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DIRICHLET PROBLEM FOR THE WAVE EQUATION

YU.I. SUKHAREV, V.P. TANANA, B. A. MARKOV

IIpedcmasaerno I1.I1. IIETPOBBIM

Abstract: The paper considers the Dirichlet problem for the wave
equation on a finite time interval. The difficulty in solving the
problem lies in the fact that under natural conditions the solution
to this problem may not exist, which complicates the problem
formulation.

The paper solves this problem by comparing the Dirichlet problem
with the Cauchy problem. Under certain boundary conditions, it
is possible to construct a solution to the Dirichlet problem by
reducing it to the Cauchy problem for the wave equation, thus
proving the existence of a solution. Due to the uniqueness and
stability of the solution to the Cauchy problem, it is possible
to prove the uniqueness of the solution to the Dirichlet problem
under rather strong constraints on the functions in the boundary
conditions.

Keywords: Dirichlet problem, finite time interval, wave equation,
conditionally ill-posed problem, Cauchy problem, non-equivalence
of the Cauchy problem and the Dirichlet problem.

Introduction

The concept of a colloid as a set of layers is common in colloid chemistry
[1], [2]- The layers will have one or another electrical moment in the case of
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rare metal oxyhydrates, since they are composed of electrically polar long
molecules [3].

It has been experimentally discovered that between electrodes placed in a
colloidal substance and connected by a measuring device, a certain potential
difference arises, and the device records a spontaneous electric current [4].
The diagram of the current’s dependence on time appears chaotic, but the
Fourier transform over time for a finite time interval (over the measurement
interval) shows with high reliability the presence of harmonic oscillations of
different frequencies. In this case, the frequencies are discrete and increase
linearly with the number of frequences.

It seems likely that the detected oscillations are a result of oscillations
of long molecules with electric moments due to the layered structure of the
colloidal substance, and the measuring device records these oscillations. This
idea is supported by the presence of long rod-shaped fragments in the rare
metal colloid, which can be seen at x1000 magnification.

At best, the experimenter has access to the initial and final location of
the fragment, since all measurements are made over a finite time interval. At
the same time, the change in the shape of a long molecule is of considerable
importance, since it can be used to infer the chemical composition of the
substance, its changes over time, the homogeneities and heterogeneities of
the colloid, the fluxes of substances filtered by the fragments, the sorption
properties of the gel, and much more.

Oscillations of structural units on a finite time interval with conditions at
the initial and final moments are determined by the solution of the Dirichlet
boundary value problem, which is ill-posed [5], [6]. Therefore, a complexity
arises from the fact that the solution to such a problem may not exist, may
be non-unique or may unstable with respect to the initial data.

1 Mathematical statement of the problem

Let the Dirichlet problem for the colloidal substance be given by linear
fragment oscillation time on a unit interval of time.

“u(x 2u(x
68(1527t)=(36;2’t>7 r e (0;m), te(0;1), N
w0,6) =0, te0;1], wu(lt)=0, te0;1];

u(z,0) = f(z), (0], u(e1)=h(@). @ e 0]

where u(z, t) is the deviation of the linear fragment rod from the equilibrium
position.
We are looking for a solution to the problem (1).

Definition 1. A solution to the boundary value problem (1) [7], p. 254 is
function u(x,t) such that:

1. u(x,t) is continuous with first derivatives on set t € [0;1],z € [0; 7],

2. u(x,t) has continuous second order derivatives on sett € (0;1),z € (0;7),
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3. u(z,t) satisfies the differential equation (1) on sett € (0;1),z € (0;7),
4. u(x,t) satisfies all the boundary conditions of the problem (1).

The complexity of the problem (1) is that its solution for certain lengths of
the time interval is not unique [5] or may not exist at all (we choose the case
corresponding to value a = 1 in the notation of [5]). Moreover, the problem
is unstable with respect to the initial data [5]. Therefore, we construct and
consider an auxiliary Cauchy problem, whose classical solution is well known
(for example, [7]). It is necessary to answer the question of whether the
solution to the auxiliary problem also coincides with the solution to the
problem (1).

Let us consider the question of eigenfunctions, since we construct a solution
by expanding it in terms of the eigenfunctions of the corresponding Sturm-
Liouville problem.

We also need to consider the auxiliary Cauchy problem (the direct problem),
since we use it later.

u(z,t)  0%u(a,t)

z e (0;m), te(0;400),

o2 ox2
u(0,t) =0, te€[0;400), u(l,t)=0, te€0;+00); (2)
u(z,0) = f(z), = €]0;n], M(aﬂi’o) =g(z), =z €]0;n],

We do not specify the spaces in which we construct the solution, because
their clarification is preceded by the properties of the constructed solution.

