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®YHKIIUN C OTPAHNIYEHUAMUI HA XAPAKTEPUCTUKY
HEBAHJIMHHBI 11 J12KPBAIIIAHA
E.T'. PoaukoBa, K.B. Kuciakosa

AHHOTALUSA. HenrpanbubiM noustueM teopun Mepomopdubix dyukiuit P.
Hepanmuubl sB/isieTcsd NOHATHE XapaKTepUCTU4YecKoi hynkiuu. B koMiniekc-
HOM AHAJU3€ XOPOIIO M3BECTHHI KJIACCHI (DYHKIHUH OrpAaHUYEHHOTO BHUIA U
kJjaccel HeBannunuwi-/[2xpOanisna, Beejennbie B Mmonorpacgpun P. Hepanimn-
Hbl. DTH KJACChl U WX AHAJUTHYECKHE IOJKIACCHI CHIIPAIH BazXKHYIO POJIb
B Pa3BUTUU TeOPUHU (PYHKIUN KOMILTEKCHOrO nepeMmennoro. B 1964 roxy M.
Jkpbalisii IIpe IpuHsl MONBITKY 0000IuUTh cTpoiinyio Teopuio P. Hepan-
JIMHHBI BBEJICHHEM HOBOH XapaKTepUCTHUYECKONH (PYHKIMU U KJIACCOB Mepo-
MOpdHBIX GYHKIUNA ¢ OrpaHHIeHHON «a-XapakTepucTukoit. OKa3ajaoch, 4TO
BBEJIEHHbIE UM KJacChl mupe KJjaccoB Hepansumuubl-/lxkpbamisina. Paszsubas
teoputo Hepaumuuaubl, @.A. [MTamosu B 1999 roay BB n nccie0Ba/l KIacChl
MepomopdHbIX pyHKIMI ¢ XapakTepuctukoii P. Heparmauuubr u3 LP-BecoBbiX
npoctrpancTs. CBsa3b Mex 1y Kiaaccavu [[Tamostna n BecoBeivu kaccamu JIxp-
OalsiHa uccjielyercs B 9Toit padore.

KoaroueBsbie cjioBa: aHajguTndeckue (GpyHKINH, XapaKTepUCTHKa HeBammH-
HBI, a-XapakTepuctuka /kpbaisHa, oneparop auddepeHnupoBaHnd.
YAK: 517.53

ABSTRACT. The central concept of R. Nevanlinna’s theory of meromorphic
functions is the concept of characteristic function. In complex analysis, classes
of functions of bounded type and Nevanlinna-Dzhrbashyan classes, introduced
in R. Nevanlinna’s monograph, are well known. These classes and their analytic
subclasses played an important role in the development of the theory of functions
of a complex variable. In 1964, M. Djrbashian attempted to generalize R.
Nevanlinna’s harmonious theory by introducing a new characteristic function
and classes of meromorphic functions with bounded a-characteristic. It turned
out that the introduced classes are wider than the Nevanlinna-Dzhrbashyan
classes. Developing Nevanlinna’s theory, F.A. Shamoyan in 1999 introduced
and studied classes of meromorphic functions with R. Nevanlinna characteristic
from LP-weighted spaces. The connection between Shamoyan’s classes and
Djrbashian’s weight classes is studied in this paper.

Key words: analytic functions, Nevanlinna’s characteristic, Djrbashian’s a-
characteristic, differential operator.
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1. BBEJEHUE

ITycts C - KOMILTIEKCHAS TIOCKOCTh, D - enmananblil Kpyr Ha C, H(D) - MHOXKeCTBO BCex
dbyukuumii, anamuruaeckux B D. O6oznaunm depes3 T'(r, f) xapakrepuctuky P. Hepanaunner
dbyuxuun f € H(D) 2], a uepes T, (r, f) — a-xapakrepuctuxky M.M. Txxpbamsma [I]:

1

T(.f) = 5= [ W 17(re?)ldg.

