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Abstract: A categorial grammar is a classical formalism, in
which each symbol of the alphabet is assigned one of several
syntactic categories. The category of a string is then reduced
from the categories assigned to its symbols, using two reduc-
tion rules. This paper investigates a special class of categorial
grammars, in which the number of categories assigned to
each symbol is bounded by arbitrary constant k£ and cate-
gories have a special form. It is proved that an infinite hierar-
chy exists in the class of languages defined by such grammars.
Subsequently, the case of k = 2 is studied.
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1 Bsenenue

KareropnaspHasd rpaMMaTHKa — HOHATHE, BOCXOJdINee K padoTaM
Aiinykesnua [1] u mozanee Bap-Xwwiena [2]. I3BecTHO, 9TO JAHHBIN
dopMaTH3M MOPOKITAET B TOTHOCTHU KJIACC BCEX KOHTEKCTHO-CBOOOTHBIX
S3BIKOB 6e3 1mycroro cjosa |3).

PaccmoTpenune ycoBusi OTpaHUYEHHUsT HA KOJMIECTBO IIPUCBAMBAE-
MBIX KaTeropuii OfHOMY CHMBOJIy BCTPEJa/OCh paHee, B OCOOEHHOCTH
cront orMeruth paborsl [4] m [5|, B koTOpBIX paccmorpensr “rigid
grammars’ u “k-valued”, rpaMMaTuKu, B KOTOPBIX OJHOMY CHMBOJIY
[IpUCBOEHa He OoJiee YeM OJiHa WU He OoJiee 4eM k KaTeropuii cooTBeT-
ctBeHHO. OCHOBHO# YIIOp PACCMOTDEHUS B JIAHHBIX paboTax Jeaercs
Ha JepeBbs BBIBOJA CJIOB, M MaJjioe BHUMAaHHE VJIeJsdeTcs CBOMCTBaM
MOPOKTAEMBIX SI3BIKOB, B YaCTHOCTHU, OOJBIMUHCTBO HETPUBHAILHBIX
AJITOPUTMUYECKUX CBOMCTB JAHHBIX KJIACCOB OCTAIOTCS HEM3BECTHBIMU.
Kak ciemcrBue, eCTECTBEHHOI SIBJISIETCS TOMBITKA PACCMOTPETH OoJtee
Y3KUI KJacC IpaMMaTHK.

OHUM W3 BapUAHTOB CYXKEHUSI SBJISIETCS PACCMOTPEHHE TTOIKJIacca
KaTeropuaJbHBIX I'DAMMATHK, MOJTYIeHHBIX OIPDAaHHYEeHNEeM Ha CHHTAK-
CUYEeCKHe THUIbI, KOTOpPble MOTYT OBITh Ha3HAYEHBl OJHOMY CHMBOJIY.
Panee aBTOpOoM OBLIO MpeIOXKEHO MOHATHE DA30BON KaTeropuaJbHON
rpammatuku [6], cokpamenno BKT, orminuatormmeiicss 0T KaTeropuasib-
HbIX I'PAMMaTHK OTCYTCTBUEM Ha3zHavyeHui “cjoxubix’ Tunos. Hecmor-
p4a Ha 310, BKI' 0basaor Takoil ke BbIpa3uTe bHON BO3MOXKHOCTBIO,
KaK 1 OOBIYHBIE KAaTeropua/ibHbie TPAMMATHUKN, 8 UMEHHO, OHU MOTYT
TeHePUPOBATH BCE KOHTEKCTHO-CBOOOIHBIE SI3BIKK 0€3 IIYCTOTO CJIOBA.

g JJaHHBIX TPAMMATHK €CTECTBEHHBIM 00Pa30M BBOJUTCS YCJIOBHE
OJTHO3HAYHOCTY IMPUCBOEHUS KaTeropuii. B oTimmdme oT orpaHnveHus
Ha MPHUCBAWBaeMble THITBI, 3TO OIPAHUYEHUE 3HAYUTE]HHO YMEHbBIaeT
KJIACC TIOPOXKIAEMBIX SI3BIKOB, UTO TaKzKe OBLIO JIOKAa3aHo B [6].

B pmannoit paboTe mpencTaBICHO €CTECTBEHHOE 000OIIeHMe KJIACCa,
BKI ¢ ogno3HauHbLIM OPUCBOCHHEM Kareropuil. Bsommrcea kiaace GF,
r7le KOJUYIECTBO KaTeropuii, KOTOpOe MOYKHO HMPUCBOUTH OHOMY CHM-
BOJIY, OPPaHUYeHO KOHCTaHTOM k.

