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ABSTRACT. The notion of conservative algebras appeared in a paper of Kantor in 1972. Later,
he defined the conservative algebra W (n) of all algebras (i.e. bilinear maps) on the n-dimensional
vector space. If n > 1, then the algebra W(n) does not belong to any well-known class of al-
gebras (such as associative, Lie, Jordan, or Leibniz algebras). It looks like that W(n) in the
theory of conservative algebras plays a similar role with the role of gl, in the theory of Lie
algebras. Namely, an arbitrary conservative algebra can be obtained from a universal algebra
W (n) for some n € N. The present paper is a part of a series of papers, which dedicated to the
study of the algebra W (2) and its principal subalgebras.
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INTRODUCTION

We will use the notation R for a (commutative) ring with unit. Also if M is an R-module and
n > 2 an integer, we write Tor, (M) := {x € M: nx = 0}. The algebras under consideration in
this work are not necessarily unital or associative. A multiplication on a vector space W is a
bilinear mapping W x W — W. We denote by (W, P) the algebra with underlining space W
and multiplication P. Given a vector space W, a linear mapping A : W — W, and a bilinear
mapping B : W x W — W, we can define a multiplication [A, B] : W x W — W by the formula

[A, Bl(x,y) = A(B(z,y)) — B(A(z),y) — B(z, A(y))

for z,y € W. For an algebra A with a multiplication P and z € A we denote by L the
operator of left multiplication by z. If the multiplication P is fixed, we write L, instead of LT .

In 1990 Kantor [15] defined the multiplication - on the set of all algebras (i.e. all multiplica-
tions) on the n-dimensional vector space V;, as follows:

A-B= [Lf7B]7

where A and B are multiplications and e € V,, is some fixed vector. Let W(n) denote the
algebra of all algebra structures on V,, with multiplication defined above. If n > 1, then the
algebra W (n) does not belong to any well-known class of algebras (such as associative, Lie,

!Corresponding author: Ivan Kaygorodov (kaygorodov.ivan@gmail.com)
1



2 I. KAYGORODOV, D. MARTIN, AND C. MARTIN

Jordan, or Leibniz algebras). The algebra W (n) turns out to be a conservative algebra (see
below).

In 1972 Kantor [10] introduced conservative algebras as a generalization of Jordan algebras
(also, see surveys about the study of conservative algebras and superalgebras [26, 17]). Namely,
an algebra A = (W, P) is called a conservative algebra if there is a new multiplication F' :
W x W — W such that

[Lllij [Lfv PH = _[L?(a,b)v P]
for all a,b € W. In other words, the following identity holds for all a,b,z,y € W

b(a(zy) — (ax)y — x(ay)) — a((bx)y) + (a(bx))y + (bx)(ay)
— a(z(by)) + (ax)(by) + 2(alby)) = —F(a,b)(zy) + (F(a,b)x)y + x(F(a,b)y).

The algebra (W, F') is called an algebra associated to A. The main subclass of conservative
algebras is the variety of terminal algebras, which defined by the conservative identity with
F(a,b) = £(2ab + ba). It includes the varieties of Leibniz and Jordan algebras as subvarieties.

Let us recall some well-known results about conservative algebras. In [10] Kantor classified
all simple conservative algebras and triple systems of second-order and defined the class of
terminal algebras as algebras satisfying some certain identity. He proved that every terminal
algebra is a conservative algebra and classified all simple finite-dimensional terminal algebras
with left quasi-unit over an algebraically closed field of characteristic zero [12]. Terminal trilin-
ear operations were studied in [13], and some questions concerning the classification of simple
conservative algebras were considered in [14]. After that, Cantarini and Kac classified sim-
ple finite-dimensional (and linearly compact) super-commutative and super-anticommutative
conservative superalgebras and some generalization of these algebras (also known as “rigid” or
quasi-conservative superalgebras) over an algebraically closed field of characteristic zero [3]. The
classification of all 2-dimensional conservative and rigid (in sense of Kac-Cantarini) algebras is
given in [2]; and also, the algebraic and geometric classification of nilpotent low dimensional
terminal algebras is given in [18, 19].

The algebra W (n) plays a similar role in the theory of conservative algebras as the Lie algebra
of all nxn matrices gl,, plays in the theory of Lie algebras. Namely, in [11, 15] Kantor considered
the category .7, whose objects are conservative algebras of non-Jacobi dimension n. It was
proven that the algebra W (n) is the universal attracting object in this category, i.e., for every
M € ., there exists a canonical homomorphism from M into the algebra W (n). In particular,
all Jordan algebras of dimension n with unity are contained in the algebra W (n). The same
statement also holds for all noncommutative Jordan algebras of dimension n with unity. Some
properties of the product in the algebra W (n) were studied in [4, 16]. The universal conservative
superalgebra was constructed in [21]. The study of low dimensional conservative algebras
was started in [20]. The study of properties of 2-dimensional algebras is also one of popular
topic in non-associative algebras (see, for example, [7, 23, 25]) and as we can see the study
of properties of the algebra W (2) could give some applications on the theory of 2-dimensional
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algebras. So, from the description of idempotents of the algebra W (2) it was received an
algebraic classification of all 2-dimensional algebras with left quasi-unit [22]. Derivations and
subalgebras of codimension 1 of the algebra W (2) and of its principal subalgebras W5 and S
were described [20]. Later, the automorphisms, one-sided ideals, idempotents and local (and
2-local) derivations and automorphisms of W (2) and its principal subalgebras were described
in [1, 22, 5]. Note that W5 and Sy are simple terminal algebras with left quasi-unit from the
classification of Kantor [12].

The present paper is devoted to continuing the study of properties of W (2) and its principal
subalgebras. We pay also some attention to the description of the affine group scheme of
automorphisms of the algebras under scope, with an eye on the classification of gradings of
these algebras (over arbitrary fields), which will deserve a forthcoming paper.

1. THE GRAPH OF AN ALGEBRA BASIS

In this section, the ground field F will not be assumed to have characteristic zero. For an
arbitrary F-algebra A we will denote by .# (A) (or simply . if there is no possible ambiguity),
the multiplication algebra of A, that is, the subalgebra of Endr(A) (where A is considered as a
vector space) generated by left and right multiplication operators. We will denote by .#/(A)
the subalgebra of Endg(A) generated by 1 and .#(A). Observe that if A is an algebra whose
multiplication algebra is .#, and S C A a subset, the ideal of A generated by S agrees with
A S (defined as the linear span of the elements T'(z) where T' € .# and = € S).

Assume A is an algebra over a field F. Fix a basis (u;);e; of A. Then we can construct a
graph whose vertices are the basic elements u; and for any two vertices we draw an arrow from
w; to u; if u; = T'(u;) for some T in 4, (A). This relation T'(u;) = u; will be denoted u; > u;.
The relation > is reflexive and transitive. However, to simplify the resulting graph, (1) we will
not draw an arrow from each wu; to itself (as we should); and (2) if u; > u; > ug we will draw
an arrow from u; to u; and another from w; to u; but there will be no need to draw the arrow
from w; to ug. So there are many choices to draw the simplified graph but they all give the
same information.

For instance

LA

is the graph associated to the algebra Sy whose multiplication table (for a ground field of
characteristic other than 3) is given below

€1 €9 €3 €4
€1 —e1 —362 €3 364
€9 362 0 261 €3
es | —2e3| —e; | —3es| O
es| O 0 0 0
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We can see that the graph is strongly connected in the sense that for any two vertices there
is a path connecting them. This means that the ideal generated by any e; is the whole algebra.
In case the ground field has characteristic 3 the graph is given in figure below,

<

€1
Graph of Sy in case char(F) = 3.

which is not strongly connected. As we will see, strong connection is a necessary condition for
simplicity. If E is any graph with set of vertices E° and S C E° we will denote by tree(S)
the set of all v € EY such that there is a path from S to v. We can also construct a map
tree: £° — E° such that S+ tree(S). If E is the graph of an F-algebra B relative to a basis
PB = {b;};, the fixed points of tree induce ideals of B: assume tree(S) = S, then @ esFu is a
right ideal of B because for any e; € & and any u € S C %, one has ue; = 0 or ue; = ZjEJ e,
(with 27 € F*) so that u > e; (for any j € J) implying e; € S. Thus (®,esFu)B C ®yesFu.
Similarly one can prove that @,csFu is a left ideal of B. So we claim:

€2 €4

Lemma 1. Let E be the graph of an F-algebra B relative to a given basis B = (b;);. If S is a
fized point of tree: E° — E° then @ucsFu is an ideal of B.

When char(F) = 3, considering the graph of S, in figure above, we see immediately that
the unique fixed points of the map tree are the subsets of vertices (), {e1,es}, {e1,e2,e3},
{e1,e3,e4} and E°. So at a first glace we detect three nontrivial proper ideals: Fe; & Feg,
Fe, @ Fey B Fes and Feq B Fes @ Fey. If I is the 3-dimensional ideal generated by e, e3 and ey,
we have A = I @ Fey and A/I is a zero-product algebra. Similarly if J is the ideal generated
by {e1,e2,e3} then A = J @ Fey and A/J is a zero product algebra. With these ideas in mind,
an easy criterium for simplicity is

Lemma 2. Let A be any algebra with A* # 0 and let A4 = # (A) be its multiplication algebra.
Then A is simple if and only if

(1) Its graph relative to a basis (u;);e; is strongly connected, and
(2) For any nonzero x € A there is some u; in M x.

For instance to check the simplicity of the four-dimensional algebra S, whose multiplication
table is given above (in the case of characteristic other than 3), since its graph is strongly
connected we only need to realize that for a nonzero z = > x;e; € Sy we have:

(1) If 23 # 0, (xeg)ea = 3xzey hence eq € A (S7)x.

(2) If 23 =0, x1 # 0, zeg = —3x1€9, 80 €9 € M (S7)x.

(3) If 23 =21 =0 24 # 0, esx = x4e3 implying ez € A (S7)x.
(4) If x; = 0 except for i = 2 then ey € A (Ss)z.

Thus, in any case there is a basis element in .Z(Ss)z.
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For an algebra A, the condition that .#(A) = Endg(A) implies simplicity of A: indeed, if this
coincidence happens, for any nonzero x € A and any y € A, there is a linear map f: A — A
such that y = f(z). Since f € .#(A) then y is in the ideal generated by x. Thus A is simple.
In [8, Corollary of Theorem 3] it is proved that in the finite-dimensional case, an algebra U
over a field F is simple if and only if its multiplication algebra is simple.