1.1. Sturm-Liouville problem. Consider an operator A : H — H, where
H = Ls[0; 7], such that D(A) = CZ[0; 7], and is defined by

2 X
AUG) = 200, @)

U@0)=0, U(r)=0.

Let us construct the closure of operator A in the space Ls[0; 7] by introducing
the scalar product.

Definition 2. The scalar product in space Lo[0; 7] is integral

where W(x),U(z) € La[0; 7).

Operator A is symmetric on its domain. The symmetry of the operator
implies its closure in Ly[0; 7]. Since the operator is symmetric on D(A), then,
according to [8], p. 354

Definition 3. The closure of Operator A is Operator A such that D(A) C
D(A), and the graph of T'(A) is closed in the Cartesian product Lo[0;m] X
Lo [0; 7).



DIRICHLET PROBLEM FOR THE WAVE EQUATION 147

The solution to (1) has the form of a series in eigenfunctions of the Sturm-
Liouville problem

d*U (z)
02 :AU(Z'),.%G (O;TI’), (4)
U(0) =0,U(r) =
Lemma 1. The eigenvalues of the Sturm-Liouville problem (4) are A = —n?.
The system of eigenfunctions corresponding to these numbers {sin(nz)}, >,
is complete and orthogonal in the space Lo[0;].
Proof: The proof is given in, for example, [9]. O

1.2. Construction of the solution to the problem (2) and some of
its properties. Let us consider an auxiliary Cauchy problem to construct
a solution to problem (1). The auxiliary problem is comparable with the
Dirichlet problem (1)

2 2
FU(x,t) = 9 U:(Ea;’t), z € (0;m), te(0;+400),

U((ff) =0, te[0;400), U(1,t)=0, te€]0;+00),
U(z,0) = f(z), ze€l0;7], oU(z,0)
f(x) € Hy0;7),  g(z) € H[0;7].

Note that such a problem is considered in [7], p. 259.
The following statement is true.

(5)
=g(z), =€l0;m],

Lemma 2. A solution to the problem (5) exists Va € [0;7],Vt € [0; +00), it
18 unique, continuous in the initial data and can be represented as a series

Uz, t) = i {fn cos(nt) + % sin(nt)} sin(nz),
n=1

, ©

- W/ﬁf(x) sin(na)dz, g, = i]g(x) sin(nz)dz

0 0
if f(x) € Hyl0;7), g(x) € HF[0; 7).
The proof is given in |7], pp. 259-260.
The following lemma is true.

Lemma 3. Let a solution to problem (5) ewxist, i.e. f(x) € H4[0'7r] g(x) €

‘ U (z,t) (1)
31N ’ . . )
[0; +00).

Proof: We differentiate series (6), since solution to (5) is defined by formula
(6)
o*U >
3:U38t Z nt { fnsin(nt) + o COS(nt)} cos(nx). (7)

n=1
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Since f(x) € H§[0; 7], g(x) € HJ[0; 7], then

Fn Gn - 2 - 2
f”_nél’g”_713’301>07221F"§01’Z:1G”§01’ (8)
where
2 f (4) 2 [ " .
F,=— [ f%(z)cos(nx)dz,G, = —— | ¢" (z)sin(nz)dx.
T ™
0 0

The following equality is true

o (;;;tt Z {F,sin(nt) — G,, cos(nt)} sin(nx).

We obtain, by composing the scalar product in space L2 [0; 7] and considering
the norm in this space ||s(x )HL2 0] = (s(x); s(x))

Uz, t) O*U(z,t)\ |
ox30t = 0x30t N

n

Z F2sin?(nt) 4+ F,G, sin(2nt) + G2 cos?( nt}<22{F2+G2}

n=1
4
t
This series converges absolutely by (8). Therefore, (w € Ly[0; 7|Vt €
x
[0; +00).
The assertion of the lemma follows from this. O

1.3. Solution to the problem (1). Let us now consider problem (1) and
the series

> hp — fncosn | .
t)=> 1< fa t : t , 9
u(z,t) 2 {f cos(nt) + . sin(n )} sin(nz) 9)
. 2 0
where f,, are given by formula (6), h, = /h(m) sin(nx)dzx.
T

0

Note that series (9) upon formal substitution into all relations (1) turns
them into a true equality.

