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An inquisitive account of wh-questions through
event semantics
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maxime.amblard@loria.fr, maria.boritchev@loria.fr,

philippe.degroote@loria.fr

Abstract. We give a compositional account of the semantics of wh-
questions. This account is based on the alliance of two semantic theories:
neo-Davidsonian event semantics [22], on the one hand, and inquisitive
semantics [6], on the other hand. The resulting system is implemented in
the framework of the abstract categorial grammars [13].

1 Introduction

Modeling the meaning of sentences in natural languages is a task that can be
approached from different perspectives, ranging from distributional semantics to
formal semantics. The study presented in this paper is conducted from the point
of view of and in the scope of formal semantics.

There are multiple formal accounts of the semantics of declarative sentences,
which mainly derive from Montague’s seminal work [18, 19, 20]. Most of these
accounts are truth-conditional: they characterize the semantics of a declarative
sentence by specifying the conditions under which that declarative sentence can
be considered as true. In the present work, our object of study is interrogative
sentences, and for this type of sentence, truth-conditional approaches do not apply
immediately. It is indeed not clear what assigning a truth value to a question
would mean [12]. Is a yes/no-question true or false? What is a negative answer
to a yes/no-question? What does it mean for a wh-question to be true or false?

Soon enough following Montague’s work, Hamblin proposed a solution to
this problem [16]. His proposal consists in characterizing the semantic content
of a question by specifying its set of possible answers. This gives rise to a se-
mantic framework known as alternative semantics. The more recent theory of
Inquisitive semantics [6], which belongs to this tradition, makes several tech-
nical improvements over other Hamblin-like theories. It provides a logic that
handles interrogative and declarative sentences without differentiation, and that
is amenable to a compositional treatment, as shown in [7].

Following classic literature on formal semantics of interrogative sentences
(see [11, 24], for a survey), we investigate questions through the types of the queries
they raise. This leads us to envision an approach based on a semantic framework
that makes extensive use of thematic roles: neo-Davidsonian event semantics [22].
Then, the main idea behind our proposal is to see, at the semantic level, a wh-
extraction as an inquisitive existential quantification. This quantification binds
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the variable that serves as an argument to the thematic role corresponding to
the wh-word that triggers the wh-extraction.

The paper is organized as follows. The next section presents some useful lin-
guistic and mathematical preliminaries. In particular, it encompasses a discussion
about the notion of thematic role, and brief introductions to neo-Davidsonian se-
mantics, inquisitive logic, and abstract categorial grammars. Section 3 is the core
of the paper, in which we formally present our proposal. We parallel wh-extraction
with quantifier raising, which brings us to consider wh-words as generalized quan-
tifiers. The resulting system is then formalized in terms of abstract categorial
grammars. These grammars are kept as simple as possible with the aim of cap-
turing the gist of the semantic interpretation of wh-questions. This simplicity,
however, is not without its drawbacks. It is indeed the case that the grammatical
system defined in Section 3 overgenerates and introduces spurious ambiguities.
In order to remedy this, we define in section 4 a device that allows us to control
overgeneration. This device takes the form of an additional abstract categorial
grammar that we add to our grammatical architecture. Finally, in Section 5, we
conclude.

2 Linguistic and mathematical preliminaries

2.1 Wh-questions and thematic roles

As defined in [10], wh-questions, in English, are questions that give rise to
answers whose semantic sorts match those of the wh-phrase contained in the
interrogative. A wh-phrase is introduced by a wh-word: what, when, where,
who, whom, which, whose, why, how [1].

For this definition to be operational, it is necessary to systematically define the
semantic sorts. A way to do so is by using thematic roles, as inspired by [8, 17]. This
raises many discussions related to the interpretation and definition of thematic
roles. To tighten up, we use the following list of thematic roles, which is inspired
by Fillmore’s and Gruber’s works [9, 15]: participant, actor, cause, agent,
undergoer, instrument, theme, pivot, patient, attribute, location (see the
definitions in Table 1). This list is in fact adapted from [3], without thematic
roles specific to events with symmetrical participants, events of perception, or
events of communication, and with the addition of the Location role from [4].

We note that a more detailed list of thematic roles is presented in the DIT++
schema [4], a semantically based framework for the analysis and annotation of
dialogue. Following the statement in [2] that no fixed list of thematic roles can
be established (nor crosslinguistic, nor for English only), we choose to showcase
our method on a shorter list for the sake of readability. Our model can be easily
tailored to a different list of thematic roles.

Once the thematic roles are set, asking a wh-question corresponds to interro-
gating the content of a thematic role. Therefore, in order to express the semantics
of wh-questions, we need a formalism that gives an explicit access to terms or
variables corresponding to the content of thematic roles. neo-Davidsonian event
semantics [22] is such a formalism.
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Table 1. List of thematic roles

Thematic role Definition

Participant Entity involved in a state or event

Actor Participant that is the instigator of an event

Cause Actor (animate or inanimate) in an event, that initiates
the event, without intentionality or consciousness, existing
independently of the event

Agent Actor in an event who initiates and carries out the event
intentionally or consciously, existing independently of the
event

Undergoer Participant in a state or event that is not an instigator of
the event or state

Instrument Undergoer that is central to an event or state that is not
an instigator of the event or state

Theme Undergoer that is central to an event or state that does
not have control over the way the event occurs, is not
structurally changed by the event, and/or is characterized
as being in a certain position or condition throughout the
state

Pivot Theme that participates in an event with another theme
unequally but is central to the event

Patient Undergoer in an event that experiences a change of state,
location, or condition, that is causally involved or directly
affected by other participants, and exists independently
of the event

Attribute Undergoer that is a property of an entity or entities, as
opposed to the entity itself

Location Place where an event occurs or a state is true

2.2 Neo-Davidsonian event semantics

Neo-Davidsonian event semantics (NDES) is a formalism in which every sentence
is considered in terms of occurring events and ways the sentence semantic con-
stituents relate to this event. Recent updates such as [5, 23] present compositional
versions of NDES.
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Neo-Davidsonian semantics can be formalized using a simple type theory with
three atomic types:

e (entities)
t (truth values)
v (events)

e and t are inherited from Montague [20], while v is introduced as the type of
events. To illustrate the approach, let us give a simple example taken from [5].
Consider the following sentence:

(1) John kissed Mary

A classical Montague grammar would express the semantics of (1) by a simple
atomic formula akin to the following one:

(2) kiss john mary

where kiss is of type e→ e→ t, and john and mary are of type e.
By contrast, a Montague grammar based on NDES would interpret (1) as

follows:

(3) ∃e. (kiss e) ∧ (agent e john) ∧ (patient emary)

whith kiss of type v→ t, and agent and patient of type v→ e→ t. The intu-
ition behind this neo-Davidsonian interpretation may be grasped by paraphrasing
(3) as follows: there is a kissing event the agent of which is John and the patient
of which is Mary.

One of the main arguments in support of NDES is its flexibility with regard
to the treatment of the optional arguments of the verbs. To exemplify it, let us
add to Example (1) an adverbial modifier.

(4) John kissed Mary in the garden

In Montague semantics, a verb phrase is interpreted as (the intension of) a set of
entities. Accordingly, an adverbial modifier is interpreted as a set transformer.
With such an approach, the semantic interpretation of (4) might be as below:

(5) in the garden (λx.kissxmary) john

where in is of type e→ (e→ t)→ e→ t.
Using a neo-Davidsonian approach, the semantic interpretation of (4) would

be rather different:
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(6) ∃e. (kiss e)∧(agent e john)∧(patient emary)∧(location e the garden)

It then appears that the entailment relation existing between (4) and (1) is
semantically accounted for by the purely logical entailment of (3) by (6). This is
not the case with the traditional Montagovian approach, where the entailment of
(2) by (5) would necessitate some meaning postulates.

For the issue at hand in this paper, namely the semantic treatment of wh-
questions, a neo-Davidsonian approach will allow us to interrogate the different
thematic roles using a unique interrogative quantifier. Consider the three wh-
questions one may derive from (4):

(7) a. Who did kiss Mary in the garden?
b. Whom did John kiss in the garden?
c. Where did John kiss Mary?

Using a unique interrogative quantifier, say “which”, our semantic account of
(7a-c) will amount to a logical translation of the following respective paraphrases:

(8) a. which is the agent of the kissing event whose patient is Mary and whose
location is the garden?

b. which is the patient of the kissing event whose agent is John and whose
location is the garden?

c. which is the location of the kissing event whose agent is John and
whose patient is Mary?

Now, as it will appear in the sequel, this unique interrogative quantifier,
which, is in fact the existential quantifier of inquisitive semantics.

2.3 Inquisitive semantics

In Montague’s intensional logic [20], as in modal logic, a declarative proposition
is semantically interpreted as a set of possible worlds. In Hamblin-like logics of
questions and answers, a question is identified with its set of possible answers.
Therefore, since an answer is itself modeled by a declarative proposition, a
question must be modeled by a set of declarative propositions. At the semantic
levels, it means that a question must be interpreted as a set of sets of possible
worlds.

Inquisitive semantics elaborates on this idea and stipulates, in addition, that
both declarative and interrogative propositions must be interpreted as non-emtpty
sets of sets of possible worlds that are downward closed by set inclusion. The
consequences of this principle are twofold. On the one hand, inquisitive semantics
provides a framework in which both declarative and interrogative expressions
are treated in a uniform way. It is even the case that there is no neat separation
between interrogative and declarative forms. In fact, in inquisitive semantics,
every proposition has both an informative and an inquisitive content. On the
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other hand, interpretating an inquisitive proposition as a set of sets that is
downward closed allows conjunction and disjunction to be defined in a standard
way, i.e., as intersection and union, respectively. The same is true of quantifiers:
universal quantification is interpreted as an arbitrary intersection while existential
quantification is interpreted as an arbitrary union. Let us illustrate all this with
examples.

Let us posit a domain of interpretation, D = {a, b}, with two individuals
(which we will call Alice and Bob), and a set of four possible worlds W =
{aa,as, sa, ss}. The intended meaning of these four possible worlds is as follows:
aa is the world where both Alice and Bob are awake; as is the world where Alice
is awake and Bob is sleeping; sa is the world where Alice is sleeping and Bob
is awake; ss is the world where they are both sleeping. Then, the proposition
ϕ1 that Alice sleeps and the proposition ϕ2 that Bob sleeps are interpreted as
follows:

Jϕ1K = {{sa, ss}, {sa}, {ss},∅}
Jϕ2K = {{as, ss}, {as}, {ss},∅}

The inquisitive conjunction of ϕ1 and ϕ2 is interpreted as the intersection of
their interpretations:

Jϕ1 ∧ ϕ2K = Jϕ1K ∩ Jϕ2K
= {{sa, ss}, {sa}, {ss},∅} ∩ {{as, ss}, {as}, {ss},∅}
= {{ss},∅}

It corresponds to the assertion that both Alice and Bob are sleeping.
The inquisitive disjunction of ϕ1 and ϕ2 is interpreted as the union of their

interpretations:

Jϕ1 ∨ ϕ2K = Jϕ1K ∪ Jϕ2K
= {{sa, ss}, {sa}, {ss},∅} ∪ {{as, ss}, {as}, {ss},∅}
= {{as, ss}, {sa, ss}, {as}, {sa}, {ss},∅}

This disjunction does not correspond to a proposition asserting that Alice or
Bob is sleeping, but rather to the question whether Alice or Bob is sleeping. The
mere assertion, ϕ3, that Alice or Bob is sleeping is interpreted in a different way:

Jϕ3K = {{as, sa, ss}, {as, sa}, {as, ss}, {sa, ss}, {as}, {sa}, {ss},∅}

The proposition, ϕ4 asserting that Alice does not sleep is interpreted as
follows:

Jϕ4K = {{aa,as}, {aa}, {as},∅}
Then, the inquisitive disjunction of ϕ1 and ϕ4 corresponds to the polar question
whether Alice is sleeping:

Jϕ1 ∨ ϕ4K = Jϕ1K ∪ Jϕ4K
= {{sa, ss}, {sa}, {ss},∅} ∪ {{aa,as}, {aa}, {as},∅}
= {{aa,as}, {sa, ss}, {aa}, {as}, {sa}, {ss},∅}
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The interpretation of an inquisitive proposition being downward closed, it is
completely characterized by its maximal elements. In our last example, these
maximal elements are {aa,as} and {sa, ss}. They respectively corresponds to
the set of worlds where Alice does not sleep, and to the one where she sleeps. In
other words, these two maximal elements correspond to two modal propositions:
one asserting that Alice does not sleep, and the other one, that Alice sleeps. These
two propositions are precisely the two possible answers to the polar question
whether Alice is sleeping or not. This illustrates that these maximal elements are,
in fact, the counterpart of Hamblin’s alternatives.

In inquisitive semantics, a proposition has both an informative and an inquisi-
tive content. Its inquisitive content, which corresponds to Hamblin’s alternatives,
is given by the maximal elements, while its informative content is given by the
merging of these maximal elements. For instance, the informative content of
proposition ϕ1∨ϕ2 is that somebody (Alice or Bob) is sleeping, and its inquisitive
content is the issue whether Alice or Bob is sleeping. The proposition may then be
paraphrased as follows: knowing that somebody is sleeping, one wonders whether
Alice or Bob is sleeping. The interpretation of a mere assertion such as ϕ1 has
only one maximal element. Accordingly, its inquisitive content is trivial, and its
paraphrase would be: knowing that Alice is sleeping, one wonders whether she
is sleeping. Similarly, a mere question such as ϕ1 ∨ ϕ4 has a trivial informative
content: knowing that Alice sleeps or does not sleep, one wonders whether she is
sleeping. This absence of an actual informative content corresponds to the fact
that the set of maximal elements of the proposition covers the set of possible
worlds.