Lemma 3. Let U be a finite-dimensional algebra over a field F. If U is simple then 4 (U) =

Proof. Assume first that the ground field F is algebraically closed. If U is simple, by [8] we
know that .# := .# (U) is simple. Let n := dim(U), since U is an .#-module (irreducible and
faithful) then .# = Endg(U). If the ground field F is not algebraically closed we consider the
algebraic closure  of F and the Q-algebra Ug := U ®p Q. Then .# (Uq) = Endg(Ug) and by
6, (2.5)Lemma] we have #(Ug) = .#(U) ® Q. Since dim(Endp(U)) = dimg(Endg(Ug)) =
dimq (4 (Ug)) = dim(.# (U)) we conclude Endg(U) = 4 (U). O

If U is simple but fails to be finite-dimensional we can say that .Z (U) is a dense subalgebra
of Endg(U) in the sense of Jacobson density. To clarify this, the .#Z-module U is simple (or
irreducible in the terminology of [9]). Since the action of .# on U is the natural one, we can
say that U is an irreducible and faithful .#Z-module. Hence .# is a primitive F-algebra. The
irreducibility of U as an .#-module implies that the F-algebra I' := End ,(U) is a division
algebra. This consists of all F-linear maps 7': U — U such that T'(zy) = 2T (y) = T(x)y for
any z,y € U. So I' is the centroid of U which is known to be a field (extesion of F) given
the simplicity of U. Now U is an I'-algebra in a natural way and we have a monomorphism
M — Endp(U) which is dense in the sense that for any I'-linearly independent 1, ..., 2, € U
and arbitrary y;,...,y, € U, there is some T" € .# such that T(z;) = y; for i = 1,...n (see
[9, Density Theorem for Irreducible Modules, II, §2, p.28]). Observe that when U is finite-
dimensional the extension field I has (I' : F) finite. Thus if F is algebraically closed we have
I' = F and .# being dense in Endr(U) = Endp(U) gives # = Endg(U). If F is not algebraically
closed we can argue as in the last part of the proof of Lemma 3. So we recover Lemma 3 from
the general result:

Proposition 4. If U is a simple F-algebra then # := .#(U) is a primitive algebra, more
precisely there 1s:
(1) A monomorphism # — Endr(U) where I is the centroid of U (which is a field extension
of F).
(2) For any collection of T'-linearly independent elements x1,...,x, € U and any collection
Yl .-, Yn € U, there is an element T € M such that T(x;) = y; for any i.

As a consequence of Lemma 3, for a finite-dimensional algebra A over a field I, proving that
Endp(A) agrees with .#(A) is equivalent to proving that A is simple. The characterization of
the coincidence .Z(A) = Endg(A) in terms of the graph of A is:
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Proposition 5. Let A? # 0 be a finite-dimensional algebra and M = .# (A) its multiplication
algebra. Then .# = Endg(A) if and only if:
(1) The graph of A relative to a basis (u;)!, is strongly connected.
(2) For everyi € {1,...,n} there is some j € {1,...,n} and T € A such that T(uy) =
diru;j for any k.

Proof. It # = Endg(A) the algebra A is simple whence the graph is strongly connected. The
other assertion in the statement is straightforward. So assume that both conditions in the
statement hold. If we define the linear maps E;;: A — A such that E;;(ux) = dixu; we know
that Endr(A) = ©F;_,FE;;. Now, condition 2) says that for any i there is some Ej; € .. But
the graph relative to (u;) is strongly connected so for any u;, u, there exists T € M such that
u,, = T'(u;). Thus TE;; = E;), and we have E;, € . for every k and 1. O

Remark 6. If the graph of an F-algebra A relative to a basis (u;) is strongly connected and
some E;; € M = M (A) (identifying .# with an subalgebra of Endr(A)), then E;, € # for
any k. Indeed: given u; and wuy by the strong connectedness of the graph, there is some T' € .#
such that T'(u;) = ug. Then Ey, =TE;; € A .

Theorem 7. IfF is a field of characteristic othen than 3 and S the four-dimensional algebra
whose multiplication algebra is given above, we have M := M (S2) = Endg(Sz). Consequently
Sy is simple. If the characteristic of IF is 3 there is a 3-dimensional ideal I which is the subspace
generated by ey, e3 and ey. Moreover Sy = I @ Fey and Ss/I is a zero-product algebra. In this
case M has dimension 8 and a 4-dimensional radical rad(.#) such that rad(#) = 0 and
M| rad(M) = My(F).

Proof. Since the graph relative to the basis (e;)%_; is strongly connected we need to check (2)
in Proposition 5.

(A) First, we will consider the case in which the characteristic of F is other than 2 or 3.
Under this hypothesis, the element Ri € M acts in the way

REQ(el) = (e1en)en = —3e2 =0, Ré(ez) = (eges)eq = 0,

R? (e3) = (ese2)en = —e1ep = 3eg, RZ (eq) = (ese)es = 0.
Thus E3y = %Rgz € ./ and we can also prove that Es, € .# for any k:
Es) = §Re,Esy € M, Esy =R, Esy € M, F3y=—3R.,Fs3€ M.
So far Es;, € .# for any k. Furthermore, it can be checked that
Re, = —En +3E9 — 2E33, Le, = —E11 — 3E9 + E33 + 3E44.

On the other hand we have:
Eyy = —ReR., €4,
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Rez = —3F5 — Egl, hence Eyy € M
Eis, Ey € «//, hence Ei, Ey € M
Lel = _Ell — BEQQ -+ E33 -+ 3E44, hence E44 € %

Summarizing Fy; € 4 for i = 1,2,3,4. Thus (2) of Proposition 5 is satisfied.
(B) Second, we analyze the case in which F has characteristic 2. The multiplication table
of Sy adopts the form in figure:

€1 | €2 | €3 | €y
€1 | €1 | €| €E3 ]| €y
€9 | €2 0 0 €3
€3 0 €1 | €4 0

ea| 0101010

Multiplication table of So when char(F) = 2.
Then the matrix whose (i, j) entry is R, R, is shown in

Ey+ Ey Ep+Ez; 0 0
FEis Esy En By
Re-Re- 4‘7 = 3
(Fei e, )ijm Eys Es3 Eiy Ey
FEiy+ Eyz B3+ FE3 0 0
hence Fy; € .4 for any i. From this, Fy; € .# also for any ¢. Consequently Es3; € .4
for any 7. The matrix whose (4, j) entry is Le, Le; is

By + Ey+Ess+ FEyy Eig+Eys FEoy+E3y O

(LoLo )t — By + By 0 Eo + E33 0
0 0 0 0

which implies Fy3, Fyy € M. E4, Eys € A follows from the multiplication table.
(C) Third, assume that char(IF) = 3. Denoting as before by E;; the basis of Endg(A) such
that Ej;(e,) = dixej, we have

Le, =Re, = —Fy1 + B33, Le, = —E31 + B3, Re, = —E3,
Leg = Reg - E13 - E217 R64 = E23-

The subalgebra of Endr(A) generated by these operators is .# and coincides with the
F-linear Span of {EH, E33, E31, E13, E21, E23, E41, E43}. If we Compute the radical of the
symmetric bilinear form (-,-): .# x .# — F given by (f,g) := trace(fg) we find that

%J_ = rad((-, >) = FE43 D ]FE21 &) ]FE23 D FE41.

For the reader’s convenience we recall that the radical of a bilinear symmetric form in
a vector space is the subspace of elements which are orthogonal to the whole space. For
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a finite-dimensional associative algebra, of endormophisms, the bilinear form (f, g) :=
trace(fg) is associative in the sense that (fg,h) = (f, gh). Then, it is easy to realize
that .#~ is an ideal of the algebra. Now, one can see that

(M) =0and A | M =FE, GFE ;3 & FEs ©FEs3 =2 My(FF).
Thus .#* is a maximal ideal and since it is nilpotent we conclude that .#* is the
radical of .Z .
O

2. AUTOMORPHISMS AND MULTIPLICATION ALGEBRAS

2.1. Conservative algebra S;. In this subsection we compute the automorphism group scheme
of Sy over a field F of arbitrary characteristic. In order to do that we consider an associative,
commutative and unital ring R and define in the free R-module B with basis {e;}{_; the prod-
uct as in table of multiplication of Sy (extended by R-bilinearity to the whole B). When R =TF
the algebra B is precisely Ss. So by considering B we are thinking about A defined over an
arbitrary ring R (associative, commutative and unital). If we are able to determine autgz(B),
then we have walked a long way towards the knowledge of the affine group scheme of A over
arbitrary fields. So consider f € aut(B), and write f(e;) = f/e; (using Einstein Criterium).
Then f(e?) = f(e1)? hence

—fler) = (fle;)* = —(f)er = 3(fP)%ea — 3f! flea + fl fies + 3f] fleat+
3fiflea+ 2t fien+ fifies —2f7 fles — fi frer =
[—(fD)* + fifller + L — fifiles + [=3(f2)° + 3f1 filea,

so we deduce
fi= (P, f2=0
f=H1R A=3)°-3ff
Furthermore since Rey is the left annihilator of B (and this is preserved under automorphism)
we have f(e;) = fles which implies f{ € R* (invertible elements of R). Now applying f
to ejeq = 3ey we get (fley + fles + fies)es = 3ey, that is, 3fles = 3ey. Assume now that
Torz(R) = 0, then f} =1 so that 4f} = 3(f?)%
Then we discuss cases:
(A) 5,3 € R. Then f{ = 2(f})? (besides f{ =1, ff = 0). Since eseq = 0 we have f(ez)es = 0
hence fiejeq+ fieses = 0. So 3fies+ fies = 0 implying fi = f2 = 0. So far the matrix
of f relative to the R-basis {e;} is

1 0 * *
1 2 3 4

0o o0 o0 ff
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whose determinant is f7f3f; and must be in R*. Hence f! € R* for any i. Also
e2 = —3e, and applying f we have (fies + fieq)?> = —3fles. Thus —3(f3)%es = —3fles
which gives f} = (f3)?. Take now into account that ezes = —e; hence
(fies + fiea)(fse:) = —(e1 + fies + fiea)

or equivalently f3es(fie;) = —(e1 + fies + fies). So

—2f3faes — [ f3er = 3f5 fiea = —er — fies — fiea
and we get

B3=1 =2, f=3LF

Now e2 = 0 hence (fie;)> = 0. Thus

—(f2)%e1 = 3(f3)%ea = 3fa fies + fy fyes + 3f3 freat

35 faea+2f3 fer + 3 faes — 23 faes — f5 fyer = 0.
We get

—(B)Hff =0, f3fs — fifs =0, =3(f3)" +3f; £ = 0.
Also eje3 = e3 so that (e; + fPes + fies) fie; = fiei. Equivalently
(e1 + fies)(fies + fiea) = fies + fiea.

