEH JeIUTLCS HA (.
Suauut, on win 0, wim q. Ecim pasmep nepekpoitus paser 0, To B cTpo-
Kax moaMaTpuibl 1T’ B ¢TOJIONE S CTOSAT ONHM 3BE3I0YKHU, U, 3HAUUT, BCE Ta-
KHe CTPOKHU B cTojible § coBmagatoT. IlycTh pasMep mepeKpbITHsI CTOJIOIOB
§u t paBen ¢, T. €. B CTPOKax HOAMATPHILI 1 B cTosble § CTOSAT TOJb-
KO uncja. IIpeamnosoKuM, B 3TOM IEPEKPBITUU B CTOJIOIE § HallayTcs IBa
Pa3HBIX YNCJIOBBIX 3HAYCHUL: My s 7 My s. MBI y2Ke KOHCTATHPOBAJIH, 9TO
Myt 7 Moy t, TOITOMY MOYKHO HOJI0OpATh NMEPECTAaHOBKY T € S, TaK, UTO-
OBl BBINOTHSIOCE (M ¢ + T(Myy s)) (mod q) = (Myy ¢ + (M, s)) (mod gq),
HAIIPUMED, TOJTOKUB (M, ) = My ¢, T(Myy ) = My, ¢. OnHAKO 9TO Cpasy
’Ke MIPUBOIUT K ITPOTHBOPEYHIO C YTBEpKIeHUEeM JieMMbl 3. CJieoBaTe bHO,
OKa3aJIOCh HEBEPHBIM IIPDE/IIIOIOZKEeHUE O ABYX Pa3HBIX YUCJIOBBIX SHaAYCHUAX
B CTOJIOIE § B €r0 MEePeKPBITHH ¢O CTOJIOHOM t. 1109TOMY BCe CTPOKH TpaHC-
dpaxrasa 1 B croJsbie S coBlajaior. B KadecTse crosda § MOXKHO OBLIO
B3ATH JI000# crosiber; 3a mnpenenamu TpanchparTasa 1, MO3TOMY yTBEp-
JKJIeHHEe JIEMMBI JIOKa3aHO UIsi TpaHcdpakTaga 1 ¢ 9uciOM CTPOK ¢, UTO
COCTaBJIdeT OCHOBaHUE NHAYKIUNA.

JokakeM Terneph MHIYKTUBHBIN mepexon. IlycTb yTBep:KieHme JieMMbI
BepHO st TpancdpakTaios pasmepa ¢l 1. Pacemorpum Tpancdpakra ¢ ¢!
crpokamu. Ilo crpoenuto dbpakrasa (cBoiicTso 1) u jemme 2 Bejyumii CTOJI-
Gert ¢ TpanchpaKTATIA COLEPIKAT KaXKI0e 3HAUCHUE W3 Z, poBHO ¢! pas.
Tem campiM TpamcdpakTan 1 pa3duBaeTcs Ha ¢ TOJIOC C OSUHAKOBBIM 3HA-
deHneM B cTosIbIe § BHYTPH KazK1oil ostocsl. ITo crpoenmio TpancdpakTalia
B KaKJIOM M3 IOJIOC €CTh BEIYIIU CTOJIOEI] pa3Mepa ql*1 MEHBIIIETO TPaHC-
dpakraga. Orcoma M0 WHIYKTUBHOMY IIPEIIONOKEHUIO JJIs KayKI0i u3 ¢
IIOJIOC BCE CTPOKU 3TOI TOJIOCHI COBIIAIAIOT 3a IMpeJieslaMi TpaHChpaKkTaia
T. PaccMoTpuM IpPOM3BOJILHBINA CTOJIOEN §, JIeXKAIWi 38 IPEeIe/IOM TPAHC-
dpakraga T'. I3 cka3aHHOTO BBIIIE, BHYTPH KaXK 0l U3 ¢ MOJIOC B CTOJIOIE §
HAXOJUTCS OJIUH U TOT K€ JIeMeHT (IrC/I0 uin 38e3109ka). OTciona Kax iast
napa 371eMeHTOB (M4, My ) B ¢\ cTpokax Tpancdpakrtana T my6iupyercs
o ¢! pas. Bocrosmssyemcs smemmoii 3. Crpymmmpyem ¢! ! cosmataommx
3HAdCHH{l B cTOJONAX { U § B KaxKI0H 1OJ0CE B OJHO 3HAYCHHE. DTO HE Ha-
PYIIAT Pe3yAbTAT aHAJIN3a YTBEPIKJIEHUS JIEMMBI 3 TPUMEHUTEIBHO K YUCTY
COBITAJIAIONTUX 3HAYCHUN CYyMM IO MOJYJIIO ¢. Takum oO6pa3oM, Mbl IEPEILIN
K JIByM CTOJIOIIAM BBICOTHI ¢ KayKJbIH, /I KOTOPBIX MOXKHO ITOBTOPUTH pPac-
CYyXKIEeHUsT U3 JOKA3aTeIbCTBA OCHOBAHUSI WHIYKIINU JIOKA3BIBAEMON HAMU
JieMMBbI. TeM caMbIM MBI IIOKa3bIBAEM, YTO BCe CTPOKHU TpaHchpakTanaa 1 B
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crosbiie § coBmagaT. B cuity npomsBoJibHOCTH BBIOOpa CTOJIONA § 3a Ipe-
JenaMu TpancdpakTaa T Mbl JJOKA3aJId WHIYKTUBHBINA TIEPEXOJT, a C HUM U
BCIO JIEMMY. ([l