We have not yet defined the classes of functions f(z), h(z) to solve problem
(1). We turn to the solution to problem (5): f(z) € H§[0;7], g(x) € H[0; ]
to determine them. However, series (9) does not contain the components of
the expansion of function g(z) into a Fourier series. We compare series (9)
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and series (6) in order to determine components gy,

i {fn cos(nt) + W sin(nt)} sin(nz) = (10)
n=1

i {fn cos(nt) + . sm(nt)} sin(nx). (11)

n=1
If we choose

B —
Gn = M -n, (12)
sinn
then the solutions to the Dirichlet (1) and Cauchy (5) problems coincide.
Let us determine the conditions under which this is possible.

We can use a result from number theory for what follows.

Theorem 1. There are only finitely many relatively prime numbers n,m € N
such that

‘W——‘<—, w<17.1. (13)

Proof: According to the result of [11], there is a number C; > 0 such that
there are only finitely many relatively prime numbers n,m € N such that
(13) is true.

Cr
Let us prove that exists N such that Vn,m > N ’7r - > o Suppose
n

that this is not so, that is, there are infinitely many numbers n,m € N
such that (13) is true. Since there are only finitely many such relatively
prime numbers, there are infinitely many natural numbers n, m, which have
a common factor and inequality (13) is true for these numbers.

Suppose that pair of numbers ng,mg € N is such that (13) is true.
Therefore, there are infinitely many numbers k, niy = nok, my = mok, k € N,

m C
and ’77 — —k’ < % is true for ng, my. Since mg/ng is rational and = is
ny, ny,
m
transcendental, then Jda > 0 such that a < ‘77 — —O‘.
1o
Then
Cr
O<a<‘7r——)—‘ ’ 771{:77' (14)

C
Since k € N, it is always possible to choose k such that a > ?277 This
kT
0

contradicts (14), and the set of admissable factors k for numbers mg, ng € N
is finite. The theorem is true since there are finitely many relatively prime
numbers n,m € N such that (13) is true and there are finitely many of their
admissible factors. O
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- hn_ n
Lemma 4. Let n(z) = Z#nsin(nm), h(z), f(x) € HE[O; 7],
n=1

where k = p+ 4, if p is an integer, and k = [u] + 5, if it is not an integer.
Then n(x) € HJ[0; 7).

Proof: Consider series

o0

n(x) = Z Wﬂ sin(nz). (15)
n=1

. . m C
Since theorem 1 is true, N, that Vn,m > N ‘7?——‘ > —:, then |mn—m| >
n n

™
nh—1’
to find how numbers n and m are related to make this summation possible.
m ™ P
Let us choose numbers n so that 0 < |7 — —| < o, O 5(271 —-1)<m<
n n
T
5(271—1— 1). This inequality is true for any natural m > 1. We obtain that the
T

2n—1); Z(2n + 1))
by enumerating all the possible natural values of number n. In this case,

Let us use natural number m for summation in series (15). We have

whole set of real numbers is divided by intervals (g(

only irrational numbers z(2k — 1),k € N are excluded from the set of real

numbers, while all the natural numbers greater than one remain, and each
number m(n) falls into one of the partition intervals. Thus, each natural
m > 1 corresponds to number n, and for sufficiently large n a following
estimate is true: n < m(n) < 4n. This choice of numbers does not contradict

m(n T
the 1 theorem discussed above, since condition 0 < |7 — Q| < o
n n

does
not contradict inequality (13).
The function sin(a) is increasing provided that 0 < a < g, so the following

inequality

sinffrn = m(u)| = sin (577 ).

is true, whence for sufficiently large m,n

sin(m(m)] = sin (7 ).

Therefore,
1 nt—1
- <2 ;
| sin(m(n))] Cr
and
1 pl
<™ (16)
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Thus, from (16) for numbers n starting from some value N the following
relation is true

1 nt—1
<2 . 17
|sin(n)] = Cr (7
The estimate Vn > N follows from (17) and (12) is
hp — fncosn opH—l
< — .
P <o |hyy — frn cosn| (18)

Since only the estimate for u is known, we choose f(x),h(z) € H}?[0;7].
This estimate may be greatly overestimated, but we have no other data.
Then the following relation is true.

2 | 2 |
2 [ 1 @) sintna)de, v, = 2 [ 502)@)sinra)da,
T ™

0 0

o o0 (b
Z¢3L<01,Z\pi<cl,fn:n%,hnzﬁ.

n=1 n=1

The following chain of estimates is correct.