Inquisitive semantics features two projection operators, ! and ?, that re-
spectively trivialize the inquisitive content and the informative content of a
proposition. These operators may be defined as follows:

J!ϕK = P(
⋃

JϕK)
J?ϕK = JϕK ∪P(W \

⋃
JϕK)

where W is the set of possible worlds. Then, for any proposition ϕ, one has:

ϕ = !ϕ ∧ ?ϕ

Interestingly enough, these projection operators allow the interpretation of
the logical connectives to be refined by providing them with different possible
meanings. For instance, proposition ϕ3, which corresponds to a non-inquisitive
disjunction of ϕ1 and ϕ2, may be expressed as !(ϕ1 ∨ ϕ2).

We complete this brief introduction to inquisitive semantics by defining
first-order inquisitive logic.

Let 〈F ,R〉 be the signature of a first-order language, where F is the set
of function symbols, and R is the set of relation symbols. From this signature
together with a set X of first-order variables, the notions of terms and of first-order
formulas are defined in the standard way.

The notion of a model is as usual in modal logic, i.e., a triple 〈D,W, I〉, where
D is the domain of interpretation, W is the set of possible worlds, an I is an
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interpretation function ranging over F ∪R, such that:

I(F ) ∈ DDn

for F ∈ F of arity n
I(R) ∈P(W )D

n

for R ∈ R of arity n

Given a valuation ξ from X into D, the interpretation JtKξ of a term t is
defined as usual, and the interpretation of a first-order formula is then given by
the following equations:

JR(t1, . . . , tn)Kξ = P(I(R)(Jt1Kξ, . . . , JtnKξ))
J¬ϕKξ = {s | ∀t ∈ JϕKξ. s ∩ t = ∅}

Jϕ ∧ ψKξ = JϕKξ ∩ JψKξ
Jϕ ∨ ψKξ = JϕKξ ∪ JψKξ

Jϕ→ ψKξ = {s | ∀t ⊆ s. t ∈ JϕKξ → t ∈ JψKξ}
J∀x. ϕKξ =

⋂
d∈DJϕKξ[x:=d]

J∃x. ϕKξ =
⋃
d∈DJϕKξ[x:=d]

As for the projection operators ! and ?, they may be added as defined
connectives:

!ϕ = ¬¬ϕ
?ϕ = ϕ ∨ ¬ϕ

In order to illustrate the difference between inquisitive first-order logic and
usual classical first-order logic let us work out the inquisitive interpretation of an
existential formula such as ∃x. sleepx.

For the purpose of our example, we consider a model with the same domain
of interpretation and the same set of possible worlds as previously. Then, we let
the interpretation function I be such that:

I(sleep)(a) = {sa, ss}
I(sleep)(b) = {as, ss}

In this setting, we have:

J∃x. sleepxKξ =
⋃
d∈DJsleepxKξ[x:=d]

= (JsleepxKξ[x:=a]) ∪ (JsleepxKξ[x:=b])
= (P(I(sleep)(a))) ∪ (P(I(sleep)(b)))
= {{sa, ss}, {sa}, {ss},∅} ∪ {{as, ss}, {as}, {ss},∅}
= {{as, ss}, {sa, ss}, {as}, {sa}, {ss},∅}

This example shows that an inquisitive existential quantification, in general,
has both an actual informative and an actual inquisitive content. This double
content, which in the present case is the fact that somebody is sleeping and the
issue whether it is Alice or Bob, may be adjusted using the projection operators.
This gives rise to three kinds of existential quantifications, which in our example
correspond to the following formulas:
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(9) a. ! ∃x. sleepx
b. ?∃x. sleepx
c. ∃x. sleepx

Intuitively, these three formulas are the logical counterpart the three following
utterances, respectively:

(10) a. Somebody is sleeping.
b. Who is sleeping? (nobody being a possible answer)
c. Somebody is sleeping. Who is it?

2.4 Abstract Categorial Grammars

The account of wh-question semantics that we give in the next sections is
formalized using the framework of abstract categorial grammars [13]. For the
sake of self-containedness, we give here the definitions necessary to understand
this formalism.

We assume from the reader some acquaintance with the simply typed λ-
calculus. Nevertheless, in order to fix the terminology, we briefly reminds the
main definitions that we will be need in the sequel. In particular, we review the
notions of simple types, higher-order signature, and linear λ-terms built upon a
higher-order linear signature.

Let A be a set of atomic types. The set T (A) of simple types built upon A
is inductively defined as follows:

1. if a ∈ A, then a ∈ T (A);
2. if α, β ∈ T (A), then (α→ β) ∈ T (A).

Given two sets of atomic types, A and B, a mapping h : T (A)→ T (B) is
called a type homomorphism (or a type substitution) if it satisfies the following
condition:

h(α→ β) = h(α)→ h(β)

A higher-order signature consists of a triple Σ = 〈A,C, τ〉, where:

1. A is a finite set of atomic types;
2. C is a finite set of constants;
3. τ : C → T (A) is a function that assigns to each constant in C a linear

implicative type in T (A).

Let X be a infinite countable set of λ-variables. The set Λ(Σ) of linear λ-terms
built upon a higher-order linear signature Σ = 〈A,C, τ〉 is inductively defined as
follows:

1. if c ∈ C, then c ∈ Λ(Σ);
2. if x ∈ X, then x ∈ Λ(Σ);
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3. if x ∈ X, t ∈ Λ(Σ), and x occurs free in t exactly once, then (λx. t) ∈ Λ(Σ);
4. if t, u ∈ Λ(Σ), and the sets of free variables of t and u are disjoint, then

(t u) ∈ Λ(Σ).

Let Σ1 and Σ2 be two signatures. We say that a mapping h : Λ(Σ1)→ Λ(Σ2)
is a λ-term homomorphism if it satisfies the following conditions:

h(x) = x
h(λx. t) = λx. h(t)
h(t u) = h(t) (h(u))

Given a higher-order linear signature Σ = 〈A,C, τ〉, each linear λ-term in
Λ(Σ) may possibly be assigned a linear implicative type in T (A). This type
assignment obeys the following typing rules:

−Σ c : τΣ(c) (CONS)

x : α −Σ x : α (VAR)

Γ, x : α −Σ t : β
Γ −Σ (λx. t) : (α→ β)

(ABS)

Γ −Σ t : (α→ β) ∆ −Σ u : α
Γ,∆ −Σ (t u) : β

(APP)

where dom(Γ ) ∩ dom(∆) = ∅.
Let Σ1 = 〈A1, C1, τ1〉 and Σ2 = 〈A2, C2, τ2〉 be two higher-order signatures.

A lexicon, L : Σ1 → Σ2, is defined to be a realization of Σ1 into Σ2, i.e., an
interpretation of the atomic types of Σ1 as types built upon A2, together with
an interpretation of the constants of Σ1 as linear λ-terms built upon Σ2. These
two interpretations must be such that their homomorphic extensions commute
with the typing relations. More formally, a lexicon L from Σ1 to Σ2 is defined
to be a pair L = 〈F,G〉 such that:

1. F : A1 → T (A2) is a function that interprets the atomic types of Σ1 as
linear implicative types built upon A2;

2. G : C1 → Λ(Σ2) is a function that interprets the constants of Σ1 as linear
λ-terms built upon Σ2;

3. the interpretation functions are compatible with the typing relation, i.e., for
any c ∈ C1, the following typing judgement is derivable:

−Σ2 G(c) : F̂ (τ1(c)) (†)

where F̂ is the unique homomorphic extension of F .
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Remark that Condition (†) compels G(c) to be typable with respect to the
empty typing environment. This means that G interprets each constant c as a
closed linear λ-term. Now, writing L for both the homomorphic extensions F
and G, Condition (†) ensures that the following commutation property holds for
every t ∈ Λ(Σ1):

if −Σ1 t : α then −Σ2 L (t) : L (α)

We now define an abstract categorial grammar (ACG, for short) as a quadruple,
G = 〈Σ1, Σ2,L , S〉, where:
1. Σ1 and Σ2 are two higher-order linear signatures; they are called the abstract

vocabulary and the object vocabulary, respectively;
2. L : Σ1 → Σ2 is a lexicon from the abstract vocabulary to the object

vocabulary;
3. S is an atomic type of the abstract vocabulary; it is called the distinguished

type of the grammar.
Every ACG G generates two languages: an abstract language, A(G ), and an

object language O(G ).
The abstract language, which may be seen as a set of abstract parse structures,

is the set of closed linear λ-terms built upon the abstract vocabulary and whose
type is the distinguished type of the grammar. It is formally defined as follows:

A(G ) = {t ∈ Λ(Σ1) : −Σ1 t : S is derivable}

The object language, which may be seen as the set of surface forms generated by
the grammar, is defined to be the image of the abstract language by the term
homomorphism induced by the lexicon.

O(G ) = {t ∈ Λ(Σ2) : ∃u ∈ A(G ). t =βη L (u)}

Both the abstract language and the object language generated by an ACG are
sets of linear λ-terms. This allows more specific data structures such as strings,
trees, or first-order terms to be represented. A string of symbols, for instance,
can be encoded as a composition of functions. Consider an arbitrary atomic type
s, and define σ 4= s→ s to be the type of strings. Then, a string such as ‘abbac’
may be represented by the linear λ-term:

λx. a (b (b (a (c x)))),

where the atomic strings ‘a’, ‘b’, and ‘c’ are declared to be constants of type σ.
In this setting, the empty word is represented by the identity function:

ε
4= λx. x

and concatenation is defined to be functional composition:

+ 4= λα. λβ. λx. α (β x),

which is indeed an associative operator that admits the identity function as a
unit.
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3 A categorial formalisation of the syntax and semantics
of wh-interrogatives

It is usual in the categorial grammar tradition to distinguish between the quan-
tified noun phrases and the mere noun phrases, at the syntactic level. While
the latter are assigned a simple atomic type np, the former are assigned the
functional type (np→ s)→ s, which reflects the fact that a quantified expression
takes a scope. This allows for a smooth treatment of scope ambiguities.

Let us illustrate this approach by considering the following sentence:

(11) Every farmer fed a donkey.

the two possible readings of which are captured by the following two syntactic
structures:

S

NP

[every farmer ]1

S

NP

[a donkey]2

S

t1 VP

V

fed

t2

S

NP

[a donkey]2

S

NP

[every farmer ]1

S

t1 VP

V

fed

t2

In order to give an abstract categorial account of sentence (11), one may
declare abstract constants of the following types:

farmer, donkey : n
a, every : n → (np → s)→ s

fed : np → np → s

Then, the above syntactic structures are encoded in an almost straightforward
way by the λ-terms given in Figure 1.

This categorial treatment of scope ambiguities, which directly derives from
Montague [20], might be problematic when the targeted semantic formalism is
Davidson’s event semantics. It has indeed been argued that Montague’s treatment
of quantification does not combine smoothly with event semantics. The problem is
that, in event semantics, a declarative sentence that is ultimately interpreted as a
truth value (t) is first interpreted as a set of events (v→ t). Then, switching from
the latter interpretation of a sentence to the former necessitates an existential-
closure operator, which may badly interact with the quantifiers that occur in the
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@

@

every farmer

λx

@

@

a donkey

λy

@

@

fed y

x

@

@

a donkey

λy

@

@

every farmer

λx

@

@

fed y

x

Fig. 1. Syntactic structures as linear λ-terms

interpretation of the sentence. Fortunately, the literature provides at least two
solutions to this problem. A first one is due to Champollion [5], and a second
one to Winter and Zwarts [23]. We follow this second solution since it is in line
with the categorial tradition that we are advocating.

Winter and Zwarts’ solution consists in assigning two different syntactic
types to the sentences. On the one hand, a first type (s0) is used for the “open”
sentences, i.e., the sentences that are semantically interpreted as sets of events,
and, on the other hand, a second syntactic type (s) is used for the sentences
that are interpreted as truth values. Then, the existential closure operator allows
values of type s0 to be coerced into values of type s. Accordingly, the abstract
signature we have sketched above is transformed as follows:

farmer, donkey : n
a, every : n → (np → s)→ s

fed : np → np → s0
e-clos : s0 → s

This ensures that the existential closure operator will always take a narrower
scope with respect to the other quantifiers.

Now, it is well known that there is a strong analogy between quantifier raising
and wh-extraction. Following this analogy suggests that we should assign to a
wh-noun phrase the type that we assign to a quantified noun phrase. Typically:

who : (np → s)→ s

Similarly, a wh-determiner must be assigned the same type as a quantificational
determiner:
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which : n → (np → s)→ s

Finally, wh-adverbs must be assigned the same type as the quantified adverbial
modifiers, which are assigned ((s0 → s0 )→ s)→ s [14]. Accordingly, we have:

where : ((s0 → s0 )→ s)→ s

Putting everything together, we end up with an abstract syntax specified
by the signature given in Table 2, where e-clos and q are syntactically silent
operators. The first one allows an open sentence to be turned into a closed one.
The second allows a declarative proposition to be turned into a polar question.

Table 2. Abstract syntax signature

Abstract Syntax

farmer, donkey, meadow : n
the : n → np

a, some, every, which : n → (np → s)→ s
in : np → s0 → s0

fed, did-feed : np → np → s0
who : (np → s)→ s

where : ((s0 → s0 )→ s)→ s
e-clos : s0 → s

q : s → s

In abstract categorial grammars, the language generated by an abstract
signature (such as the one given in Table 2) acts as a pivot language between
surface forms and semantic interpretations. This is typically the way an abstract
categorial grammar models the syntax-semantics interface:

Abstract Syntax
Surface Realization

uu

Semantics Interpretation

((
Surface Forms Semantics

Consequently, in order to complete the picture, it remains to give the syntactic
and the semantic translations of the abstract syntax specified by the signature of
Table 2. These are given in Table 3 and Table 4, respectively.