CuencrBue 1. ITycmu t — cmoabeu, xodawutl 6 cOCmas mpaHc@parmana
T, a § — cmoabeu, enewrut no omnowenuo k T'. Toeda cmoabuwi t u § aubo
He Mepekpuearmea, aubo cmoabey, t nokpueaemca cmoabuom §, npuvem
6 nocaednem cayuae Kaocdoe wucao cmoabua t aescum 6 00not cmpoke ¢
O0HUM U MeM dICe YUCAOM G4 8 COADUE §.

5 Omneparus B3pbIBa 3BE3IHOI MaTPUIIbI

Beenem omeparnio B3pbIBa 3BE3MHON MaTpHUILl. Omeparnnio onpeaersieM
TOJIBKO JIJTsT 3BE3THBIX MATPUIL A-IPUMUTUBHBIX pa30MeHnit Ha MOAKYObI O/T1-
HaKOBOH pa3MEepHOCTH.

IIycte M — 3Besjpnast marpuiia A-IPUMUTHBHOTO pa30ueHUs Ha MTOJKY-
OBl OAMHAKOBOI pasMepHOCTU. BriOupaem crosbers i W 3HaueHue a U3 Z,.
OcyrrecTBiisieM CJIeIYIONINE TeHCTBUS.

o 1. Yaangem crosberr i

e 2. ViajsieM BCe CTPOKHU, B KOTOPBIX B CTOJIOIE 7 HAXO/IUIIOCH THCIIOBOE
3HaYeHUe, OTJIMIHOE OT .

e 3. Kaky1o U3 CTpOK, B KOTOPBIX B CTOJIOIE i HAXOIMJIOCH YHCJI0BOE
3HaYeHue a, LyOJaupyeM 0 ¢ OJUHAKOBBIX CTPOK.

e 4. Jlna KaxKkaoih u3 06pa30BaBIINXCA MOJIOC U3 ¢ OJUHAKOBBIX CTPOK
HIPUIIACHLIBAEM K MATPUIE CTOJIOEI, B KOTOPOM 38 IIPEIeJIaMU II0JIOCH
OJIHM 3BE3J0YKH, & B IIPeesax [0JIOCH — KaXKI0€e YUCI0OBOe 3HAYECHIE
10 OJJHOMY paszy.

e 5. Ecim B maTpuiie ectb CTOJIONBI U3 OJHUX 3BE3I0YEK, TO yIAJIsIeM
UX.

