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Abstract: We study the multidimensional initial-boundary value
problem for the system of Kelvin—Voigt equations of a two-compo-
nent mixture of viscoelastic fluids with nonlinear convective terms
and a linear impulsive term — a regular minor term describing
impulsive source or damping. The impulsive term depends on a
positive integer parameter n and, as n — 400, weakly* converges
to an expression including the Dirac delta-function, which models
impulsive source or damping at the initial moment of time. We
prove that an infinitesimal initial impulsive layer, associated with
the Dirac delta function, is formed as n — +00, and that the family
of regular weak solutions to the original problem converges to the
strong solution of a two-scale microscopic-macroscopic model. This
model consists of two initial-boundary value problems that should
be solved successively: at first, the flow of the mixture is defined
on the infinitesimal initial impulsive layer set at the microscopic
(‘fast’) timescale, and, at second, the outer flow beyond the initial
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impulsive layer is defined at the macroscopic (‘slow’) timescale.
The equations of the initial impulsive layer inherit the full inform-
ation about the profile of the original non-instantaneous source or
damping.

Keywords: Kelvin—Voigt equations, two-component mixture, im-
pulsive partial differential equation, initial layer.

1 Introduction

We study the Cauchy—Dirichlet problem for the Kelvin—Voigt equations of
a two-component mixture of viscoelastic fluids in the presence of impulsive
phenomena:

2
opvl! + divy ('Uf ® v?) = —V,m' + Z ,u,Z-jAmv? + ;A O}
j=1
+ye" (v in Qr,
divy, v} =0 in Qr,
v?(-,0) =vg; inQ,

v} =0 onlI7r. (1=1,2)

Let us recall that, for each component i € {1,2} in the mixture, (1); is
the balance of momentum equation, (1)9 is the balance of mass equation (in
other terms, the incompressibility condition), (1) is the initial condition,
and (1)4 is the no-slip condition on the outer fixed boundary of the whole
viscoelastic continuum.

In (1), Q € R? is a fixed bounded domain occupied by the viscoelastic
continuum (fluid), with boundary 9Q € C?, d = 2 or d = 3 is the dimension
of the space of physical positions x, t is the time variable, T" = const > 0 is an
arbitrarily fixed moment of time, Q7 = £ x (0,7 is the space-time cylinder,
Iy = 0Qx(0,T) is the lateral surface of Qr, v}’ = v}'(x,t) (i = 1,2) are the
sought velocity fields of the mixture components, 7} = 7/ (x,t) (i = 1,2) are
the sought pressure fields of the mixture components, v is a given constant
coeflicient of intensity of impulse, which can be either positive or negative,
pij (4,7 =1,2) and 5 (i = 1,2) are given constant kinematic viscosity and
retardation coefficients, respectively. We assume that

def 2 .o
M= (/j’ij)id:l >0, pij = pji, 2 >0 (4, =1,2), (2)

where relation M = (mj)?jzl > 0 means that matrix M is positive definite,

i.e., there is a positive constant j, such that the inequality M¢ - ¢ > p|¢|?
holds for all ¢ € RY. Initial distributions vo; = woi(x) (i = 1,2) of the
velocity fields and the profile of the impulsive impact ¢™ = ¢"(t) are also
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given and satisfy the following conditions:

vo € W2 (), divyvei =0 (i=1,2) onQ, (3)

function ¢™ = ¢"(t) is defined for each natural n, n > ny = [%] + 2, by the
formula

©"(t) =n®(nt), te][0,T], (4)
where ® = ®(9) is a nonnegative smooth function supported on segment
{0 < ¥ <1} and having the unit mean value:

1
/@(ﬁ) o= 1. (5)
0

The assumptions on the sequence {¢"},—1 2 . mean that it approximates
the Dirac delta-function in the sense that ¢"(:) = d(1=0) weakly” in
n—-—+0oo

M(0,T), where M(0,T) is the space of the Radon measures defined as the
dual space of C[0,T]. Furthermore,

T

t
/cp”(s)ds <1 fortel0,T], /@”(s)ds =1. (6)
0 0

For ® one may take the classical Friedrichs mollifier supported on [0, 1].
System (1) is a generalization to the two-component case of the well-
known Kelvin—Voigt system of equations of dynamics of a one-component
viscoelastic fluid. Note that equations (1); (¢ = 1,2) have two features,
the presence of which mainly determines the novelty and originality of our
2

research. The first of the features is the presence of the terms Z pijAg v
=1
unlike the one-component case, where the viscosity coefficient ijs a scalar, in
the two-component case the viscosity coefficients p;; (i, 7 = 1,2) form matrix
M whose elements characterize viscous friction. More certainly, the diagonal
elements of matrix M are responsible for the viscous friction within each
component, and the non-diagonal elements are responsible for the viscous
friction between the two components. In cases when M is a diagonal matrix,
the subsystem of two equations (1); decouples and, therefore, the whole
system (1) falls into the well-known theory of the Kelvin—Voigt equations
of dynamics of one-component viscoelastic fluids, see in [1, 2, 3, 4, 5, 6, 7,
8,9, 10, 11, 12, 13, 14, 15, 16, 17]. In the present article, we consider a
much more complicated case of a non-diagonal and non-triangular matrix
M and do not impose any simplifying assumptions on it except the standard
requirement of positive definiteness and symmetry. The study of solvability
topics for hydrodynamic equations with non-diagonal viscosity matrices has
a fairly notable history. Its foundations and main results can be found in
[18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. The peculiarity
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of this particular research is the presence of the impulsive terms " (¢)v?

