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Abstract: We study the multidimensional initial boundary value
problem for the system of Kelvin-Voigt equations for a
two-component mixture of viscoelastic fluids with a nonlinear
convective term and a linear impulse term — a regular minor term
describing impulsive phenomena. The impulsive summand depends
on the positive integer parameter m and at n — oo weaklyx
converges to an expression including the Dirac delta-function
modelling the impulsive phenomena at the initial moment of time.
The main results of the paper are related to the limit transition
at n — oo in the family of regular weak solutions of the studied
initial boundary value problem.
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1 Introduction

In the present paper, we proceed the research initiated in [11,12]. Here,
we study the Dirichlet problem for the Kelvin-Voigt equations for a two-
component mixture of viscoelastic fluids in the presence of impulsive
phenomena:

2
O} +div (v} @ v)!) = —Val + ) pi Av]
j=1
+;A(Op0}) + ™ (t)v! in Qr, i=1,2, (1)
divol! =0in Qr, ©¢=1,2,
vl (x,0) =voi(x) in Q, =12,
vi(x,t) =0onTp, i=1,2,

where Qr = Qx(0,T), Qis a bounded domain of R?, d € {2,3}, vy = %1, and
T is a given positive constant, and I'y = 9 x (0,7"), with 9Q denoting the
boundary of Q. The vector-valued functions v?(z,t), i = 1,2, with € R?
and t € RT, and the scalar-valued functions ', 1 = 1,2 are the sought
solutions of the problem (1), whereas the vector—valued functions vg;(x),
i = 1,2 are given data, and p;;, 1,7 = 1,2 and ¢, i = 1,2 are assumed to be
constants,

{pijtijm1 >0, >0, i=12 (2)

In (2), the expression {Mi,j}?,j:l > 0 means the positive definiteness of the
matrix M = {md}%jﬂ, i. e., for all ¢ € R?\ {0}, the inequality (M¢,¢) > 0
holds. The sequence ¢"(t) approximates the Dirac delta—function. For every

1
natural n, n > ng = [f} + 2, the function ¢™ = ¢"(¢) is defined by the

formula o™ (t) = n®(nt), ¢t € [0,T], where ® is a nonnegative smooth function
1
with supp ® = [0, 1] and the unit mean: /<I>(19) dy = 1.

The system under study is a generaliza%ion of the well-known Kelvin-Voigt
system of equations for the dynamics of a one-component viscoelastic fluid
to the two-component case. One of its characteristic features, in addition to
nonlinearity and the presence of an impulse term, is the presence of second-
order derivatives of the velocities of both components in the equations (1);.
Unlike the one-component case where the viscosity is a scalar, in the two-
component case the viscosity coefficients p;;, 4,7 = 1,2 form a matrix M
whose elements are responsible for viscous friction. The diagonal elements of
the matrix M are responsible for the viscous friction within each component,
and the non-diagonal elements are responsible for the viscous friction between
the components. If the matrix M is diagonal, then the equations (1); will not
be related and then the results known for the Kelvin-Voigt equations for the
dynamics of a one-component viscoelastic fluid [1-10, 2729, 33, 36-38] are
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automatically transferred to the two-component case. We consider the more
complicated case of a non-diagonal and non-triangular matrix M and do not
impose any simplifying assumptions on it except the standard requirement
of positive definiteness. Solvability issues for hydrodynamic equations with
non-diagonal viscosity matrices were studied in [14-26,30,31].

We introduce the following functional spaces widely used in the
Mathematical Fluid Mechanics:

V(Q) ={v e () : dive =0},
H(Q) = closure of V(Q) in the norm of L*(1),
V{(Q) = closure of V() in the norm of W'%(Q), 1=1,2.

In case | = 1, we denote V1(Q) simply by V(Q).
The weak solution to problem (1) is defined as follows.

Definiton 1. A functions v € L>(0,T;VZ(Q)) N C([0,T]; H(?)), dv? €
L2(0,T;V(2)), i = 1,2 is called a weak solution to problem (1) if v?(x,0) =
voi(x) € V2(Q) a. e. in Q, i = 1,2, and for any ¢; € L>=(0,T;V2(Q)),
i =1,2 such that O,¢p; € L*(0,T;V(Q)), i = 1,2 and any s € [0, T]

// (@tv?(%t) C (1) + div(v(z,t) @ v (x, 1)) - (. 1)
0 Q

2
136V (0] (@, 1) : Vi(@,t) + > pyy Voll(a, 1) : Voby(a, t)) dadt
j=1
= /VWH(t)/v?(ar,t)'qSi(m,t) dedt, i=1,2,
0 Q
o7 (-, t) —voi(Vlm@) = 0 ast = 0+, i=1,2.