JIns JaHHBIX KJIaCCOB BO3BHHUKAET ECTECTBEHHBIH BOIPOC COOTHOIIE-
HU$ KJIACCOB S3BIKOB, MOPOKIAEMBIX I'DAMMATHKAMU, KOTOPBIN TTOJTHO-
CTBHIO pelaeTcs BO BTOPOM pasjiesie. [0BOps TOUHee, TOKA3BIBAETCS, YTO
11 T0OBIX K1accoB G™ u G, e m < k, cyIIecTByeT A3bIK, HOPOZKIAe-
MBIl rpaMMaTHKO 13 GF, HO He MOpoXKIaeMBlil HIKAKOH TPAMMATHKOMN
3 G™. Tem caMbIM, OyIeT MOTYIeH aHAJIOT pe3ysbraTa u3 paboTs |5,
rje Obl1a J0Ka3aHa TeopeMa 00 nepapxuu i KareropuaJbHbIX I'PaM-
MAaTHK C OTPAHUYEHNEM Ha KOJMIECTBO MPUCBANBAEMBIX KATEOPHIi.
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Bax/II0YUTebHbI 2Ke pa3/ie/ IOCBAIeH NCCIeJI0BaHuI0 Kaacca G2.
XOTH ,ZLaHHbeI KJIaCC HE MOZKEeT 3adaBaTb AdaxKe OYeHb IIPOCTbIC A3bI-
KH, €r0 BBIPA3UTEJHHOM CHUJIBI JOCTATOYHO JIId TOrO, 9TOObI ‘“3aKOIu-
poBaTh’ TPOU3BOJILHYIO TpamMMaTuky. ['0Bopst To4uHee, KaKuM ObI HU
OBLT I3BIK, IOPOXK/IEHHBII IIPOM3BOJIBHON IpaMMATHKON (G, CyIIecTBy-
eT g3bIK, IOPOXKIECHHBI IPaMMaTHKO u3 Kiacca G2, IIOJIYYECHHBII U3
s3pika L(G) npu oMot romoMopdusma h, u 6oJiee TOro CymecTByeT
obpaTHbIit romoMopdusM g K h. Tem caMbiM, OOJIBITUHCTBO AJTOPUTMU-
JeCKNX CBOIMCTB 93bIKOB, HOPOKIaeMbIX IPaMMaTHKaMU U3 Kaacca G2,
SKBUBAJICHTHbBI CBOMCTBAM BCEro KJacca KOHTGKCTHO—CBO60,Z[HBIX A3bI-
KOB.

2 OcHOBHBIE OTIpeaeIeHUS

HanoMmuuM ocHOBHBIE onpeaeJsieHud.

Oupepenenne 1. IIycmov Pr = {p,q,r,...} npoussoivroe mrosce-
CMBO, €20 INEMEHMDBL DYIEM HAZBIBAMD “NPUMUMUBHOMU KATME20PUA-
mu”. Mroorcecmeso “bazoswx kamezoputi” BC onpedeasenno undyxmue-
HO:

e ccau p — npumumusnaa kamezopua, mo p € BC;
o ccau A 6a306as KAME20pUA, 4 P — NPUMUMUEHAL KAME2OPUS,
mo (A/p) u (p\A) — 6azoswvie Kamezopuu.

Onpenenenne 2. ba306a4 KamMe20puasvras 2pamMMamuKa — 2mo Yno-
padovwennan mpotika G = (X, 5,>), 2de ¥ — xoneunwd argasum, S €
Pr — npoussosvhas npumumusHas Kamezopus u > — Npou3sosbHOe
Koneunoe bunaproe coomeemcmeue > C X X BC, conocmasamouee
Kaocdotll bykse ardasuma 00UH UL HECKOALKO CUHMAKCUYECKUL MU-
nos. Cao6o ay . . .a, noposcdaemes BKI GG, ecau cywecmsyom maxue
basoswvie kKamezopuu By, ..., By, wmo dis 4106020 1 < N 8BNOAHACTCA
a; > B;, u nocaedosameavnocms By, ..., B, moocem bwimb npusedena
k S yenoukol npeobpasosanud (pedyruyuil) suda:

Algg—A  u ¢ q\A— A

Hswk, sadasaemuiii G, onpedesnaemcs Kax MHONCECTNBO 6CET HENYCTMHLT
CAOB Ay . .. Ay 6 aadasume X, nopostcdaemus epammamurots G, u 0bo-
snavaemea L(Q).

[Iycts G — npou3Bo/IbHAS KATETOPUATBHAS TPAMMATHKA, BMECTO TO-
TO, LITO6bI BBITINCHIBATH BCE JIEMEHTHI MHOXKECTBaA l>, 6y,ZLeM IIncaTh BCE
KaTeropuu Jjisi OJHOTO CUMBOJIA B CTPOYKY Yepe3 CHMBOJI |, aHAIO-
TUYHO TOMY, KaK JTaHHOE JIe/1aeTCs M1 IPABII KOHTEKCTHO-CBOOOTHOM
rpammaruku. Hampumep, obosnavenne a > S | S/p | p 3Hauut, uto
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cuMBOJIy a upucBoenbl kareropuu S, S/p u p. Vun dopmasbao, 4ro
uapst (a,S), (a,S/p) u (a,p) upuHAIIIEKAT MHOKECTBY [>.

Kaz/10if KaTeropun COMOCTABJISAETCS €€ YHCANTENb, & TAKZKe JIEBBII
U IpaBbIil 3HAMEHATeb.