(2
(i=1,2).

From the mathematical point of view, this presence attracts significant
interest, which is as follows. If we formally substitute v}* by v; and the
impulsive term by expression 76;—pyv; in (1)1 and set v;(x,0) = voi(x) in
2 instead of (1)3, then from the subsystem (1);,3 we deduce the subsystem,
which is in the sense of distributions equivalent to the subsystem consisting
of two equations

2
Oyw; + div, (Ui ® Ui) =-V,m + ZMijAij + 2 ApOv;, 1=1,2, (7)
j=1
and the ‘corrected’ initial conditions

vi(z,0) = (1 +v)voi(x), i=1,2. (8)

(Obviously, the form of subsystem (1)z 4 remains intact.) However, the numer-
ous observations in the theory of impulsive ordinary and partial differential
equations signal that (7) and (8) most likely may not be the correct limit
form of (1)13 as n — 400, see, for example [33, 34, 35, 36, 37, 38, 39.
Therefore, a careful and mathematically rigorous analysis of the limiting
passage as n — 400 is necessary in order to establish the correct limit mode
when modeling a short impulsive action by an instantaneous one.

From the physical viewpoint, the impulsive term y¢™ (t)v} in (1); is related
to dilatant (shear-thickening) and pseudoplastic (shear-thinning) fluids [40,
41, 42]. Generally, incompressible dilatant and pseudoplastic fluids are fluids
in which viscosity and velocity change significantly under impulsive loads.
In this paper, we constrain ourselves to the case when the velocities change
drastically, but the viscosity values remain constant. In view of this, absorpt-
ion (in other terms, the velocity damping) occurs in dilatant liquids, which
corresponds to a negative value of the coefficient . In turn, a sharp increase
in velocity occurs in pseudoplastic liquids, i.e. the coefficient v is positive.
In applications, subsystem (1);2 can be used, for example, for modeling
of inhomogeneous loose media, since it is known that under the action of
impulsive loading, a loose medium exhibits hydrodynamic properties. Indeed,
when exposed to seismic shock waves, liquefaction of soils occurs, which leads
to collapse of buildings [43, Part 1, Sec. 5].

Now, let us briefly describe the further organization of the article. In
Section 2 we provide the rigorous formulation of the main results, which are
the results of solvability for any fixed n > ng and passing to the limit as
n — +o00. Sections 3 and 4 are devoted to justification of the main results.

2 The main results

2.1. Solvability of problem (1) for fixed n € N. Solution of problem
(1) is understood in the weak sense. In order to formulate a definition of weak
solution and for further considerations, we introduce the following functional
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spaces, which are widely used in mathematical theory of fluids:
V:={ve C()?: divyv = 0},
H := the closure of V in the norm of L*(Q)%,
V! := the closure of V¥ in the norm of WH2(Q)4, [ =1,2.

In the case I = 1, we denote V! simply by V. Note that condition (3) can
be rewritten in the equivalent form vo; € V2 (i = 1,2).

Now, for each n > ngy (n € N), we introduce the notion of regular weak
solutions to problem (1) as follows.

Definiton 1. We say that a pair of vector-functions
(v], v3) = (vy'(z,1), v5(x, 1))
is a regular weak solution to problem (1), if it satisfies
1) the regularity requirements
vl € L®(0,T; V%), 0wt e L*(0,T;V) (i=1,2),
2) the integral equalities

[ [ (o 00+ divator w00 - 6,
0 Q

2
+ 30V 0 Vel + Y iV vx(pi) dadt
j=1

= [") [ o1 gudeat (=12 )
0 Q
for any s € (0,T] and all pairs of test vector-functions (¢py, ¢y) such
that ¢'L € LOO(OaTa V2)7 8t¢z € LQ(O, T; V)z

3) the initial conditions (1)3 in the sense of the strong trace in H, i.e.,
07 (1) —voi() e —> 0 (i =1,2). (10)
t—0+

The first part of the main results of this article deals with the questions of

global in time existence and uniqueness of solutions to problem (1) for each
fixed n > ng:

Theorem 1. Assume that the input data for problem (1) meet the require-
ments set out in Section 1. Then problem (1) has a unique solution in the
sense of Definition 1. Moreover, the solution satisfies the estimates

2
Z ”’U?HL"O(O,T;VZ) < Co, (11)
i=1
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2
> (1000} 1 0,780 + V00 | 110, 1522 () ixa)) < Co, (12)

i=1
9 T
Z(Hat’U?HLQ(O’T;H) + vatv?HB(QT)dxd) <Cy (T + /(go”(t))z dt),
0

=1

with a constant Cy independent of n.

Note that estimates (11) and (12) are uniform in n, but estimate (13) is
T

not uniform in n, since /(cp"(t))2 dt — oo due to (4) and (5).

n—-+00
0
The proof of Theorem 1 is given further in Section 3.

2.2. Passage to the limit in problem (1), as n — +o0o. The second
part of the main results of the article deals with the passage to the limit in
problem (1), as n — —+oc:

Theorem 2. Assume that the input data for problem (1) meet the require-
ments set out in Section 1. Let {(v’f, vg)}n>n0 be the family of reqular weak

solutions to problem (1) in the sense of Definition 1.
Then the following assertions hold true.