2 The existence and uniqueness results for a fixed n € N

Theorem 1 (Global in time existence and uniqueness). Let 99 € C2.
Then the problem (1) has at most one global in time solution in the sense of
Definition 1. The solution satisfies the estimates

2
> ess sup [0} (-, 1)llve(e) < C, (3)
=1 (0,1)

(Hat”?HLl(o,T;H(Q)) + Hv(aﬂ’?)HLl(o,T;m(Q)dxd)) <G, (4)

i=1
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9 T

> (1907 20rmie HIT @D zzorzzoen) <€ T+ [(e" @)t ).

i=1 0
(5)
where constants C' do not depend on n.

The proof of Theorem 1 is split into several subsections.

2.1. Galerkin’s approximations. From the spectral theorem for self-
adjoint compact operators (see, e.g., [32, Ch. 10, Th. 10.12]), it follows that
there exist sequences {1}, }7°, C V2(Q) and {\;}32; C (0,+0c) such that

*A'l,bk. :)\k'l,bk., k € {1,27...},
and {4}, is an orthonormal basis of the space H(§2). We construct the
solution of problem (1) as the limit of the sequence of Galerkin’s

approximations (m =1,2,..., i =1,2)
o (@, t) = ol (@), o (@,0) = vii(x) = D uli(0)3(@).

k=1 k
According to the Galerkin method, the coefficients v, ";" (¢) are defined by the
following ordinary differential equations

dvy " (¢
L [ ) o . 0) o)
Q

2
+/ (Zmﬁv}”’”(w,t) : Vi () (6)

o ~I=1

(1 +5;)

— " (t)v;"" (x, ) ¢k(m)) de=0, k=1,...,m, i=1,2

along with the following initial conditions

B0 = [on@) w@)de. k=L..m i=12 (0

Q
Since 1+ A, > 1, k=1,...,m,i=1,2, by Peano theorem, system (6),
(7) has a solution v, ;" (¢), k = 1,...,m, i = 1,2 for each m € N on some

interval (0,7™"). Accordingly, an approximate solution v;"", i = 1,2 exists
in Q x (0,7™™).

In this section we aim to study some regularity properties of a solution v},
i = 1,2 to the problem (1). We start by establishing a result that improves
the regularity of v}, i = 1,2, provided the boundary 02 and the initial
velocity vg;, ¢ = 1,2 are sufficiently regular, and if the space dimensions are
restricted to d =2 or d = 3.
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2.2. Uniform estimates for v"" and Vv]"".

Lemma 1. Let v;""

section 2.1. Then

, 1 = 1,2 be a Galerkin approximation considered in

Z(ess sup [|v]"" (-, 1) [l m) + ess sup HVUT’"(-,t)HLz(Q)dxd)
i—1 (0,7) (0,7)

2 T 2

#3190 Oy a1+ L Iowlisn ®
=17 i=1

Z |VUOiHL2(Q))-

=1

Proof. We multiply the equation of (6) by 2v,":"(t) and add up the resulting

equation, from k =1,...,m, i = 1,2, to obtain
/at m.n dm+2%/at (Vo (@, 1)) da
=1 Q
—i-QZMU/V'vmnmt Vo (x,t) dx
,j=1
(9)
+ 2Z/dlv e, ) @up " (w,t)) v (e, t) de
=1 Q
2
206" Y [ 1o} @0 de
i=1 Q
for a. a. t € [0, T]. Taking into account
/div (W (2, 1) © " (@, 1)) - 0" @, ) de = 0, i = 1,2,
Q
2
2Zuz]/va"wt Vo' (z,t) de > Z/vanxt)\Qda:
,j=1 i=1 ¢
and 1ntegrat1ng inequality (9) with respect to ¢, we derive (8). O
Remark 1. We derive from (9) with v =1
iym,n( ) iymn +CZ/|vvmn x, ¢ |2 dx
dt dt P
N (10)

<299 ()Y / T (@, ) da < 267 (£)Y ™ (8),
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where

2

ym() =3 <||v;n,n(., D32 + ||w;nm(.7t)||§2(m) .