Ounpenenenne 3. /s xamezopuu A onpedeaum wucaumensv E(A) €
Pr, a maxoce aeeud u npasoiii snamenamenn o(A),P(A) € Pr* un-
QYyKMueHo:
o ccau A=pe€ Pr, mo&(A)=p, p(A) =Y(A) =¢;
o ccru A = g\B, mo {(A) = {(B), p(A) = ¢(B)q u(A) =
(B);
o ccru A = B/q, mo {(A) = {(B), p(A) = ¢(B) u ¢(4) =
qv(B).
EcrtecTBennoe npeobpazopanue npousBosibnoit BKI' G B hopmy Kon-

TekcTHO-cBoGonHO# rpammaruku C' F(G) moryT 661Th Hadizensl B [6]. He
OBTOPsist (POPMATIbHOE UHIYKTHBHOE [OCTPOEHUE, IPUBEJIEM IPUMED.

IMpumep 1. Ilycmv G 3adana nabopom npuceoerudi:

a > q\(S/p)|5/S

b > (¢\(S/p))/p|p
c>q

Tozda sxsusarenmuan epammamura CF(G) umeem caedyrousue npa-
BUNA:

S — qap | aS | qbpp
p — b
q-)C

Teopema 1 (Teopema 1 [6]). SHswru, noposcdaemue BKI G, u kon-
mexcmno-c60600r0t epammamurot CF(G), cosnadarom.

OTmeTnM HECKOJIBKO JOMYTIeHNH, MO3BOISIIONNX CUIBHO YIPOCTUTD
obo3nauenusd. Besje, rie e ykazano ooparmoe, 0yjaeM o003Ha4YaTh pe-
3yJITUPYIONLYIO KATErOPHIO I'PAMMATUKH S, TeM caMbIM yOepém HeoO-
XOJIUMOCTD SIBHO YKa3BIBaTh PE3V/ILTHPYIONIYIO KaTeropuio. bosee To-
ro, ec/in pe3yabTupyomas Kareropus S — 1o BKI' ognosnadno Boccra-
HaBJIUBAETCS MO HAOOPY MPUCBOEHMI KaTeropuit OyKBaM JaHHON rpaM-
MaTHKH, cjejloBare/ibHo, oroxjaecrBuM DK u muoxkecTBO 1pucBoe-
HUil KaTeropuit B Januoii rpammaruke. Hanpumep, 101 rpaMMaTuKOi
a >S5 | (S/S) 6ynem moHEMATh CIEAYIONIYIO TDAMMATHKY:

G = <{6L},S, {<a78)7 (a> (S/S))}>
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Takke ormerum, 4ro #3blK, nopokjaembiit BKI, e mensgerca or
HOPSIJIKA CKODOK B IMPHCBOEHHBIX KATEIOPHUAX, UTO SBJISIETCS] IPSMBIM
CJIEICTBEEM T€OPEMbI BhIIe. [ 0BOps TOUHee, NI IPOU3BOJLHBIX TDaM-
maTuk Gy u Gy, KOTOpbIE OTJIHYAIOTCSI JIUITH MOPSKOM CKOOOK B IIPHU-
cBauBaeMbix kareropusx, CF(G1) u CF(G3) — 9T0 KOHTEKCTHO-CBOOOT-
Hble TPAMMATHKH C OJIMHAKOBBIM HabopoMm mpasmi. Takum o6pasom, B
3anucn KaTeropuit 6yayT omyckarbes Bce ckobku. Hampumep, karero-
puio ¢\(S/p) 6yaem mucars Kak q\S/p.

Teneps 1aauM oNpesieeHEe Kaacca TpaMMaTuK G ¢ we Gosee uem
k npUCBOEHHBIME KATErOPHSIMH I OHOTO CHMBOJIA.

Onpenenenne 4. Ilpouseorvras 6630604 KAME2OPUANOHAAL 2PAMMA-
muxa G npunadsescum xaaccy GF mozda u moavko moada, xozda das
1106020 cumeona a € X svwnoaneno [{A | a> A} < k. Obosnavum wepes
LF — xnacc azvixos, noposcdaemux epammamuramu us xaacca G*.

OTMeTuM IpOCTOe CJIEJICTBHE OIIPeIeIeHui:

Ipennoxkenue 1. /s npouseoivnozo k, ecau epammamura G € GF,
mo G € GF. Ananoeuuno, ecau szwx L € LF, mo L € LFH,

Kak yxke ormedasioch, 000 KOHTEKCTHO-CBOOOHBIN s3bIK 6€3 I1y-
CTOrO CJIOBA MOPOXKJAETCA HEKOTOPO 0a30B0il KaTeropuaabHO rpam-
MaTHKOi. TeMm cambiM, J1I000iT KOHTEKCTHO-CBOOO/IHBII SA3BIK 6€3 MyCcTO-
O CJI0Ba MPUHAIIEKIT KAKOMY-TO 3 Kj1accos LF.

PacecmoTpuM TpuBHaibHBIE TPUMEDPHI I3BIKOB U3 PA3JIHIHBIX KJIACCOB

ck.