We may now illustrate the overall approach by treating the following example:

(12) Where did every farmer feed a donkey?

The above sentence contains three binding expression: a wh-adverb (where), and
two quantified noun phrases (every farmer and a donkey). The relative scope of
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Table 3. Surface realisation lexicon

Surface Realization

farmer := farmer
donkey := donkey

meadow := meadow
the := λx. the + x

a := λxp. p (a + x)
some := λxp. p (some + x)

every := λxp. p (every + x)
which := λxy.which + x+ (y ε)

in := λxy. y + in + x
fed := λxy. y + fed + x

did-feed := λxy.did + y + feed + x
who := λx.who + (x ε)

where := λq.where + (q (λx. x))
e-clos := λx. x

q := λx. x

Table 4. Semantic interpretation lexicon

Semantic Interpretation

farmer := λx. farmerx
donkey := λx.donkeyx

meadow := λx.meadowx
the := λp. the (λx. p x)

a, some := λpq. !(∃x. (p x) ∧ (q x))
every := λpq.∀x. (p x)→ (q x)
which := λpq.∃x. (p x) ∧ (q x)

in := λxp. λe. (p e) ∧ (location e x)
fed, did-feed := λxy. λe. (fed e) ∧ (patient e x) ∧ (agent e y)

who := λp. ∃x. p x
where := λp. ∃x. p (λq. λe. (q e) ∧ (location e x))
e-clos := λp. !(∃e. p e)

q := λx. ?x

these binding expressions must obey the constraint that the wh-expression takes
the widest scope. Consequently, we are only left with two possible readings: one
where the relative scope of the quantified noun phrases follows the surface order;
another one where a donkey takes scope over every farmer.
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These two readings correspond to two different syntactic structures, which
are modelled as λ-terms built upon the signature given in Table 2. These λ-terms
are the following ones:

(13) q (where
(λf.every farmer

(λx.a donkey (λy.e-clos (f (did-feed y x))))))

(14) q (where
(λf.a donkey

(λx.every farmer (λy.e-clos (f (did-feedx y))))))

Both (13) and (14) yield the same result when the surface realization lexicon
given in Table 3 is applied to them:

(15) where + did + every + farmer + feed + a + donkey

By contrast, when the semantic interpretation given in Table 4 is applied to
them, (13) and (14) yield the two expected different readings:

(16) ?∃x. ∀y. (farmer y)→
! (∃z. (donkey z) ∧

! (∃e. (fed e) ∧ (patient e z) ∧ (agent e y) ∧ (location e x)))

(17) ?∃x. ! (∃y. (donkey y) ∧
(∀z. (farmer z)→

! (∃e. (fed e) ∧ (patient e y) ∧ (agent e z) ∧ (location e x))))

4 Controlling wh-extraction and quantifier raising

The grammar we have sketched in the previous section is quite simple, and
has the advantage of highlighting the parallel that exists between declarative
and interrogative sentences. In particular, it is based on a uniform treatment
of quantification raising and wh-extraction. This simplicity, however, is not
without its drawbacks. These are threefold. Firstly, our grammar assigns the
same syntactic categories to both the declarative and the interrogative forms (for
instance, every and which are both assigned n → (np → s)→ s). This gives
rise to a grammar that generates ungrammatical surface forms such as:

(18) ∗Every farmer fed which donkey in which meadow.

Secondly, allowing the quantifiers to take any possible scope results in spurious
ambiguities. For instance, a sentence such as:
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(19) A farmer fed a donkey in a meadow.

will give rise to six different abstract syntactic structures the semantic interpre-
tations of which are all logically equivalent. Finally, the interactions between
wh-extraction and quantifier raising must obey some constraints. For instance,
in a wh-question, the wh-quantifier must always take the wider scope. Consider
again example (12). The signature given in Table 2 allows one to built syntactic
structures, such as the following one, that do not respect the wh-quantifier wider
scope constraint:

(20) every farmer
(λx.where (λf.a donkey (λy.e-clos (f (did-feed y x)))))

Consequently, our grammar might allow nonsensical semantic interpretations to
be derived.

The three kinds of defects that our grammar presents are all the consequence
of a same fact: the abstract syntax signature of Table 2 allows too many abstract
syntactic structures to be derived. In order to overcome this difficulty, we should
be able to select among the λ-terms that can be built upon the signature of
Table 2 the ones that correspond to legitimate abstract syntactic structures. A
modular and efficient solution to this problem consists in using an additional
abstract categorial grammar (which we will call the control grammar) in order
to rule out the illegitimate abstract syntactic structures. This idea results in the
following grammatical architecture:

Control Signature

Control Lexicon

��
Abstract Syntax

Surface Realization

uu

Semantics Interpretation

((
Surface Forms Semantics

In this architecture, the control signature may be seen as a type refinement
of the abstract syntax. Typically, it distinguishes between different types of
verb phrases and sentences, e.g., declarative verb phrase (vp) and interrogative
verb phrase (vpq). This is useful, for instance, to prevent the grammar from
assigning a declarative meaning to an interrogative sentence. It also distinguishes
between different types of noun phrases, e.g, existentially quantified noun phrases
(npe) and universally quantified noun phrases (npu). This is used to prevent a
quantified noun phrase to be raised over another quantified noun phrase of the
same quantificational force.
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We have developed such a control grammar, which is unfortunately too large
to be presented here1. Just to give a flavor of it, by way of illustration, we give
in Tables 5 and 6 the excerpt that allows example (12) to be dealt with.

Table 5. Control signature (excerpt)

Control Signature

a : n → npe
every : n → npu

donkey : n
farmer : n

Inpe : npe → np
Inpu : npu → np

did-feed : np → vpq
did-feed2 : vpqnp

where : sq0 → s
SQ4 : np → vpq → sq0

SQ14 : npu → vpqnp → sq0npe
QRq13 : npe → sq0npe → sq0

Table 6. Control lexicon (excerpt)

Control Lexicon

a := a
every := every

donkey := donkey
farmer := farmer

Inpe := λx. x
Inpu := λx. x

did-feed := λpxf. p (λy. f (did-feed y x))
did-feed2 := λxyf. f (did-feedx y)

where := λp.q (where (λf. p (λs. e-clos (f s))))
SQ4 := λpqf. p (λx. q x f)

SQ14 := λpqxf. p (λy. q (x y) f)
QRq13 := λpqf. p (λx. q x f)

1 It is about three times larger than the grammar presented in Section 3.
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5 Conclusion and future work

The semantic analysis of wh-questions that we have presented in this paper is
based on a strong parallel between wh-words and thematic roles. This parallel,
however, is not always as obvious as it might seems. Let us discuss the cases of
some wh-words that might be problematic: whose, how, what, and why.

whose raises the problem of modeling the possessive relation. It is well known
indeed that the possessive relation is multiple and that it does not correspond to a
single thematic relation. In many cases, the type of the relation and the thematic
role played by the possessor can be determined from the lexical semantics of
the possessed entity. In some other cases, however, the nature of the possessive
relation also depends on the nature of the possessor. These difficulties, in fact, are
not specific to the use of the wh-word whose. They are related to the semantics
of possessives, which is a subject on its own.

Regarding how, the difficulty is also contextual: the meaning of the wh-word
how depends on the expression how is paired with. Consider the difference between
how long and how far. In the first case, the interrogated thematic role might be
time-related, while in the second case, it is location-related.

In many cases, what appears to be close in behavior either to who and whom,
or to which. The difference between what and which seems to come from pragmatic
considerations: the interpretation of what hugely depends on the context in which
this interrogative word is used, while which is restrained in its interpretation by
the definition of the set from which the choice of the response is made. what may
also occur in a generic question such as what did the farmer do. This question
does not interrogate a thematic role but rather the nature of an event. It could
be paraphrase as of which kind of event was the farmer the agent. In the current
state of our model, this cannot be treated because it would require a second-order
quantification.

Finally, the difficulty with why is that it does not interrogate a thematic
role but rather the argument of a discourse relation. Consequently, in order to
propose a treatment of why, we would need to extend our model with a theory of
discourse, including a theory of discursive relations.

All the possible extensions that we have discussed above will be subject to
further work.
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Abstract. Manipulating type hierarchies in formal semantic frameworks
is often performed through a subtyping relation which obeys the con-
travariant rule for the left argument of a function type, due to the
traditional representation of predicates as functions. This approach has
however serious drawbacks when handling modifiers for first-order pred-
icates. The present paper adopts an opposite view on subtyping by
introducing a predicate calculus with a covariant behaviour, endowed
with a categorical semantics in which subtyping coercions behave as
generalisations of injective functions, and predicates are assimilated to
powerobjects. This calculus is type safe in the sense that it prevents
unwanted term applications, and is shown to provide a solution for the
difficulties faced by a contravariant subtyping.

1 Subtyping in Natural Language Semantics

Integrating lexical semantics into formal frameworks, in the form of complex
type systems using large hierarchies of base types, has been a challenging step in
natural language semantics, opening new questions on the interaction between
these hierarchies and compositionality. As in programming languages, the two
(possibly overlapping) main strategies introduced in semantic calculi to deal with
this multitude of types are type polymorphism (e.g. in MGL [27]), and subtyping
(e.g. in UTT [19] and TCL [1]). The comparison with programming languages is
relevant here to the extent that theories of polymorphism and subtyping have
emerged firstly in this field, through the works of Milner [22] for the former, and
Reynolds [28] and Cardelli [7, 8] for the latter. In the present paper, we shall
focus on subtyping.

Roughly speaking, subtyping is comparable to the subset relation for sets: if
an entity is of type a and a is a subtype of b, then this entity can also be seen as
being of type b. Actually, Cardelli [7] proposed a set-theoretic semantics of his
calculus in which subtyping corresponds exactly to set inclusion on the semantic
side. This approach relies on the idea of a large domain of values V whose type
interpretations are subsets, and function types are interpreted as subsets of
V → V in such a way that if α is a subtype of β, then the interpretation of
β → γ is a subset of the interpretation of α→ γ, thus licensing the contravariant
rule for function types, that is, the fact that the subtyping order for functions is
reversed w.r.t. the domain type. However, large domains of values of this kind
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are better known as denotational semantics for interpreting systems such as
the untyped lambda-calculus [31]. When it comes to typed lambda-calculus, a
better set-theoretic interpretation of terms of type α → β is given by the set
BA of (continuous) functions from A to B [5, 4]; but in such a semantics, the
inclusion relation from BC to BA when A ⊂ C does not hold anymore, and
the correspondence between contravariant subtyping and set inclusion is lost.1
Actually, we have almost the converse semantic relation: the domain-restriction
function f 7→ f |A from BC to BA is generally surjective.2

Instead of inclusion, a more general idea conveyed by subtyping is related to
type safety: whenever α is a subtype of β, a term of type α can be used at any
place where a term of type β is expected without threatening the behaviour of
the system. An even stronger caracterisation of the subtyping relation has been
proposed by Liskov and Wing [16]: they require that whenever α is a subtype of β
and φ is a property provable for all objects x : β, then φ must be provable for all
objects y : α, where the intended properties are related to safety. These accounts
of safety naturally result in the contravariance rule; it is thus not surprising that
applications of subtyping in formal semantic frameworks follow this approach.
These applications are most commonly coercive [26, 17, 19], that is, the conversion
of a term from a type to its supertype is done explicitly with a specific functional
term called coercion. Such a choice is grounded in type-theoretical considerations
(see e.g. [19, §4]), and in terms of set interpretation, amounts to replace inclusions
by injective functions between disjoint domains. If c : α→ β is such a coercion,
the coercion corresponding to the contravariant rule for functions is easily built
as λf.λx.f(cx) : (β → γ) → α → γ for any γ. This ease of usage, along with
the amount of theoretical studies that supports it, explain why contravariant
subtyping has been naturally imported to computational semantics.

However, as in programming languages [9], contravariance is the source of
many difficulties in the interactions between subtyping and classical predicate
interpretations inherited from Montague [23]. The following example is adapted
from Luo [18]: suppose we are provided with a type v of vehicles and a type
p of physical objects, with the subtyping relation v ≤ p. Let car : v → t and
heavy : (p → t) → p → t be predicates corresponding the noun “car” and the
adjective “heavy”. Then, contravariance implies p → t ≤ v → t, which means
that car is not an acceptable argument for heavy. Besides, contravariance also
implies that general type schemes for adjective representation (α→ t)→ α→ t
and (β → t)→ β → t are not comparable even if α and β are, since they appear
both positively and negatively in the schemes. These remarks have notably led
1 A different behaviour shows up whenever considering the set of partial functions:

covariance of domain types is obtained instead of contravariance. However, using
partial functions in natural language semantics may produce new kinds of difficulties
to cope with.

2 We may also build an injective function from BA to BC which extends the domain
of its argument and sets a defaut value on this extension, but if no specific value in
B is accessible, the axiom of choice is required to select this defaut value. We will see
in Sect. 5 that our proposal uses a similar idea for predicates, since their codomain
has precisely an accessible defaut value which must be “false”.
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to criticisms against Montagovian-based predicate models, for instance in [10]. In
this paper, we redirect criticms against contravariance subtyping, which seems
inadapted to the requirements of semantic-modelling calculi.

The idea of covariant subtyping have been pointed out as generally unsafe
in programming languages.3 However, formal frameworks for natural language
semantics do not share the object-oriented perspective on types inherited from
programming, where objects are thought as collections of methods in records
[7, 11]. In linguistic applications, an important conceptual shift occurs by replacing
objects by entities, which do not carry methods of their own: predicates—which
generally arise from words through their part of speech, following the initial
proposal of Montague [23]—exist independently of entities, and simply may or
may not be applicable to them depending on their types. Even if we are right
when saying that physical entities have a mass, mass is not a method of physical
entities but a predicate which is meaningfully applicable only to physical entities.