=1

Last inequality implies

and respectively

2
vty = 3 (107" )2y + 4 V07" 020 ) < Y™(0)

=1

(11)
= ¢ Z (o832 + 4 IV B2y ) -
Remark 2. Asymptotic behavior solution in time when v = —1. In this case
the inequality (10) takes the form
d
%Ym" +CZ/\VUm"mt)|2dac<O (12)
=1 Q
Taking into account
2
ZH'Umn ||L2(Q) < chvvmn( )||L2(Q)a
2
Ymn Z vamn HL2 @
we arrive at inequality
d
aY’"’"(t) +CY™"(t) <0, (13)

which implies

Y™ () < Y™0)e” % — 0 as t — +oo. (14)
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2.3. Uniform estimates for Vov;"" and Av]"".

Lemma 2. Let v;""

section 2.1. Then

, 1 = 1,2 be a Galerkin approximation considered in

2

Z(ess sup [|[Vo;"" (-, 2 +ess(sup)||Av (., t)||L2(Q)>
i=1 ’

2 2
+ Z AV " 120, < C(l + Z lvoill L2(0) + Z [Vvoill L2y (15)
=1 =1

=1
2
+§:HAwﬂh%m>-

i=1

Proof. We multiply (6) by Agv, ;" (t) and sum up the resulting equation by
k=1,...,m, i=1,2:

[\

d m,n m,n
> (99 Ol + 807 ) (16)

[\

+ ij/Avm"mt A" (@, t) dae

1,j=1 Q

[\

We integrate by parts the second term in the right hand side

2
—fycp”(t)Z/v;n’"(a:,t) AUz, t) de = " ( /|va” x,t)* da.
=19

=1 Q
Using the Sobolev inequalities

07" (-, )l pa) < CIVO" () 2) 1= 1,2,

Vo (- D)l sy < ClIAY ()l 12(0), 1=1,2,
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and the Holder, Cauchy and Young inequalities, we estimate

> / div(0!" (@, t) ® ™" (@, 1)) - A} (@, 1) da

7

e (18)
1 2 mn ™" 2 1 2 m,n 9
S35 Z [ (div(v v )G Oz + 5 Z A (- )] 72(q)
i=1 i=1
I(div(v;™" @ o) ()72
1 1
2 2
[rre@oltae | ( [iver@opta| 09
0 Q

< CHAUT’"(-J)H%Q(Qy i=1,2.
Therefore

2
< Z/div('v;ﬁ’”(a:,t) Qv (x,t)) - Av;"" (z, t) de
=g

E:/Hva"xt|%m: CEZHAvm” 1720

7,19

Z [Voi™"(, HL2(Q

Introducing

[\

zmn() = 3 IV ()2 + 205" (D) 2 gy )

=1
and using (16), we arrive at differential inequality
dzZ™"(t)

e +OZ |ADT (-, 8) 220y < C (1+¢"(1)) Z™"(1).
=1

Integrating last one we obtain

Zm’l’L

T
/01+¢ Yt < C (T +1) (20)
0
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and
Zmn () < Z™(0)eCT D, (21)

Lemma is proven. O

2.4. Uniform estimates for 9;v;"" and V(9;v;"").

Lemma 3. Let v;""

section 2.1. Then

, 1 = 1,2 be a Galerkin approximation considered in

NI

2

ess sup ((/ latv;"’n(:c,t)|2dm> (22)
(OvT) =1 Q

1=

+ (/yV(atv?»”)(x,t)y2dx> ) < C(1+¢"(1),
Q

and
2 T 3 3
/((/yatv;"v”(zc,t)mx) + (/\V(atv;”v")(m,t)mx) )dt
=15 Q Q
T
SC|T+ /cp"(t) dt | =C(T +1). (23)
0
dv' " (¢
Proof. We multiply the equation of (6) by ZT, and sum up the resulting

equations by k=1,...,m, ¢ = 1,2, to obtain

2 2
QZ/|8t'vzmv”(:)3,t)|2d$+22%i/|V(3tfu;”vn)(m,t)|2d93
=1 0

i=1g

— 2} / div (67" (@, 1) © 0™ (x, 1)) - Do (x, t) dav

2
-2 Z ,u,-j/Vv;n’n(a:,t) V(0! (z, t) de
ig=1

2
+ 29" (t) Z / v;""(x,t) - Opv;]"" (e, t) dex.