Then fies + 3fies — 3f2f3es = fies + fieq and we get 2ff — 3f3f3 = 0 so that

f4=3f3f3. Thus if we put f3 = A and f{ =y we have f§ = 1 and

4 _ 3,2 1 3
1_4_1:[’27 f2_77 2 7 4
4 _ A 1 f2 4 3u
2 7 T8 f3_f3_07 fS_ﬁ

Lo p =
Ap RN VTis

wvm = | 2 A T8 5 |, AeRYueR,
0 0 0 ~

and we can check that any f whose matrix is w(\, ) is an automorphism of B. Also
the formula w(A, p)w(N, 1) = w(AN, 1’ + p/N') gives that

aut(B) = {w(\, u): A€ R, u € R} & ((1) bi)

being the isomorphism w(\, ) — (é /\’fl>. So aut(B) is isomorphic to the group

Affy(R) of all invertible affine transformations of the affine plane Ay(R). In [22] it is
proved this result in the particular case that R is a field I of characteristic zero.

5 € Rbut 2R = 0. We have f{ =1, f = 0 and (f})? = 0. Recall also that fi = 0
for i # 4. Taking into account the multiplication table, which is the same that the
multiplication of Sy when char(F) = 2, we deduce (from ezey = 0) that fie, + fZes =0
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so f3 = f2 = 0. Consequently we have the same pattern (1) for the matrix of the
automorphism. So f2, f3  fl are invertible. Then we deduce f} = (f3)* as in the
previous case. Also following the argument in the previous case we get

=1 f=0, fi=F1f.
Now, from €3 = 0 we get:
(R4 1313 =0, f5fs—f3fs =0, (f3)*+ fafs = 0.
If we put A = f2, u = fy we have f3 = (f3)?/f2 = p*/\ implying fi = pu?/A\%. Then
f3 = 1/X. On the other hand, since ese; = e3 we have fie;fies = fies + fie, which

gives f, fies + f3fies = fies + fyea, that is, fo fi = fi and f3fi = f3. So f§ = p/N°
and ff = 1/A%. The matrix of f is

(3) wa (A ) = Ae R, uER,

oox® =
co>» o
oxmf, ©
SRR

bvi

and reciprocally: if the matrix of f relative to the basis {e;} is as above, then f is an
automorphism of B. We also have the formula wq (A, p)w (N, 1') = w(AN, p+ Au") which
gives an isomorphism

aut(B) = {wa(A\, u): A € R*,u € R} = <(1) éi)

being the isomorphism the given by wa(A, 1) — (é ’;) So again aut(B) is isomorphic
to the group Affy(R) of all invertible affine transformations of the affine plane Ay (R).

(C) 3R = 0. As in previous cases f(eq) = fies so fi = 0 except for i = 4. Imposing the
condition f(e;)? = f(e1)?* we get fZ = f{f = 0. Imposing f(e1e3) = f(e1)f(e3) we get
f2 = fi=0and from f(eses) = f(ez)f(es) we get fi =0 and f3 = f2f{ Taking into
account these values, from f(ese;) = f(e3)f(e1) we get fl = 1. Aplying now f(ezeq) =
fles)f(e2) gives f7 = —f5 f§ and fy = 1/(f3)*. Using again f(eres) = f(e1)f(e2) we
get f3 = (f3)?/fi. Finally, equation f(e2)? = 0 gives fy = fyf5/f3 = (f2)°/(f3)* 1f
we do A = f2, = f} we have the matrix

(4) w3 (X, 1) =

co» o
=} y\Hy\‘l\,yl‘,;
~oXR, o

SCoxr =

bvi

so that the equality ws(A, p)ws(N, 1) = ws(AN,pn + A\/) holds. Then aut(B) =
{ws(\,p): A€ R*,u € R} = ((1) ;;), the isomorphism being w3 (A, p) — ( (1) A ) . So
again aut(B) is isomorphic to the group Affy(R) of all invertible affine transformations

of the affine plane Ay(R).

Thus we claim:
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Proposition 8. Let R be a commutative associative unital ring and B the free R-module with
basis {e; 1, endowed with an R-algebra structure whose multiplication algebra is that of table of

multiplication of So. Then if %, % € R; 07“% € R,2R=0; or 3R =0, we have aut(B) = Affy(R)
the affine group of Aa(R). The precise description of aut(B) is given in formulae (2),(3) and

(4).

Now fix an arbitrary field F and let Sy be the F-algebra introduced in the table of muktiplica-
tion of S. We can describe the affine group scheme aut(S;). Denote by Algy the category of as-
sociative, commutative and unital F-algebras and by Grp the category of groups. Then aut(S5)
is the group functor aut(S;): Algy — Grp such that R — aut((S2)g) (where (So)g := S2 ®p R
is the scalar extension algebra). If char(F) # 2,3 then £, 3 € R for any R € Algg. If char(F) = 2
then 2R = 0 for any R € Algg but % € R. Finally, if char(F) = 3 then 3R = 0. So in any case
we can apply Proposition 8 to R € Algp to compute the affine group scheme aut(S;). Denote

by Affy: Algy — Grp the group functor such that R — Affy(R) = (é RRX). Then we claim

Theorem 9. For an arbitrary field F, there is an isomorphism of group schemes
aut(SQ) = Affg
We recall that the isomorphism condition between group functors is that there is a collection

of group isomorphisms 7x: aut((Se)r) = Affs(R) such that when a: R — S is an F-algebra
homomorphism, the following squares commute:

aut((S2)Rr) REN Affy(R)
aut((S2)s) — Aff2(5)

where each «; (i = 1,2) is given by applying the corresponding functor aut(Ss) or Affy to
the homomorphism «. Consider now the F-algebra of dual numbers F(e). Recall that for an
algebraic group ¥ C GL(V) (with V a finite-dimensional F-vector space), its Lie algebra is
lie(9) ={d e gl(V): 1+ ed € &(F(e)). Thus lie(aut Sy) = lie(Affy) = aff,(F) where

aff, (F) = {(8 ﬁ) A€ IE‘}.

As a corollary of Proposition 9 we have
Corollary 10. For an arbitrary field we have:
Der(S2) = affy(F).

2.2. Conservative algebra W,. Consider now the six-dimensional F-algebra W5 whose mul-
tiplication algebra is given in the following table

€1 €2 €3 €4 €5 €6
€1 —e€1 —362 €3 364 —E€5 €g
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€9 362 0 261 €3 0 —€s5
es | —2e3| —e; | —3e4| O €6 0
ea| O 0 0 0 0 0
€5 —261 —362 —€3 0 —265 —€g
€g 263 €1 364 0 —€g 0

If F is of characteristic # 2, 3, the graph of B relative to the basis of the ¢;’s is

which is of course strongly connected. In the case char(F) = 3 the graph is not strongly

connected:
€2

SN
(& €3
€6 4/
There is an ideal [ := @, .Fe; so that Wy = I @ Fe, and again W5 /1 = Fe, is a zero-product
algebra.

€5 €q.

5

Remark 11. Recall that the Jacobson radical rad(A) of a unital algebra A contains every
nilpotent ideal of A. On the other hand if I <A and A/ is semisimple, then rad(A) C I.

Theorem 12. For a ground field F of characteristic not 3, we have #(Ws) = Endg(W3),
hence Wy is simple. In the characteristic 3 case, Wy has a five dimensional ideal I = @;oFe;
and Wy /1 = Fey has zero product. The multiplication algebra M4 = M (Ws) is 20-dimensional,
its radical rad(A) is 12-dimensional and A | rad(M) = My(F) & My(F).

Proof. We will apply Proposition 5 repeatedly.

(A) Assume first that char(F) # 2,3. Then L} = 6Ey, hence Ey, € A = .4 (W>) for any
k (take into account Remark 6). Since ng = —6FE5, we have FEy, € .# for any k. Also
L2 L} = —6Fs, hence Es, € 4 for every k. Since R?, = 3Es; — 3Fg we conclude
Eg, € A for every k. Furthermore L., = 3E5 + 2FE3 + E43 — Fgs hence Ey, € A for
any k. And finally R., = —3F5 — FE3; — 3Fs50 + Fg; which implies Fs, € 4 for every
k. Thus 4 = Endp(W53).

(B) When the ground field has characteristic 2 we take into account:

R2 L., = Eg implying Ey € . for any k.
Re,L., = Eq+ Eg implying Fgp € A for any k.



CONSERVATIVE ALGEBRAS OF 2-DIMENSIONAL ALGEBRAS, V 13

L., = FEyo+ Eyi3+ Egs implying Ey, € A for any k.

R., = FEi1+ Ea3 implying  FEy, € A for any k.
L65 = E22 + E33 + E66 1mplymg E3k € A for any k.
L., = Z? B implying FEs, € .4 for any k.

(C) In case char(F) = 3 we have
Ley = —Eqy + Es3 — Ess + Fes, Rey = —E11 + Esz + Es1 — Fgs,

Le, = —FE31 + Ey3 — Egs, Re, = Eg1 — E31,

Le, = E13 — Eo + Esg, R., = E3 — Ly — Ess,

Le4 = 07 R€4 - E23,

Ley = E1y — B33+ Ess — Eeg,  Rey = —E15 + E36 + Es5 — Egg,
Les = —FEi3 + oy — Esg, Ry = Eig — Eos — Ese.

A basis for .# is given by the set of matrices:

FE11 + Ess, B33+ Egs, FEzi+ Ees, Ei3 + Ese,
FEvy — Es1, Es3 — FEgs, FEz — Eei, E13 — Ess,
Eis — Es5, B3¢ — Fgs, Fig — Ess, Ess — Egs,
Eo, Eos, Ess, FEss,
Ey, Eys, Eys, Eye.