In" |a] = max(0,1nlal), a € C,

r—(a—i—l) ™ r . . +
T.(r,f) = M/n (/0 (r—t)%In|f(te “’)|dt) dp,a > —2,

1



2

e [' — dbynknua Ditnepa.

OtMmeruM, 9TO a-xXapakTepucTuka ObLia BBegena M. M. lxpbamrsgiaom B 1964 1. mpu 0600-
meHnn UM Teopun P. HeBaHIMHHBI, KpaeyroJbHBIM KaMHEM KOTOPOH SIBJISETCS IOHSITHE Xa-
pakrepuctuuexoii pyukuun, T_1(r, f) = T(r, f).

Mgt muoxkecrsa F C C dyukuuii f,g : E — R oyuem nucars f(() < (C), ¢ € E, ecan
cymecrByer nocrosiaaas C' > 0, ayst koropoit f(¢) < Cg(¢) nasa Beex ( € E

[Tpu ar06om o > —1 cupaBeInBO HEPABEHCTBO:

1

sup To(r f) < / (1 - 1) T(r, f)dr,

0<r<1
0

nodromy BeepaéHHbIi M. /lkpOalsgnoMm Kaace aHAJIUTHIECKUX (DYHKIHH B Kpyre, IMEIOIIX

TaM OTPAHHIEHHYIO (- XapAKTEePUCTHKY, Iupe Kiacca Hepawmunubl-/zkpbamsana S, = {f €
1

H(D): [(1 —=r)*T(r, f)dr < 400}, Beeaéunoro P. Hesanunnoit 8 [2].
0
O6o3HaunM ) — MHOYKECTBO BCEX M3MEPUMbIX MOJOKHTeNbHBIX byHkImit Ha A = (0, 1],

JJIsT KOTOPBIX CYIIECTBYIOT YUCIA My, ¢, 3 A, M, takue, aro (cm. [8])

w(Ar)
w(r)

(1) my, < <M, re Xe g, 1]

[Tpocreiimumu npuMepamu Takux ByHKIUi MoryT ciyRuth w(t) = t7 (ln .. In —)B, teA,
v>—1, 5 eR.

[Iycts w € Q2,0 < p < 400, a > —1, § > —1. Beegém B paccmoTepeHne ey omnme
KJIACCHI (DYHKITHIA:

1
NP, =S fe€eHD): /w(l —r)TP(r, f)dr < 400

0

Shs=1f€H(D /1—7’ w(l = r)TP(r, f)dr < +o0
0

Brepsoie kitacchr Sf)’o obL1n BBedeHbl n ucciaenoanbl O.A. [Hlamogaom B 1999 r. B pabo-
te [5] Kak obGobIieHne XOpOIIO M3BECTHBIX B HAYYHON JUTepaType KIaccoB HeBaHIMHHBI-
Jlxpbamsana [2]. Kraceer N, upn w(t) = 17, v > —1, Obliu BBeJEHb U HCCICNOBAHDI B
pabore mepsoro asropa [4].

B pabore [7] ycranoseno, aro npn w(t) = ¢7 knacest NE, u S 1),
Beex 0 < p < 400, @ > —1. MBI pacnpocTpaHseM 3TOT pe3yJIbTaT Ha MPON3BOILHBIE BECOBHIE
dbyuxmmn w € Q:

Teopema 1. Kaaccow NJ , u SP (at1)p cosnadatom npu ecex 0 < p < 400, a > —1.

Kax cieacreue JoKa3aHHON TeopeMbl, MBI HAlIEM YCIOBHA, P KOTOPHIX Kiaacc Nb , uH-
BapHAHTEH OTHOCHTEIBHO oneparopa audepHIupOBaHKS.

Jlisg mokasaTebCTBa OCHOBHOIO pE3yJbTaTa HaM IOTpeOyeTcss BCIOMOTaTeIbHOE YTBep-
JKJICHUE, SIBJISIONIEECs. CJCCTBAEM TEOPEeMbl 2, YCTaHOBJICHHON B pabore 7).