OmnmcaHHast OCIEIOBATE/ILHOCTD JEACTBUN OIPEIEISIET ONEePayuio 63pbi-
6a® 3Be3HOl maTpuilbl M. MHOTIA MBI [IJIsT y100CTBa BMECTO B3phIBa MaT-
puIlbl OyJIeM T'OBOPUTH O B3PbIBE CTOJIOIA Z, [IOJPa3yMeBas Te Ke CAMbIe
JeiicTBU.

Ecmm i-it cronbern comepzkas kg duces, TO IpU €ro B3PbIBE U3 MaTPHIILI
yaamuiaoch k(g — 1) ¢Tpok, HO CTOJIBLKO Ke U J00aBUIIOCH 3a CUeT jiy0mpo-
BaHMs, II03TOMY OOIIee YUC/IO CTPOK OCTAJIOCh TeM 2Ke. B cTpokax co 3Bes-
JOYKaMU B 1-M CTOJIOIE YHCes He yIaJsiioCh U HE MOABJISIIOChH, & B CTPOKAX,
MTOJTy YUBIIUXCSI U3 CTPOKHU C UHCJIOM @ B i-M CTOJIOIE, 9TO YHUCJIO G HCYE3-
JIO, HO J100aBUJIOCH YHCJIO0 BO BHOBD IIPUIMCAHHOM CcTOjI01e. TakmMm obpasom,
ob11ee KOJMIECTBO YNCET BO BCEX CTPOKAX OCTAJIOCH OAWHAKOBBIM U TAKHM
xe, Kak B Marpurie M. HecioxkHO BHAETH, ITO JITOOBIE JIBE CTPOKH IIOJIY TUB-
eiicst MaTPHUIB OyIyT COEPXKaTh pa3Hble YUCIa XOTs Obl B OJHOM CTOJIOIE

8TepMI/IH «B3PBIB» JJIsl OIIMCAHHOIO IIPOIIECCa IIPEJICTABIIAETCA HaM TOYHBIM. /lelicTBU-
TEeJIbHO, TIPU B3PBIBE YHUUITOXKAIOTCS HEKOTOPBIE CTOJOIBI W CTPOKHU, €Ille YaCTh CTPOK
paciienisgercs, a KyCKU UX COAEPKUMOro yJaeTaloT B CTOPOHY.
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— 1pobJIeMbI 10 XOJy BO3HUKAJIA TOJIBKO C JyOJIMPYIOIIUMUCS CTPOKAMH,
HO OHU TIOJIYUWIN Pa3/IUIHbIe YUCJIOBBIE 3HAYEHUS BO BHOBb ITPUITUCAHHOM
cronbre. Hakorerr, B cuty mocjieiHeil oniepaiuu B MaTpuiie He Oyier cTojo-
OB U3 OJIHUAX 3Be3/I09YeK. TakuM 0O6pa30M, B PE3yJIbTATE B3PhIBA MOJIYIUTCS
A-TipuMuUTHBHAST 3BE3/THAST MATPUIIA, SIBJISIIOIIAsICS MaTpulleil pa3bueHus Ha
TaKoe K€ IUCJIO0 MOJKYyDOB OJIMHAKOBOM pa3sMEpPHOCTH, 9TO U UCXOJHAS MaT-
punia M. OHaKO 9UCJIO CTOJIOIOB B MATPUIE MOYXKET U3MEHUTHCS.