Tpumep 2. Hswk {aa} noposcdaemcs epammamurot us xaacca G2,
HO HE NOPONHCOGEMCA 2PaMMAMUKoTi u3 Kaacca Gl

Hoxazameavecmeo. Yrobbl ObLIO BO3MOXKHO XOTs OBl OJHO COKPAIIECHUE
KaTeropuii B rpaMMarTuke, OyKBe a JOJZKHa ObITh Ha3HauYeHA XOTs ObI
O/IHA, MPUMHUTHBHAas Kareropus. Ecam a Ha3HadeHa Kareropus S, TO
rpaMMaTrKa, JO0JXKHA ITOPOK/IaTh CJIOBO M3 OJHOT'O CHMBOJIA @, 9TO HE
tak. lHave, a HA3HA4YEHA Jpyras KaTeropus p, HO TOTJIA CJIOBO aa He
OyJeT MOPOKIATHC JIAaHHOI rpaMMaTHKOR. TeM caMbIM, JJaHHDBINR A3BIK
me B Kaacce L', Ho rpammaTrKa a > p | S/p NOpoKIaeT JaHHBIN A3BIK.

t

TaxuMm 06pa3oM, MBI JoKazau, 9470 kiaace L1 C L2, Ilonobueim o6pa-
30M, TIonpobyeM “pazienuTs” Kiaaccel £2 u L3, 9To npoJeMoHCTpupyeM
CJCYIONUM [IPUMEPOM.

IIpumep 3. Hswr L = {a,aa} we 3adaémes nurarod epammamukol
uz G2, 1o sadaémea epammamuxot a>S | p | p\S.
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Joxazamenavcmeo. Hrobbl €JIOBO a HPUHAJJIEKAIO d3bIKY, B 'PaMMa-
THKEe CUMBOJIY @ JIOJI’KHA OBITH IPUCBOeHA Kareropus S. Paccmorpum
COKpaIlleHue KaTeropuii Jijag cjoBa aa. UToObl ObLIO BO3MOYKHO CO-
KpAallleHne eCTh JBe BO3MOXKHOCTHU: MEPBOIl ¢ MPUCBOEHA MPOW3BO/Ib-
Has NIPUMHTHBHASI KATETOPHs P, & BTOPOIl a MpuCBOeHa Kareropus p\ S
WK BTOPOU @ MPUCBOEHA IPOU3BOJIbHAS IIPUMUTUBHAA KATETOPU P, &
nepBoii a kareropust S/p. TeM caMbiM, €JMHCTBEHHBIE BO3MOYKHOCTH,
YTOOBL I CJIOBO @, U CJIOBO aa MOPOKIAJIOCH TPAMMATHKON n3 G2, Heob-
XOJINMO, ITOOBI CUMBOJIY @ OBLTH MPUCBOEHBI Kateropuu S/S u S, win
S\S u S. Ho 06e 311 rpaMMaTuKy HOPOZK AT OOJIbIIHIA S3bIK, B 4aCT-
HOCTH, CJIOBO aad MOPOXKJIAETCsI 00EMMH I'PAMMaATHKAMH. U

Uroro, Ml nokaszamm, ato L1 C L2 C L3,

3 Hepapxusa KJjaccoB

Hamra 6mkaiinmas mesib COCTOUT B TOM, ITOOBI 000OMINTH TPUMEPHI
13 KOHIA HPEJbLAYINEH CEeKIMU Ha CJIydail rpaMMaTuK ¢ k Kareropusi-
vu. Kax Mbl yzxe Bugenu, pasianuns B kaaccax £, £2 u £3 nogsasior-
€ B JOCTATOTHO MPOCTBHIX SA3bIKAX. B 1eiCTBUTENHHOCTH, KOHETHBIX
A3BIKOB XBATUT, 4T0oObI “pazmmants’ LF u L¥! mpu npowmssosnroMm
k. st noxkasaTtenbCcTBA HaM TMOTPEOYIOTCS CJIEAYIOIIEe TEeXHUIECKOoe
yTBEepKJIeHHUE.

ITpepnoxkenne 2. [lycmov G — BKI' 3adarowas konewnwvitd azok. To-
2da cywecmeyem sxeusasenmuas G BKI' G' u mepmunasvvid cum-
804 G, KOMOPOMY NPUCBOEHA NPUMUMUBHAA KAME20PUA P MAKAA, 4IMO
HUKAKAA CMPOKG U3 06Yx U boaee Kame20pul, 6CMPewaIoUUTCH 6 NPu-
ceoenuar kamezopuli epammamury G', ne coxpawaemea do p. Boaee
mozo, ecau G € GF, mo G’ € G*.

Joxazameavemeo. CuepBa yCTpaHUM B IDaAMMAaTHKe HPHCBOCHUSA Ka-
Teropuif, KOTOpble He MOTYT y4aCTBOBATH HU B KAKOW PEAYKIMH, YTO
JIeJIAeTCST CTAHIAPTHBIM 00PAa30M, AHAJOTHIHO KOHTEKCTHO-CBOOOTHBIM
rPAMMATHKAM.

O6o3HauuM mosydennyio rpammaruky G'. Pacemorpum cioso w =
aj...a, MaKCUMaJbHOW jymabl B sa3bike L(G'), takum obpasoMm, cy-
MECTBYIOT IPUCBOEHUSI KATETOPUit CUMBOJIAM ;, 9TO CTpoka A ... A,
PeAyIIPYETCs B KATErOpuio S.