The flexibility of language is such that predicates may be applied to entities
that does not match their type requirements, as for instance in the sentence
“the table talks”. If predicates are interpreted as functions from their meaningful
argument type to propositions or truth values, this means that they may be
extended to other arguments without losing their sense nor their distinction from
other predicates—an idea which is similar to covariance.4 The key to convert
this remark in a more general framework is to note that, in a semantic calculus,
the only functions whose codomain is not the proposition type t are base type
coercions themselves. We may thus take a sharper distinction between predicates
and other functions in order to provide a well-founded covariant subtyping for
predicate calculus. By doing so, we may also retrieve the correspondence between
subtyping relations and injective functions, provided that we are able to extend
the domain of a predicate in a satisfying way. This property would ensure that
whenever coerced to their supertypes, entities and predicates remain distinct,
which corresponds to what happens in natural language.5

We shall thus introduce the basis of a predicate calculus specifically designed
for applications in natural language semantics, abstracting predicate types by new
type constructors rather than using the traditional function types of codomain t.
Besides, this calculus will be completed with a covariant approach to subtyping,
and will be given a general semantics in category theory. The types and terms
of this calculus are introduced in Sect. 2, and its categorical interpretation is
presented in Sect. 3. Through a semantic-driven construction, Sect. 4 develops
the rules of subtyping and shows that subtyping coercions thus defined are
3 In a specific setting, Castagna [9] showed that contravariance and covariance describe

different mechanisms which may be adapted to coexist in a type-safe way, but the
actual mechanism he defines is not exactly relevant to our purposes.

4 It also underlies the solution proposed by Asher to overcome the difficulties presented
above with the covariant type ∃x v α.x→ t [1, §4.2].

5 This has to be opposed to some accounts of subtyping in programming languages
where distinct objects may be identified through subtyping coercion, as in the example
of stacks as subtypes of bags discussed in [16, §2]: in these accounts, subtyping is
surjective rather than injective.
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interpreted as generalisation of injective functions. Sect. 5 supplies additional
results on the interaction between covariant subtyping and logical operators, and
gives more intuition on the behaviour of coerced predicates. Sect. 6 discusses
possible extensions and future perspectives.

2 A Predicate Calculus with Abstracted Functions

Rather than introducing a new version of a full lambda-calculus with some slight
changes compared to other proposals of Montagovian inspiration, we propose a
system which may appear weaker at first glance, but which actually abstracts
upon the simply-typed lambda-calculus. Motivation for such a proposal comes
from the fact that the expressive power of a semantic framework, viewed as
a system which ultimately aims at building logical formulae to represent the
intended semantics of sentences, relies mainly on three ingredients: predicates,
logical connectives, and construction rules. The first two of these ingredients are
rendered as constants in almost every calculus, and the last one is provided by
general rules for constructing lambda-terms, application being the most important
thereof.

It is particularly notable that the lambda-terms appearing in such frameworks
are closed ones, and that variables are mainly used for composition purposes as an
intermediate step before applying a rule of λ-abstraction. For instance, combining
two first-order predicates u, v : e→ t with the logical connective ∧ : t→ t→ t use
several applications and an abstraction to result in λx.u(x)∧v(x).6 Provided that
we have access to closed extensions of ∧ for use with other types, for instance with
the polymorphic AND definable in MGL [27], the same result could be obtained
up to η-expansion as ∧e→t u v in only two applications. We shall generalise this
reasoning by designing a “weaker” calculus which has no direct access to term
variables and no abstraction rule.

Following this idea and the discussions on subtyping from Sect. 1, we shall
therefore introduce the covariant subtyping calculus CΣ. It can be seen as a
higher-level lambda-calculus, in the same way as programming languages such
as Python are high-level languages w.r.t. machine code or assembly language:
its types will be abstractions of common types, its terms will be constants and
combinations thereof, and its rules will be restricted to application and other
combining rules—but all of these components will stay definable within a more
general typed lambda-calculus. As such, CΣ is intended to provide the minimal
setting for semantic purposes, and to be cleared of any other unnecessary feature.

We will successively define the three main parts of the type system of CΣ,
namely the type ontology, the type constructors, and the coercion types. Altogether,
these pieces build the set TCΣ of types of our calculus.

Definition 1. A type ontology is a pair (B,≤) where B is a set of base types
and ≤ ⊂ B× B is a partial order endowed with a greatest element e ∈ B.

6 Throughout this paper usual logical connectives will be assumed to carry their usual
infix notation.
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While any type hierarchy may satisfy this definition, the term ontology is
reminiscent of Fred Sommers’ theory of ontological types [32, 33], and hints how
we would expect the base types to be constructed. In particular, we think the
hierarchical structure underlying ≤ to be almost a tree.7

The next step is to introduce the type constructors. Leaving aside coercions,
we will use a unit type as well as products and predicates.

Definition 2. Let (B,≤) be a type ontology. The set ΞCΣ of complex types
upon B is defined recursively by the grammar

ΞCΣ ::= 1 | B | ΞCΣ ×ΞCΣ | PΞCΣ

where 1 is the unit type, and P is the predicate constructor.

We may assume the product constructor × to be associative, so that we can
avoid parentheses in successive applications. Compared to common type theories
in semantic frameworks, one may notice that we did not introduce a type t for
truth values or propositions. It is actually hidden in predicate types: for any
α ∈ ΞCΣ , the type Pα of predicates upon α corresponds conceptually to the
simple type α→ t. Furthermore, a predicate upon a product type corresponds
to the uncurried version of a n-ary function of codomain t, and as 1 stands for
the empty product, the type t is actually P1. The choice of P rather than → is
intended to highlight the conceptual differences between predicates and other
functions, as will be clarified when introducing subtyping rules in Sect. 4. The
arrow constructor is however not ruled out, as it is used for defining coercions.

Definition 3. Let ΞCΣ be a set of complex types upon some type ontology. A
ΞCΣ-coercion is a type of the form α→ β, where α, β ∈ ΞCΣ.

As to be seen in Sect. 4, we will generally use exactly one coercion term for
each ΞCΣ-coercion, that is, we will not allow to use two different coercions for
the same arrow type. This assumption enforces the coherence of the system of
coercions, and henceforth enables us to identify bijectively each ΞCΣ-coercion,
which is a type, to a corresponding term which is also called coercion. The simplest
version of the CΣ calculus can use the full set of coercions ΞCΣ → ΞCΣ , but the
resulting theory shall be degenerate. Therefore, we will assume to have a specific
subset K ⊂ ΞCΣ → ΞCΣ of coercions, whose construction will be constrained by
the guidelines in Sect. 4.

Definition 4. Let (B,≤) be a type ontology and K a set of ΞCΣ-coercions. The
set TCΣ of CΣ-types based upon B and K is defined as:

TCΣ = ΞCΣ ∪ K

We hinted earlier that the CΣ calculus should be definable within a lower-
level typed lambda-calculus. Being given the set T of types of such a calculus,
7 The reader may also consult [2, 29] for recent accounts of Sommers’ theory.



Covariant Subtyping Applied to Semantic Predicate Calculi 27

including the base types of B, a proposition type t, a unit type 1, products and
arrows, we can define an encoding θ : TCΣ → T in the following way:

θ(1) = 1
θ(b) = b for b ∈ B

θ(α× β) = θ(α)× θ(β) for α, β ∈ ΞCΣ
θ(P(α1 × · · · × αn)) = θ(α1)→ · · · → θ(αn)→ t

for α1, . . . , αn ∈ ΞCΣ
θ(α→ β) = θ(α)→ θ(β) for α→ β ∈ K

(1)

We now turn to terms. As previously suggested, CΣ is mainly constant-based
and will not use variables nor lambda-abstraction, at least directly; yet some
terms introduced here as constants may be definable as operators in a lower-level
calculus precisely by using those hidden constructions. In the rest of this paper
we fix a type ontology and a coercion set, so that the set of CΣ-types is also
fixed. We call constant signature a pair (Q, τ) where Q is a set of constants and
τ is a function Q → ΞCΣ , and coercion signature a pair (K,σ) where K is a set
of coercions and σ a bijective function K → K.

Definition 5. Let (Q, τ) and (K,σ) be constant and coercion signatures. The
set ΛCΣ of untyped terms of CΣ is recursively defined by the grammar:

ΛCΣ ::= ∗ | Q | KΛCΣ | 〈ΛCΣ , ΛCΣ〉 | ΛCΣΛCΣ | π1ΛCΣ | π2ΛCΣ

Through misuse of language, we will considerK itself to be a coercion signature,
and denote by c : α→ β ∈ K that c is the symbol representing the coercion from
α to β.

The restriction to constants within CΣ also makes typing judgements simpler,
since variable environments are not needed anymore. As usual, a typing judgement
will be a sequent ` u : α where u is a term and α is a type in ΞCΣ . We shall
introduce the typing rules in two batches, starting with the more direct rules
and postponing the rules using coercions to Sect. 4. The first batch contains the
basic rules for constants and pairs, as well as direct application:

(unit)
` ∗ : 1

u ∈ (Q, τ)
(const)

` u : τ(u)
` u : α ` v : β

(pair)
` 〈u, v〉 : α× β

` u : P(α× β) ` v : α
(app)

` uv : Pβ
` u : Pα ` v : α

(app′)
` uv : P1

` u : α× β
(proj1)

` π1u : α
` u : α× β

(proj2)
` π2u : β

(2)

Similarly to product types, we may assume that pairs extend to tuples of any
size. As for direct application, the rules (app) and (app′) distinguish the cases
of “partial” and “total” application of predicates. We may have considered an
equivalent statement by using only the rule (app) and an isomorphic operator
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Pα ∼= P(α × 1), thus enabling us to derive (app′) as an admissible rule; yet
we will keep the latter rule as such for clarity. One may observe that no rule
is provided to build predicate terms: all predicates have to be introduced as
constants. This implies of course that the constant signature is non-empty and
contains at least one predicate, which is consistent with the semantic aim of
the calculus: predicates in natural language semantics are generally introduced
as constants, and we argue that CΣ provides enough material to make explicit
construction of predicates as lambda-abstractions unnecessary. In particular, the
next section will introduce the logical operators that enables one to build complex
predicates from predicate constants.

We conclude the present section by stating the mandatory term equalities.
Besides the traditional rules of congruence (refl), (sym) and (trans), we assert
in (one) that ∗ is the only term of type 1, in (eqpr) and (eqpar) that equalities
propagate to products and applications, in (prj1) and (prj2) that projections
work on pairs as expected, and in (ap*) that successive applications of a predicate
to several arguments amount to applying it to the tuple of these arguments.
Furthermore, the rule (assoc) states the tuple equality which licenses the use of
× as an associative type constructor. Both (eqap) and (ap*) correspond to the
previous typing rule (app); the definition of their counterparts for the rule (app′)
is left as an exercise to the reader. Here again, the rules involving coercions are
postponed to Sect. 4.

` u : α
(refl)

` u = u : α
` u = v : α

(sym)
` v = u : α

` u : 1
(one)

` u = ∗ : 1

` u = v : α ` v = w : α
(trans)

` u = w : α
` u = u′ : α ` v = v′ : β

(eqpr)
` 〈u, v〉 = 〈u′, v′〉 : α× β

` u : α ` v : β
(prj1)

` π1〈u, v〉 = u : α
` u = u′ : P(α× β) ` v = v′ : α

(eqap)
` uv = u′v′ : β

` u : α ` v : β
(prj2)

` π2〈u, v〉 = v : β
` u : P(α× β × γ) ` v : α ` w : β

(ap*)
` (uv)w = u〈v, w〉 : Pγ

` u : α ` v : β ` w : γ
(assoc)

` 〈u, 〈v, w〉〉 = 〈〈u, v〉, w〉 : α× β × γ

(3)

3 Categorical Model of CΣ

In order to study more efficiently its underlying type theory, we define an
interpretation of CΣ in category theory. Many equivalences between type systems
and classes of categories have been identified, notable examples including the
correspondences between simply-typed λ-calculi and cartesian closed categories
[14], as well as between Martin-Löf type theories and locally cartesian closed
categories [30]. As CΣ is “high-level”, we may expect its categorical model to
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have weaker assumptions; however, this will not actually be the case: we need all
the power of the underlying “low-level” model to interpret efficiently our calculus.

The rest of this paper assumes preliminary knowledge of category theory,
including the notions of categories, initial and terminal objects, products, ex-
ponentials, pullbacks, functors, natural transformations, and adjunctions.8 The
reader may consult [20, 25] for an introduction; useful elements (with increasing
difficulty) can also be found in [12, 21, 13]. Only three definitions will be recalled
here: monomorphisms, subobject classifiers, and toposes.

Definition 6. A morphism f : A → B is a monomorphism (or “is mono”,
noted f : A B) if for any pair of morphisms g, h : C → A, f ◦ g = f ◦ h
implies g = h. A is a subobject of B if there is a monomorphism A B.

Definition 7. In any category with a terminal object, a subobject classifier is
an object Ω along with a morphism > : 1→ Ω such that for any monomorphism
m : A B, there is a unique morphism χm : B → Ω such that the following
diagram is a pullback:

B Ω

A 1

χm

m

!A

>

Definition 8. A topos is a cartesian closed category with a subobject classifier.