OrnumieM HeOPMAIBLHO, 9TO IPOUCXOIUT IIPU B3pbiBe ¢ pa3dueHuem. CHa-
qajia GaKTUIECKH TPOUCKOJIUT YIaJeHUE U3 IIPOCTPAHCTBA i-if KOOP/IMHATHI.
Ocratorcst TOJBKO Te HADOPbI, KOTOPbIE UMEJIU YUCJI0BOE 3HAYEHWE G B i-ii
komrioHeHTe. [1pu 9TOM eciin 3Be3HbBIHI TATTEPH MOJIKYyDa COo/lepKajl 3Be3104-
Ky B i-il KOMIIOHEHTE, TO Pa3MEPHOCTD I0JIKyDa yMeHbIaeTcs Ha 1; moaKyObI
C YUCJIOBBIM 3HAYEHUEM B i-ii KOMIIOHEHTE, OTJIMYHBIM OT @, TIOJIHOCTBHIO IIPO-
[1a/1a10T; HOJKYObl C YHUCJIOBBIM 3HAYEHUEM B - KOMIIOHEHTE, PABHBIM @,
ITOJTHOCTBIO OCTalOTCs. TakuM 00pa3oM, B pa3dneHnn OKA3bIBAIOTCS TOAKYObI
PA3HBIX padMepHOCTel, KOTOpble MOTYT oTimdaThest Ha 1. OgHako mpunm-
CbhbIBaHE€ HOBBIX CTOJI6L[OB BHOBL YpaBHUBa€T PaSMEPHOCTU — K 3BE3JIHbLIM
ImaTrepHaM MEHBbITNX HOILKy6OB IIPUIINCBIBAIOTCA OJHU 3BE3I0YKMU, WU KazK-
Jlasl Takasl 3BE3JI0YKa yBEJIUINBAET Pa3MEPHOCTh Ha 1, & K 3BE3HBIM IIaT-
TepHaM OOJIBITNX TTOAKYOOB OJIMH Pa3 IPUIUIIETCA IUCI0 — U 3a CIET ITOTO
Pa3sMepHOCTU yPABHSFOTCS.

IIpuBenem tpumep B3pbiBa 3Be3HONU MaTpuilbl. [Iporecc B3phiBa mpej-
CTaBJIEH Ha puUcC. H.
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Puc. 5. Ilpumep B3pbBIBA 3BE3IHON MATPUIIHL.

st mpumepa Mbl B3siin MaTpuily u3 crarbu Pusecra [7]. Bgecs ¢ = 2.
BspsiBaewm JieBblit crosiber co 3uadenneM (. BaopBanHbil cTos0€11 yaasieTcs
U3 MATPUILL; YIAJSIOTCS TaKXKe 2-, 4-51 U 5-1 CTPOKHU, KAK UMEIOIIIEe BO B30-
PBAHHOM CTOJIOIE YUCJIOBBIE 3HAYEHUsI, OTyimaHbie 0T 0; B TO Ke BpeMs 1-s,
6-s1 1 8-51 CTPOKM, KAK UMEIOIINE BO B30PBAHHOM €TOJIOIE (), PACIIEIISIOTCS
Ha JIBe KazK/asd, II0cjIe 4ero Jijis Kark/JIoi napbl KJIOHUPOBAHHBIX CTPOK CIIpa-
Ba [PUIIKACBIBAEM CBOI CTOJIOEI], B KOTOPOM B CTPOKAX U3 ITOH HapPbl CTOAT
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1o pasy 3uadenusi u3 Zo (1. e. 0 u 1), a B OCTAJBHBIX CTPOKAX 3BE3JI0UKH.
Taxwum 06pa3oM, BCero MpUImcaHo TPU HOBBIX CToJiba. CToJOIOB U3 OJHUX
3BE3/I0YEK B pe3yJIbTaTe B3PbIBA HE IOJIYUUIOCH, [IOITOMY HUYEro OOJIbIIE
VAAJIATh HE HAJIO.

IlosyuuBmnyiocs B pe3ysbTaTe B3PbIBa 3BE3IHYI0 MATPUILY B30PBEM CHOBA.
IIporecc mOBTOPHOTO B3phIBa MPECTaBIIEH HaA puc. 6.
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Puc. 6. Tlosropusiit B3pBIB.

Buoeb B3pBIBaeM JeBbIil cTosiber co 3uadenneMm 0. B3opBamubiit crosberr
VAAIAeTCS U3 MaTPHUIIB; YIATAIOTCA TaKxkKe 3-5, 4-1 U 5-1 CTPOKH, KaK UMe-
IOIIe BO B3OPBAHHOM CTOJIOIE YHCIOBBIE 3HAUEHUS, OTINIHbIE OT (; B TO 2Ke
Bpems 1-s1, 2-g u 6-s1 CTPOKHU, KAK UMEIOIINE BO B30PBAHHOM cToJi01e 0, pac-
MIEIISIOTCS Ha, JIBE, MTOCJIe 9ero sl KaKIOi Mmapbl KJAOHUPOBAHHBIX CTPOK
CIIpaBa IMPUIHCHIBAEM CBOII CTOJIOEI, B KOTOPOM B CTPOKAX U3 STOW IMMapbl
crosT 10 paly 3HaveHust u3 Zs (1. e. 0 u 1), a B OCTAJIBHBIX CTPOKAX 3BE3-
noukn. Takum 0Opa3oM, BCEro MPUIINCAHO TPHU HOBBIX crosiOna. [Ipu srom
obpazoBaJics CTOJIOEI U3 OHUX 3BE3I0YUEK — YIAJIEM €ro U3 MATPUIILI.