i=1¢
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Here we apply the estimates

—QZ/dIV e, t) @ v (@,t)) - Ol (x4 t) dae

zlﬂ

mn m,n m,n 2
Znatv Dl + - Zudw DV (1) [2e(qy -

-2 Z Lij /V'vmn z,t) : V(0" )(z,t) dz

3,j=1

SeCZHV(&sUT’")( Wi + = ZHva” )l 720

i=1
2 2
27" ( ol ) - o (x, t) d eZnat mn( Hp
2:1 Q
(" (0) g~ e
+ RS o )
i=1
and (19). Combining last formulas and estimates of the Lemma 2.2 we derive
2
S| [orr@or iz [vowr@ora | e
=1 \q Q
<C(1+ ("))
The last one entails (22). Lemma is proven. O

Remark 3. Note that estimate (24) implies boundedness of norms
100" " | 1201y IV (060 ™) L2(@py, @ = 1,2 for any finite n because the

T
2. / / (100" (2, )" + |V (O] ) (@, D)) dadt
=1 00 i (25)
<c|r+ [y

0

Using the estimates of lemmas (8), (15), (23) and (24), we continue the
v;"", i = 1,2 from (0,T™") to (0,T) and realize the passage to the limit
with respect to m for a fixed finite n.

2.5. The limit passage as m — oco. A similar result is obtained in [4].
From Lemma 2 and Remark 3, we have

e v."" i =1,2 are uniformly bounded in L?(0,T; V3(Q)),

e Jv"" i=1,2 are uniformly bounded in L?(0,T; V().
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Then, due to the compact embedding V?2(2) << V(Q), we can use the
Aubin-Lions compactness lemma so that v]"" strongly converges to v!" in
L*(0,T;V(Q)), as i = 1,2 and n € N. In fact, writing the corresponding
integral as (i = 1,2)

/ (v]""(z,t) - V)v;""(x,t) — (v]'(x,t) - V)vl'(x, 1)) dedt
Qr
— [ (@ (@t) = 07 e0) - )0 (et (26)
Qr
+ (v(z,t) - V)(v]"" (z,t) — v (x,t))) dedt — 0 as m — .

7

Here we repeat formulas (3.53)—(3.57) from [4]. From v € L%(0,T; Wol’2(Q)),
B € L2(0,T; Wy (Q)), i = 1,2 it follows that v € C([0,T]; Wy2()),

i
i = 1,2. For any functions (k=1,...,M,i=1,2, M < m)
M
TIZ]-V[(:I},t) - Zek,l(t)wk(x)7 ak,i € 01[07T]7 (27)
k=1

and any s € [0,77] it follows from (6) that

/ / (%mm,t) M (@) + V(00" (, 1) : Vi (a,1)
0 Q

+ div(v]""(z,t) @ v]"" (x, 1) - n (@, t)

]

2 o (28)
+ ZuijV'u;n’”(a:,t) : Vn; (w,t)) dxdt
j=1

S

= / " (t) / o (x,t) - nM (z,t) dedt, i=1,2.
0 Q

According to what was said above and (26), it is possible to realize the limit
for m — oo and fixed n. This will lead us to

/ / <0t'v?(m7t) M (@, 1) + div(l (. 1) © o™ (@, 1)) - M (e, 1)
0 Q
V(@) (. 1) - Vi (1)

S " (29)
+ Z,U«ijvv?(ilf,t) : Vn; (:c,t)) dxdt

J=1
S

_ / " (1) / @) M (@) dedt, 0= 1,2.
Q

0
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Since the set of functions of the form (27) is dense in
{¢: ¢ L>0,T;V*(Q)),d¢ € L*(0,T; V(R2))}, the existence of a solution
has been proven.