We have computed again the radical .#1 of its trace form (f,g) := Tr(fg) and it is
12-dimensional ideal. More precisely

Mt = rad((-,")) = FEy ®FEy3 ®FEys ®FEy ®FEy @ FE;3 @ FE; @ FEGD
F(Ev + Evs — Es1 + 2E55) @ F(Ey3 + Evg — Esz + 2E56)P
F(Es; + Es5 — Eg1 + 2Eg5) @ F(Ess + Esg — Egs + 2E¢6)

and (ﬂL)Q = F(E43 -+ E46) EB ]F(E41 -+ E45) -+ F(Egg -+ EQG) + ]F(.E’Ql + E25) being
(A +)* = 0. Since .#* is nilpotent, rad(.#) D A+ (see Remark 11). Define next the
subspace S of .# whose basis is {e;;}7,;-; U {u;}7 -, given by

ein=FEn+ FEis, exo=Fsz+ L3, e12=FEi3+ FEig, €1 = FE3 + Lss,
upr = —Fis + Ess, Uuso = —E36 + Feg, u12 = Eig — Ess, Uz = Fs5 — Fgs.

If 0;; denotes the Kronecker delta, it is easy to check that e;jer = djnei, wijup = 0j5uq
and e;jup = uge; = 0 for any 4,7, k,1 € {1,2}. Thus S = My(F) & My(F) and
furthermore . # = #+ & S. Thus A |.#+ = My(F) & My(F) is semisimple which
implies rad(.#) C .#~+. So rad( M) = H*+.

0
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2.2.1. Automorphisms of W5. In this section we work over a commutative ring R and denote
Wy (R) the R-algebra @%_, Re; where the multiplication table of the e;’s is that of the multi-
plication table of W5 given above. If we take a generic element w = Z?Zl Aie; € Wa(R) and
compute the matrix of L,, relative to the basis of the e;’s we obtain:

—A1 —2)5 32 2X6 — 23 0 0 0
A6 — A3 —3A1 — 35 0 0 0 0
29 0 A1 — s 3X6 — 33 0 0
0 0 A2 31 0 0

0 0 0 0 —A1 —2X5 A3 — X¢

0 0 0 0 —A2 A1 — A5

If f is any element in aut(Ws(R)) we know Ly(,) = f L, f~" hence the characteristic polynomial
of L, is invariant under automorphism of W5(R). So the coefficients of that polynomial are
invariants and we list here:

61 (w) = 9)\5,
( ) = —11)\% - 11)\5)\1 + 31)\% + 11)\2)\3 - 11)\2)\67
ég(w) = —3/\5 (22/\% + 22)\5)\1 - 17)\% - 22/\2)\3 + 22>\2>\6) s
(w) = 19A% 4 380523 — 120A202 — 38X A5A2 4 38A0A6A% — 139A3N; — 38X A3 A5 A+
38X A5 A A1 + 40A4 + 19A2A2 + 139A5 A2 + 19A2A2 — 139XA5A2 A6 — 38A2A3 e,
) = 3A5 (A2 4 AsAr — 202 — Aods + Aadg) (19A2 + 19A50; — 22 — 190X + 19X )g) ,
ﬁg(w) = =9 ()\% + )\5)\1 - )\2)\3 + )\2)\6) ()\% + )\5)\1 — 2)\% — )\2)\3 + )\2)\6) 2.

All these polynomial remain invariant under automorphism but we are using only the first
one: ;.

Lemma 13. If an element x € Wo(R)\ {0} with {,(x) = 9 satisfies v* = —2x and Tors(R) = 0
then x = sey + e5 + reg for some r;s € R such that 2s = 0. In particular Zf% € R we have
T = e5+ reg.

Proof. Take x = x;e; where z; € R. Since ¢1(z) = 9 we have x5 = 1. By using the multiplication

table, from the equality 22 = —2x we also obtain
—x% 4+ zox3 + X026 = 0, z9 =0, —x1T3 + T3 + X9x4 + 20126 = 0,
—322 + 3wers + 3wy + 224 =0, —1 — 976 =0, T3+ 2176 = 0,

which can be summarized in ry = r9 = x3 = 2x4 = 0. Thus taking s = x4 and r = x4 the
Lemma is proved. 0

If 0 € aut(W(R)) then 6(e5)* = —260(es) and £;(0(es)) = ¢1(e5) = 9. Hence Lemma 13
implies that if Tors(R) = 0 then #(e5) = seq + €5 + reg with 2s = 0. In case Tory(R) = 0 we
have 0(es) = e5 + reg.

Lemma 14. Let again Tors(R) = 0. If x,y € W5(R) are linearly independent with ¢,(z) =9,
t1(y) = 0, and they satisfies 1*> = —2x, vy = yr = —y, y*> = 0 then in case % € R we have
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x = es+reg and y = teg for some r,t € R. If Tory(R) = R we can only conclude that
r = seq + €5+ reg and y = teg for somet € R.

Proof. From Lemma 13 we know that if % € R we have x = e5 + reg. Now writing y = > use;
(with ps = 0) and imposing xy = yr = —y we get the equations:

2rp =0, —3p2 =0, —2p12 =0, rhe — 241 =0, Tpe — =0,
patrpe =0, —rpy —pz =0, 2rp —p3 =0, 3rpz =0, 3rps + g = 0.

If + € R or Tory(R) = R, the first row of equations above implies py = 0, 1 = 0. Now the
second row gives ps = g = 0. Therefore y = pgeg. If Tory(R) = R imposing the conditions we
only get x = sey + e5 + reg and y = teg. O]

For any 6 € aut(W,(R)) we can apply Lemma 14 taking z = 6(e5) and y = 0(eg). Thus, if
2 € Ror Tory(R) = R we have 0(e5) = e5+reg and 0(eg) = teg with r,t € R and ¢ invertible. In
case Tory(R) = R we can argue as follows: 6(e3)0(eg) = 0(e5) so th(es)eg = seq + e5 + reg with
t invertible. But in the image of R, is the R-submodule Res & Rs hence s = 0. Consequently

Lemma 15. Assume that Tors(R) = 0. Then if £ € R or Tory(R) = R we have 6(e5) = e5+req
and 0(eg) = teg with r,t € R and t invertible.

It can be checked that the left annihilator of W5(R) is the R-submodule of all elements
ai(er + es) + az(es + eg) + aseq such that a; € R with 3a; = 0:

(5) Lann(Ws(R)) = Torg(R)(e1 + e5) ® R(es + eg) ® Rey
Lemma 16. If a is in the left annihilator of Wo(R) and satisfies ega = esa = 0 then a € Rey

Proof. Write a = af(e; + e5) + [(es + eg) + veq with o, 5,7 € R, 3 = 0. Then 0 = ega =
2aes — aeg + 30ey so a = 0. But 0 = esa = —fBes — Peg + 3Feyqt and consequently also 5 = 0.
Thus a = vyey. U

In case Torz(R) = 0 and 3 € R or Tory(R) = R we have proved that (es) = e5 + reg,
O(eg) = teg, r,t € R, t € R*. We can apply Lemma 16 taking a = 0(e,) for any 0 € aut(Ws(R)).
This implies that 0(es) = sey for some invertible s € R. So far, when Tors(R) = 0 and either
1 € R or Tory(R) = R, the matrix of an automorphism of W»(R) is of the form:

*
00

(6)

0
0
with r,s,t € R, s,t € R*.

We now investigate the image of e3 under automorphisms of W (R).

Lemma 17. Assume x € Wa(R) satisfies xey = xeg = 0, xez = teg (t € R*) and egx € Rey.
Then if Torg(R) = 0 we have x € Reg + Rey + Reg.
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Proof. If x = 2?21 x;e; then from xey = 0 we get 9 = 31 = 0. But xeg = 0 gives 29 = 0
as before and x5 = x1. On the other hand xe; = teg gives —x7 — 225 = 0, x3 — 26 —t = 0.
So 3rs = 0 and 23 — x¢ € R*. Also egx = 2x1e3 — 1166 + 32364 giving 7 = 0. Thus
T = Tze3 + T4€4 + Tg€s OJ

Lemma 18. Assume Torg(R) = 0 and let u = 3.0 Nie; € Wa(R) be such that u?> = 0,
l(u) =0, u(es +reg) =0, tueg = —(e5 + reg) then

(1) A € R* and u = :\\—264 + ;—363 + Aier + Aaes.

(2) r = —/\1t
(3) 51(u(m363 + x4€4 + ‘TGGG)) = —9)\21'6.

Proof. Since 0 = £1(u) = 3X; we have A5 = 0. The fact that u(e; + eg) = 0 gives A\ + 1)y =
0 =1\ + A3 — Ag. Since tueg = —(e5 + reg) we get the equalities th\y = 1 and t\; = —r. Thus
Ao is invertible. Also since u? = 0 we have Ay\¢ = 0 which implies \s = 0. Then u = Z?Zl Ai€;
and 0 (u(zzes + r4e4 + Te6)) = —9N\ozg is readily checked. Now imposing the condition that
u? =0 gives A3 = A\3/Xy and Ay = A3 /2. O

Assume again Torg(R) = 0, £ € R and 0 € autg(W2(R)). We know that 0(es) = tes,

2

O(es) = e5 + reg, O(ey) = seq. Applying Lemma 17 we know that 0(e3) = xzes + r4eq4 + Tg€s
3 2

for some x; € R. Applying Lemma 18 we have 0(ey) = ;—564 + ;—;63 + A\ieg + Aqes for suitable

2

Ai € R with Ay invertible. Furthermore, since esez = 2e; we have 6(e2)6(e3) = 26(e;) hence
—9)\21'6 == €1(9(62)0(63)) = 251(‘9(61» == 261(61) = 0.
Since Ag is invertible we get g = 0 (s0 0(e3) € Res + Rey). Finally

o 3)\%1173

0(e1) = —0(es)0(e2) = S, €1t 2Mzzes + Aaaser.

In conclusion we have

Lemma 19. If Tors(R) = 0 and either 3 € R or Tors(R) = R the matriz of 0 € autr(Ws(R))

in the basis of the e;’s is of the form:

Nows 0 2nmy 2 0
VS VP A S
1 2 )\_2 )\_%
(7) 0 0 X3 Ty 0 0
0 0 0 s 0 0
0 0 0 0 1 —At
0 0 0 0 0 ¢

The algebra Wy (R) contains @7_; Re; = (S3)g as a subalgebra. Also Wy(R) D Res @& Rg also
as a subalgebra. Then, under the assumptions of Lemma 19 we know that any automorphism
0 € autr(Wy(R)) preserves both subalgebras 0((S2)r) = (S2)r and 0(Res + Reg) = Res + Reg.
The map

autp(Wa(R)) — aut((S2)r)



CONSERVATIVE ALGEBRAS OF 2-DIMENSIONAL ALGEBRAS, V 17

such that 6 — 6|(s,), is a group homomorphism. In fact it is a monomorphism because in case
0](s5)r = 1 we have A\; = 0 (see equation (7)). Thus if 6 fixes ey,..., e, then also §(es5) = es.
Moreover since eses = eg then 0 fixes also eg whence 6 = 1.