Ecan npurnsnerbes, TO MOXKHO 3aMETUTD, UTO MOJIyIUBIIasgcd 8 X 7 MaT-
puria sBigerca dppakTanabHoil. Kak MbI mofiMem B JaJIbHENIIIEM, 9TO HE CJIy-
JaitHo.

6 HepacmnpﬂeMHe 3Be3JHble MaTpHUIIbl

3Be3IHYI0 MATPUILy A-IIPUMATHBHOTO pa30ueHusI Ha TOAKYObI OJUHAKOBOI
Pa3MEpPHOCTH HA30BEM PACWUPACMOL, €CJIN IIPU HEKOTOPOM B3PbIBE KOJIMYIE-
CTBO CTOJIONOB B Hell ypegmauBaercst. COOTBETCTBEHHO, 3BE3JIHYIO MATPHUILY
A-tipuMuUTHBHOTO pa3bUeHusl Ha MOAKYObl OJMHAKOBOI pa3sMepHOCTH HAa30-
BEM HepPacuupaemot, eCau KOJUIECTBO CTOJIOIOB B Heil He yBeJIMINBAETCS
1pu JitoOOM B3PbIBE.

B sToM pazmesie MBI ITOKaXkKeM, 9TO HEPACIIUPAEMBIMU ABJISIIOTCA TOJIBKO
dbpakTabHbIE MATPUIIHI.

Jlemma 5. Ilycmo A-npumumuenas 3eezdnas mampuua M pasbuenus 2u-
nepkyba Zg ma nodkybv, 00unaro6ol pasmeprocmu AGAAEMCHA HEPACUUP-
emoti. Toeda ecaxuil ee cmoabey, umeem pasmep, PasHvill CMENEHY YUCAG
q, U CMEPIHCEHD IMO020 CMOAOUG ABAACTNCA CMEPIHCHEM 8edyYULe20 CMOAOUA
HEKOMOPO20 MPAHCHPAKMANG.
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Zoxasameavcmeo. B mobom cronbue marpuiisl M 110 jiemMe 2 KaxKI0€e Juc-
JIO BCTPEYAETCs OJHO M TO K€ KOJUYECTBO Pa3, HOITOMY pas3Mep Jioboro
croJibiia umeer Bug kq. IIpoBemeM jokasarenbcTBO MHAyKIHMed mo k. Ilpu
k = 1 crepxkeHb CTOJIOIA caM sIBJIIETCsT TpaHC(HPAKTAJIOM, UTO JaeT 0a3y
npaykoun. JJokarkeM UHIYKTHUBHBIN mepexon. PaccmorpuM crosber § pas-
mepa kq. ITo MHAYKTUBHOMY IIPEIIIOIOXKEHHIO JIJIT BCEX CTOJIOIOB MEHBIIIETO
pasmMepa yTBEPKIEHHNE JIEMMBI 5 BLIIOJIHEHO, JIOKAsKeM ero IJis CToJIoNa §.

OcymecrBuM B3pbIB crosibna S upu suadennn 0. ITo onpenenennio B3puiBa
13 MATPUIBI YIAJIUTCA CTOJOEN § U 106aBaTCsd k HOBBIX CTOJIOIOB 3a CUET
paCIIenIeHnsT CTPOK IOJIOCHI R, COCTOsIell n3 BceX CTPOK Marpuilbl M,
nMeBIux 3HadeHne 0 B crosdie §. Takke, BOSMOXKHO, YIAJUTCI HEKOTOPOE
KOJIMIECTBO CTOJIOIOB, KOTOPBIE CTAHYT COCTOSITh M3 OMHUX 3Be3mouek. Ore-
HUM KOJIMIECTBO TAKUX CTOJOIOB (CM. puc. 7).