Let us consider the uniqueness of the solution. Let vy, 1=1,2 and vgﬂ-,
i = 1,2 be two solutions to the problem (1). We set Wi' = v, —v5,, i =1,2.
Then we arrive at the following energy relation

*Zdt(HW" D30y + 54l TWEC 020

+ Z i / VWi (z,t) : VW (,t) da (30)

i,7=1

ZIIW” BlIZ20) + 17 (1),

where

2
|T"(t) Z/\W" x,t)| !Vv’ll’i(a:,t)| dx
i=1

2
+ 3 [I9W @0 W00 (@.0)] do
=19
=TI7(t)+ I5(t).
Applying estimates of Lemma (2) we derive

2
n n 2
[T (¢ ZHW DI s, HVvu(, Ol 4 )

2
SO IVWE )20 | AT (1)l 20y
(@)

=1

2
<CY VW)
()

i=1
2
115 <Y IVWEC )2 W Ol 2, II’UzZ(, )l e
=1
< CZ VW) 720) 1805, 1)l 2
i=1

2
<CY VW20

i=1
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2

Introducing function Y (t) = Z (”W?(',t)”%Q(Q) —&-%Z-HVW?(-,t)\ﬁQ(Q))

i=1

and combining (30) and last formulas we arrive at the problem

dy (t)

o < C(1+4¢"(t)Y(t), Y(0)=0.

Last one has only trivial solution Y (¢) = 0. Uniqueness of solution is proved.

3 The main results

Theorem 2. Assume {v]'}n>n,, @ = 1,2, is the family of regular weak
solutions to problem (1) in the sense of Definition 1. Then the following
assertions hold true.

1. The family {v?}n>n,, @ = 1,2, is relatively compact in L*(0,T; V(12))

and relatively weakly* compact in L>=(0,T;V2(Q)), as n — oo. More
precisely, there exist a subsequence from {v]}p>ny, © = 1,2, still
labeled by n, and limit functions v; € L°°(0,T;V2(Q)), i = 1,2 such
that

v — w; strongly in L*(0,T; V(Q)),

n—-+4o0o

weakly* in L®(0,T;V3(Q)), i=1,2. (32)

. The family of rescalled solutions U in the sense of distribution

1
9" + — div (T @ TT)
n

2
=div % Z uijVﬁ? + %iV(&ﬁ?)
o (33)
+ P (9T} (x,9), i=1,2,
dive? =0 in Qr, i=1,2,
v (2,0) =vip(x) in Q, i=1,2,
v (x,t) =0onTp, i=1,2,

defined by the formula

T (z,9) v?(x, —), i=1,2, 901, (34)
n
is relatively compact in L'(0,1; V(Q)) and relatively weakly* compact
in L>=(0,1; V2(Q)). In other terms, there exist a subsequence from
{7 n>ng, © = 1,2, still labeled by n, and a limit function
v; € L>(0,1; V3(Q)), i = 1,2 such that
o' — @ strongly in L*(0,1; H())

n—-+o0o

and weakly* in L°°(0,1; V3(Q)), i=1,2. (35)
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3. Define v, i = 1,2 by the formula

(s

o 1 5~ .
vy (z,1) défv?(:c,——l—t), te0,T—e), i=1,2.
n

There exist a subsequence from {U; }n>ny, @ = 1,2, still labeled by n,
and a limit function v; € L>(0,T — ¢, V(Q2)), i = 1,2 such that

~n ~ . 2 .
v i strongly in L*(0,T — ¢; H(Q)) (36)
and weakly* in L=(0,T —€e;V(Q2)), i=1,2.

n

4. In the limit in V% i

i
LY0,T — & V().

5. The functions (v1, 02,01, 02) is a strong solution of the two Cauchy—
Dirichlet problems that should be solved successively:

5a. Firstly, find v; = v;(x,v), i = 1,2 satisfying

1 =1,2 and v}, i = 1,2 coincides in the space

O90; = ;AU + ’7(1)(19)61', 1=1,2,
divo, =0 in Qp, 1=1,2,

37
ﬁi(ﬂf, 0) = 'Ui()(x) mQ, i=1,2, ( )

vi(z,t) =0 onTp, i=1,2,

5b. Secondly, find v; = v;(x,t), i = 1,2 satisfying
( Opv; + div (v; ® v;)
2
=div ZMUV@- + %1V(8t51) , =12,

J=1 (38)

divo; =0 Qpr, i=1,2,
vi(2,0) =v;(x,1) in Q, i=1,2,
vi(x,t) =0 onTp, =12,

\

where the initial function v;(+,0), i = 1,2 is the solution of (37)
at the moment ¥ = 1.