Proposition 20. If 1,2 € R or € R, 2R =0, the map autr(W2(R)) — aut((S2)r) such that

0 — 0|(s5), 5 a group isomorphism.

Proof. Tt only remains to prove that the map is an epimorphism. So if %,% € R, take an

arbitrary f € autgr((S)g) whose matrix relative to the basis of the e;’s is given in (2). Define
next f: Wy(R) — Wa(R) whose restriction to (S3)g is f and f(es) = e5 — Leg, f(es) = teq. Tt
can be checked that f € auty(Ws(R)) and f|(52)R = f. Now in case + € R and 2R = 0 take
an arbitrary f € autg((S)r) whose matrix relative to the basis of the e;’s is given in (3). Then

extend f to the automorphism f of (Ws)g such that f(es) = es + Leg and fleg) = e O

If char(F) # 3 we can describe now the affine group scheme aut(,). As before Algy will be
the category of associative, commutative and unital F-algebras and Grp that of groups. Then
aut(Ws) is the group functor aut(Ws): Algy — Grp such that R — autr((Ws2)g) (as usual
(Wa)gr := Wa ®p R is the scalar extension algebra). If char(F) # 2,3 then 1,3 € R for any
R € Algg. If char(F) = 2 then 2R = 0 for any R € Algy but 3 € R. So in any case we can

apply Proposition 20 to R € Algy to compute the affine group scheme aut(Ws(R)). Denote by

1 R

Aff,: Algy — Grp the group functor such that R — Affy(R) = (0 RX>' Then we claim

Theorem 21. For a field F with char(IF) # 3, there is an isomorphism of group schemes
aut(Wg) = Affg

Any automorphism f of W5(R) is of the form in (7) relative to the standard basis. We can
refine its form a little. If we impose f(e;e;) = f(e;)f(e;) for:

(1) i =3,7 =5 we get x3 = t.
(2) 1,7 =3 we get x3A = 1.
(3) 2,7 =6 we get \y = 1/t.
(4) i =6,7 = 3 we get s = t*.

(5) i =5,7 = 3 we get x4 = 3t*\;.

Thus the form of a general automorphism of W5(R) when Tors(R) = 0 on canonical basis is

l
l
?

1 0 2z 3t2z2 0 0
T % ta? t23 0 0
0 0 ¢ 32z 0 0
®) wEt = g 2 0 0
0 0 0 0 1 —tz
0 0 0 0 0 ¢

So aut(Ws(R)) = {w(z,t): x € R,t € R*} and we can observe that w(0, 1) is the identity and
that

/

w(z, Hw(a' t') = w(x + %,tt') and w(z, )"t = w(—tx, t7)
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for any x, 2/, t, .

2.2.2. The case of characteristic 3. In order to investigate the case of characteristic 3 we will
need to note that if 3R = 0 we have W5(R)? = Re;®Rez® Res® Reg. So fori = 1,3, 5,6 and any
0 € autgr(Wy(R)) we have 0(e;) € Re; @ Re3® Res @ Reg. Now 6(e5) = Areq + Ages + Ases + Ages
and since e = e, applying 6 we get 203 + A\ A5 + 2\ = 0. Now we will use the invariant £,
(see section 2.2.1). We have 1 = ly(e5) = la(0(e5)) = A2+ AsA1 + A2 so that A2 + Ash; + A2 = 1.
Now from

202 + A1 + 20 =0

M+ +A2=1
we get 2A\ A5+2X\; +A2 = 1. Also from the equality €2 = e5 applying 6 we get AZ+2X\; A\5+2X5 = 0
so that \s = 1+ \;. Thus we can write

(9) Q(€5) = /\161 + )\363 + (1 -+ )\1)65 + /\666-
On the other hand by equation (5) we can write (es) = ey +e5) + (e3 + eg) + veq and since
O(es)0(es) = 0 after an easy calculation we get a« = = 0 so that 0(es) = tey (with t € R*).
Now we put 0(ey) = Z?:l yie; and 6(e3) = z1e1 + 23e3 + z5e5 + 26€6, for scalars y;, z; € R, and
given that 0(e2)0(es) = 0(e3) we get
lys = 23,21 =25 = 26 =0

so that O(e3) = tyses. Consequently yo € R*. Now writing 0(e1) = x1e; + x3e3 + x5€5 + T6€6,
since 0(e3)f(e1) = O(e3) we get ;7 = 1 and x5 = 0 and so 6(e;) = e; + x3e3 + Tgeg. Since
0(e1)? = 20(e;) after expanding the corresponding equation we get xg = 0 so 0(e;) = e; + z3e3.
Now 6(e1)0(e2) = 0 gives

Y1 = —23y2,y3 = —w3y1,ys = 0,y6 = 0.
Thus 0(ez) = —x3y2€1 + Yoe2 + T2yse3 + yseq. Also 0(e1)0(es) = 20(e5) which implies

Ar3 — A3 =0=—Xg+ A\ix3 + 3.

Moreover, (e1)0(eg) = 0(eg) and if we write 0(eg) = ey + pzes + pses + e we get

pa = ps = 0.
Also 6(e3)0(e3) = 20(eq) which implies ¢t = 1/y3. On the other hand the equality 0(e3)? = 0 gives
Yo(ya+x3y2) = 0 and the invertibility of y, implies y4 = —3y,. Finally since 0(e5)0(eg) = 20(e5)
we get Ay = yopu3 and pg = %2;1 Assambling all of this together we get to the matrix of and
automorphism 6 of Wh(R):

1 0 T3 0 0 0
—T3y2 Y2  TIY2  —TRY2 0 0
0 0 L 0 0 0
Y2 1
0 0 0 L 0 0
Y2
H3Y2 0 p3z3y2 0 u3y2 +1  psway2 + x3
0 0 13 0 0 13y2+1

Y2
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whose determinant is (“33’;—3“)2 Hence psys +1 € R*. So using the parameters a = 1/ys,

2
¢ =3, b= pz/a+ 1 the matrix of a general automorphism 6 (in the basis of the e;’s) is

1 0 c 0 0
_c 1 2 _ 0 0
0 0 a 0 0 0

10 M, =
(10) ab,e ) 0 a2 0 0
b—1 0 (b—1)c 0 b be
0 0 ab-1) 0 0 ab

where a € R*, ¢ € R and b = you3 + 1 hence b € R*. In fact the set {M,p.: a,b € R*,c € R}
is a group relative to matrix multiplications and obeys the rule:

Ma,b,cMa’,b’,c’ - Maa’,bb’,a’chc’
hence its identity is M; 1 and also M7} = Mg-1p-1 _cq-1. Thus

a,b,c
(11) autr(Wa(R)) = {Mype: a,b € R, c € R}

Modulo the above identification we can see that the subset {M,;.: a € R*,c € R} is a normal
subgroup of autg(W3(R)) and it is isomorphic to Affy(R). Of course the quotient group is
isomorphic to the multiplicative group:

aut (Wa(R))/ Aflo(R) = R*.

Let us compute the center Z(autg(W2(R))), in we consider the equality My M., . = My Mape
for a fixed triple (a,b,¢) € R* x R* x R and an arbitrary one (z,y,2) € R* x R* x R, we
find that cx + z = az + ¢ hence taking z = 1 we get z = az for any z € R. So a = 1 and this
implies cx = ¢ for any x € R*. Thus ¢(—z) = ¢ also. Consequently 2¢ = 0 and since 3R = 0
this implies ¢ = 0. Then

Z(autR(Wg(R))) = {M17b702 be RX} =~ RX.
Furthermore we have a decomposition M, , . = M, oM, for any M,, .. So we have an

isomorphism

autR(WQ(R)) = RX X AHQ(R)

1 =z
e ()

induced by the decomposition of autz(Ws(R)) as a direct product of groups. Summarizing the
previous results we have:

Theorem 22. If 3R = 0 we have an isomorphism autp(W2(R)) = R* x Affy(R) where
Z(autr(Wo(R)) corresponds with the first factor R*. Modulo the above identification, both
subgroups R* and Affy(R) are normal subgroups. The general form of an element M, . €
autr(W2(R)) is in equation (10) relative to the basis of the e;’s.
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2.3. Conservative algebra W (2). A multiplication on the 2-dimensional vector space V;
is defined by a 2 x 2 x 2 matrix. Their classification was given in many papers (see, for
example, [23, 25]). Let us consider the space W (2) of all multiplications on the 2-dimensional
space Vo with a basis vy, ve. The definition of the multiplication - on the algebra W (2) can be
found in Introduction (see, also [15, 20, 22]). Namely, we fix the vector v; € V5 and define

(A ’ B)(l’, y) = A(Uh B(CL’, y)) - B(A<v17 I)7 y) - B([E, A(Ula y))
for z,y € V5 and A, B € W(2). The algebra W (2) is conservative [15].

Let us consider the multiplications afj (1,7, k = 1,2) on V; defined by the formula afj(vt, v) =
didjvp for all ¢, 1. It is easy to see that {afﬂz’,j, k = 1,2} is a basis of the algebra W (2). The
multiplication table of W(2) in this basis is given in [20]. In this work we use another basis for
the algebra W (2). Let introduce the notation

_ 1 2 2 2 _ 2 1 1 _ 1
€1 = Qg — Qjp — Qygp, €2 = Oy, €3 = Qigg — gy — g1, €4 = gy,
_ o1 2 2 9.2 1 1 _ 1 1 _ 2 2
e5 = 204 +afy + a3, €6 = 205 gy + 0y, €7 = agy — Oy, €8 = Qg — gy
It is easy to see that the multiplication table of W(2) in the basis e;,...,eg is the one in

following figure:

€1 €9 €3 €4 €5 €g (&4 €8
€1 —€1 —362 €3 364 —E€;5 €6 €7 —E€g
ey | 3es 0 2eq es 0 —e5 | eg 0
es | —2e3 | —e; | —3eu 0 g 0 0 —er
es| O 0 0 0 0 0 0 0
€5 —261 —362 —E€3 0 —265 —€g | —€7 —268
eg | 2es e1 3ey 0 —eg 0 0 ey
er | 2es el 3eq 0 —eg 0 0 er
€g 0 €9 —e€3 —264 0 —€g | —€7 0
The subalgebra spanned by the elements ey, ..., eq is the conservative (and, moreover, ter-
minal) algebra Wy of commutative 2-dimensional algebras. The subalgebra spanned by the
elements ey, ..., e4 is the conservative (and, moreover, terminal) algebra Sy of all commutative

2-dimensional algebras with trace zero multiplication [20].
We now investigate the structure of W(2) over fields of arbitrary characteristic. Regardless
of char(F), the diagram of W (2) in the basis of the ¢;’s is:

AN SNPL
€5 €7

)
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which is transitive (take into account that —e3 + ((ezez)eg)es = e4) Now we claim:

Theorem 23. For char(F) # 2,3 we have .# (W (2)) = Endg(W(2)), hence W(2) is simple.