Eciu w = aq, 7o B rpammaruke G' CHMBOJIY @ TIPUCBOEHA KATErOPUst
S, ¥ TaK KaK 9TO CJOBO MaKCUMAJbHOH JIJIMHBI, TO HUKAKHUE JDYTHE
KATerOpUHU U3 MPUCBOCHU TpaMMaTuku G’ He MOTYT COKPAIIAThCs 10
S, TeM caMbIM TIOJy4aeM TpeOyeMoe yTBepzKIeHue.
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Tenepb paccmoTpum cjiydail, Korja w COCTOUT U3 JIBYX Wju Oojiee
cuMBOJIOB. UTOOBI ObLJIa BO3MOYKHA XOTsl Obl OJlHA PEAyKIIHSA, OJHA U3
kareropuii A; moskHa OBITH TPUMUTHBHON Karteropueit p. Ormernwm,
9TO p HE MOXKeT ObITh Pe3yIbTHPYIONIeil Kareropueil (T.e. He paBHa S),
HHaYe CTPOKa

ar...a;—10a1...0;-10;Qj471 ... ApAi41 - - - Ap

IpuHATIEKUT 136Ky L(G'), 910 1eMOHCTPUPYETCsl CIIe/IyIONIeil mocie-
JIOBATEJIbHOCTHIO PeTyKITUiA:

Ay LA AL AiflAiAiJrl e AnAi+1 DA, =
AL Ai_lSAiH .. An =S5

YTO TPOTUBOPEUYUT MAKCUMAIBLHOCTH JJIMHBL CJIOBA, W.

Tenepb NpeamnoIoOKIM, 9TO KaKad-TO U3 CTPOK KaTeropuii, BCTpeda-
fomuxcsa B G, Moxker cokparurhes g0 p. O003HAYUM €€ (, a CTPOKY
TEPMHUHAJIOB, U3 KOTOPOI LIPUCBOCHUAMHE IIOIY4aeTCa (r, 0003HAYUM U.
PaccMoTpuM ¢TPOKY CHMBOJIOB @ . . . @ _1UQ;41 - - . Gy W COOTBETCTBYIO-
Iee pucBoeHne kareropuii eé cumBotam Ay ... A; oA ... A, Cre-
JIYVIONIHe peayKIuH HoKa3bBatoT, 910 Ay ... A; 1aA; 1 ... A, pexymu-
pyercd B St

Al .. ‘Ai—laAi-i-l .. An = Al . --Ai—lpAi+1 .. An =S

a CJIeJIOBATEebHO, CJIOBO A1 . . . j_1UG; 1] - - - Oy IPUHAJIEIKUT SI3BIKY IPAM-
MaTuku G, 9TO IIPOTUBOPEYUT MAKCHMAJIBHOCTH JIUHBL cjIoBa w. [

Takyke nHaM OTpPeOYIOTCS Ceyolye (DyHKIUN:

Onpenenenne 5. /lia npouseosvhozo asvka L onpedesum 3Hauerue
PyHryuu A KAk maxoe MuHuUMaALbHOE Yucao k, wmo L moocem 6vimo
zadam epammamurot us GF.

Omnpenenenne 6. /lia npou3sosvrozo koneunozo0 a3vka L onpedeaum
3HaveHUue GYRKUUY (I KAK MAKOE MUHUMAAbHOE “ucao k, wmo cyue-
cmeyem koneunwill azvik L' ¢ yeaosuem L C L', u L' moorcem Goimo
3adan epammamuroti us G.

ITpenpnoxkenne 3. Qyrryuu \ u 1 ydosaemeoparom caedyruum c80t-
Cmeam:

e nycmv L — npousdsosvhbill koneunsvil A3vik, moezda u(L) <
AML); ) i

e nycmv L u L — xoneunwvie asvku maxue, wmo L C L, moeada
(L) < p(L).
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Jlokazamenvemso. Ormerum, uro p(L) — 910 MUHMUMAJBLHOE HEODXO-
JUMO€ KOJMYECTBO KATErOPHii, 4TOObI 38aTh KOHETIHBIH A3BIK COIEP-
Karmuit L, ciegoBarenbro, (1 L) MeHbIe WIH PABHO KOJIHYIECTBY KaTe-
ropuii, HEOOXOIUMBIX JIJIsI 3aMaHus L.

Jls1g TOKa3aTenbCTBa BTOPOr0 YTBEPZKICHHS JOCTATOYHO 3aMETHTD,
q10 MUHUMYM (L) Gepércs mo GOJbIIeMy MHOXKECTBY SI3BIKOB, UeM

u(L). O

Tenepnb ¢ momoIpio GpyHKIEE A yI0O6HO ¢HOPMYIUPOBATH OCHOBHYIO
TeopeMy JAHHOU CEeKIUU:

Teopema 2. /a4 npous3sosvnozo HamMypaivrozo wucaa k cyuecmeyem
makot asvik L, wmo A(L) = k.

Joxasamenvcmeo. PaccmorpuM 3Havuenne GYHKIUE (@ Ha sI3bIKAX BUJIA
L, ={a"|i < n} upu pazaudHbx n.