Following the idea of the previous section, we split the proof of Theorem 2
into several subsections.

3.1. Relative compactness of {v!} and limiting passage in Q7. This
subsection is similar to subsection 2.5. From the estimates (3),(4), we have
e v? is uniformly bounded in L?(0,T;V3(Q)), i = 1,2,
e v7 is uniformly bounded in L'(0,T; V(Q)), i = 1,2.
Then, due to the compact embedding V2(2) << V(Q), we can use the
Aubin-Lions compactness lemma so that v?, ¢ = 1,2 converges strongly in

L%(0,T;V(R)), asn € N.
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3.2. Rescaling and shift. Let wus fulfill some more preliminary
considerations before we turn to the limiting passage as n — 0o.We assume
that the test function in equation (6) belongs to H'(0,T; V(Q2)) and vanishes
in a neighborhood of section {t = T'} and we integrate (6) in ¢ by parts. We
write out the resulting equality in an expanded form, separating the integrals
over segments (0,1/n) and (1/n,T') from each other:

1
// ( — vl - Op; + div(v] @v}) - p; — VUl Vo,
0 Q
2
+ Z MijVU? : Vo, — v (t)v] - ¢)i> dxdt
j=1

_ / vio(x) - P;(x,0) da — s / Vvi(x) - Vo, (x,0) dx (39)
Q

+ / (&,v? - + div (v} @VY) - @ + VO Ve,

Q

:\H\% 2

2
+) i Vol v¢i) dedt =0, i=1,2.
j=1

In (39), we change the independent variable ¢t and the sought variable v},
i =1,2 on segments {0 <t < 1/n} and {1/n <t < T} as follows.
On (1/n,T] we shift the timescale backwards and take (i = 1, 2)

t:i=t—1/n, v'(x,t):=v(x,t)=0"(2,t+1/n) forte (1/n,T]. (40)
Note that t € (0,7 — 1/n], dt = dt, &; = Op, and t = t + 1/n. Further,
following the idea of rescaling from [34], we take (i=1,2)

9 :=nt, T(x,0):=0(z,t)=0"(z,n ) fortel0,1/n]. (41)

Note that ¥ € [0,1], dt = n=tdd, 9 = ndy, and t = n~19. Thus, (39) takes
the form
1

// (_”?(x’ﬂ)'aﬁqbi(x,n_lﬁ)
Q

0
— VTN, 9) : OV (x,n 1)

2
1 . -
+ - E piiVu§ (z,9) : Vo, (z,n 19)

=1

L@, 9) @ B, 1) - Vb, n ) (42)
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B 0,0) - i) oo

— /Ui(](ib‘) < (x,0)dx — 5 / Vvio(z): Vo, (x,0)dx
Q Q
T-1/n
+ _5?('%'7;)8#1‘(377?4_ 1/77‘)
[
— (0} (z,8) @ 0} (2,1)) : Vadpi (2, + 1/n)

2
+ ZuijVE?(x,%v) Vo, (z,t + 1/n)> dedt =0, i=1,2.
j=1
Keeping in mind the further limiting passage as n — 400, in (42) we take

the test function ¢; = @' (z,t), i = 1,2 depending on n in the following form
(1=1,2):

%i(x,ﬁ) = ¢;(z,nt),t €[0,1/n],9 € [0,1],

=9 N (43)
¢;(z,t) = ¢;(x,t —1/n),t € (1/n,T),t € (0,T — 1/n],

¢i'(z,t) = {
where ¢; = ¢;(x,9), i =1,2 and &; = ;;V')i(ixf), i = 1,2 are arbitrary smooth
test functions defined on Q x [0,1] and € x (0,77, respectively, such that
¢, = ¢, =0, i=121in a neighborhood of 092, ¢, = 0, i = 1,2 in a
neighborhood of the plane {¢t = T'} and the matching condition

&;(,1—0) = ¢;(z,0+), i=1,2 (44)

holds. We notice that condition (44) yields that the weak derivatives 0,¢},
i =1,2 and 0;Vz¢!, i = 1,2 are essentially bounded in @7, which implies
that ¢ € L%(0,T;V(Q)), i = 1,2, & € L?(0,T;V(Q)), i = 1,2 and
therefore ¢}, i = 1,2 is an admissible test function for (39) and, equivalently,
for (42). Inserting (43) into (42), we get