In the

characteristic 2 case, W(2) has a two dimensional ideal I = F(es + eg) & F(eg + e7)

and W(2)/I = Wy. Moreover M4 (W (2)) = Mg(F) @ My(F).  In the characteristic 3 case
M = M (W(2)) has a 12-dimensional radical M+ of square zero and MW (2) = F(e; +e5)
F(es + eg) is an ideal of W (2).

Proof.

(A) Assume first that char(F) # 2,3. Then we have:
LeLe,Ley, = 6E3 implying FEs € A for any k.
R = —FEx implying  Ey, € A for any k.
L§7 = 6F14+ 2F93 implying FEy; € 4 for any k.
L2, = 6E5+2Ey, implying Ey. € 4 for any k.
Le,R., = 3Ei3+2Fy — 2Fg3 implying FEg, € 4 for any k.
L62 ReG = —E15 + E55 + E85 1mply1ng E5k € M for any k.
L€2 = 3E12 + 2E31 + E43 — E65 + E78 hence —E65 + E78 e M.

Thus E7, = (—Egs + FErg)Es, € A for any k. Therefore Fgs € .# and so every
Eer € . Thus we conclude . (W (2)) = Endp(W(2)) in the case of characteristic
£9,3.

Assume now char(F) = 2. A simple but tedious computation reveals that the radical
R = rad((:,-)) of the trace form (-,-): W(2) x W(2) — F given as before by (z,y) :=
trace(zy) has a basis given by

rn = Eis+ B, 15 = FE35+ Esg, rg = Fs5+ Esg+ Egs + s,
ro = FEig+ Eir, 16 E36 + E37, 710 Ese + Es7 + Egg + Egr,
ry = lHogs+ Fag, 17 = FEy5+ Fys, i1 = FEgs+ Ees + Ers + Ers,
ry = FHos+ Eyr, rg = FEus+ Egr, rio = Ege + Eer + Erg + Err.

It is also straightforward that R? = 0. The natural action .# x W (2) — W (2) provides
the two-dimensional ideal R - W (2) <W(2) which is R- W (2) = F(e5 + es) @ F(eg + e7).
Furthermore the quotient algebra W (2)/RW(2) is isomorphic to the six-dimensional
algebra B of section 2.2. By Theorem 12, W (2)/RW (2) is simple. One can easily check
that RW(2) C Lann(W(2)) but RW(2) ¢ Rann(W(2)). On the other hand, the two-
sided annihilator of the ideal RW(2), that is, the vector space of elements = € W(2)
such that z(RW(2)) = 0 = (RW(2))z is generated by e3+e7, eq, es+eg and eg+e7. This
implies that there is no ideal I complementing RW (2) (because if I existed it would have
dimension 6 and it would be contained in the linear span of {es + e7, ey, 5+ eg, €6 + 7}
which is impossible). Now the natural representation .# — End(W(2)) induces the
isomorphism map

M — End[W(2)/RW (2)] x End(RW (2))
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T +— (T, T|RW(2))
where T is the map induced in the quotient W (2)/RW (2) by the fact that RW(2) is
A -invariant. Hence, . (W (2)) = Mq(F) & Ms(F).
(C) In case char(F) = 3 we have

er = —Ev + E33 — Ess + Eeg + Err — Egg, Re, = —FE11 + E33 + Es51 — Eg3 — Ers,
es = —E31 + Ey3 — Egs + Ers, Re, = —E31 + Eg1 + E7y + Ego,
es = B3 — Egy + Ese — Lgy, Re, = B3 — o — Es3 — Egs,
, =0, Re, = Ea3 + Egy,
es = 11 — B33 + Ess — Egg — Frp + Egg,  Rey = —FEi5 + E3g + Es5 — Egg — e,
R
R
R

N

®

)
L
L
L
L
L
Leg = —FEi3 + Ey — Esg + Egy, es = Er6 — Eas — Es¢ — Fsg,

Le, = Leg, er = Bi7 + Fag — Es7 — Egr,

Leg = Eoy — E3g + Fyy — Eegg — L7, es = —E18 — E37 + Esg + Egr + Err,

A basis for . is given by the set of matrices:

E;; for i =2,4,7,8 and any j,
Eqi + Ey; for (a,b) = (1,5),(3,6), (5,5) or (6,6) and (4, j) = (1,5) or (3,6),
E. — Ey; for (a,b) = (1,5) o (3, 6) and 1=2,4,5,6,7,8.

We have computed again the radical .Z* of its trace form (f, g) := Tr(fg) and it is
12-dimensional. A basis for .Z* is

Eor+ FEos, Eas+ Eag, Fi1+ Eis— Esq1+ 2E55,
Ej1+ FEys, Eig+ Eis, Fiz+ Eig— Es3+ 2E56,
FEr1+Eq5, Ers+ Ere, B3+ Ess— FEg1 +2E65,
Eg1+ Egs, Egz+ Egg, Ez3+ Esg— FEgz+ 2FEge.

One can easily check that (.#1)% = 0. Furthermore .#Z+-W (2) = F(e;+e5)BF(e3+e6)
is a (two-sided) ideal of W (2).
U

2.3.1. Automorphisms of W(2). In this section we work again over a commutative ring R and
denote W (2)g the R-algebra @&, Re; where the multiplication table of the e;’s is that of the
multiplication table of W (2). If we take a generic element w = Y25, \ie; € W (2)z and compute
the matrix of L,, relative to the basis of the e;’s we obtain:

—A1 — 2X5 32 2¢1 0 0 0 0 0
&1 —3XA1 —3X5 + Ag 0 0 0 0 0 0
22 0 &o 3&1 0 0 0 0
0 0 A2 3A1 —2)g 0 0 0 0
0 0 0 0 A1 —2X5 =& 0 0 ’
0 0 0 0 —A2 ) 0 0
0 0 0 0 0 0 &a A2
0 0 0 0 0 0 &1 =21 —2Xs5
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where & = —A3 + A\¢ + A7 and & = A — A5 — Ag, whose characteristic polynomial is invariant
under automorphism so that L, and Lg, have the same characteristic polynomial for any

automorphism 6 of W (2)g. We list some of the coefficients of that characteristic polynomial:

Al(w) = 4(3)\5 —‘,—)\g),
Az(w) = —4 (3)\% + 3A5A1 — 3AgA1 — 15/\% — /\g — 3223 + 3A2Xg + 3Ao A7 — 12)\5)\8) s
Az(w) = —2(3As5 + Ag) (18A7 4+ 185 A1 — 18AgA1 — 27A2 4+ AZ — 18223 + 1826 + 18A2A7 — 30As5)s) .

The left annihilator of W (2)p is
Rey, @ R(2e1 — e5 + 3es) @ R(esz + eg) ® R(es + e7).

Lemma 24. Assume W # 0 to be a free R-module W = ®}_,Re; and M a submodule with a
basis {uy, ..., ur} which is a subset of another basis {u,...,u,} of W. Then if M C @I m;e;
for some maximal ideals m; < R we have M = 0.

Proof. For i = 1,...,n define the R-algebras K, := R/m; (which are fields) and S = ®!" | K.
If M # 0 the S-module M ®g S is free with a basis of cardinal £ but for any z € M we have
z = mie; with m; € p; and any element z ® 1g € M ®pg S satisfies

2Q1lg=Y " me®@1lg=> " € ®@mlg
but mjlg =m;(L® --®1,)=01®  -oml®  -0l,)=1L®  -090®---®1, =0. O

The fact the m; is maximal in Lemma 24 is not important. What it is essential is that it is
proper (as any maximal ideal is). So we could replace the maximality hypothesis in the Lemma

It is also easily seen that if L is a free R-module with a (finite) basis {l1,...,[,} then it may
not have a system of generators of cardinal < n. This allows to extend the previous Lemma in
the following sense:

Lemma 25. Assume W # 0 to be a free R-module W = ®}_,Re; and M a submodule with a
basis {u1, ..., ux} which is a subset of another basis {ui,...,u,} of W. Denote by p;: W — R
the i-th coordinate projection relative to the basis {e;}_,. Then for eachi =1,...,nif p;(R) # 0
we have p;(W) = R.

Proof. Assume without loss of generality that the ideal p; (W) is proper and nontrivial. We can
define the ring
—1
f_'n;\ﬂ
S=R/pp(W)®R®---®R
and Mg := M ® S is a free S-module of dimension K but for any element z € M given by
z= 1 rie; wehave 2@ lg =r1e1 @ lg+ Y, 16, @ Lg = >, €; @ 15 so that {e; ® 1g}is
is a system of generators of Mg of cardinal < n. O

It is known that any commutative ring R satisfies the strong rank condition [24, (1.38)
Corollary, p. 15], equivalently, for any monomorphism R™ — R"™ we have m < n. In particular
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consider the free R-module R" with canonical basis {e;},. If a free R-submodule M of R"
has dimp(M) = k then k < n. Moreover if {ey,...,ex} C M then we want also to prove that

(12) M = ®}_, Re;.

Indeed, take a basis {uZ ", of M. Then for 1 <i < k we have e; = Z]; L alu, and for any ¢ we
also have u, = 7" ble; (where af,b] € R). Thus 1 = Zq L afbl = 67 (Kronecker’s delta) or
equivalently AB = 1; (1dentity matrix k X k in M,,(R)) where A = (a Z)” L and B = (bj)” 1
But since R is a commutative ring, it is stably finite (see [24, (1.12) Proposition] and definition

24, §1B, p.5]). So BA = 1k also. Now denoting u := (uy,...,ux) and e := (ey,...,e;) we can
write Au’ = e’ hence u’ = Be' proving formula (12).