Jlemma 1. Buauenusa Gynkyuu (1 Heo2panuerst Ko MHOACECTNBE A3bi-
®06 {L,|n € N}.

oxazamenvemeo. okazareabcTBo oT mnporuBHoro. llycts | — Han-
MEHBIIAS BEePXHsA IPaHb, KOTOpagd JOCTAraeTcda Ha a3bike {a’ | 1 < t}.

Pacemorpum a3bik {a | i < (t+ 1)1 4 1} u kareropuasbuyo rpam-
MaTuKy G, 33/1al0TIy10 JaHHbI A3BIK. 3aMeTuM, 9T0 U Lypqyti4q) = 1
110 PE/IIOI0KEHHIO M BTOPoit qacTn yTepukaenus 3. [lo oupejenenuto
{4 3TO 3HAYMT, YTO CYIIECCTBYeT KOHEUHbIH A3bIK L, cojepKamuil a3bK
L(t+1)l+1+1, I/I~>\(L) == l

B asbike L comepxutca Kak mMuumyMm (t + 1) + 1 pasmmanbix
CJIOB, TAK KAaK L COIEPIKHUT S3BIK L 11y+141. Bomee Toro, aspix L xo-
HedeH U 33aéTcs rpaMmmarukoil n3 G, o6o3naunm 1y rpammaruxy G,
a KaTeropuu, MPUCBOEHHBbIE CUMBOJIY @ B 9TO# rpamvaruke, Ay, ..., A;.

Pacemorpum C'F(G). Tiybuna nepeBbeB BBIBOJA B JIAHHON rpaMMa-
THKe orpanndena [+ 1, unade cymiecrBoBasia Obl IPUMUTHBHAS KATETO-
pHsi, HOBTOPAIOIIASCSI B OJHON BETBH JIEPEBa BBIBOJA, a CJIEI0BATE/b-
HO, HOBTOPEHHEM 3TOH BETBU MOKHO OBLI0 GBI IIOJIYYHTDH CJIOBO JIJIMHBI
OOJIbIIEe MPOU3BOJIHHOM KOHCTAHTHI.

[Ipeamonoxkum, uto B Kazkaom mpasuie rpammaruku C'F(G) ¢ npa-
BOI CTOPOHBI HE DoJiee 4eM T CHMBOJIOB. SHAUUT, HA KazKJIOM IHare J10-
OaByigercd He 0oJiee T HOBBIX BEPIIUH, a CJAEJ0BATEILHO, B HTOTOBOM
ciose me Goaee (t+1)! cumsosnos. CreoBaTebHO, CYIECTBYET TIPABH-
JIO p — u, 9TO B IpaBoil 9acTW MUHUMYM ¢ + 1 cuMBOJI.

[IpaBuio p — u He MOXKeT OBITh MCIIOJIB30BAHO B BBIBOJIE CJIOB JIJIH-
ubl MenbIre ¢ 4+ 1. Cinenosarenbno, rpammaruka C'F(G) ¢ yaareHHBIM
IpaBUJIOM p — 1 0bOs3aHA MOPOXKIATH BCE CJIOBA C JJIMHON He OGojee
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4yeM t. be3 orpannyenus obmHOCTH Oy/IeM CUMTATD, YTO B U3HAYAJIbHON
rpamMMaruke G IIPABUIO P — U COOTBETCTBOBAJIO IIPUCBOEHUIO @ > Aj.
Pacemorpum G) — rpaMMaTHKY, TOJyYeHHYIO n3 rpammaTukun G ysa-
qerneM npucsoenus a > A;. Ilo mocrpoenuio, C'F(G') ornnaaercss ot
CF(G) TOoJBKO TpaBWIOM p — u, a ciaefoBaTeabHo, G’ mopoxiaer
BCe ¢JI0Ba ¢ JIMHON He Gostee wewm t, a smauwt, {a'li < t} C L(G).
Opanako, B rpamMmMaTtuke (G Bcero [ — 1 IpuCBOeHHE, CJI€I0BATEJBHO,
pu({a'li <t}) <1 —1, 9T0 IPOTHBOPEYUT TIPEIIOIOKEHHIO. O

Jlemma 2. JTaa k > 2 eepno AM{a'li < k+1}) < \({da'|i < k}) + 1.

Joxazameavcmeo. Tlycrs rpamvaruka G nopoxaaer s3bik {a'|i < k}.
[To yrBepxaennio 2 cymecrByer rpammaruka G', mopoxkgaiomas TOT
JKe S3bIK, U IPUMUTHABHAS KaTeropus p, IPUCBOeHHas cuMBoay a B G,
YTO HUKaKas CTPOKA U3 JABYX U 6oJiee KATeropuii B JAHHON IPaMMATHKE
HEe MOKET COKpaIaThesd 10 p. O603HaunM npucBoenns B G cJie 1y ommm
obpaszom: a > A|...|A,, tme n = A\({a']i < k}).