The type ontology (B,≤) can be seen as a category B by taking elements of
B as objects, and by introducing a morphism a→ b whenever a ≤ b. We consider
from now on a topos C containing B as a subcategory, and we note ζ : B → C
the associated faithful functor. In particular, we define the object E of entities
as ζe, where e is the greatest element of B. Besides, we require the image ζf of
each morphism f in B to be a monomorphism. Notice then that B as a poset is
contained in Sub(E), the set of subobjects of E.

For any object A of C, we note PA the exponential ΩA, which is called
the powerobject of A. The associated evaluation map is evA : PA × A → Ω.
Notice that, by a well-known property of exponentials, we have the isomorphism
P(A×B) ∼= PA×PB for any objects A and B. If f : A×B → Ω is a morphism,
we call name of f the morphism name(f) : A → PB obtained from f by the
universal property of exponentials. As 1×B ∼= B, this definition extends up to
isomorphism to any morphism B → Ω. As a consequence, a predicate in a topos
has three equivalent modes of presentation: as an arrow f : B → Ω, as its name
1→ PB, or as the subobject A B obtained by pullback of > along f .

We have now enough theoretical support to properly define an interpretation
of CΣ in the topos C. This interpretation will be denoted as a map J·K which
assigns to each type in ΞCΣ an object of C, and to each well-typed term a global
8 The composition of f : A→ B and g : B → C will be noted g ◦ f or gf whenever no

ambiguity may occur. The identity on A is idA. The product map of f ′ : A→ B and
g′ : A→ C will be noted 〈f ′, g′〉 : A→ B × C. The initial and terminal objects are
noted 0 and 1, and the associated morphisms are 0A : 0→ A and !A : A→ 1.
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element in C, that is, a morphism of the form 1→ A. For types the definition of J·K
is straightforward since every constructor has an obvious categorical counterpart:

J1K = 1
JbK = ζb for b ∈ B

Jα× βK = JαK× JβK for α, β ∈ ΞCΣ
JPαK = PJαK for α ∈ ΞCΣ

(4)

Terms however need a few more assumptions to be correctly interpreted. First,
even if by Definition 5 coercions are not considered as terms, they are given an
interpretation by J·K. We will thus assume that each coercion c : α→ β ∈ K is
assigned a morphism κ(c) : JαK→ JβK. Moreover, we require that each constant
u ∈ (Q, τ) has a corresponding morphism ρ(u) : 1→ Jτ(u)K, and that the induced
map ρ from Q to the morphisms of C is injective. Then, any well-typed term
u : α is interpreted as a morphism 1→ JαK according to the following definition:

J∗K = id1 : 1→ 1
JuK = ρ(u) : 1→ Jτ(u)K for u ∈ (Q, τ)
JcK = κ(c) : JαK→ JβK for c : α→ β ∈ K

JcuK = JcK ◦ JuK : 1→ JβK for c : α→ β ∈ K and u : α
J〈u, v〉K = 〈JuK, JvK〉 : 1→ JαK× JβK for u : α and v : β

JuvK = compJαK,JβK ◦〈JuK, JvK〉 : 1→ PJβK for u : P(α× β) and v : α

Jπ1uK = π
JαK,JβK
1 ◦ JuK : 1→ JαK for u : α× β

Jπ2uK = π
JαK,JβK
2 ◦ JuK : 1→ JβK for u : α× β

(5)

where, for any objects A,B, πA,B1 and πA,B2 are the usual projections A×B → A
and A×B → B, and compA,B is defined to be the name of the composite:9

(P(A×B)×A)×B P(A×B)× (A×B) Ω∼ evA×B

Then, we need to ensure that this interpretation respects the term equalities
introduced in (3). This is straightforward for the congruence rules and for the
propagation rules (eqpr) and (eqap), and the well-foundedness of the rule (one)
is guaranteed by the fact that the unit type is interpreted as the terminal object
1, for which id1 is the unique morphism 1→ 1. Moreover, the projection rules
(prj1) and (prj2) are easily retrieved by the definition of categorical products.
The major subtlety lies in the translation of the last two rules, stating the
associativity of the product and its consequence on direct application. For any
terms u, v and w, the interpretations of 〈u, 〈v, w〉〉 and 〈〈u, v〉, w〉 are only equal
up to some isomorphism which belongs to the class of isomorphisms of the form
ιA,B,C : (A×B)×C → A×(B×C). These isomorphisms also propagates to n-ary
9 Notice in particular that, up to isomorphism, compA,1 = evA. This is consistent

because the isomorphism P1 ∼= Ω holds in any topos.
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predicates through isomorphisms ∃ιA,B,C : P((A×B)× C)→ P(A× (B × C)),
whose notation will become clearer at the end of this section. As a result, the
term equalities may be correctly retrieved by considering the equivalence classes
of the categorical interpretations for the relation on morphisms of being equal
up to composition with some isomorphism of the form ι, ∃ι, or combination
thereof.10

So far, in the construction of CΣ and its interpretation above we only dis-
cussed two of the three main ingredients of a semantic calculus as presented at
the beginning of Sect. 2: predicates and rules. What about logical connectives?
Obviously we may introduce them as constants as well, but since we do not use
directly a proposition type nor lambda-abstractions, the usual definition of logical
constants does not fit in CΣ: we would be unable to connect predicates before all
their arguments are provided, whereas construction of lambda-abstracted com-
pounds is common in natural language semantics. Furthermore, the introduction
of these connectives should be carefully studied from a categorical perspective
because toposes have their own internal logic: we then expect the logical constants
of CΣ to reflect this logic. Toposes are powerful enough to model higher-order
logic [15], and depending on the properties of the given topos, this logic can be
classical or intuitionistic [12].

The formal basis of topos logic lies on morphisms ¬ : Ω → Ω and ∧,∨,⇒:
Ω ×Ω → Ω. For any A, we can extend these arrows to “generalised” operators
¬A : PA→ PA and ∧A,∨A,⇒A: PA× PA→ PA as names of composites of the
above morphisms with evaluation maps. For instance, ∧A names the composite:

(PA× PA)×A Ω ×Ω Ω

(PA× PA)× (A×A) (PA×A)× (PA×A)

id×∆A

∧

∼

evA× evA

where ∆A : A→ A×A is the diagonal map 〈idA, idA〉. Other logical connectives
are obtained in the same way. In CΣ, we may think of ¬, ∧, ∨ and ⇒ as
polymorphic constants of respective types ∀α.P(Pα × α) for the former and
∀α.P(Pα×Pα×α) for the others. They are however distinct from other constants
and more generally from other terms in the sense that their interpretations are
not global elements: to keep things consistent, we have for instance to posit for
each type α in ΞCΣ the interpretation J∧αK = ∧JαK. Thus, logical connectives
play a very specific role in CΣ, and may be added to the calculus as a separate
set of constants.

The treatment of quantifiers is slightly more complex, as it requires additional
constructions of topos theory. As pulling back along a morphism f : A → B
preserves monomorphisms, it induces a pullback function f−1 : Sub(B)→ Sub(A)
which has both a left adjoint ∃f and a right adjoint ∀f . As PA is the internal

10 As suggested at the end of Sect. 2, we may extend this reasoning to the class
of isomorphisms of the form A × 1 → A to avoid the typing rule (app′) and its
counterparts in term equalities.
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version of the set Sub(A) for any object A, those adjoints themselves induce
internal morphisms ∃f : PA→ PB and ∀f : PA→ PB [21, §IV.9]. To produce
models of the usual quantifiers, we use versions of these morphisms obtained
from product projections: if π : A×B → B is such a projection, ∃π and ∀π are
morphisms P(A×B)→ PB which can serve as interpretations for polymorphic
constants ∃α,β and ∀α,β of type P(P(α×β)×β) in CΣ. Other kinds of generalised
quantifiers may also be introduced as morphisms of this family of types; their own
properties would depend on their respective definitions, and they would differs
from the universal and existential quantifiers only by the absence of obvious
relation to the pullback function. This completes the introduction of logical
connectives in the calculus.

4 Monomorphic Subtyping Discipline

Monomorphism is the categorical generalisation of the notion of injective function;
in particular, both notions coincide in the category Set (see e.g. [12, §3.1]). As
discussed in Sect. 1, a set-based interpretation of the subtyping relation in natural
language semantics should be injective as well, for entities and for predicates.
From a categorical perspective, we come naturally to think of the subtyping
relation in terms of monomorphisms. The present section details how we can
construct such a “monic” subtyping relation in CΣ, and how such a relation is
necessarily a covariant one.

In Sect. 2, we hinted that defining the subtyping relation amounts to give
constraints for building the set of coercions K. If α and β are types in ΞCΣ , we
note α v β to express that α is a subtype of β, and whenever it is the case, we
enforce the constraint α → β ∈ K. We shall generate subtyping relations and
categorical interpretations of the corresponding coercions simultaneously. As a
starting point, recall that the construction of CΣ is based on a type ontology
(B,≤) which includes the foundations of the subtyping relation. For every pair
a, b ∈ B, we naturally posit a v b whenever a ≤ b holds.11 By assumptions made
on the topos C in Sect. 3, such a pair provides also a monomorphism ζa ζb
which is exactly the interpretation of the related coercion a→ b ∈ K. This sets
up the basis of the subtyping relation, and we have now to investigate how it
propagates to type constructors.

To avoid inconsistency, the unit type should only be comparable with itself,
that is, 1 v 1 is the only valid subtyping relation involving 1. To see how to deal
with products and predicates, we turn to their categorical interpretations. The
topos C, as a cartesian category, is equipped with a bifunctor × : C ⊗ C → C,
where ⊗ stands for the product of categories. The following lemma is a common
result whose proof is easy to retrieve:

11 Actually, we may remove superfluous coercions by limiting K to the strict part of
the subtyping relation, that is, α→ β in K only if α < β holds. Indeed, the coercion
corresponding to α→ α is the identity map idJαK, which brings no useful additional
information.
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Lemma 1. The bifunctor × preserves monomorphisms, that is, if f : A C
and g : B D are monos, then so is f × g : A×B C ×D.

A similar result can be established for powerobjects through a less common
view than usual. Indeed, the operator P is generally extended to a contravariant
functor Cop → C by taking Pf to be the internal counterpart of the map f−1

introduced in Sect. 3, but this definition does not satisfy our requirements. We
shall use instead the covariant powerobject functor P+ : C → C defined on any
object A by P+A = PA and on any morphism f by P+f = ∃f . This definition is
correct since ∃(gf) = ∃g ◦ ∃f for any morphisms f, g, and ∃ idA = idPA for any
object A [13, §A2.3]. The following lemma appears in [13, Cor. A2.2.5] and [21,
Cor. 3, §IV.3]:

Lemma 2. If m : A B is mono, then Pm◦∃m = idPA, i.e. ∃m is split mono.

A weaker way to put it is to say that P+ preserves monomorphisms. Never-
theless we shall see below that the existence of the retraction Pm will be useful
for a special extension of CΣ. Altogether, the lemmata above provide the keys to
complete the definition of the subtyping relation for all the type constructors.
Hence we assert the following subtyping rules:

a, b ∈ B a ≤ b
(base)

a v b
α v γ β v δ

(prod)
α× β v γ × δ

α v β
(pred)

Pα v Pβ
(6)

The coercion set K must be built consequently. The map κ introduced in Sect. 3,
which sends each coercion in K to a corresponding morphism in C, can also
be properly defined using similar rules: if c, c′ are coercions, the corresponding
product coercion introduced by the rule (prod), noted c× c′, shall be interpreted
by κ(c× c′) = κ(c)×κ(c′); and similarly, if c is a coercion, the predicate coercion
introduced by the rule (pred), noted Pc, shall be interpreted by κ(Pc) = ∃κ(c).
Recall then that we put JcK = κ(c) for a coercion c. Lemmata 1 and 2, as well as
the construction of C above the type ontology, can be used to prove inductively
the following result, which puts monomorphisms at the heart of the subtyping
interpretation.

Proposition 1. For any coercion c ∈ K, if c has been constructed using the
rules in (6), then JcK is a monomorphism.

As promised in Sect. 2, we now turn to the second batch of typing rules for
CΣ, which shall constrain the use of coercions. Our main concern when defining
these rules is to provide a strong discipline on coercion uses in order to preserve
type safety, even if we take this notion in a weaker understanding compared to its
definition for programming languages. Our objective is to prevent overgeneration
in CΣ by constraining the use of coercions: for instance, we may forbid the
application of coercions both to a predicate and its argument at the same time,
because it would allow any predicate to take any argument. Moreover, we may
need to prevent n-ary predicates with argument-places related in types to accept
arguments coerced from different types if the underlying semantics intends to
link them, as it could lead to unwanted semantic interpretations.
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Assume we add a base type 2 to CΣ, and define a type context to be a type
in Ξ2

CΣ , that is, a type with at least one occurrence of 2. If d is such a context,
define for any base type a 6= 2 the type d[a] to be d where all occurrences of 2
are replaced by a. We may generally think of a type d[a] for a term to represent
a product of types in ΞCΣ , some of them involving the type a. We propose the
following formulation:

Definition 9. A CΣ calculus is type safe if:
1. for all pairs a, b of incompatible base types, type context d, term u : Pd[a]

and constant v : d[b], and coercions c and c′ of respective domains Pd[a] and
d[b], no combinations of typing rules make (cu)(c′v) a well-typed term ;

2. for all type a, pair of incompatibles types b, c, type contexts d, d′, d′′ and γ
such that d = d′ × d′′ × γ, term u : Pd[a], constants v : d′[b] and w : d′′[c],
and coercions c′ : d′[b] → d′[a] and c′′ : d′′[c] → d′′[a], no combinations of
typing rules make u((c′ × c′′)〈v, w〉) a well-typed term.