1. The family {(U?,vg)}n>n0 is relatively compact in L*(0,T;V)? and
relatively weakly* compact in L=(0,T; V%2, as n — co: there exist a
subsequence from {(v’f’, 'vg)}n>n0, still labeled by n, and a limit pair
of vector-functions (vi,vs) € L®(0,T;V?)? such that

vl — w; strongly in L*(0,T; V),
n—-+o0o
and weakly* in L=(0,T;V?) (i=1,2). (14)

2. The family of rescaled solutions {(vY,v5)} o Q% [0,1] — RY

(i =1,2), defined by the formula

n>ng’

v
o 0) Lol (2 2), vel1] (i=12), (15)
n
is relatively compact in L?(0,1; V) and relatively weakly* compact
in L°°(0,1; V'2): there exist a subsequence from {(ﬁf,ﬁ?)}rpno, still
labeled by n, and a limit pair (01,2) € L>(0,1; V?)? such that

n

o — @ strongly in L*(0,1; V)
n——+00
and weakly* in L=(0,1; V?) (i =1,2). (16)
3. There exist two pairs of scalar functions (T1,72) and (w1, m2) such
that the two pairs of the limit vector-functions (v1,v2) and (v, v2)

along with (71,72) and (m,m) are a strong solution of the two
Cauchy-Dirichlet problems that should be solved successively:
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3a. Firstly, find the quadruple (01,2, 71,7T2) satisfying

OyU; = 2, A, 0pU; + ’y‘b(ﬁ)ﬁi — V7 in§)x (0, 1),
div,®; =0 in Q x (0,1),

17
v;i(-,0) =vg; in Q, 1)
;=0 ondQx(0,1) (i=1,2).
3b. Secondly, find the quadruple (v1,v2,m,m2) satisfying
Oyv; + divy (vi &® ’Ui)
2
= divx(z HijVzvj + %Nxatvi) —V,m  in Qp,
j=1
div,v; =0 n Qr, (18)
’UZ‘(-,O) = ﬁi(-, 1) in €,
v;=0 onlp (1=1,2),
where the pair of initial vector-functions (v1 va(+,0 )

defined by the solution of problem (17) at the moment 9 =1.

We call equations (17)1 o the initial infinitesimal layer equations. Equations
(17)1 contain function ®(¥) and therefore preserve the whole information
about the instantaneous impulsive profile. Due to rescaling ¢t = ¥/n (see
n (15)), the independent variable ¥ can be regarded to as the fast time
variable and quadruple (vy,v2,71,72) can be called a microscopic initial
layer solution, while t is the slow time and quadruple (v1,v2,m1,m2) is a
macroscopic outer solution. Thus, (17)—(18) is the two-scale microscopic-
macroscopic problem. Conditions (18)3 may be fairly interpreted as the
interfacial conditions between the initial microscopic impulsive layer and
the macroscopic outer flow.

The notions of strong solutions to problem (17)—(18) is as follows.

Definiton 2. The set consisting of eight functions (v;, T;, vi, m;) (i =1,2)
is called a strong solution to problem (17)-(18), if
(I) (ia) the quadruple of functions (v;,7;) (i = 1,2) satisfies the reqular-
ity conditions
v; € C([Oa 1]’ H) N LOO(()’ 1; V2)7 aﬁﬁia Axaﬁﬁz € LOO(Ov 1a H)>

Vo € LA(Q x (0,1))°, (192)

(ib) equations (17)1 and (17)2 hold a.e. in 2 x (0,1),
(ic) the initial conditions (17)s hold in the strong trace sense in H,
i.e.

[ 9) — w0Vt~ 0 (190)
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(IT)(iia) the quadruple of functions (v;,m;) (i = 1,2) satisfies the reqular-
ity conditions
v; € C([Ov T]a H) N LOO(Oa Ta V2)a 8t’Ui, Axatvi € Loo(oa Ta H)’
Vomi € L*(Qr)*,

(iib) equations (18)1 and (18)2 hold a.e. in Qr,
(iic) the initial conditions (18)3 hold in the strong trace sense in H,
i.e.

(20a)

loi(-8) o, Dl =5, 0. (20b)

The proof of Theorem 2 is given further in Section 4.

3 Proof of Theorem 1

The proof of Theorem 1 is split into several steps. In Section 3.1 we
introduce the finite-dimensional Galerkin’s approximations (v{"",v5"") (m €
N) for the sought regular weak solution ('U’f, vg) The super-index m indicates
the dimension of the subspace the approximation v;"" (i = 1,2) belongs to.
In Sections 3.2-3.4 we derive uniform estimates for Galerkin’s approximations.
In Section 3.5 these estimates are used for justification of the limiting passage
as m — +o00, which provides existence of a weak regular solution to problem
(1) and the uniform estimates in n on the family { (v, vg)}n>n0. Section
3.6 is devoted to justification of the uniqueness of the regular weak solution.