Teopema A. [lpu scex 0 < p < 400, a > —1 cnpasediuso caedyrowee 6aoxHcerRue:
Sg (a+1)p C:Aala

I/I3 pe3yabTaToB riaassl 4 monorpadun 8] ciemyer:

COBITAIAIOT JIJIST



Teopema B. Eciu {z,}° = Z; nns upoussossroit byskunn f € SP (as1)p T

1

(2) /w(l — )P (r)(1 — )@ TDPdr < o0
0
O6paruo, eciu (2) BbIOIHSIETCS, TO MOKHO IIOCTpOUTH Ipousseaenue [xpbamsna mg(z, 2k ),
B>a+1+ O‘“p“ U3 KJacca Sfj (at1)p C BYIAMI B TOUKAX {2k }7°.
AnanornunbsiM o6paszom, kak B pabore E.I. Pomukosoit [4], mozkHO ycTanoBUTH Ciieyoriee
yTBepzKIeHNe:
Teopema B. Ecin {2,}7° = Z; ana npoussosbroit dynkmun f € NE ,, To

1

(3) /w(l —r)nk(r)dr < +oo.
0
O6parHo, ecau (3]) BBIIOTHSAETCS, TO MOZKHO OCTPOUTH IIpou3Beenue [ xpbammsina mg(z, 2;),
f>a+1+ O‘“Tfl, u3 Knacca NP, ¢ HyTaMH B TOYKax {z;}5°.
[Tpu mokasaTebcTBe TEOPEMbI B CyIecTBeHHYIO POJIb UTPaeT CIEAYIONee YTBEPK IeHHE:
Jlemma T'. U3 cxopumocTu nnrerpasia caesyer CXouMOCTb uurerpaa (2)).
Jloxasamenvcmeo.
Jliisg kpaTkocTn 0603HAYNM

Iy = /lw(l — r)ng(r)dr,

w(l — )P (r)(1 — r)et2Drdr,

O\H

ITo onpenenenno
r p

Iy = (ﬁ)p/lw(l — )y (@tlp /(r — t)‘““@dt dr =

0
1 1 p

= (rrg) fea-n | fomwm ) o
0 0
OueHum 10C/ e Uil UHTErpaJT CHU3Y.
1
Iy Z/ (1—r) / —w)*Mn(ur)du | dr >
173 1r

I 1
> Z, /n” (37’2— 1) w(l —7)(1 = r) @ 2rgr = ¢, /np(p)w(l —p)(1 = p)erDrdp = [,
173 0

Taxum obpazom, nogaydaem, 4to ecau [y < +00, To u Ig < 4+00. Jlemma jgokazana.

N3 teopemsr B ciemyer
Teopema /1. Beskas dbyukius [ € NP ¢ HyJsgMI B TOYKAX HOCJIEI0BATETbHOCTH {2},

f(0) # 0, mpeacraBuMa B BUIE:
(4) f(z) = mps(z, 21) - exp g(2),
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meﬁ>o¢+1—i—o‘“Tf17 exp g(z) € NB, mpu Beex 0 < p < +00, a > —1.

2. JOKABATEJIbCTBO OCHOBHBIX PE3VJIbTATOB CTAThU

D NP

w,o’

JokazaresnbcTBo. Nrax, /yis Toro, 4robbl yCTaHOBUTH BKJKOUeHHE S (at1)p

JOCTATOYHO HOKa3aTh, 4T0 dyukius G(z) = exp g(z) = exp (u(z) + iv(z)) u3 npecraBienus

(4), mpumamTexuT KIaccy 557(a+1)p npu Beex 0 < p < 400, a > —1.

JL1s 3TOTO HYKHO YCTAHOBHUTDL OIEHKY

HaM

1 1

(5) /w(l —7)(1 = )Pt TP GYdr < /w(l —1r)TP(r, G)dr.

Iyers wi (1 —7) = w(l — ) (1 — )P+ Obozmaumm

™

(6) B(G) = /wl(l - 7")/(anr |G(r6w)|)pd9dr,

—T

(7) A(G):/lw(l—r) / j(l—t)au(trei“")dt +dg0 pdr<+oo.