IIycrs B crosbue ¢ marpunpl M Bee 9HC/IA IPONALAIOT IpU B3pbise. 13
OIIPEIEJICHIsT B3PbIBA JIEIKO BHIETH, UTO CTOJIOCL ¢ JOKCH MOKPBIBATHCS
CTOJIBIOM §, IIPUUEM CTPOKHU C YUCIIAME CTOJIONA § He MOIYT HMETh PA3HDBIX
quces B cToJiOne § 10 JiemMMe 4, MOCKOJIBKY 10 UHIYKTUBHOMY IIPEIIIOJIOXKE-
HUIO CTOJIOEL]  SABJISIETCS BELYIUM CTOJIOIOM HEKOTOPOro TpancdpakTaa,
a croJsiben S 10 OTHOLIEHUIO K 9TOMY TPaHCPPAKTALY SIBJISETCS BHEIIHKM.
[losToMYy CTeprKeHDb cTONIONA { J0JIZKEH HAXOAUTHCA B ONHOH U3 ¢ — 1 mosoc
R; pa3smepa k, rme i-g mojioca COCTOUT U3 BceX k CTPOK maTpuiibl M, nme-
IOIUX 3Ha4YeHwe i B crooue S, i = 1,...,k — 1. Paccmorpum mosiocy R;
U CpeJM BCEX JIEXKAINX B HEll CTeprKHeil CTOJOIOB BEIOEPEM MaKCHMaJIbHOEe
IT0 BKJIIOYEHHUIO MHOXKECTBO 1; TaKMX CTEpKHEH CTOJIOIOB, KOTOPBIE HE TI0-
KPBIBAIOTCS JAPYTUMUA TAKUMHU CTEPKHsAME. 110 ycaoBuio BbIOOpa, CTEPXKHU
u3 T} SIBJISIIOTCS CTEPXKHSIME BELYIIIX CTOJIOIOB IMOMAPHO HE COMEPKAINXC S
JApyr B apyre TpaHcdpakTaioB. CiemnoBaTe/bHO, 0 CJIEICTBUIO 1 CTep:KHU
u3 T; nonapHo He nepekpbiBaioTcs. IlycTh ux pasmeps! ectb [ 1, ..., 1 p,. U3
[TOTIAPHOTO HEITEPEKPBIBAHUS CJIEYET, UTO

pi
Yl <k (4)
j=1

[To mHIYKTUBHOMY MIPEJIIIOJIO?KEHUIO BCE CTEPXKHU U3 1; UMEI0T pa3Mep, pas-
HBI{l CTENEHU YUCJIA ¢, U SBJISIOTCS CTEPXKHSIMU BEIYIIAX CTOJIOIOB HEKOTO-
PBIX TpaHC(hPAKTAJIOB, BCE CTOJIOIBI KOTOPBIX TAKKE IPOIAyT IIPU B3PHIBE.
Yucao crosbios B TpaHcdpakTaae Mbl 3HAEM U3 OIpeIe/IeHIil TpaHcdpak-
Taja, ¢ppakTaia u cBoiictBa 2. Ilosromy umcio N cTosb1oB, KOTOpbIE TIpH
B3DbIBE OYyT y/IAJIEHBI M3 MATPUIIBI, MOXKHO OIIEHUTD, YIUTHIBas (4), Kak

q—1 p; logq i _1 q—1 ]El,] —Pi

i=1 j=1 i=1
(5)
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Puc. 7. WnmocTpanus K 10Ka3aTeIbCTBY JEMMBI 5.

IprYeM U3 HepaBeHCTBA B (5) JIEMKO BHJIETh, YTO paBeHCTBO N = k MOxKeT
JIOCTUTATBCH, TOJILKO ecyil Bee p; = l mwBee l;j1 = k,i=1,...,g—1, T. e. Ko-
IJIa BCe MHOXKECTBA 1; COCTOSIT U3 OJIHOTO CTEPIKHsI, pa3Mep KOTOPOTO PaBeH
qucy CTpok B mosioce R;. OcytmecTsiisisi B3PbIB CTOJONA § cO 3HAUEHHEM 1,
MOJIy9aeM TakKoe ke TpeboBaHue JJIA IMOJIOCHl .