3.1. Galerkin’s approximations. Following [44, Ch.II, §4], [45, § 3], we

introduce the orthogonal basis {1/, }3° , in V', which is also an orthonormal
basis in H, consisting of the eigenfunctions of the spectral problem

/szpkzvr@dm—kk/¢k-¢dw, Ve eV k=1,2,.... (21)
Q Q

Here { A }r=12,.. is the sequence of the positive eigenvalues.
We construct a regular weak solution (v}, v%) to problem (1) as a limit
of the sequence of the finite-dimensional Galerkin’s approximations

v, = mlﬂlr}rloo v’ (i=1,2), (22a)
where
() = S e, (), te0.T] (=12).  (22b)
s=1

Unknown coefficients v, 7" (¢) (k = 1,2,...,m, i = 1,2) are defined as the
solutions of Galerkin’s system of 2m ordinary differential equations:

dv, " (t)
(1+ %i/\k)T + /diV;E (v]""(z,t) @ v]""(x, 1)) - Py (z)de
Q
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2
b [ (30 Vv @t) V(@) = 2 (000 (@,1) - (@) )z =0,
o J=1

E=1,2,....m (i=1,2), (23)
endowed with the initial conditions
UIZTZ’n(O) =voki, k=1,2,....m (i=1,2), (24)

where constants v j ; are the Fourier coefficients of v, in the basis {1}, }ren.
We have

m

Y2
Voki = /'UOi cppdr, vy = ZUO,k,id’k T VO strongly in V'
i=1,2).

Note that the coefficients vy 1, ; and the approximate initial vector-function
vg; do not depend on n.

Since 1+ »A, > 1 (k= 1,...,m, i = 1,2), by Peano theorem, system
(23), (24) has a solution v, 7"*(t) (i = 1,2) for each m € N on some interval
(0, 7™™). Accordingly, the approximate solution (vT’n,v;n’n) exists in the
space-time cylinder € x (0,7").

3.2. The first energy estimate and continuation of ('v;n’n, 'vgn’").
Lemma 1. Assume that the input data for problem (1) meet the requirements
set out in Section 1. Let n € N be arbitrarily fived. Then each vector-function
of the sequence {('UT’”,'UQ”’”) }mzl o can be continued from (0,7™™) onto
the whole interval (0,T] and satisfies the first energy estimate

2

Z (ess sup [|[v"" (-, t)|| i + esssup || Vv, 7" (-, t) HLQ(Q)dxd)
i=1  t€(0,T) te(0,T)

2
+ Z ||Vg;’U;~n’nHL2(QT)d><d
=1

2 2
< Mo(1+ Y Ivoiller + D IVavoillayecs ) (25)
=1 =1

where the constant Mo depends on T, ), d, ;;, »;, and v and is independent
of m and n.

Proof is based on multiplying the (k,i)-th equation in system (23) by v;",
followed by summation over k from 1 to m and over 7 from 1 to 2 and
additional account of relations (6) and (21). In principle, it is carried out
in the same way as the derivation of the first energy estimate and the

justification of continuation of solution in |45, proof of Th. 3.2]. O
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3.3. The second energy estimate.

Lemma 2. Assume that the input data for problem (1) meet the require-
ments set out in Section 1. Let n € N be arbitrarily fized. Then the family of

Galerkin’s approximations (vgn’n,v;n’") satisfies the second energy estimate

2
S~ (esssup [Vaw] " (- D)l 2 ayca + esssup |40 ()| )
i—1  t€(0,T) t€(0,T)

2
+ D 18007 | 2013
=1

2 2 2
<M (1 + ) ol + ) IVavoill aayixa + HAvaZ-HH>, (26)
=1 i=1 =1

where the constant My depends on'T, S, d, p;j, »;, and vy and is independent
of m and n.

Proof. We multiply the (k,i)-th equation in (23) by A\gv,";"(¢) and sum up
the resulting equations over k from 1 till m and over ¢ from 1 till 2. Thus,
we arrive at the integral equality

2
1d . o
Sl Z(I!vai ’ (',t)llizm)dxd + 3 || Ay (~,t)||%{)
=1
2

+ Z Hij /Az'u;n’"(:n,t) : vagn’n(:c,t)d:c
R
2

= Z/divm (0" (z, t) @ v]"" (@, 1)) - Agv] " (, t)d
=10

=1
2
S0 [l @) - Aol @, ) 27)
i=1¢
We integrate the second term in the right hand side by parts to get

2 2
—W”(t)Z/UT’"(«’IJJ)'AWT’"(%J)M ZW"(t)Z/IvaZ-n’"(w,t)lew-
i=1 ) i=1 )
Using the Sobolev embedding inequality [46, Ch.1, §§|
07" ()l pagye < Ma(d, Q)| Voo ()| p2@paxa (i =1,2),  (28)

the combination of (28) with the well-known embedding inequality that
allows to estimate the norm in V2 by the norm of Laplacian in H (see

[44, Ch.1, §1, Lem. 4|):
IVavy™" ()l pagqyaxe < Ms(d, Q)| Azvy™" (8l (1=1,2), (29



154 S.N. ANTONTSEV, I.V. KUZNETSOV, D.A. PROKUDIN, S.A. SAZHENKOV

Hoélder’s, Cauchy’s and Young’s inequalities, and the first energy inequality,
we estimate

i= IQ

2
§ZHdlvx (7" @ v ()| 5 + ZHszm”, W (30)

and, further,
Jdiva (0 @ ) (DI < Ma(d) o (1) [ [ V0" (Ol B gy

< Ms[| Ao ()| H (1=1,2), (31)

where the constant My depends on My, M3, My, and the right hand side of
the first energy inequality, and is independent of m and n.