TpebyeMyto OleHKY MOYKHO TEPeNucaTh B SKBUBAJIEHTHOM BH/IE:

B(G) S A(G).
1
Vaureisast, aro Gynxums u,(z) = [(1—¢)*u(tre?)dt asnsercs rapmonnteckoii 8 D (cm. [I
0

c. 596]), u mpEMeHsis TEOPEMY O CPEJHEM, HOJIYYuM
1 [ , u(0)
S - vp d = Uq 0 = .
or | talre?)de = ua(0) = 077

—Tr

[TosToMy, ncmoap3ys paBeHCTBO

Uuo(re’?) = max (uq(re’?),0) — max (—uq(re’?),0) =

= uf (re®) — g (),
HOJTY 9aeM
T 1 -
1 ,
— /(1 — ) %u(rte?)dt | dp =
27
-7 0
g 1 +
1 A
= — /(1 — t)%u(rte?)dt | dp — us(0).
2m
-7 0
U3 nocseanero pasencta u u3 (|7) mosydaem
1 T 1 p
/w(l - ) / /(1 —t)%u(rte™)dt| do | dr < 2A(G) < +oo.
0 —7 |0

Taxkum o6pazom, DyHKIHS U, (2) npuHagmexuT Kiaccy SHE 0 < p < +oo (em. [3], rr.1).
ITo semme 1.11 (cM. Tam Ke) rapMoHHYeCKasi DYHKIUS VU, (2), COUPSKEHHAS C Uy, TOXKE



5

npunajie:kut Kiaaccy SHP. Cuemosarensno, bynknua Go(z) = ua(z) + iva(2), z € D,
npuHaexRuT Kiaaccy LP (H(D) = AP te.

1

(8) /w(l—r) /ﬂ’Ga(rewﬂd(p pdr< oo,

Urak, ycranosserno, uro u3 cxoxumoctun A(G) cremyer CXO,ZLI/IMOCTb. Tenepb moxazkem,
aro u3 (§) caeyer, uro B(G) cxonurcs.
Ucnoansys npeacrasienne (7)), HeTPYAHO 3aMETHTE, 9TO

1
9) /1—t InG(tz)dt, z € D,
0

r/ie BeIOpaHa rJiaBHasg BETBb JIOTapuMUIecKoi (DyHKIUH.

~ +oo
[Iycrs G =InG(w) = > apw®, w € D, Toraa
k=0

“+oo

Fla+1)I(k+1) R ~
t)etkdt = = —_p-fD D.
Z“kz / kz:% Tlathk+2) ™ T at1 G(2), = €

ITo cBoiicTBy nHTerpo-muddepennmanbabix omeparopos (em. I ¢. 594|)

- 1
a+1 _
G(2) = (@ + 1) D" Gy —%/ 1-752 ) dmat)
D

ITo Teopeme 2.4 [§],

Gty =" | - § 2 ),

T 1 —(t)r+2

e vy > a“”

TTOJIY UM

— 1. C yuéroM 9TOro npencTaBjeHns aHATOTHIHBIM 00pa3oM, Kak B |7, ¢. 155],

é(z)‘ 5 / (1 — K’—)V‘GOXC)‘de(C)

|1 — Cz|’Y+3+o¢

Jlokazkem, 4TO

1 T p
/wl(l — ) / ‘é(r@i‘p)‘ dp | dr < 400,
0 — T

ecan A(G) < 400; Torna n B(G) Takzke Byner cxoauThest, BBILY Toro, uro a” < |a| = at+a”
npu Bcex a € R.
Onenum wHTErpas
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YdauThIBasi XOPOIIO U3BECTHYIO ONEHKY (cM., Hanpumep [8], 11.2), moayguaem

/”’é(mw)‘ T i <l

(1 —r|¢f)rta+

1

(1-p
. /m/’G e e

Sy

[Ipeamonoxkum cradaia, 9o 1 < p < +00. YuurbiBag HepaBeHCTBO (a + b)P < 2P(aP 4 bP),
cIIpaBe/JINBoe IIPU BCeX II0J0KUTeIbHBIX 3HAYEHUAX a, b, p, IOy IIM:

(10) /lwl(l—r) /WG(TMW pdrg /lwl(l—T)If(r)dr+/1w1(1—T)Ig(r)dr

OHeHI/IM Ka}K,ZLbeI N3 9TUX UHTEI'PaJIiOB 110 OTACJIbHOCTH.