This formulation is intended to translate into formal conditions the discussion
of the previous paragraph: the first condition forbids to coerce predicates and
arguments at the same time, and the second condition forbids the simultaneous
coercion of two incompatible types to the same type between arguments of a
given predicate. Recall that, by the equality rule (ap*) and the definition of
the product of coercion, the second condition also applies to terms of the form
u(c′v)(c′′w). In practice, the first condition states for instance that the following
rule of free coerced application (fca) is not acceptable for type safety:

` u : Pα ` v : β c : α→ γ ∈ K c′ : β → γ ∈ K
unsafe! (fca)

` ((Pc)u) (c′v) : P1
(7)

In a similar vein, the second condition states for instance that the rule of
partial coerced application (pca) defined below is also not type safe:

` u : P(β × γ) ` v : α c : α→ β ∈ K
unsafe! (pca)

` u (cv) : Pγ
(8)

Indeed, consider base types h, v and p standing for humans, vehicles and physical
entities respectively, with h ≤ p, v ≤ p and h, v incompatible, and assume
constant predicates j : h, car : Pv and heavy : P(Pp× p). By construction, we
have coercions c : h→ p and c′ : Pv → Pp. Now, by two successive applications of
the rule (pca), the term heavy(c′ car)(c j) is well-typed, which explicitly breaks
the second condition, hence the unsafeness of (pca).12 This term could be the
semantics of a category-mistaken sentence such as “?John is a heavy car”. Of
course, we might want to have semantic representation of such sentences in our
calculus, but it should not be obtained by means of the subtyping relation.

To preserve type safety, we need a weaker version of the rule (pca), which
will be called restricted total coerced application (rtca). The idea behind this
12 The same reason explains why we did not introduce a typing rule to build directly

coerced terms of the form cu in Sect. 2.



Covariant Subtyping Applied to Semantic Predicate Calculi 35

rule is to force all the arguments of a given predicate to be gathered before
application and to restrict coercion uses so that the arguments filling slots with
the same expected base type are themselves of the same base type, thus avoiding
simultaneous application of a predicate to terms such as car and j.

` u : Pd[b] ` v : d[a] c : d[a]→ d[b] ∈ K
(rtca)

` u (cv) : P1
(9)

It follows directly from Definition 9 that (rtca) is type safe. It can even be safely
extended for simultaneous subtyping of several base types: generalise the notion
of type context for finite number of holes 21, . . . ,2n, the corresponding extended
rule is defined for ` u : Pd[b1, . . . , bn] and ` v : d[a1, . . . , an] with the additional
condition that all bi must be pairwise distinct. This extension is useful when
dealing with n-ary predicates, for instance transitive verbs.

We acknowledge however that (rtca), even in its extended form, may be
too restrictive for semantic uses, in particular in a calculus like CΣ where no
variables and λ-abstractions are available. What if we need to perform the partial
application of heavy on car as the semantic representation of the phrase “a
heavy car” requires? A solution to retrieve the flexibility of partial coercion
application is to exploit the retraction of the corresponding predicate coercion.
For each predicate coercion c : Pα → Pβ in K, define its reverse coercion
c̄ : Pβ → Pα with Jc̄ K = Pm, where m is the mono JαK → JβK such that
JcK = ∃m. Instead of using coercions to embed the type of the argument term
into the type expected by the predicate, reverse coercions enable us to specialise
the type of the predicate to the type of its argument. Once again, predicate
specialisation must be performed on all occurrences of a given base type to prevent
unsafe applications as examplified with (pca). However, this global specialisation
makes subsequent partial applications possible. If we extend our set of coercions
with reversed ones, the specialised partial coerced application rule (spca) is given
by:

` u : P(d[b]× d′[b]) ` v : d[a] c : a→ b ∈ K
(spca)

` (c̄′ u) v : Pd′[a]
(10)

where c̄′ is the reverse of the coercion c′ : P(d[a]× d′[a])→ P(d[b]× d′[b]) built
upon c. This rule is again type safe since it guarantees that after applying it, all
subsequent applications will be done with base types which are subtypes of a.13

We insist on the fact that (spca), while ressembling a contravariant subtyping
rule—justified by the fact that the retraction Pm of a mono comes indeed from a
contravariant functor—, is actually a direct consequence of the covariant property
of our subtyping relation. As highlighted in Sect. 1, a contravariant subtyping
13 As an anonymous reviewer pointed out, the rule (spca) is similar in spirit to a

typing rule for bounded polymorphism, using a predicate of type ∀b.P(d[b] × d′[b]).
The connections between this kind of polymorphism and covariant subtyping may be
even deeper and may be worth investigating, but are beyond the scope of this paper.
Incidentally, the author also took part in the developpment of another framework
using bounded polymorphism and record types [3].
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is unable to compare the types (a → t) → a → t and (b → t) → b → t, even
if a and b are comparable base types, while the covariant subtyping is able
to perform the corresponding comparison between P(Pa × a) and P(Pb × b),
and provides coercions in both directions depending on the situation. Notice
however that in this case the interpretation of the corresponding reverse coercion
is not a monomorphism, but has the dual property of epimorphism, as another
consequence of Lemma 2.14

The last remark to make on the previous typing rules is to observe that (rtca)
is actually a special case of (spca) with d′[a] = d′[b] = 1.15 To understand why,
consider the coercion c : d[a]→ d[b]. Using (spca), from u : Pd[b] and v : d[a] we
can construct the term (c̄′u) v with Jc̄′K = PJcK. In the categorical model, the
following diagram commutes by general property of the contravariant powerobject
functor [21, §IV.1]:

1 PJd[b]K× Jd[a]K PJd[a]K× Jd[a]K

PJd[b]K× Jd[b]K Ω

〈JuK,JvK〉 PJcK×id

id×JcK evJd[a]K

evJd[b]K

In other words, J(c̄′u)vK = Ju(cv)K. This semantic result licenses the introduction
on the syntactic side of the following coerced equational rule:

` u : Pd[b] ` v : d[a] c : d[a]→ d[b]
(ceq)

` (c̄′u)v = u(cv) : P1
(11)

It is then clear that with (ceq), the rule (spca) entails the rule (rtca). We can
even extend the rule (ceq) to a more general form for partial application, provided
that we take care of all the details in order to preserve type safety. The resulting
rule, call it (pceq), is given by:

` u : P(d[b]× d′[b]) ` v : d[a] c : a→ b
(pceq)

` (c̄′u)v = c̄′′(u(c′′′v)) : Pd′[a]
(12)

where c′ is as before, and c′′ and c′′′ are the coercions Pd′[a] → Pd′[b] and
d[a] → d[b] built upon c. It captures the previous rule when d′[a] = d′[b] = 1,
by noticing that c′′ and its reverse are then the coercion P1→ P1, an identity
which can be safely removed from the term. Moreover, the right-hand side of the
equality does not fall under the forbidden terms of Definition 9. To complete the
construction of CΣ, we shall add the rules (spca) and (pceq) to the first batch of
rules introduced in Sect. 2.
14 For this reason and despite the name of “coercion”, reverse coercions must not be

part of K. Their use is only licensed by explicit involvement of the bar notation in
the typing rules.

15 This fact is more precisely verified under the assumption of interpreting terms up to
the isomorphism A× 1 ∼= A, cf. footnote 10.
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5 Understanding Predicate Covariance

The aim of this section is to provide further intuition on covariance for predicates,
as the formalisms of the previous sections have been kept rather abstract. A few
more results on the interactions between predicates and logical connectives will
also be stated. But for now, let us start with this simple question: if u : Pα is
a predicate constant and c : Pα → Pβ is a coercion, what does the predicate
cu : Pβ actually describe? To answer it, we turn once again to the categorical
model of CΣ. If c′ is the coercion for α → β, we have JcuK = ∃Jc′K ◦ JuK by (5)
and (6). Thus, we need to explain how the covariant powerobject functor P+

works in C.
Let m : A B be a mono in C. As the powerobject PA is an internal

representation of the set Sub(A), it will be sometimes convenient to study the
external function ∃m : Sub(A)→ Sub(B) instead of ∃m in order to derive internal
properties as an application of the Yoneda lemma (see [21, §IV.9] for details).
To give even more intuition, suppose in this paragraph only that A and B are
sets. Then Sub(A) and Sub(B) are their respective powersets, and if U ∈ Sub(A),
then ∃m(U) = {m(x) | x ∈ U}. Besides, if we further assume that the injective
function m actually stands for the inclusion A ⊆ B, then ∃m(U) is U itself viewed
as a subset of B. The category Set has {0, 1} as subobject classifier, and the
characteristic χAU of U in A is the classical one, with χAU (x) = 1 if x ∈ U , and
χAU (x) = 0 otherwise. As there is a one-to-one correspondence between subsets of
A and characteristic functions on A, ∃m induces a map sending each function
χAU to χBU , and it is clear that for all x ∈ A, χAU (x) = χBU (x).

Now, abstracting over these set-theoretic considerations, we can generalise
some observed properties to any topos C. For any object X, define the morphism
trueX : X → Ω as the composite >◦ !X . By definition of the subobject classifier,
any subobject k : U A is classified by some f : A→ Ω, such that fk = trueU .
The following result appears in [21, Prop. 1, §IV.3] with slight differences in
notation:

Proposition 2. Let g : B → Ω be the map such that name(g) = ∃m ◦ name(f).
Then, g classifies the subobject mk : U B.

In other words, mk is the pullback of > along g, which also means that g
shares the same conditions as f to be evaluated to true. In CΣ, this means
that, being given terms u : Pα, v : β and the coercion c : α → β, the term
((Pc)u)v : P1, as a logical formula, is true if and on only if there is a term w : α
such that v = cw and uw is true.16 It is legitimate to ask whether the same result
holds for conditions of falsity. We shall investigate this question from an external
point of view, and study several results related to logical connectives in the way
to answer it.
16 This property, grounded in topos theory, ignores the requirements of type safety as

given in Definition 9, according to which the term ((Pc)u)v cannot be typed. It shows
nonetheless that terms of the form given in the first conditions are not necessary
from a truth-theoretical point of view, since it brings “true” application of a coerced
form of a predicate u back to a direct application of u.
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Recall that for any X, 〈Sub(X),≤, 0, X,∪,∩,⇒〉 is a Heyting algebra (see
e.g. [12, §8.3]), where ∪, ∩ and ⇒ are external counterparts to ∧X , ∨X and
⇒X introduced in Sect. 3. If U ∈ Sub(X), write U for the pseudo-complement
U ⇒ 0. Being given any mono m : A B, we would like to know whether
these logical morphisms, as well as the quantifiers ∃A,X ,∀A,X : P(A×X)→ PX,
are preserved by the predicate subtyping ∃m. The following proposition states
a stronger property for some of these connectives: they are actually natural
transformations from P+ to itself.
Proposition 3. The transformations ∧A, ∨A are natural in A, and ∃A,X is
natural in A and X.

Due to the lack of space, we omit proofs of this proposition and of the following
results below. The naturality of conjunction, disjunction and existential quantifier
amounts to say that CΣ can be completed with new equational rules describing
the good interaction of these connectives with subtyping coercions. For the first
two, the equational rules are the following:

` u : Pα ` v : Pα c : Pα→ Pβ ∈ K
(∧-eq)

` ∧β (c× c)〈u, v〉 = c (∧α〈u, v〉) : Pβ

` u : Pα ` v : Pα c : Pα→ Pβ ∈ K
(∨-eq)

` ∨β (c× c)〈u, v〉 = c (∨α〈u, v〉) : Pβ

(13)

As for the existential quantifier, there are two corresponding rules to account for
the double naturality:

` u : P(α× γ) c′ : P(α× γ)→ (β × γ) ∈ K
(∃-eq1)

` ∃β,γ(c′ u) = ∃α,γu : Pγ

` u : P(α× γ) c : Pγ → Pδ c′ : P(α× γ)→ (α× δ)
(∃-eq2)

` ∃α,δ(c′ u) = c (∃α,γu) : Pδ

(14)

In terms of truth-theoretical interpretation, these rules mean that coercions inter-
acts well with the truth conditions of conjunctions, disjunctions and existential
quantifiers applied to predicates: in each of the equalities above, the left-hand
and right-hand sides have the same conditions of truth and falsity.17

However, the naturality of logical connectives w.r.t. P+ does not propagate
to the relative pseudo-complement, nor to the universal quantifier. There is
a strict entailment between logical formulae using these connectives through
the subtyping relation, under the sufficient condition that the codomain of the
subtyping coercion contains the disjoint union of the domain with a non zero
object, where X non zero means X � 0. Within the type ontologies used for
formal semantics, this condition generally holds: for instance, the types p, h and
v from the example in Sect. 4 are such that p ≥ h ∨ v. The key properties are
stated below:
17 Notice that this property applies regardless of the ambient logic, be it classical or

intuitionistic.
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Proposition 4. Let f : A→ B be any morphism. If ∃f (A) is non zero, then for
all U, V ∈ Sub(A) we have the strict inclusion ∃f (U ⇒ V ) < ∃f (U)⇒ ∃f (V ).

Corollary 1. If ∃f (A) is non zero, ∃f
(
U
)
< ∃f (U).

Proposition 5. Let m : A B be a monomorphism and X any object, and
suppose m′ = m× idX . If ∃m(A) is non zero, then for all U ∈ Sub(A×X) we
have the strict inclusion ∀πB,X

(∃m′(U)) < ∀πA,X
(U).

These propositions show in particular that neither the equational rules in (13)
nor (∃-eq1) have counterparts for implication, negation, and universal quantifier
on its first parameter. In term of truth conditions, Prop. 4 shows for instance that
there are arguments on which the predicate ⇒β(c× c)〈u, v〉 : Pβ can be proved
true, whereas c (⇒α〈u, v〉) : Pβ will be proved false, the arguments in question
being those on which⇒α〈u, v〉 fails to have a truth value due to type mismatch—
and similar results hold for negation and universal quantifier. However, we have
for universal quantifiers the following proposition which is weaker than naturality
on the second parameter, but suffices for interaction with coercions:

Proposition 6. Let m : X Y be a monomorphism and A any object. Then,
∀πA,Y

∃(idA×m) = ∃m∀πA,X
.