Lemma 26. Assume 1 23 L€ R and that I is left ideal of W(2)r which is a free R-submodule
and dimg(I) = 4. Denote by pi: W(2)r — R the ith coordinate function relative to the basis
{ei}. If pi(z) € R* for some x € I andi € {1,2,3,4} then I = @&]_, Re;.

Proof. First we prove that if some e; € I (with i € {1,2,3,4}) then I = @]_ | R;. Assume
first that e; € I, then in the first column of the table of multiplication of W (2) we can see
that ey, e3 € I and since e4 appears in third column we conclude e, € I. So EB?:IRGZ- C I and
dimp(7) = 4 implies by formula (12) that I = &} | Re;. In case e € I we can see that e; € [
(second column of the table of multiplication of W (2)). The same applies if e3 € I. Finally if
eq € I then ez € I for a similar reason. Now assume that some « € I has p;(z) € R*. We can
assume without loss of generality that p;(z) = 1. Since we have eg (e (e5(e1x))) = 6ey then
eo € I and we apply the proved part of the Lemma. If some x € I has py(x) € R* again we
can assume po(z) = 1 and then since we have e3 (e3 (e3 (e12))) = 18e4 we conclude e € I and
can apply again the proved part of the Lemma. In case p3(x) € R* for some x € I we take
into account that eg (es (ea)) = 6ey implying ey € I (as before assuming ps(z) = 1). Finally if
pa(x) € R* for some = € I we use ey(ey(eax)) = Ges. O

Corollary 27. Assume 5,3 € R and that I is left ideal of W (2)g which is a free R-submodule
and dimg(I) = 4. Denote as before by p;: W(2)g — R the ith coordinate function relative to
the basis {e;}}_,. The either [ = @?ZlRej or [ = @§:5Rej.

Proof. By Lemma 26 either I = @} Re; or I C &% . Re;. But dimg(I) = 4 so (12) gives the
equality I = &% ; Re;. O

Next we keep on assuming 3, 3 € R. We want to investigate the case that 6: W( Jr = W(2)g
be an automorphism such that (®.,Re;) = @5 Re;. Denote f(e;) = 3.0 . Mie;. Since
Ai(er) = 0 we have Ay(f(e1)) = 4(BAs+As) = 0 s0 A\g = —3X5. Also Ay(e;) = 3 and
Ao (0(e1)) = 1222 which implies A2 = 1/4 and in particular As € R*. Furthermore €2 + e; = 0
hence 6(e1)?+6(e1) = 0 which (after the corresponding computation) gives A; = 3 and A7 = 3.
Thus we have

1 3
(13) 0(61) = 565 + >\6€6 + 3)\667 — 568.
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Next we study 0(e2) = S0 piei. Again Aj(eg) = 0 = Ai(0(ez)) = 4 (3us + pg) hence pg =
—3us. Moreover Ay(ey) = 0 = Ay(O(ez)) = 1212 hence p2 = p2 = psps = 0. Since €2 = 0
we have 0 = 0(e2)? = (e — 7)) pses — (36 + pi7) pser. Thus peps = prps and 3ugps = pirjts
whence pgps = 0 = prps. But then psf(ey) = 0, that is, O(uses) = 0 which gives pus = 0. We
get

(14) 9(62) = UgCs + Ur€7.

But then, since eje; + 3e5 = 0, applying 6 and taking into account (13) and (14), we find
0 = 0(e1)0(e2) + 30(e2) = 4uges + 4prer so that ug = pr = 0 which is a contradiction. So far
we have proved that no automorphism of W (2)r maps @leRei to ®%_-Re;. As a consequence
no automorphism of W (2)r maps &% . Re; to @7, Re;.

Corollary 28. If %,% € R any automorphism of W(2)r maps ®}_, Re; to itself and the same
holds for &% _; Re;.

Lemma 29. Assume %, % € R and that I is left ideal of W(2)r which is a free R-submodule of
dimension 2. Denote by p;: W(2)gr — R the ith coordinate function relative to the basis {e;}.
Then p;(z) =0 for any x € I and i € {1,2,3,4}.

Proof. First we assume that some re; € [ with r # 0 and 7 € {1,2,3,4}. This will take us
to a contradiction. Indeed, under that assumption we have I, O R, where we denote by R,
the localization RS™! being S = {1,r,r% ...}. Let W := W(2)x and consider the localization
W, := W ®g R, then (since R, is a flat R-algebra) [, := [ ®g R, is an ideal of W, which

T

a free R,-module and dimg, (/,) = 2. We will identity W, with the algebra of fractions -

(v € W,n > 0) where £ = £ if and only if r*(r™z — r"z’) = 0 for some k. Now if re; € I
(1=1,2,3,4) then %t € I, sothat & € I,. Consequently R,e; C I, and the multiplication table
of W gives &;_R.e; C I, (we have identified & with e;). But then 4 < 2 taking dimensions.
We conclude that if re; € I with ¢ € {1,2,3,4} then r = 0. Now consider x € I with p;(x) # 0
and i € {1,2,3,4}. We have I 3 eg(e2 (e5(e1x))) = 6p;(z)es whence py(x) = 0. Next we have

I > e3(es(es(e1x))) = 18pa(x)ey hence pa(x) = 0. Then I 5 eg(ey(eax)) = 6ps(x)es whence

ps(z) = 0 and finally the equality I 3 es(ea(eax)) = 6ps(z)es to deduce that ps(x) = 0. O
Consider now an automorphism 6 of W(2)r (again 3,3 € R) and let us study the image

O(eg). Since Res @ Reg is a left ideal of W (2)g and it is under the hypothesis of Lemma 29, we
have (es),0(e) € @F_sRe;. So for instance O(es) = S pe; and 0(eg) = S5, Mie; and we
can use again the invariants A; and A;. We have

12 = Ay (e5) = Ai(0(es)) = 4 (3ps + ps)
whence pg = 3 — 3us. Also —15 = Ay(es) = Ag(f(es)) = 12u2 — 18us — 9. So we deduce that
212 — 3us + 1 = 0 implying that ps is invertible. Furthermore, 6(e5)* + 26(e5) = 0 hence the
following elements of R are zero:

2 (s — 1) p15, Hspte — Mo — Hshbtrs —3ksks + e — pspir + 247, 6 (s — 1)°.
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This implies that us = 1, ur = 0 and ug = 0. So O(e5) = e5 + pges. Now using again the
invariants A;(eg) = 0 and As(eg) = 0. We have A1(0(eg)) = 4(3X\5+ As) = 0 whence A\g = —3Xs.
Also Ay(f(eg)) = 0 from which we derive A2 = 0 and consequently A2 = 0 = A\g\;. We also
have 6(eg)? = 0 which gives AsAg — AsA7 = 0, —3A3506 — AsA7 = 0 and so A\sAg = A\sA7; = 0. As
a consequence Asf(eg) = 0 which gives A5 = 0. So 0(eg) = Ageg and in summary we have

o {oed e

Now, under the same assumtions 3, 3 € R let us investigate 6(e7), 0(es) for 0 € aut(W(2)g). As
in the previous case we have 6(e;), 0(eg) € G5_sRe;. Write 0(er) = 35 yies, since 0(eg)0(e7) =
0 we get 75 = 73 = 0 so that 0(e;) = 7ge¢ + yrer. Finally write 0(es) = Z§:5 0;e;, from
the equality Aj(es) = Ai(0(es)) we get 0 = 1 — 305 and from Ay (eg) = Ay (O(es)) we have

95 (205 — 1) = 0. Now the couple of identities egeg = e7 and egeg = —eg give the equations
—% — 056 = 0, —y7 — 30506 + Ag = 0, 20506 = 0

so that 4 = 0, 77 = A¢ and 05 = 0 (because A\¢ = 0). Then 6(e;) = Ager and O(eg) =
deee + O7e7 + eg but since (eg)? = 0 we get dg = 0 so that

(16) {(9(67) = )\667

9(68) = (5767 + esg.

Thus we conclude
Proposition 30. If%, % € R any automorphism 0 of W (2)r fizes any of the left ideals ®}_, Re;,
®Y_,Re;, ®%_-Re; and ®%_.Re;. Relative to the basis {e;}5_, the matriz of an automorphism is
of the form

1 0 2z 3t2z2 0 0 0 0
x % tx? 223 0 0 0O O
0 0 ¢ 32z 0 0 0 0
0 0 0 2 0 o0 0 0
an 0 0 0 0 1 —tz| 0 O
0 0 0 0 0 ¢ 0 0
0 0 0 0 0 0 t 0
0 0 0 0 0 0 |tz 1

Proof. Since 6 restricts to an automorphism of Wy(R) = &Y_, Re;, the 6 x 6 upper left block in
(17) is an in (8). It remains to prove that #(eg) = txe; 4+ es but we have proved in (16) that
0(es) = d7er + eg. Since O(eg)f(e3) + 0(e3) = 0 we have

0 = (d7e7+eg)(teg+3t2xey) +tes+ 3t we, = 307teq —tes —6t2wes +tes+ 3tiwey, = 307teq — 3t wey

and since t is invertible 07 = tx. O



CONSERVATIVE ALGEBRAS OF 2-DIMENSIONAL ALGEBRAS, V 27

2.3.2. The case 2R = 0. Note that necessarily % € R. In this case define f; := e; + eg and
fa=es+e7. Then I := Rf, @ Rf, is a 2-dimensional (two-sided) ideal of W (2) g (see Theorem
23). It has a basis { f1, fo} which is a subbasis of {e1, ez, €3, €4, €5, €6, €6 + €7, €5 + g} which can
be seen to be a basis of W (2)g. Indeed the matrix of coordinates of these vectors relative to

the basis of the {e;} is (f\j 102 ) where Ig and I, denote the identity matrices of size 6 and 2

0O 0 0 0 0 1
0O 0 0 0 1 0/

with its own inverse. The ideal I satisfies IW (2)g = 0.

respectively and M = ( It is easy to check that M is invertible and agrees

Lemma 31. Assume that 2R = 0 and J<W (2)g is a 2-dimensional ideal such that JW (2)r =0
then J C I.

Proof. Any x € J satisties W (2)r = 0 which implies that the elements of J are of the form
g = Azes + Aeq + As(es + es) + Ages + (A3 + Ag) er.

Note that the 5th and 8th coordinates of g (relative to the basis {e;}) agree. So since eag € J we
must have Ag = p5(€29) = ps(e2g9) = A3+ whence A3 = 0 and we have proved that the elements
of J satisfy p3(J) = 0. So a general element of J is of the form g = Ages+As(e5+eg)+Ag(es+e7).
But J 3 e39 = A\es+ Ages + (A3 + Ag)es which implies Ay = 0. Thus g € R(e5+es) @ R(eg+e7).