1 1 1 p

1—p
/W1(1_7’)Ig(r)d7": /Wl(l —7) /W/KJ pe'? ‘dgodp dr =
0 0 ”
1 ] 1 ™ P
N /M(l - T)(l — r)pltat?) /(1 Nl / |Ga(pe'?)|dp | dr <
0 r -
1 1 ™ P

Bo BHyTpeHHeM mHTerpaje IpHMeHNM HepaBeHCTBO [€ibaepa ¢ Becom (1 — p)7:

1 v p 1 T p

Ja=o [(6aoeazan) < [a=p7 | [(Gatoe)| o) apx

T

1 p/q

<\ fa-pa)

T

e q = Ll CJ1eJ10BaTeIbHO,

1 T p 1 s p

/(1—0)7/|Ga(pe“")\d90dp < (1—7“)”“)“”‘”/(1—@” /!Ga(pe"“p)ldso dp.

s —T 7



Taxum obpa3oM, MoJTydaeM

1

/wl(l B (r)dr =

o

1 1 p

:/wa—mu—wwW” /u—mi/mdm%Mw@ dr <
< /lw(l =) (1 —7r) O /1(1 —p)? /ﬂlGa(pei”)\ dep pdpdr~

[TomensB OPsIOK MHTEIPUPOBAHUS B MOC/AEHEM UHTEIPaJIe, MOy YaeM:

/1w1(1 — )l (r)dr 5

p

5/100(1—@ j!Ga(pew)‘dgo dp.

s
Ucnonb3ys Tor dakr, ato narerpan [ |Gq(pe'?)| dp apasercs MOHOTOHHO pacTymeil GbyHK-
—T

nuei oT p, IPUCTYIINM K OIIEHKE WHTerpaJa

1

/w1(1 — ) IP(r)dr.

0

HNmeem:

p

1 T ™

(1-p%)7 i

/w1(1 — 7’) / W / }Ga(pe 90)‘ dQOd,O dr <
0 0 -7

1 ™ p T p

g/wl(l—r) /|Ga(rew)|d<p : /%dﬂ dr <

0 — T
p

< 0/1w(1 —7)(1 — r)Pletl) Z}Ga(rei@) dy (W)pdr —

p

_/1w(1—7’) /ﬂ|Ga(7’ew)}dg0 dr.
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Urak, (10) mpumrmaer Bu:

1 T p

/wl(l—r) /é(rew) do | dr <

N—TT

/w1 (1= )12 )dr+/ (1 — )Ry | <

0
p

/wl—r /|G re'? }dgo dr.

0

Teopema nmokazana npu 1 < p < +00.

[Tepeiinem Kk ycranomaennto anagorumdHoii omenku npu 0 < p < 1. CHOBa mCHOIbB3yeEM
pasbuenne BHyTpeHHero naterpasa ua dactu ((10)).

Onenum Io(r):

1
(1—p
Iz(T)Z/W/\G pe'?)| dpdp <

r
1

27 ,
= W/(l _p)7/|Ga<P€“”>\ds0dp-

r

[Mpeanonoxum, uto r, < r < rpiq, e ry = 1 — 2k, k=0,1,.... Torna
+o0 Tk+1 s
B(r) S (1 =) 037 [ @ p [[[Galpe')| dedp
k=n -~

Tk

CuoBa yuuThiBas HepaBeHCTBO (a+b)P < 2P(aP+0bP), cipaBeyInBOE TPH BCEX MOJOKUTETHHBIX
3HAYEHUSIX @, b, p, TOTYyInM:

“+o00 Tht1 P “+00
B g @-ryroen S [y / Galpe®)] dpdp | = (1—r) s S e
k=n —

Tk

rae

Tk+41 p

Ji = /1— /|G pe'? ‘d(pdp , n<k<+o0, keN.