/// z)| = ‘Z — fncos(n )( n?’)cos(nx)~n <

sinn

-,
<2Z’ cos( >‘n4|cos(naj)\,

n12C; sin(n)

Z 2|¥,, — ®,, cos(n)

| 4
<
ConiZsin(n) n*| cos(nz)| <

n=1
— 7 (nd > —
< Z 2|W,, — ®,, cos(n)|n” (n*) < Z 2|W,, — ®,, cos(n)| <
nl2 Cr n-Ch
n=1 n=1
o4 > 2, 11 _ 8 e |
n=1 n=1
This series is convergent because series Z 2 is convergent, Z CIJ% is convergent
n=1 n=1
o0
for ®(x) € HI[0;1], Z\I/i is convergent for ¥(x) € HJ[0;1]. Therefore,
n=1
n(x) € Hy[0; 7). O
Lemma 5. Let f(z),h(z) € H?[0;71]. Then the solution to (1) exists.
2. hy — frncos(n)
Proof: If h H}?[0; 7], th = i
roof: If f(x),h(z) € Hy?|0; 7|, then g(x) Zn - sin(nx) €

n=1
HE[0; 7] according to lemma 4. Solution to (5) exists and is unique in this case
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by lemma 2. Moreover, the constructed solution satisfies all the conditions of
problem (1). Therefore, it is also a solution to problem (1). Thus, a solution
to (1) exists. O

Conclusion

Theorem 2. Let f(x) € H?[0; 7], h(zx) € Hém) [0; w]. Then the solution to
the Dirichlet problem (1) exists and is unique.

Proof: The existence is proved in Lemma 5.

Let us prove that the solution is unique. Indeed, since solution (1) u(x,t)
exists under the conditions of the theorem, it can be found in the form
of series (11). According to Lemma 3 and Lemma 4 this solution has a

aug’t) € HJ[0; 7]Vt € [0;1). Having found that &L(a:z,l) = g(x),

g(x) € H3[0;7], we can view the problem (1) as the Cauchy problem (5).
Thus, problem (1) is reduced to the Cauchy problem (2), whose solution
is unique. U

derivative

References

[1] S.I. Pechenyuk, Sorption of anions on metal ozyhydrozides (review), Sorbtsionnye i
Khromatograficheskie Protsessy, Vol .8, Iss. 3, 2008. P. 380-429.

[2] V.F. Markov, L.N. Maskaeva, Basics of colloidal chemistry, Ekaterinburg, URFU,
2011. 180 p.

[3] D.A. Fridrikhsberg Colloid chemistry course, Spb, Lan’, 2021. 416 p.

[4] Yu.l. Sukharev, Noise pulsations in ozyhydrate systems, Classical Univ. series,
Chelyabinsk, 2012. 160 p.

[5] V.K. Ivanov, V.V. Vasin, V.P. Tanana, Teopus aunetinoe nexoppexmuur 3aday u eé
npusosicenus, M., Nauka, 1978, 207 p.

[6] M.M. Lavrent’ev, V.G. Romanov, S.P. Shishatskii, Hexoppexmmoie 3adauu mamema-
muueckot guduxu u anaauda, M., Nauka, 1980. 286 p.

[7] A.G. Sveshnikov, A.N. Bogolyubov, V.V. Kravtsov, Jlekyuu no mamemamuseckot
¢usure, M., MSU Publ., 2004. 356 p.

[8] L.A. Lyusterk, V.I. Sobolev, Elements of functional analysis, M., Nauka, 1965. 520

p-

[9] V.A. Steklov,Main problems of mathematical physics, M., Nauka, 1983. 434 p.

[10] Yu.V. Nesterenko, Number theory: a textbook for students. higher educational
institutions, M., Academy, 2008. 272 p.

[11] Masayoshi Hata, Rational approzimations to m and some other numbers, Acta
Arithmetica 63.4 (1993): 335-349. <http://eudml.org/doc/206525>.

[12] V.P. Tanana, Completeness of the system of eigenfunctions of the Sturm-Liouville
problem with the singularity, Vestnik Udmurtskogo Universiteta. Matematika.
Mekhanika. Komp’yuternye Nauki. 2020. Vol. 30. Ne 1. P. 59-63.



DIRICHLET PROBLEM FOR THE WAVE EQUATION

YURII IVANOVICH SUKHAREV
CHELYABINSK STATE UNIVERSITY,

Br. KASHIRINIKH STR., 129,

454001, CHELYABINSK, RussiA

Email address: yuri_sucharev@mail.ru

ViTALll PAVvLOVICH TANANA
SouTH URALS STATE UNIVERCITY,
LENIN PR., 78,

454080, CHELYABINSK, RUSSIA
Email address: smpx1969@mail.ru

BORIS ANATOLIEVICH MARKOV
SouTH URALS STATE UNIVERCITY,
LENIN PR., 78,

454080, CHELYABINSK, RUSSIA
Email address: smpx1969@mail.ru

153



	Mathematical statement of the problem
	Sturm-Liouville problem
	Construction of the solution to the problem (2) and some of its properties
	Solution to the problem (1)