Now, using (30) and (31), we can estimate the right hand side of (27) from
above as follows:

2
Z/divx (0" (, 1) @ v]"" (x, 1)) - A" (, t)da
=1
2
— " (t) Z/U;-n’n(:c,t) A" (x, t)d
i=1¢

< M5 ) (180" ()1 + Iyl (¢ ZHvam” t)ll72(@axa-  (32)
i=1

Introducing (for brevity)
2

Zmn(t) = Z(Hvxvznn( )”L? (@yixa T || Ayv! " (-, t)H%Z(Q)d),
i=1
joining (27) and (32), and performing some simplest estimation, we arrive
at the differential inequality

dmn

+ ZHAmvm" lE < (Ms + e (1) Z2™"(1).  (33)

Here recall that p,. is a positive constant from the property of positive
definiteness of matrix M, see back in Section 1.
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The second energy estimate (26) now readily follows from (33) by the
Gronwall-Bellmann lemma and relations (6). Lemma 2 is proved. |

Corollary 1. The family of Galerkin’s approximations (v’lﬂ’", v?") admits
the uniform in m and n estimate

2
> o v
=1

2 2 2
< Ms (Z [voill + Y IVavoill p2ayaxa + > |1 Avvoil| i + 1>7 (34)
=1

i=1 =1
where the positive constant Mg depends only on My, Ms(d, <), and d.

3.4. Uniform estimates for d;v; """ and V,0;v; " ".

Lemma 3. Assume that the input data for problem (1) meet the require-
ments set out in Section 1. Let n € N be arbitrarily fized. Then the family of
Galerkin’s approximations (vT’n,vgn’n) admits the following estimates:

2

Y0007 (1)1 + V20007 ()17 2 0y axa)
i=1

< Mp+ Ms~*(0"(t)%, Vtel[o,T],  (35)

and
2

D 107" (Ol + V207" ()l 2 @ xa)

i=1
< 2y/2M7 +2/2Mg |y[e"(t), Vte[0,T],  (36)
where the positive constants My and Mg do not depend on m and n.

Proof. Derivation of estimate (35) is based on multiplying the (&, 7)-th equat-
m,n
Uk,i

ion in system (23) by , followed by summation over k from 1 to
m and over i from 1 to 2 and additional account of relations (2);2 and
(21). In principle, it is carried out in the same way as the derivation of the
estimate (3.3) (in case d = 3) and estimate (3.3") (in case d = 2) from
Theorem 3.2 in [45]. Estimate (36) readily follows from estimate (35) by
means of the elementary inequality A+ B+C+D < 2v/A2 + B2+ C2 + D2,
VA,B,C,D eR. O

3.5. Passage to the limit as m — oo. Uniform bounds in n for the

sequence {(v;’, v’zl)}nzno. By Corollary 1 and the Alaoglu theorem we
conclude that

the family {(van’n, '072”’")} is uniformly bounded in L>(0,T; V?)?

for each fixed n > nyg. (37)

m=1,2,...
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By Lemma 3 and the Alaoglu theorem we conclude that

the family {(dyv]"",dv5"") }m _is uniformly bounded in L>*(0, T} V)?

=12,
for each fixed n > ny. (38)

Thus, choosing a suitable subsequence, if necessary, we establish that there
exist limit functions v} and v4 such that the limiting relations

v — " weakly* in L°(0,T;V?), (39)
m—-+00
oo o Oy} weakly* in L>(0,T; V) (40)

hold true for each ¢ = 1,2 and n > ny.

Further note that, by the Rellich theorem, V? is compactly embedded
in V. Due to this, by (37), (38) and the Aubin-Lions-Simon compactness
theorem [47, Corol. 4], choosing one more subsequence, if necessary, we estab-
lish the limiting relation

m,n

; — v

v i
m——+00

strongly in C([0,T]; V) (41)

for each ¢ = 1,2 and n > ny.

Now, based on the limiting relations (39)—(41), the limiting transition in
the Galerkin’s system (22)—(24) as m — +oo along the chosen subsequence
is quite standard, and, similarly to [5] or [48, Ch. 6], as a result of the limiting
transition we derive the integral equalities (9);=12 and the initial relations
(10). Also, we note that the regularity requirements (1) for v} in Definition
1 follow directly from (39)—(40) and by this we complete the justification of
existence of a weak regular solution to problem (1).

Finally, passing to the limit as m — 400 in the estimates (34)—(36)
on the base of the compactness properties (37) and (38) and the well-
known property of weak* lower semicontinuity for norms [49, Ch. 1, §1.1.3;
Ch. 2, §2.3, Propos. 2.3.2|, followed by additional integration of the resulting
estimates for d,v,, and V,0,v, in t on (0,7), we deduce the estimates (11)—
(13), with Cy depending on Ms, M7, Mg, 7, d, ||voilly2 (i = 1,2), and
independent of n.

3.6. Uniqueness of the regular weak solution. Let (v’ﬂl,v?g) and
(v, v55) be two regular weak solutions to problem (1) corresponding to
the same input data. Set Wi = o}, — vy, (i =1,2).