Orcroza ciietyer, 9T0 9UCJIO CTOJIONOB B MaTpuile M He yBEJIUIUTCS MIPH
HEKOTOPOM B3pBIBE CTOJIONA §, TOJBKO €CJIU CTOJIOeI § SBJISIeTCS BEJLyIIIM
cTOJIOIOM TpaHcdpaKTaaa U ero pa3Mep kq ecTh CTelleHb ducaa ¢. Tem ca-
MBIM 3aBEPIINEHO JI0KA3ATEECTBO WHIYKTUBHOTO IIEPEXOJIA. O

Caenctsue 2. [lycmo mampuya M asasemcs nepacuwupaemoti. Toeda mam-
puya M asasemca Gpaxmanrvrot mMampuyed.
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Zloxazameavcmeo. Ilo jtemme 5 Kaxkplit crosiben MaTpuribl M siBasieTcst Be-
JYIIAM CTOJOIOM HEKOTOPOro TpaHcdpakTaaa. [Ipeamono:kuM, 9To B MaT-
putie M ecThb JBa CTOJIOINA f1u fg, He IMOKPBIBAIOIINECS JIPYT APYTIOM U HUKa-
KUMU Ipyrumu crosonamu. Toraa mo ciaeacTBuio 1 ¢ToIoIb! 1 u ty He repe-
KpLIBaloTCsd. Bo3bMeM CTPOKY 71 C YUCIOM B CTOJIONE {1 1 BO3bMEM CTPOKY
7 ¢ amesoM B crosbne ty. 13 ompeeeHnsT TpaHcpaKTaga U CJIeICTBAA 1
BBITEKAET, UTO CTPOKU 7] U T5 He UMEIOT CTOJIONA, B KOTOPOM B 3THX CTPOKAX
CTOST Pa3Hble YNCJIa (,ZLGI/ICTBI/ITGJII)HO ecJin Takoil crosber; § HalijeTrcs, TO
OH He BJIOXKCH HU B 1, HU B tg, a TI09TOMY SIB/IFICTCS BHEIITHIM I10 OTHOIIEHIIO
K TpaHcdpakTagaM, B KOTOPBIX t1 ity SABJIAIOTCS BEJLY IIIMIT cToJsibraMu, HO
TOTJIa 10 CJIeJACTBUIO 1 U cTosberr t1, 1 crosiber {9 BIIOYKEHDI B §, 94TO IPOTHU-
BOPEYUUT HAIIEMY IIPEJIIOJIOKeHNI0). Takum 06pasoM, Mbl IOy YU TIPOTU-
BOpedre ¢ JIEMMOIl 1 M ClIeIaHHBIM IIPEIIOJIOXKEHIHEM O HAJIUYIHH CTOJIOIOB
t u ty.

Suaunt, B MaTpuie M ecrb croJbders t_i, [MOKPBIBAIOIINI BCE OCTAJBHBIE
cronbusl. Torma crosberr ¢ JoJKeH CoZlep:KaTh YMC/Ia BO BCEX CTPOKaX, I0-
TOMY YTO €CJIM OH COIEP:KHUT 3BE3JI0YKY B HEKOTOPOI CTPOKE T, TO, BBUIY
orcyrcTBusI B M CTPOKM M3 OJHHUX 3BE3/I0YEK, HAWIETCA CTOJIOEI] ty ¢ anc-
JIOM B CTPOKE€ 7, HO TOI/a CTOJIOEIT ty He ITOKPBIBAETCS CTOJIOIOM {1, 9TO
IPOTHBOPEYUT C/ETAHHOMY BBIIIE YTBEPKICHHIO. Takum o6pa30M croJiberr,
1 COZIEPZKUT 9HCJIa BO BCEX CTPOKAX M, CJACI0BATEIHHO, CTOIOEI] {1 sBIIsIeTCSt
BeyIIIM CTOJIOIOM Beeit Marpuiibl M, KoTopasi, B CBOIO 0Yepe/ib, ABJISI€TCS
dpaxTabHON MaTpUIEi. O

Habunronenue 4. Opakmasvhas Mampuya AGAAEMCA HEPACUUDAEMOY.