Teueps paccmorpum HOByIO rpammaruky G” co ciaeayomumu npu-
coerusivu — a > S/p.../p |Ai|...|A,, Tae KomdecTBO JeneHuii Ha
KaTeropuio p B nepBoil kareropuu paBuo k. Tak Kak sTa rpaMMaTHKa
COJIEPKUT BCE KATETOPUH M3 TPAMMATHUKN, 3adaroIeil Ly, J1000e cJ10BO
n3 Lj TakyKe TPUHAJJICKUT S3bIKY JAHHOW rpaMMarTuku. Takke 3a-
MeTHM, 4To "' IpUHAIIEKUT HOPOXKIAEMOMY A3BIKY, KOIJIa HepBOil
OykBe @ mpucBauBaeTcst Kareropust S/p.../p, a BCeM OCTATbHbIM —
KaTeropus p.

Ocra1och 10Ka3aTh, YTO HUKAKUX IPYTUX CJIOB JAHHASA IPaMMaTHKA
nopouTh He Moxker. st sroro jgocrarouno pacemorpers CF(G”) n
CF(G"). Jlanuble TpaMMATUKK OTJIHYAIOTCS. TOJBKO OJHUM IIDABUIOM,
a UMEeHHO S — ap...p, KOTOpoe, TaKuM 00pa3oM, 00s3aHO OBITH HC-
HOJIL30BAHO IPH BLIBOJE HOBOrO cjoBa a', rjue t > k + 1. 3aMenum Bce
HOJJIepeBbsa B BLIBOJE CJIOBa a', HAYMHAIOIIUECS ¢ YKA3aHHOIO BBIIIe
IpaBHIa, Ha JEPeBO BBIBOAA cI0Ba a’. ITOro, moyduM aepeBo BBIBO-
J1a, B KOTOPOM HCIOJIB30BAIACH TOIbKO mpasmia u3 C'F(G'), u ecan
opaBmiIo S — ap...p ObLIO MCIOJB30BAHO HE B KOPHE JepeBa BHIBO-
na al, To MOMYyYuM CI0BO JJUHBI 0OJbINE k, B BHIBOJIE KOTOPOTO HC-
HOJIb30BAJIACH TOJIBKO npasuia u3 C'F(G'), 910 HeBO3MOXKHO, TaK KaK
L(CF(G")) = {d'|i < k}. Uroro, mpasmio S — ap...p OGbLIO HCIOID-
30BaHO B KOpHE jepeBa BoiBoga a’. OCTajsoch OTMETHTh, 4TO, TaK Kak
HUKaKag CTPOKA HECKOJIbKHX Kareropuii B G’ He cokpalaercs 0 p,
SHAYKT, IIOJJIEPEBO, COOTBETCTBYIOIIEE P, IOCJE IPUMEHEHUS yKa3aH-
HOI'O BBIIIE PABHUJIA MOXKET COCTOATH TOJIBKO U3 OJHOIO CHMBOJIA d, A
9TO 3HA4YUT, 9T0 t = k + 1. O
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Uroro, pokazano, 9o A — HeorpaHuvdeHHas (PYHKIUs, TAK KaK [
HEOTPAHMYEHA, U Ha KayKJIOM Iare pacTéT He Oojiee 4eM Ha €UHHUILY.
Ha saswike {a,aa} 3nauenne A pasuo 2. Tem cambiM, A IpUHEMAET BCe
HATYpPAIbHBIE 3HAYEHNS, ITO 3aBEPIIALT JOKA3ATETHCTBO. U

4 KJiacc a3bIKOB C ABYM IIPUCBOEHNAMMU

s navana pazbepém paHnee BCTpedaBINuiicst mpuMep si3bika {a, aa},
U KaTeropuajibHYl0 IPaMMaTHKy ¢ mpasuiamu a > S | p | .S/p.

ITpumep 4. Basosas kamezopuasvHas epammMamuka;
ap > S/tg/tg | 11
ao B tl\p/tg ’ tz
as > tg\tl\S/p ‘ t3

nopootcdaem aAsvik {ai1asas, ajasa3aiasas}.

Hedopmasibho, Kaxk1ast 0JICTPOKA a1 a2a3 “KopupyeTr’ B cede Bce Tpu
KaTeropuy MPUCBOEHHBIX OYKBE @ B M3HAYAJIHLHON I'PaMMATHKE.

Badukcupyem nponsBoabiyio BKI' G 1 06001y KOTUPOBKY rpam-
MaTHKHU U3 IIpUMepa:

Omupenenenne 7. [locmpoum epammamury G’ no epammamure G, 3a-
MEHUE NPUCBOEHUA 00HOMY cumeory a > Ay | ... | A, Ha caedyrowud
Habop npasu.s:

ap > Ay /iy fty o)t |
ay > 1P\ Ao/t [ty /) 5 ] 1

An-1 Bty o\ N\ Anoa /15 [ 1
ap, > to \.. \t7\ A4, | to

(t% — Ho6blE NPUMUMUBHBIE KAME20PUL, HE BCMPEUGOULUECH 6 Kame-
2OPUAT UBHAAAHOT epammamury). Obosnavwum A u A xamezopuu,
NPUCBOEHHBIE A;, COOMBEMCmMEento. Jaa cumeora a onpedesum obpas
eomomoppuama h(a), Kax cmpoky a1as . . . ay,.

O6pammo, 0as cumeona a; onpedesum 06pas eomomoppusma g(ay) =
a, OAA BCET OCTNANLNBLE CUMBOA06 a; (2de i # 1) noavocum g(a;) = €.