Subtracting (9); with (v}, v%,) from (9); with (v}, v],) for each i =
1,2, taking W7 for the test functions ¢; (i = 1,2) and, finally, summing up
the results over ¢ = 1,2, we arrive at the following energy relation:

2. d
2 2
S UWECOlE + 54l Va W3 (D) 2 ixa)

i=1

+ Z Mz‘j/vzw?(x,t) VoW (z, t)de
Q

i,7=1

N | =
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2
:w”(t)zHW?(-,t)H%JrI”(t)v (42)

where the term I™(t) represents the convective integrals. With the help of
the second energy estimate (26), we estimate I"(t) as follows:

2
I / W, t) 2|V o003 (. 1) dae

i=1g

2
+ 3 [ 192 )] (W2 a0 03 (2 0)| do
=1g

2
< ||W?(-,t)|]%2d/(d,2) Q d||vxv?,i(‘at)||Ld/2 Q)dxd
Q) (
i=1

2
+ 2 IVaWE )| 2@axa W G )] 2o ayal 05 ) gy
=1

2
<My 3 VW2, )2 e (18005 (.0 + 180035, 0)] 1)
=1
2
< Mip S VWi )| gy (43)
=1

where My and Mg are positive constants.
Introducing the notation

2

Y(t) = S (W3 + 4l VW )2 yina)
=1

and joining (42) and (43), after simple manipulations we arrive at the differ-
ential inequality
dY(t)
dt
where Y (0) = 0. Using the Gronwall lemma, from this inequality we deduce

that Y (t) = 0, which amounts to the uniqueness of solution.
Theorem 1 is fully proved.

< (Mo + [yl ()Y (#),

4 Proof of Theorem 2

4.1. Limiting passage as n — +oo in the sequence {(v’f, vg)} Proof
of assertion 1 of Theorem 2. Due to the uniform in n estimates (11)—
(13), assertion 1 of Theorem 2 follows immediately from the Aubin-Lions
~Simon compactness theorem [47, Corol. 4] and the Alaoglu theorem.
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4.2. Shift and rescaling in the sequence {('071‘, vg)}nzl’%m. Prior to
passing to justification of the limit as n — 400 in equations (9);—1 2, we need
several preliminary considerations. Assume that the test vector-functions in
equations (9);—12 belong to H(0,7;V) and vanish in a neighborhood of
the plane {t = T'}. We integrate by parts the first term and the third term
in (9)i=1,2 in t and write out the resulting equality in an expanded form
separating the integrals over segments (0,1/n) and (1/n,T) from each other:

1/n

[ [(-or- 08, +dvaor o) 6, - 9,07 V010,
0 Q

2
+ > 1iVav] s Vg — ynd(nt)o} - ¢i) dzdt
j=1

— /’UOZ'(.’B) - (x,0)dx — 5 / Vvpi(x) - Vi, (2, 0)dx
Q

0
T
+ / /(—'v? - Orp; + divy ('v? ® v?) - p; — 7V v) V0,

1/n Q
2
3 Vol v$¢i) dedt =0 (i=1,2), (44)
j=1

where the fact that the support of the function ¢ — ®(nt) lays in [0,1/n]
is taken into account. In (44), we change the independent variable t and
the sought variables v} (i = 1,2) on the segments {0 < ¢t < 1/n} and
{1/n <t < T} as follows. On (1/n,T] we shift the timescale backwards and
take

t:=t—1/n, '(x,1) =0 (x,t) =0l (x,t+1/n) forte (1/n,T]

(i=1,2).

Note that ¢ € (0,7 — 1/n], dt = dt, 0; = O, and t = t + 1/n. Further,
following the idea of rescaling from [50], we take

9 :=nt, T(x,9):=vMx,t)=vMx,n ) fortel0,1/n] (i=1,2).

(46)

Note that ¥ € [0,1], dt = n=dd, 0y = ndy, and t = n~'9. Thus, (44) takes

the form

(45)

1
[ [ (-5tt@0) - dneu(an0) ~ 549,57 (@ 0) s V0o 0)
0 Q

2
+n7Y Ve (@,9) 1 Vady(z,n 1Y)
j=1
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+ "t div, (07 (z,9) @ 0 (2, 9)) - py(x,n )

()T (2, 0) - by(x, n_lﬁ))dmdﬂ

— /UOZ'(:IJ) - ¢;(x,0)dx — %i/VQEUOi(a:) : Ve (x,0)dx

Q Q
T-1/n
+ / /(—5?(33,?) Oy, t 4+ 1/n) — 36V, 07 (2, 1) - VO (m, £+ 1/n)
0 Q

+ dlvx( Mz, t) @ v (x,1)) - ¢i(x,t + 1/n)

4-§:Mﬁwga?¢u23;vm¢4mﬁl%1ﬁn)dwdfz() (i=1,2).

(47)

Keeping in mind the further limiting passage as n — +oo, in (47) we
take the test vector-functions ¢, = @' (x,t) (i = 1,2) depending on n in the
following form:

Fi(x,9) = B(wnt)  forte 0, 1/n],
ie., for ¥ € [0,1],
¢?(m>t) = ~ ~ ~ (Z = 172)7
¢i(m7t) = ¢i(m7t - 1/77’) for t € (1/7’L, TL
ie., fort e (0,7 —1/n]

(48)
where @; = ¢;(x,9) and ¢; = ¢;(,7) (i = 1,2) are arbitrary smooth test
vector-functions defined on Q x [0, 1] and © x (0, T, respectively, such that

q,’) (j)Z = 0 in a neighborhood of 92, ¢Z = 0 in a neighborhood of the plane
{t = T}, and the matching conditions

hold. Notice that conditions (49) yield that the weak derivatives 0;¢} and
V.0p? (i = 1,2) are essentially bounded in Qr, which implies that ¢} €
L*(0,T; H) and 0;¢ € L*(0,T; H) (i = 1,2). Therefore, ¢} and ¢} are
admissible test vector-functions for the respective equations (44),—; and
(44),=2, and, equivalently, for the respective equations (47);—; and (47);=2.
Inserting (48) into (47) (for the respective ¢ =1 and i = 2), we get