Hoxazamesvbemeo. ITor pakT MOKHO MPOCTETUTD TI0 JIOKA3ATETHLCTBY JIeM-
Mbl 5. Bupouem, jsenarh 3TO He 00s13aTEIBHO, MOCKOJIBKY JH0Dast jpyras
MaTpuiia, KpoMe (ppakTajJbHOMN, 0 CIEACTBUAIO 2 SIBJISETCS PACIIHPAEMOii, a
HEpACIHIUPsSeMble MATPHUIIBI CYIIECTBOBATD JOJ?KHBI BBUJLY OI'DAHUYEHHOCTH
mo Teopeme 1 wwcsia cTOMONOB B A-TIPUMUTHBHBIX MATPHUIAX MPU (DUKCHPO-
BAHHBIX ¢ U M. O

7 TI's1aBHBIE TeopeMbl

Teopema 7. Hmerom mecmo mourvie 3HAYEHUA

Ncoord(m) _ qm - 1, Ccoord* qm - 1’m _ qm —1 I

loxasameavcmeo. BoiTekaer us ciaencTBust 2, Haba0meHns 4 W CBOHCTBA

4. (]

Acnmnrornaeckast popmysia (2), BoncaHHasi B TeopeMe 6, BBITEKAeT 13
Teopem 3 u 7.

Caenctue 3. [lycmos ¢, m — durcuposarrvie HAMYPAALHBIE YUCAG, ¢ > 1.

Tozda npumn — 0o wucao pasbuenut eunepkyba Zy na nodkybo. pasmeprocmu

m
q -1
HE MEHEE TL — 11 ACUMNIMOMUYECKU PABHO Tl q-1
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Zoxasameavcmeo. st yucia pa3doueHunit Ha mogKyObl pa3MEepHOCTH HE Me-
Hee N — M, OYEeBUHO, cipaBemBa dhopMmyra, aHajorudnas dopmyie (1),
T. €. BOIIPOC CBOJUTCS K HAXOXKIEHNIO MAKCUMAaJbHOIO 9KMC/Ia CTOJIOIOB B A-
[IPUMUTHBHBIX MATPHUIIAX, COAEPKAIINX B KaXKI0# CTpoKe He boJjiee 1M duc-
JIOBBIX 3HaveHnit. OJHAKO eC/id KaKas-TO CTPOKa COAEPXKUT MEHEE 1711 TUCTIO-
BBIX 3HAYEHMI, TO COOTBETCTBYIOMIMI MOAKYD MOMKHO PACIIEIUTH IO HOBOI
KOOpJIMHaTE Ha MOJKYObl MEHBIEH pa3MepHOCTH, aHAJIOTTIHO TOMY, KaK JIe-
JIAJIOCH 110 XOJy OIlepallii B3PbIBa, YTO IPUBOAUT K YBEIUYEHHUIO CTOJIOIOB
MaTpuipl. I1osToOMy MakKCHMAJIBHOE YHCJIO CTOJIOIOB MOYKET OBITH JOCTUIHY-
TO TOJILKO Ha MATPHIIE, COAEPXKAIlell POBHO M YUCE] B KaXKI0i CTPOKE, T. €.
Ha MaTpuie A-IPUMUTHBHOrO pa3OueHus Ha MOAKYOLI PasMEPHOCTH 1 — M
KazK b, O

8 3akJiroueHue

Jlrobast 3Be3Hass MATPUIA, 38 UCKJIOUEHHEM (paKTajia, IPU HEKOTOPOM
B3pbIBE PACIITUPSIETCs, a PPAKTAJ OCTACTCsE (DPAKTAJIOM IIPHU JIFOOOM B3PBIBE.

Any star matrix, excepting a fractal, expands under some bang, whereas
a fractal remains to be a fractal under any bang.
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