1
/ / (-ﬁ(:c,ﬁ) Dy, 9) — VB (x, D) - Dy (x, D)
0 Q

2
1 o _
j=1

- % (@ (x,9) @ Tz, 0)) : Vp(x, )

— y®(9)o; (z,9) -¢i(x,19)> dxdd (45)
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— /’l)io(.%') - ;(2,0) dw — %i/Vvio(x) : Vo, (z,0) dr
Q

Q
T-1/n
o [ (D D - a0 06 o
0 Q
(@ (@, 0) © 5 (2. 9)) : Vi(a, D)
2
+ ZuijV5§L(x,%v) : v%(%%) dedt =0, i=1,2.
j=1

Furthermore, we notice that
v (2,1 —0) =0 (x,0+) inQ, i=1,2 (46)

due to (40), (41) and the regularity properties of v}, i = 1, 2, see Definition 1.
The rest of the proof of Theorem 1 is based on the systematical study of
(45) with account of (46).

3.3. Limiting passage in 2 x {0 < ¢ < 1}. The initial layer equation.
In (45) take ¢, =0, i = 1,2 and get
1

// (‘ v} (2,9) - Ogd;(,9) — 2,VU} (2,9) - Oy Vey(, )
0

0

2
F S wg VO ) Vi, 9) — - (@ (2, ) © (2, 9)) : Vb, (2,9)

=1

BT (2, 9) - By, 19)) dudd — / vio(x) - by(x, 0) da
Q

— %Z-/Vvio(a:) :Ve;(2,0)dr =0, i=1,2. (47)
Q
From Theorem 1 it follows that

2
Z (ess sup || V7| 12(q) + ess sup || A} |12
i=1 (0,1) (0,1)

19571110 15820 + uv<aﬁv?>||L1(o,1;L2<m>) <c, (49

where C' does not depend on n. Scaling Galerkin’s approximation, we get
and passing to the limits as m — oo

2
Z (ess su;; 10907 (| 12(02) + ess su;; HV(aﬁ/UZn)HL2(Q)) < C. (49)
1

i=1 , ,
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Moreover, due to (48) and (49) we can choose this sequence such that
o — ®m; weakly* in L>°(0,1; V3(Q)), i=1,2, (50a)
n——+00

Oyv; = Oyv; weakly* in L>°(0,1; H(Q?)), i=1,2, (50b)
n—-+0o0

V(0577) — V(09B;)  weakly” in L>(0,1; L*(Q)), i=1,2. (50c)

In particular, (35) holds and v;, ¢ = 1,2 is a solution to the problem (37) in
the sense of distributions.

3.4. Limiting passage in Q x {0 < ¢ < T}. This paragraph is similar to
subsection 3.3.

3.5. Matching condition at ¥ = 1 — 0. Completion of the proof of
assertion 3 of Theorem 1. The bound

2
Z 1097 || Lo 0,1;81(02)) < C
=1
implies that the family of mappings @}: [0,1] — H(Q), ¢ = 1,2 is equi-
continuous. On the other hand, by estimate

2
> ess up [V ey <
=1

)

the values of functions ¥ — @}(-,9), i = 1,2 are uniformly bounded in
V(€2), which is a compact subset of H(2), due to the Rellich theorem. By
the Arcel theorem, this implies that the set {O] }n>n,, ¢ = 1,2 is relatively
compact in C([0,1]; H(€2)). Hence, there exists a subsequence, still labeled

by n, such that o} (-, ) . v;(-,7) in H() uniformly on {0 < J < 1},
n—-+0oo
i = 1,2. Quite analogously, we deduce that ¥} (-,t) = (-, 1) strongly
n—-+0o

in H(Q) uniformly on {0 < t < T — 1/ng}, i = 1,2. These two limiting
relations, along with (46) and inclusions o;(-,1 — 0) € H(f2), i = 1,2 and
v;(-,0+) = v;(+,04) € H(Q), i = 1,2, yield the matching relation (38) in
the strong sense in H((2).

Theorem 2 is fully proved.
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