// ) Dy (@, 0) — 3V T} (,9) : VoDyi(, )

12“” wv : Vi (z,0)

+n~ lex (’UZ- (z,0) @ v} (x, 19)) - @i(x, )
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B (0)T (x,9) - by, 19)) dadd

- /’UOZ‘(CIJ) - ;(z,0)dx — %i/Vx'UOi(a:) : Ve (x,0)dx
Q

Q
T—-1/n
v [ [ (Fed 0@ - V.5 @D V0.
0 Q

+ div, (07 (. 1) ® 0} (2, 1)) - é:(,1)

2
+ 3 i Ve (@, D) Vodpy(@, D) )dudi =0 (i=1,2).  (50)
j=1

Furthermore, we notice that

vz, 1-0) =0 (x,0+) inQ (i=1,2) (51)
due to (45), (46) and the regularity properties of v} (i = 1,2), see Definition
1.

The rest of the proof of Theorem 1 is based on the systematical study of
(50) with account of (51).

4.3. Limiting passage as n — +o00 in the sequence {(5’11, ﬁg)} Proof
of assertion 2 of Theorem 2. Applying shift and rescaling (i.e. transform-
ations (45) and (46)) in estimates (11) and (12) and discarding the nonnegat-
ive expressions containing v; (i = 1,2), we derive the following uniform
estimates for the family {(o}, %)}

nZno:
2 2
Z [0 | oo (0,1,02) < Z [ | oo (0,75v2) < Co, (52)
i1 i—1
2
Z(H@W?HU(O,LH) + [IV209T7 || 110,122 (0)ax4))
i1

2
< (1000 1 0.7 10) + IV 0007 | 110 722 (@yaxay) < Co, (53)
i_

where Cy is the same constant, as in estimates (11) and (12).

Due to these estimates, assertion 2 of Theorem 2 follows immediately from
the Aubin—Lions —Simon compactness theorem and the Alaoglu theorem.
4.4. Limiting passage in Q X {0 < ¥ < 1}. The initial layer equat-
ion. Taking ¢; =0 in (50), we get

1
[ [ (-5t 0) - 00i(@.0) - 59,5 @.0) : V205 (. 0)
Q

0
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2
n! Z 15V 05 (2, 9) : Vg (2, 0)
+n lex( e, ) @ v} (x, )) ¢ (x, )
— ()0} (@, 9) - (V) ) dawd
— /UOi(:c) - ¢;(x,0)dx — %i/VmUOi(a:) Vet (2,0)dx =0 (i=1,2)
Q Q
(54)

for all test vector-functions ¢, (i = 1,2) satisfying the conditions imposed
above for (48) and vanishing in a neighborhood of the plane { = 1}.

Due to the integration by parts formula, elementary inequality AB <
(A2 + B?)/2 (VA, B € R), and estimate (52), we have

n~tdiv, (0} (z,9) @ 0 (x,9)) - ¢;(z, 9)dxdd

9) @ o (x,9)) : Vi, (x,9) dedd

”U HLOO(O,LH )||V:r:¢z||c @x[o,1]) = Co Hvxd)z”c @x[0,T)) 1, 5pm0 0

for i = 1,2, i.e., the convective terms in (54) tend to zero as n — +o00. The
rest of the integrals in (54) are linear in o). The limiting passage in these
integrals is based on the limiting relations (16) and causes no difficulties.
Thus, as n — 400, from (54) we deduce the integral equalities

/ / ) - 09, 0) — 36 VaTi(@, 9) : Vadydy(m,9)
()T (2, 9) - Bi(x, ) dd

- / voi(x) - @;(x,0) der — %i/ Vvoi(x) : Vi (z,0)de =0 (i=1,2)
Q Q
(55)

for all test vector-functions ¢, satisfying the above imposed conditions.
Remark that the integral equalities (55);=1 and (55);=2 are not coupled,
since the terms containing coefficients 1;; do not appear in them. Finally,
note that the integral equality (55); (for each i = 1,2) is linear in v; and
that (55); has already been well studied by the classical methods of the
theory of generalized solutions of mathematical physics. More certainly, by
Theorem 2.1 from [45] we readily conclude that (55); along with inclusion
v; € L>=(0,1; V?) is equivalent to system (17);. In this system, the pressure
gradient V,7; € L2(Q x (0,1))? is standardly recovered after the already
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found solenoidal velocity field ©; and the pair (v;,7;) is the strong solution
of (55); in the sense of the first part of Definition 2.

4.5. Limiting passage in Q x {0 < t < T}. Equations of the outer
flow. Taking ¢ = 0 in (50), we get

T
[ [ tacter sy (-50@D - 0 (a.1) a5 ) - V.03 a1
0 Q

2
+ 3 iVt (@, D) Vadi(@, ) )dwdi =0 (i=1,2)  (56)
=1

for all test vector-functions al (i = 1,2) satisfying the conditions imposed
above for (48) and vanishing in a neighborhood of the plane {t = 0}.
Similarly to estimates (52) and (53) for @', using shift and rescaling we

derive the following uniform in n estimates for the family {(17?, 173)}n2n0:

2

Z V3 HLoo(o,T—l/n;V2) < Co, (57)
i=1

2
Z(Haﬁ?HLl(o,T—l/n;H) + V2007 | 11 0,7—1 fmsp2(@)ixay) < Co,  (58)

i=1

where Cj is the same constant, as in estimates (11), (12), (52), and (53).
Due to (57), (58), the Aubin-Lions-Simon compactness theorem, and the
limiting relation

1 — 1 strongly in L"(0,T) Vr € [1,+00), (59)

0<t<T—1/n) , 70

there exist a subsequence from { (o7, 94)} and a limit pair of vector-functions
(07, v5) € L=(0,T; V?)? such that
1(0<f<T—1/n)1~)? n_>—+>oo v; strongly in L2*V(07 T;V),
weakly in L"(0,T; V),
Vv e (0,1, Vre€l[l, +o0), (60)
fori=1,2.