O

Under the hypothesis in the title of this subsection, if § € aut(W(2)g), Lemma 31 implies
O(I) C I (recall that I is the ideal I = Rf; @ R f, defined above). Consequently I C 6~1(I) C I
so that (1) = I for any 6 € aut(W(2)g). Since W(2)gr/I = W, (see Theorem 23) any
6 € aut(W(2)r) induces an automorphism : Wy — Wy. Then the matrix of § relative to the

basis {&;}¢_, (begin & := ¢; + I) is the one in formula (8). So the matrix of f relative to the
basis {e1,...,eq, f1, f2} of W(2)g is of the form

1222

1 0 0 0 O ai a2
x % tz? 223 0 0 as aq
0 0 t tx 0 0| a5 ap
(18) 0 0 0 t2 0 0| ar oas
0 O 0 0 1 tx ag aio
0 O 0 0 0 t aj] a2
0 O 0 0 0 O | a3 a4
0 0 0 0 0 O | a5 ais

where ¢t € R*. Furthermore, if we write the matrix of 6 relative to the basis of the e;’s and
impose the conditions for automorphism we find the relations

a; = az = a3z = a4 = a5 = ag = ay = ag = 0, a9 = ayolw,

a
ajp = ayot, a1g = 0,a14 = 0, a15 = 137, a16 = <2,



28 I. KAYGORODOV, D. MARTIN, AND C. MARTIN

Lemma 32. In case 2R = 0 the matriz of an automorphism 0 € aut(W(2)r) relative to the
basis {e1, ..., es, f1, fo} of W(2)R is

1 0 0 222 0 0 0 0
x 1+ t2 223 0 0 0 0
0 0 t t2z 0 0 0 0
0 0 0 t2 0 0 0 O
(19) Qa0 = 0 O 0 0 1 tz wutx u
0 0 0 0 0 ¢t wut O
0 0 0 0 0 0 w 0
0 0 0 0 0 0 wz Y

where we have replaced ag with u and a3 with v. Furthermore t,v € R*, x,u € R.

We have the relations
Qt,x,v,th/,z/,v’,u’ = Qtt’,:z:—i—at’/t,vv’,u’—i—uv’/t’ and Qtj;tlﬂ}’u = Ql/t,tw,l/v,tu/v-
The set G := {hz10:t € R*,z € R} is a subgroup of aut(W(2)g) isomorphic to Affy(R).

Indeed if we consider Affy(R) = {(é f) cte R x € R} we have a group isomorphism

v Affy(R) — Gy such that ((1] f) = Q41,10 On the other hand Gy = {Qy9,u: v €
R*,u € R} is also a subgroup of aut(W(2)g) isomorphic to Affy(R) via the map vo: Affo(R) —
G such that (é f) — Qy0t4. It is easily seen that G, is a normal subgroup of aut(1W(2)g)

and the map p: G; — aut(Gy) given by

P(21.0)(Q1,00u) = Qt,z,l,le,o,v,qui,Lo = 1 00,0

is a group homomorphism. We also have € ;. , o = Q421,01 00,0 and so Aut(W(2)g) = Ga x G4
with multiplication

(9291)(9291) = [920(91)(95)] (9191)-
é f) so that Affy(R) = {7+ v € R,t € R*} then we have an action of

Affy(R) on itself by automorphisms p': Affy(R) — aut(Affy(R)) given by p'(7e4) (Tuw) = Tuw-
Then there is a commutative square

If we define 7,,t := (

Gi —2— aut(Gy) 9

.| o |

Affs(R) - aut(Affa(R)) Yo 10y2
and we conclude that aut(W(2)g) = Affy(R) x Affy(R).

2.3.3. The case 3R = 0. Note that necessarily % € R. Consider an R-algebra A which is a free
R-module with a finite basis. Let .# := .#(A) be its multiplication algebra and Tr: .#Z — R
the trace (so Tr(7T') is the trace of the matrix of T" relative to any basis of the R-module A). Also
denote by k: 4 x .# — R the symmetric R-bilinear map k(T,S) := Tr(7'S). This satisfies
kK(TT',S) = k(T,T'S) = K(T',ST) for any T, T",S € M. Thus A4+ :={T € .#: k(T,_) =0}
is an ideal of .# and .#* A an ideal of A. There is also an action aut(A) x .# — .# such that
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0T =T :=pTp ! for any ¢ € aut(A) and T € .#. Furthermore k(T*,S*) = K(T,S) for
any S,T € ./ so that (#+)* C .#* or equivalently aut(A) - .#+ C .#*+. Consequently the
ideal .Z+ A of A is invariant under automorphisms of A: for any ¢ € aut(A), T € .#* and
a € A one has o(T(a)) = T*p(a) € M+ A.

Remark 33. Let F be an arbitrary field in this Lemma and U be a finite-dimensional F-algebra,
M = A (U) its multiplication algebra, I <«.# and R € Algg. If j: IU — U is the inclusion,
identifying IU ® R with (IU)g via j ® 1g: IU ® R — Ug, we have (IU)r = IrUkg.

We now particularize considering W (2)g. We start with W (2) over a field F of characteristic 3
and take A = W(2)g. If we denote A4 = .# (W (2)) then .4y can be identified with .Z (W (2)r)
([6, (2.5) Lemma (a)]). Also we have k: .# x .# — F as above: k(T,S) = Tr(T'S) inducing
kr: Mrx Mr — R and we have the standard result that (.#z)* = (.#*)g. By Theorem 23 we
have .4+ W (2) = F(ey+e5)BF (es+es) hence by Remark 33, #Z5 W (2)r = R(e1+e5)®R(ez+¢q).
So this ideal is invariant under automorphisms of W (2)x.

Next we compute the quotient algebra W (2)r/I where I = R(e; + e5) ® R(es + e5). We
consider a basis of W (2)g/I given by

fi:ei—i—f, fori:1,2,3,4,
f5:e8+1a
f6:2€7+1.

The multiplication of the quotient algebra relative to this basis is given in the following table

Sil o | fa|Ja| J5s | Jo
Jil2/il 0 | fs5 10 12f5] fs
Jol O 1 0 [2f1|fs] 0 |2fs
Ja| f312fi] 0 0] f6| O
fil O 0 0O ]0| O 0
Js| fi ] 0 [2f310 ] f5 [2f
Jo |2fs] f1 | 0 | 0 |2]| O

So we conclude that W(2)r/I = W5(R) and any automorphism of W (2)g induces an automor-
phism of W5(R) whose matrix relative to the basis of the f;’s is given in (10). Consequently
any automorphism 6 of W (2)g acts in the form

0(61) = €1 + ces —I— (61 —f- 65) tl —f- (63 + 66) tz = (tl + 1) €1 + (C + tg) €3 + t1€5 + t266,
2 3
9(62) = —561 =+ éeg =+ %63 — %64 + t3 (61 + 65) —|— t4 (63 —|— 66) =
(ts — ) er + Leg + <§ + t4) e3 — Sey + tzes + taeg,

9(63) = aes + t5 (61 + 65) -+ t6 (63 -+ 66) = (CL + tﬁ) €3 + t5€1 -+ t5€5 -+ t6€6;
9(64) = (1264 -+ t7 (61 -+ 65) + tg (63 + 66) = t761 -+ t863 -+ CL2€4 + t7€5 + t8€6‘
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But imposing the conditions 6(e;e;) = 0(e;)0(e;) for 4,5 € {1,2,3,4} we get
tg = Ctl,ti =0 for ¢ Z 3.

Thus, the coordinates of 6(e;), i = 1,2,3,4 relative to the {e;}5_; writen in matrix form give

1 0 ¢ 0 0 0 0 O
e L2 2 00 0
0 0 a«a O 0 0 0 O
0 0 0 a 0 0 0 O

On the other hand since the image of e; + e5 and e3 + eg is in R(e; + e5) @ R(e3 + eg) we have

9(65) = —9(61) + T (61 -+ 65) + i) (63 + 66) Ty =
(—C — t2 + .172) ez + (—tl +x1 — 1) €1 + (331 — tl) €5 + (.Tz — tg) €6,
9(66> = —9(63) + x3 (61 +e5)+ a4 (63 +€6> To =

)
(—CL —lg + SL’4> es + (l’g — t5) er + (£C3 — t5) €5 + (33'4 — tG) €6.

Imposing the conditions #(e;e;) = 0(e;)0(e;) for i € {1,2,3,4} and j € {5,6} we get

_ & — _ _z
tl_f7 Ty = CTq, x3_07 .1'1—74
and the coordinates of 0(e;) with i = 1,...,6 relative to the basis {ej}]gzl writen in a matrix
form are
1 0 c 0 0 0 0 0
2c 1 2 2c® 0O 0 0 O
a a a a
0 0 a 0 0 0 0 0
0 0 0 a> 0 0 0 0
b—1 0 cb-1) 0 b be 0 0
0 0 ab-1) 0 0 ab 0 0

Finally writing 6(e;) = >  \ie; and 6(es) = > je; and imposing the conditions 6(e;e;) =
0(e;)0(e;) for i € {1,...,8} and j € {7,8} we get the matrix of a general automorphism
VRS autR(W(2)R) which is

1 0 c 0 0 0 0 0
_ec 1 2 _¢ 0 0 0
a a a a
0 0 a 0 0 0 0 0
0 0 0 a? 0 0 0 0
20 M, =
(20) b,k b—1 0 be—ec 0 b be 0 0
0 0 ab—a 0 0 ab 0 0
0 0 ak 0 0 ak a 0
—k 0 —ck 0 -k —ck —c 1

with a,b € R*, k,c € R.

Theorem 34. If3R = 0 the matriz of any automorphism of W (2)g relative to a basis {e;} with
multiplication table as in the table of multiplication of W (2) is of the form (20) with a,b € R*,
¢,k eR.

We have
-1
Ma,b,C,dMa’,b’,c’,d’ == Maa’,bb’,ca’+c’,db’+d7 Ma,b,c,d — M

Q=
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then autr(W(2)r) = Affy(R) x Affy(R) via the isomorphism M,y .q — ((é Z) : ((1) ‘Z)) and

as an affine group scheme
aut(W(Q)) = AH:Q X Affg

In this case we have a direct product dislike the case 2R = 0 in which the product was semidirect.
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