The consequence of the latter result is the following counterpart to (∃-eq2):

` u : P(α× γ) c : Pγ → Pδ c′ : P(α× γ)→ (α× δ)
(∀-eq)

` ∀α,δ(c′ u) = c (∀α,γu) : Pδ
(15)

All the previous properties are expected to provide a better understanding of
the covariant subtyping. Prop. 2 showed in particular that if u : Pa is a first-order
predicate and c : Pa → Pb a predicate coercion, then c u is a predicate which
is true on the same entities as u. By Cor. 1, we can affirm that if u is false on
some entity, then c u is also false on that very entity. However, c u can be false
on an entity without it even being in the span of u at all, that is, even if it is
not of type α. In terms of a lower-level lambda-calculus, c u can be expressed
by λx:b.∃y:a. (c′(y) = x) ∧ u(y), where c′ : a→ b is the coercion that underlies
c, that is, JcK = ∃Jc′K. Thus, the behaviour of c u is simply explained: if x is an
entity of type β, then either x is not in the image of c′, in which case c u x is
false, or there is an antecedent y of x through c′ and c u x = u y.

It turns out that the complex coercion c can be itself interpreted as an operator
λu.λx.∃y. (c′(y) = x) ∧ u(y), which resembles the functor used by Asher in [1,
§6.1] to transform a first-order predicate on a dot type to another one whose
argument type is an aspect of the initial one. Even if dot type projections are
not exactly subtyping relations as intended in this paper—neither it is for Asher,
incidentally—, this similitude should not be surprising since both operators
carry the same idea of a covariant transformation of predicates. Moreover, the
reverse coercion c̄ coincides with the usual contravariant subtyping for first-order
predicates as the operator λuλx.u(c′x), and as c′ is intended to be mono, the
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composition λu.c̄(cu) amounts to the identity up to isomorphism, which is also a
consequence of Lemma 2. Thus, a last rule of term equality can be added:

` u : Pα c : Pα→ Pβ
(retract)

` u = c̄(c u) : Pα
(16)

However, for v : Pβ, we have v 6= c(c̄ v) in general.

6 Conclusion and Future Works

We introduced CΣ, a general semantic predicate calculus using a constructor P
instead of the traditional functions of codomain t, and completed by a covariant
subtyping. The typing rules constraining the use of subtyping coercions ensure
a property of type safety which is sufficient for semantic purposes. The general
typing rules of CΣ are obtained by gathering the rules in (2) and (10), and the
term equality rules consist in those given in (3), to which we add the equalities
given in (12–16). The typing rule in (9) as well as the term equality rule in
(11) are also admissible. Altogether, these rules enable CΣ to be as efficient as
other proposals for natural language semantics. However, CΣ gains in flexibility
by its covariant approach of subtyping, which enables us to deal easily with
second-order types that pose difficulties to other semantic frameworks.

In the previous section, we generalised reasoning in Set to any topos in such a
way that the interpretation of CΣ is not restricted to sets—even if toposes have a
general “set-like” behaviour. It may be relevant then to ask whether interpreting
CΣ directly in Set would not have sufficed for our purposes, instead of carrying
on with the generalisation we presented. There are actually two reasons for such a
move. Firstly, in spite of its specific status amongst toposes (and in mathematics
in general), Set has a few restrictive properties which we may want to dismiss, the
most important one being the fact that, as a Boolean topos, the internal logic of
Set is always classical: we may want to use another topos with intuitionistic logic,
for instance. Secondly, some semantic phenomena, such as vagueness [6], suggests
that predicate modelling might need to go beyond the set-theoretical basis: if this
happens to be the case, we believe that the generalisation we presented offers
more flexibility to help accounting for any new proposal.

We ought to add that the genericity of topos theory, as compared to set theory,
make the choice of a canonical covariant subtyping coercion more difficult. We
may however think of such a canonical coercion as similar to an inclusion in Set,
in the sense that a coerced entity is roughly the same entity viewed in another
perspective. It may be hard however to systematise this idea in a general topos,
unless we introduce an entity constant by a global element for each supertype
the entity has, and then choose coercions which preserve the resulting families
of global elements. Nevertheless, this issue may be less harmful than it seems,
to the extent that covariant coercions ensure at least that two distinct entities
remain distinct when coerced, thus preserving the relations of entities w.r.t. each
other.
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Finally, we may extend the calculus with additional non-subtyping coercions
to improve its abilities, in the spirit of the reverse coercions introduced in Sect. 4.
The projection maps from product terms π1 and π2 have been introduced here as
term constructors, but could actually be added as such coercions, provided that
we enforce a strong distinction between subtyping coercions and other ones when
defining the rules of our calculus. Other possible coercions—whose introduction
did unfortunately not fit in those pages although studied by the author—are what
we could call transstructural coercions, that is, coercions that do not preserve the
structure of type constructors. This case includes the introduction of dot types
[26] as subtypes of products (as proposed in [1, 2]), and other transformations
such as type shifts [24]. Finally, creative uses of language and other transfers of
meaning may be handled by more general coercions. Overall, future studies on
CΣ-like frameworks will be devoted to explore these potential extensions of the
calculus.
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Replacing Implications with Negation in
Non-associative Lambek Calculus

Arno Bastenhof

Abstract. We present a variation NL⊗¬ on the non-associative Lam-
bek calculus that replaces directional implications with linear negation.
Application-wise, we argue for its suitability to both the analysis of natural
language syntax (bar displacement) ánd non-local quantifier scope. This
is to be compared with the incompatibility observed between said goals
within van Benthem’s substructural hierarchy ([39]), which previously
was resolved, e.g., by weakening compositionality to a relation ([22]) or
through controlled use of structural rules ([32]). As a second application
we consider the use of CPS translations for defining the derivational
semantics of classical type-logical grammars. Previous work in this area
(e.g., [7]) gave expression to such translations using the proof terms of
minimal logic or of the commutative Lambek calculus, raising the question
as to whether associativity and commutativity are required of the target
language even if absent in the source. We here show this not to be the case
by providing a double negation translation for classical non-associative
Lambek calculus ([15]) with NL⊗¬ as the target. Besides applications, we
present the proof theory of NL⊗¬ by exhibiting an axiomatic formulation
as well as natural deduction and a sequent calculus. Finally, we provide a
constructive model-theoretic completeness proof for Cut-free derivations
and discuss the algorithm extracted therefrom through its formalization
in Coq.

Keywords: Lambek calculus, linear negation, scopal ambiguities, continuation-
passing style (CPS), Coq

1 Introduction

Lambek’s syntactic calculus ([28, 29]) offers a deductive account of grammatical
structure whereby constituents are ‘proven’ well-formed. At the same time it
facilitates a compositional semantics through the Curry-Howard correspondence
([6]), in particular reducing quantifier scope ambiguities in natural language to
a question of proof identity. In practice, however, the non-commutativity, and,
arguably, non-associativity of syntactic composition was found to be at odds
with the ability, in general, to derive all combinatorially possible scopal readings
for a given sentence. This is particularly well exemplified by van Benthem’s
substructural hierarchy ([39]), where the gradual reintroduction of structural
rules to a base logic entirely devoid thereof makes available additional proofs at
the expense of applications to grammatical analysis. Several solution directions
have been explored, among which we find the weakening of compositionality to a
relation ([22]) and the use of controlled structural rules ([32]).
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The apparent mismatch in the choice of structural postulates for syntactic
vs. semantic analysis is observed as well in the use of continuation-passing style
(CPS) translations for defining the derivational semantics of classical type-logical
grammars. Previous work in this area, such as that of Bernardi and Moortgat [7],
chose target languages for this purpose like the proof terms of the commutative
Lambek calculus, raising the question as to whether similar such translations
may be devised that make no demands as to the presence of structural postulates
in the target other than what is available in the source.

In this paper we argue that one can fully dispense with associativity and
commutativity without compromising applications to the analysis of scopal
ambiguities or to the definition of CPS translations. To this end, we introduce a
variation NL⊗¬ on the non-associative Lambek calculus NL where we replace
the latter’s directional implications with linear negation. We first explore an
axiomatic formulation in S2, followed by the presentation of natural deduction
and a sequent calculus in S3. The applications mentioned above are fleshed
out in S4, while S5 provides a model-theoretic completeness proof for Cut-free
derivations. The latter proof is, in particular, constructive, and so exhibits an
algorithm for transforming arbitrary derivations into normal form. The automatic
extraction thereof has been carried out through a formalization of our reasoning
in the Coq theorem proving assistant ([8]) and we briefly report on its behavior
when applied to a concrete example. Finally, in S6 we attempt to more firmly
situate NL⊗¬ within the wider landscape of categorial type logics by briefly
touching on some areas of study neglected in S2–S5, including relational semantics
and the complexity and expressivity of NL⊗¬. Some of the (expected) ‘results’
in this section will be stated as conjectures and left to future research, while in
other cases we will provide a proof sketch.

Finally, a note on presentation. The contents of S2–S4 primarily concern
proof formalisms whose applications to type-logical grammar have been the
subject of extensive prior research, and so we will largely eschew the usual
definition-theorem-proof format in favor of a more informal mode of exposition.1
We shift gears in S5, however, where we provide a completeness proof for Cut-free
derivations, the presentation of which we believe will benefit from a more careful
elaboration of the definitions and lemmata upon which our argument is based.

2 Axiomatic Presentation

In this section we present a formulation of NL⊗¬ based on an infinite set of
axioms, similar to that found in [9] for the associative Lambek calculus. Since,
however, the ‘meanings’ of the logical connectives are more readily apparent from
the algebraic point of view, we begin our exposition by defining NL⊗¬-algebras,
serving, when combined with a valuation for atomic propositions, as our models.
Thus, let us define by an NL⊗¬-algebra any tuple (M,⊗,¬,≤) s.t.

1 Although we aim to make our presentation self-contained, the reader may benefit
from the tutorial overview found in [33].
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(i) (M,≤) is a poset; i.e., ≤ is reflexive, transitive and antisymmetric;
(ii) ⊗ is a binary operation on M that is isotone in both arguments; i.e., for all

u, v, x, y ∈M , if x ≤ u and y ≤ v, then x⊗ y ≤ u⊗ v;
(iii) ¬ is a unary operation on M forming a(n antitone) Galois connection with

itself; i.e., for all x, y ∈M , x ≤ ¬y implies y ≤ ¬x; and
(iv) For all x, y, z ∈M , if x⊗ y ≤ ¬z, then y ⊗ z ≤ ¬x.

Here, condition (iii) is equivalent to stating (v) x ≤ ¬¬x for all x ∈M and (vi)
that ¬ is antitone, meaning ¬y ≤ ¬x for all x, y ∈ M s.t. x ≤ y ([17, 34]). To
see, e.g., that said properties are implied by (iii), we may advance the following
arguments, abbreviated here informally as derivations:

¬x ≤ ¬x (i)

x ≤ ¬¬x (iii)

x ≤ y y ≤ ¬¬y (v)

x ≤ ¬¬y (i)

¬y ≤ ¬x (iii)

E.g., the left derivation is to be taken as shorthand for saying that, for arbitrary
x ∈ M , since ¬x ≤ ¬x by (i), it follows that x ≤ ¬¬x by (iii). Next, we
consider condition (iv), which informally we may think of as expressing a form
of cyclicity ([40]). In particular, starting from x⊗ y ≤ ¬z, we find that repeated
applications will iterate through the cyclic permutations of x, y, z, ‘projected’
onto the inequality (−) ⊗ (−) ≤ ¬(−). As consequences we have that (vii)
y ⊗ ¬(x⊗ y) ≤ ¬x and (viii) ¬(y ⊗ x)⊗ y ≤ ¬x:

x⊗ y ≤ ¬¬(x⊗ y)
(i)

y ⊗ ¬(x⊗ y) ≤ ¬x
(iv)

y ⊗ x ≤ ¬¬(y ⊗ x)
(i)

x⊗ ¬(y ⊗ x) ≤ ¬y
(iv)

¬(y ⊗ x)⊗ y ≤ ¬x
(iv)

We now come to our axiomatization, based, as mentioned, on that found in [9].
To start with, we shall assume our logical vocabulary to comprise, besides the
usual brackets, a countably infinite supply of atoms p along with logical constants
‘⊗’ (tensor, or multiplicative conjunction) and ‘¬’ (intuitionistic linear negation),
leading to the following notion of (well-formed) formula:

A,B,C, . . . ::= p | (A⊗B) | ¬A (1)

Per custom, we usually omit outer brackets; a convention we shall similarly apply
to future definitions that rely on bracketing for exhibiting structure. Derivable
statements take the form of arrows A→ B, subject to the single rule of inference
that from A → B and B → C we may infer A → C, henceforth denoted (R1),
and based on axioms defined as the smallest set s.t.: (i) A→ A, A→ ¬¬A and
B ⊗ ¬(A ⊗ B) → ¬A are axioms; and (ii) if A → B is an axiom, then so are
¬B → ¬A, C⊗A→ C⊗B and A⊗C → B⊗C. Figure 1 repeats this definition
using the two judgement forms ‘A→ B is an axiom’ and simply ‘A→ B,’ the
latter a lazy substitute for ‘A→ B is a theorem.’

By a model we shall understand any pair of an NL⊗¬-algebra M together
with a valuation v, mapping atoms p to elements of M . In particular, v may
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Axioms.