Recall that, by the Sobolev embedding theorem, V is compactly embedded

in L*(Q)? for d = 2 and d = 3. From this and relation (60) it follows that
1 VRV — v; ®v; strongly in L2Y(0,T; L))

n—-+00
(i=1,2).
(61)

(0<t<T—1/n)
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Further, due to representations (45), estimate (12), and the elementary finite
increment formula (see, for example, in [47, § 5, Lem. 4]), we have

T-1/n L~ " —~ (45) T-1/n _ " _
/ 150D — o (- D) prd & / (- T+ 1/m) — o( B ardlE
0 0

T ~ . (12)
gn—l/ 1007 (-, )l a@dt < n'Co — 0 (i=1,2).
0

t n—-+o0o

From this and from the limiting relations (14) and (61) it follows that

Vi(x, 1) = vi(x, 1) forae. (x,1) €Qr (i=1,2). (62)
Now, using relations (59)(62) and re-denoting t := ¢, we pass to the limit
in (56) as n — 400 and by this derive the integral equalities

’ s ~
/0 /Q('vi(sc, t) - Opps(x,t) — 5V vi(, 1) : Vobip(, 1))

+ divg (vi(@,t) @ vi(x, 1)) - (1)

2
3 1 Vv (@, t) quzi(ac,t))da:dt —0 (i=1,2). (63)
j=1

Due to the sufficient regularity of test vector-functions ¢, (i = 1,2), the
integral equalities (63) along with inclusions v; € L>(0,T;V?) (i = 1,2)
are equivalent to system (18)124 in the sense of the theory of distributions.
Moreover, the pressure gradients V,m; € L?(Qr)? are standardly recovered
after the already found solenoidal velocity fields v;, and the incompressibility
conditions (18)2 (for ¢ = 1,2) hold a.e. in Q7. Further, analogously to
Lemma 4.1 from [39] or Lemma 3.5 from [37], based on (63) we establish
that Ov; € L*°(0,T; H), which yields v; € C([0,T); H) (¢ = 1,2). Thus,
in particular, v;(-,0+) € H (i = 1,2), i.e., vector-functions v; have the
strong right-sided traces from H on the plane {t = 0}. Also, based on
(63), inclusions dyv; € L>®(0,T; H) and v € L>®(0,T;V?), and the notion
of Sobolev weak derivative, using the standard arguments we deduce that
Ao € L®(0,T; H). Thus equations (15); for i = 1 and 7 = 2 hold a.e.
in @7 and the pair of limit vector-functions (v1,v2) satisfies all regularity
conditions in (20a).

4.6. Matching condition at ¥ = 1 — 0. Completion of the proof of
assertion 3 of Theorem 2. Justification of conditions (18)3 in this section
is a natural modification of arguments from [39, §4.5]. At first, note that, by
the finite increment formula [47, §5|, from (53) it follows that the family of
mappings v}: [0,1] — H (i = 1,2) is equi-continuous. On the other hand,
due to estimate (52) the values of functions ¥ — @} (-,9) (i = 1,2) belong
to the interval |77 (-, 9)||v < Co (i = 1,2). By the Rellich theorem, this
interval is a compact set in H. Therefore, by the Arcel-Ascoli theorem, the
set {V]'}n>n, (i = 1,2) is relatively compact in C([0, 1]; H). Consequently,
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there is a subsequence, still denoted by n, such that v} (-, 9) n:)w v;(+,9)

in H uniformly on {0 < ¢ < 1} for i = 1,2. Quite analogously, from (57)
and (58) we deduce that v} (-, 1) 0 v;(-,t) strongly in H uniformly on

{0 <t <T—1/ng} for i = 1,2. These two limiting relations, identities (51)

and inclusions w;(-,1 — 0) € H and v;(-,0+) @ v;(-,0+) € H imply that
the initial conditions (18)3 hold in the sense of the strong trace sense in H.
Recall that conditions (18)3 are at the same time the matching conditions
at 9 =1-0.

Theorem 2 is fully proved.

4.7. A note on uniqueness of the solution to problem (17)—(18).
Theorem 2.5.2 from [51] and the uniqueness assertion of Theorem 1 directly
imply that the weak solution and therefore the strong solution of problem
(17)—(18) (in the sense of Definition 2) is unique. In this regard, the pressure
functions 7; and m; (i = 1,2) are defined uniquely up to a constant value.
In turn, since the solution is unique, we conclude that the entire family
{ (v}, %) }n>n0 of regular weak solutions of problem (1) tends to the quadru-

ple (U1, 72, v1,v2) as n — 400 in the sense of relations (14) and (16). Hence,

there is no need to extract any subsequence from {(vf, vg)}n% oo
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