Tk
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[lepeiigem K OlleHKe HHTErpasoB Ji 1pu pukcupoBaHHoM k. CHOBa yUHUTBHIBas, 9TO (DyHKIIHS
™

Y(p) = [ |Galpe™®)| dp - MoHOTOHHO pacTymast 1o p, HOJIyIaeM
P
1 1 P

R Py / |Galrise™)| dy [kal) T gEe | S

p

1 f l.
Ssz /|Ga(7"k+1€@)|d80 S

Tk42 p
< / (1 —p)0tbr /‘G pe)| de | dp.
Tk+1
Takum obpazom,
+o00 1 Tk+2 p
LS Z (1 — r)p+a+2) / (1—p)rirt / |Galpe™®)|dg | dp S
k=n Tk+1
1 p

1
)P
S (1 — rypO+at?) /(1 ! /’G pe?)|dp | dp.

[TosTomy

1 1 p

w(l—r)
/(1_7,)1;(74_1) /(1 p>(7+1 /’G pe |dg0 dpd’/’ <

0
p

(1—
/ wl :+1 / /‘G pe’ |d<p d(l—p)(7+1)p dr.

0

N

[TpowHTETpUpPOBaAB MO YaCTSM BO BHYTpeHHEM WHTeTpaJie, Oy IIM:
1

/wl(l () <

0
1 T p

S/w(l—r) /‘Ga(pei‘pﬂdcp dr.

0

ZLHH JOKa3aTeJJIbCTBa TEOPEMbI OCTacTCAd IIOJYIUTh aHAJOTHYHYIO OIEHKY AJId HHTEI'paJla
1

/Wl(l — ) IP(r)dr =

1 p

—/wll—r / +a+2/‘G pe’ |d<pdp dr.

0 0
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CHoBa UCIOIB3yst MOHOTOHHOCTD (byHKIHT 1(p) Ha A, nmeem
1

/wl(l C () <

0
1 T p r p

. 1
< futn | flGwelae | | [ G pmte | o

0 0
1 p

< /(1 —r)P /|Ga(7‘ew)‘ do | dr.
0 s
Urak, npu 1 < p < +00 IPHHUMAECT BHJI:

/1w1(1 —7) ] ‘é’(rew)

1

/lwl(l —T)If(r)drvL/wl(l Ry | <

0

p

dp | dr <

p

/1w(1—7“) /N|Ga(7’ei“")}dg0 dr.

Takum obpaszom, npu Beex 0 < p < +00 YyCTAHOBJICHO:

1 m
/ ‘é(rew)
1 e

(1—=7)
/w(l—r) /ﬂ|Ga(7’ew)}dg0 dr,

p

dp | dr <

wi(l—r

0
p

OTKyJa ¥ caejayerT TpebyeMas onenka ().
Teopema jl0ka3aHa MOJHOCTDHIO.
C 1oMoIIbIo IOKa3aHHOl TEOPEMbl MHOTHE PE3Y/IbTATH, YCTAHOBJIEHHBIC [Is KIACCOB S, |
JIerko nepesocsrcd Ha kJjaccsl NP . B gacrHoCTH, ClipaBe/THBO CJIe/iyIoliee YTIBepIK IeHNe:
CnenctBue. [lycmo a > —1, 0 < p < 400, w € Q. Kaace NP unsapuarmen omHocu-

w,
1

meavno onepamopa duddepernyuposarui mozda u moavko mozda, kozda [ w(t)tletp P %dt <
0
+00.

CrpaBe IJIMBOCTD ITOrO YTBEPIKJICHUS CJEYeT U3 TeopeMbl 1 U pe3yabraToB paborst [6].
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