[lepeiinéM K SKBUBAJEHTHBIM KOHTEKCTHO-CBOOOIHBIM IPAMMATHKAM
st G u G'. Takum obpasom, rpammaruka C'F(G) 3amana cienyio-
muM HA6OPOM TpABUI (BBIIMIIEM HPABUIA ¢ TEPMUHAJIOM G € IPABOH
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TACTH):

§(An) = @(An)ap(An)
[To onpegenenuio £(A;) = £(A}), a CTPOKHU JIeBbIX M IPABHIX 3HAMEHA-
TeJICH CJIeAyIoNune:

p(A]) = (A1) P(AY) = tots .t (A)
p(Ay) = p(A)t] P(AY) =ty ..t (Ag)

p(AL) = p(An)titsts .. 1 U(A) = ¥(An)

Hra A7, nomoxum (A]) = t¢, a CTPOKH JIEBBIX U MPABLIX 3HAMEHATE-

Jieit, COOTBETCTBEHHO, IIyCTHIMH.
Mroro, rpammaruka GG’ SKBUBaJIeHTHA KOHTEKCTHO-CBOOOHON IpaM-
MATHKE C TTPABUJIAMU:

§(A1) = w(Ayantsty ..t t(Ar)
§(Az) = p(A2)tiasts .. . 15 1t (As)

§(An) = p(An)tit5t5 . 15y ant)(An)
ttll — a1
tg — a9

ty — ap

Temeps 3aMeTnM, 9TO KaxKJAblif HeTepMHHAJ 1] BCTpedaercd B JIeBOI
4acTH I'PaMMAaTHKH DOBHO B OJHOM IpaBWje, a UMEHHO B ¢-M U3 IO-
ciaeanux n. TeM camMbIM, MOXKHO Be3Jle B I'paMMaTUKe 3aMeHUTDh 1) Ha
G; W TMIOJIYYATD S9KBABAJCHTHYIO I'PDAMMATHKY.

Takum 06pazoM, TTOJIY YK TPAMMATHKY (BBITUCHIBAEM PABUIA TOTh-
KO TIOJIYYEHHbBIE U3 @) °

g(Al) — (,O(Al)alag(lg c.. CLn_lCLTﬂ/}(Al)
S(Ag) — @(Ag)alagag . an_lanw(AQ)

E(An) = w(Ap)arasas . .. an_1a,0(A;)
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KOTOpas OTJINYaeTcs OT IpaBui rpaMmMvaruku (G 3aMeHOI TepMuHaIa @
HA CTPOKY TEPMUHAJOB @1 . . . Ay.
Tem cambiM ObLIH JIOKA3AHBI CJICAYIONIHE TEOPEMbI:

Teopema 3. Ecau caoso w aescum 6 aswke L(G), mo h(w) aescum
6 aswre L(G").

Anamormuno st 06paTHOro roMmoMopdu3Ma

Teopema 4. Ecau caoso w aesrcum 6 asvire L(G'), mo g(w) aesrcum
6 asvire L(G).

CaenctBue 1. Caedyroujue arzopummuveckue 36064 HEPA3PEUUMDL
ONA A3BK08 U3 Kaacca G2:

® 10 npoussosvnoti epammamure G us kaacca G nposepums, A6-
asemes au asvk L(G) cyuecmeento HeoOHo3HaAWHbLM;

o 10 npoussoavhoti epammamure G us xaacca G2 nposepums, A6-
ASEMCA AU A3VK, noposcdaemull 2pammamurot G, peeyaap-
HOLM,;

o nposepuUMB N0 06YM 2PAMMATIUKAM U3 Kaacca G2, pashb Au
NOPOAHCAGEMbBLE UMU A3VLKU.

Joxazameavcmeo. B nepBbIX JABYX Caydasix CBOHCTBa A3BIKOB COXPa-
HAIOTCA 10J, JeficTBIeM roMoMOpgU3MOB, TAKEM 00pa30M, yTBEpKIa-
eMoe SBJISETCA CJAeJCTBHEM KJIACCHICCKUX TEOPEM.

s 1oKa3aTebeTBa TPEThEro yTBePXKICHUs 3aMeTHM, 49TO B IIPO-
U3BOJILHBIX JBYX KATErOPHAIBHBIX TpaMMaTukax G 1 Gy MOXKHO CUH-
Tarb, YTO BBIOPAHHOMY CUMBOJIY @ B LEPBOH M BO BTOPOI rpaMma-
THKe IIPHCBOCHHO OJMHAKOBOE KOJIMYCCTBO Kareropuii. llnaye Hekoro-
pble KATErOPHU MOXKHO HPOLyOaupoBarTh. I10CTPOMM COOTBETCTBEHHO
no GGy n Gy rpammarukn G u G5. Torma /i mPOW3BOIBHOTO CHM-
BOJIa a BepHO, 9T0 hi(a) = ho(a), rme hy u hg, COOTBETCTBYOIINE TO-
momopbusmbl. 3uaunt, L(G)) = L(G)) Toraa u TOJbKO TOrja, KOr/Ia
L(Gh) = L(G2). O
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