A1. A→ A is an axiom
A2. A→ ¬¬A is an axiom
A3. B ⊗ ¬(A⊗B)→ ¬A is an axiom

A→ B is an axiom
C ⊗A→ C ⊗B is an axiom
A⊗ C → B ⊗ C is an axiom

¬B → ¬A is an axiom

Rules of inference.

A→ Bis an axiom
A→ B

Ax
A→ B B → C

A→ C
R1

Fig. 1. Axiomatic presentation of NL⊗¬.

be extended to arbitrary formulas by defining v(A ⊗ B) := v(A) ⊗ v(B) and
v(¬A) := ¬v(A). We seek to prove that A → B iff v(A) ≤ v(B) for all models;
i.e., that our axiomatization of NL⊗¬ is sound and complete. Soundness is an
easy consequence of our prior demonstrations that, for any NL⊗¬-algebra M and
arbitrary x, y ∈M , (v) x ≤ ¬¬x, (vi) ¬ is antitone and (vii) y⊗¬(x⊗y) ≤ ¬x. It
thus remains to prove completeness. As preparation, we first establish a number
of admissible inference rules for NL⊗¬, collected together in Figure 2.

To prove the admissibility of (R2), (R3) and (R4), one may proceed by
induction on the derivation of their premise A→ B. In the base case, the latter
is an axiom, and it follows immediately that the conclusions are then also axioms,
and hence theorems, as well. Otherwise, A→ B was derived by application of
(R1), and we apply the induction hypothesis to the premises, A→ D and D → B,
say. E.g., for (R2) we would proceed as in

A→ D
C ⊗A→ C ⊗D IH D → B

C ⊗D → C ⊗B IH

C ⊗A→ C ⊗B R1

with a similar reasoning applying to handling the induction steps for (R3) and
(R4). (R5) is now an easy consequence of (R1) with instances of (R2) and (R3)
as premises, while (R6) may be established as follows:

B → ¬¬B Ax
A→ ¬B
¬¬B → ¬A R4

B → ¬A R1

Finally, we have the following derivation for (R7):

A⊗B → ¬C
C → ¬(A⊗B) R6

B ⊗ C → B ⊗ ¬(A⊗B) R2
B ⊗ ¬(A⊗B)→ ¬A Ax

B ⊗ C → ¬A R1

Returning now to the proof of completeness, if v(A) ≤ v(B) for every model,
then in particular this inequality holds in any one model that we can come up
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A→ B
C ⊗A→ C ⊗B R2 A→ B

A⊗ C → B ⊗ C R3 A→ B
¬B → ¬A R4

A→ C B → D
A⊗B → C ⊗D R5 B → ¬A

A→ ¬B R6
A⊗B → ¬C
B ⊗ C → ¬A R7

Fig. 2. Admissible rules of inference for NL⊗¬.

with for which we are able to prove A → B as a consequence. A first attempt
might take the underlying set M of our algebra to be the set of all formulas
and read ≤ as →, but this scheme runs afoul of the derivability relation not
being antisymmetric and so does not define an NL⊗¬-algebra. E.g., although
¬A� ¬¬¬A, certainly not ¬A = ¬¬¬A. Instead, we may adapt the well-known
Lindenbaum-Tarski construction,2 as follows. Let A ∼ B iff A� B, constituting
an equivalence relation, and define by M the set of equivalence classes [A]∼. If
A→ B, C ∼ A and B ∼ D, then also B → D, and so we may define [A]∼ ≤ [B]∼
iff A → B. Clearly, (M,≤) is a poset. Next, define [A]∼ ⊗ [B]∼ := [A ⊗ B]∼
and ¬[A]∼ := [¬A]∼. The admissibility of (R5), (R6) and (R7) implies this gives
us an NL⊗¬-algebra. Finally, defining v(p) := [p]∼, we can easily prove that
v(A) = [A]∼ for all A, from which completeness readily follows: v(A) ≤ v(B)
implies [A]∼ ≤ [B]∼, iff A→ B by definition.

Other examples of NL⊗¬-algebras and of their usage in completeness proofs
may be found in S5.1 and S6.3. We conclude this section by observing there
exists a left-right symmetry for NL⊗¬, in the sense that A→ B iff A./ → B./,
where p./ := p, (C ⊗D)./ :=D./ ⊗ C./ and (¬C)./ := ¬C./.

3 Natural Deduction and Sequent Calculus

Whereas our axiomatic presentation treated derivability ‘A → B’ as a rela-
tion between a single hypothesis A and conclusion B, the natural deduction
and sequent calculus formulations that we will take up next accept a possible
multitude of hypotheses. In keeping, however, with the non-associativity and
non-commutativity of ⊗, these are combined not into a (multi)set, but rather
appear as the leaves of a binary-branching tree. We further adopt the point
of view of interpreting formulas-as-types and pair hypotheses with (distinct)
variables, out of which a (proof) term is then constructed for labeling the derived
statement. Assume, now, to have at our disposal a countably infinite number of
variable letters x, y, z, . . .. By a structure Γ,∆, . . . we shall then understand any
binary bracketing of variable-formula pairs (or hypotheses) Ax:

Γ,∆, . . . ::= Ax | (Γ,∆) (2)

2 See, for example, [16] for a previous explication of this concept within the context of
substructural logics.
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x : Ax ` A Ax

M : Γ ` ∼∆
M : ∆ ` ∼Γ P1

M : Γ,∆ ` ∼Θ
M : ∆,Θ ` ∼Γ P2

M : Γ ` ¬A N : ∆ ` A
(M N) : Γ ` ∼∆ ¬E M : Γ ` ∼Ax

(λxM) : Γ ` ¬A ¬I

M : Γ ` A⊗B N : ∆[(Ax, By)] ` Ξ
(case M of 〈x, y〉N) : ∆[Γ ] ` Ξ ⊗E M : Γ ` A N : ∆ ` B

〈M,N〉 : Γ,∆ ` A⊗B ⊗I

Fig. 3. Natural deduction for NL⊗¬.

Here Ax may be read as declaring x to be a variable of (syntactic) type A
under the aforementioned formulas-as-types interpretation, while (·, ·) serves as a
counterpart for ⊗ operating on hypotheses instead of formulas. A context Γ [] is
a structure Γ with exactly one occurrence of a leaf Ax having been replaced by
[]. In writing Γ [∆], we then mean to substitute ∆ for [] in Γ [].

We next will consider sequents M : Γ ` Ξ, where Ξ is either a single formula
or of the form ∼∆. Here, two additional concepts are introduced, to wit that of
raw terms M and the symbol ∼. The latter, to start with, relates to ¬ as (·, ·)
does to ⊗; i.e., whereas ⊗ and ¬ derive new formulas, in contrast (·, ·) and ∼
assign structure to the hypotheses of a sequent. Next, (raw) terms M are defined
as below. Their intended interpretation is to serve as the proof terms for NL⊗¬,
and hence are not to be confused with the ordinary λ-calculus (as should also be
clear from the appearance of a matching construct).

M,N, . . . ::= x | (λxM) | 〈M,N〉 | (M N) | (case M of 〈x, y〉N) (3)

Figure 3 defines natural deduction for NL⊗¬. Here, in applications of (¬E) and
(⊗I), the free variables in Γ and in ∆ must be disjoint, with the same restriction
applying to ∆[] and Γ in (⊗E), while in addition x and y are not to occur free
in ∆[] in the latter case either. It follows that if M : Γ ` Ξ (i.e., if the latter
sequent is derivable), then no variable occurs free more than once in M , and
further that any subexpressions of the form (λxM ′) or (case M ′ of 〈x, y〉N) in
M bind exactly one occurrence of x in M ′, resp. of x and y in N . Note further
the appearance of rules (P1) and (P2), resembling (Perm) and (L-Shift) from
[15] (see also S4.1). Their function is much the same as those of Belnap’s display
postulates ([5]), in that we may use them to prove the following display property:
if M : Γ [Ax] ` ∼∆ or M : Γ ` ∼∆[Ax], then M : Ax ` ∼Θ for some Θ.

Before introducing normal forms, we first mention some admissible inference
rules that will prove useful in the sequel. First, using (P1) and (P2), we derive

M : ∆,Θ ` ∼Γ
M : Γ,∆ ` ∼Θ P3
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x : px ⇒ p
Ax

M : Γ ⇒ ∼∆
M : ∆⇒ ∼Γ P1

M : Γ,∆⇒ ∼Θ
M : ∆,Θ ⇒ ∼Γ P2

N : ∆⇒ A
(x N) : ¬Ax ⇒ ∼∆ ¬L

M : Γ ⇒ ∼Ax
(λxM) : Γ ⇒ ¬A ¬R

N : ∆[(Ax, By)]⇒ Ξ

(case z of 〈x, y〉N) : ∆[A⊗Bz]⇒ Ξ
⊗L M : Γ ⇒ A N : ∆⇒ B

〈M,N〉 : Γ,∆⇒ A⊗B ⊗R

Fig. 4. Cut-free sequent calculus for NL⊗¬.

Next, we note derivations in natural deduction are closed under substitution.
I.e., writing N [x := M ] to denote the substitution of M for the free occurrences
of x in N ,3 we may establish (S1) and (S2) below by a straightforward mutual
induction on the right premises:

M : Γ ` A N : ∆[Ax] ` Ξ
N [x := M ] : ∆[Γ ] ` Ξ S1

M : Γ ` A N : ∆ ` ∼Θ[Ax]
N [x := M ] : ∆ ` ∼Θ[Γ ] S2

We define normal forms for raw terms and derivations inductively, rather than
using a rewrite relation. To this end, it suffices simply to exhibit a Cut-free
sequent calculus, which we do in Figure 4, and where, to avoid confusion, we now
write sequents using ⇒ instead of `. Note that its formulation may be obtained
from that of natural deduction by instantiating the left premises of elimination
rules with axioms, while restricting applications of (Ax) to atoms.

Having defined three proof formalisms for NL⊗¬, it remains to show their
equivalence in terms of derivability. This we will do presently for the axiomatic
presentation on the one hand, and natural deduction and sequent calculus on the
other. Specifically, S3.1 proves A → B implies M : Ax ` B for some M , while
S3.2 shows A→ B whenever M : Ax ⇒ B for any M . On the other hand, the
proof that M : Γ ` Ξ implies N : Γ ⇒ Ξ for some N is postponed until S5, after
a brief reprive from our proof-theoretical investigations with an exploration in S4
of the applications of NL⊗¬ to the study of natural language semantics.

3.1 Axiomatic Derivability Implies Natural Deduction Derivability

For the remainder of this article, we omit all terms and variables from derivations
(whether natural deduction or sequent calculus) whenever we are only interested
in derivability, as opposed to proof identity. We are now to show A→ B implies
A ` B. Proceeding by induction on the derivation for A→ B, we note (A1) and
3 Here, we assume an occurrence of x is free in N if it does not occur as part of M ′ inside

a subexpression of the form (λxM ′), (case N ′ of 〈x, y〉M ′) or (case N ′ of 〈y, x〉M ′).
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(R1) from Figure 1 follow readily from (Ax) and (S1,2) respectively, while (A2)
is shown thus:

¬A ` ¬A Ax
A ` A Ax

¬A ` ∼A ¬E
A ` ∼¬A P1
A ` ¬¬A ¬I

Next consider (A3), omitting the final application of (⊗E) for reasons of space:

¬(A⊗B) ` ¬(A⊗B) Ax
A ` A Ax

B ` B Ax

A,B ` A⊗B ⊗I

¬(A⊗B) ` ∼(A,B) ¬E

A,B ` ∼¬(A⊗B) P1

B,¬(A⊗B) ` ∼A P2

B,¬(A⊗B) ` ¬A ¬I

It remains to show (R2), (R3) and (R4), from which the derivability of all axioms
readily follows. We here show only (R2) and (R4), with (R3) following similarly.

¬B ` ¬B Ax
A ` B

¬B ` ∼A ¬E
¬B ` ¬A ¬I

A⊗ C ` A⊗ C Ax
A ` B C ` C Ax

A,C ` B ⊗ C ⊗I

A⊗ C ` B ⊗ C ⊗E

3.2 Sequent Calculus Derivability implies Axiomatic Derivability

We intend to prove Γ ⇒ Ξ implies Γ • ≤ Ξ•, where Γ • and Ξ• are formulas,
defined A• :=A, (Γ,∆)• :=Γ •⊗∆• and (∼Γ )• :=¬Γ •. Proceeding by induction
on the derivation of Γ ⇒ Ξ, we note (¬R) is immediate, while (Ax), (P1),
(P2), (¬L) and (⊗R) trivially reduce to (A1), (R6), (R7), (R4) and (R5) resp.
This leaves only (⊗L). Note ∆[Γ ]• = ∆[Γ •]• by induction on ∆[], implying
∆[(A,B)]• = ∆[A⊗B]•, from which the desired result follows immediately.

4 Applications

4.1 NL⊗¬ as a Target Language for CPS Translations

The use of CPS translations (known in proof theory as double-negation trans-
lations) for defining the derivational semantics of type-logical grammars was
previously discussed by Bernardi and Moortgat [7], among others. Said works,
however, took as their target language either the simply-typed λ-calculus or the
proof terms of the commutative Lambek calculus. A natural question to ask
is whether instead the target language may be so chosen as to not require the
inclusion of any structural postulates other than those present in the source as
well, and NL⊗¬ has been devised to serve as an answer in the affirmative. In this
sense, NL⊗¬ may be considered as the base logic for a substructural hierarchy
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⇒ p, p̄
Ax

⇒ Γ,∆

⇒ ∆,Γ
Perm

⇒ (Γ,∆), Θ
⇒ Γ, (∆,Θ)

L-Shift

⇒ A,Γ ⇒ B,∆

⇒ (A⊗B), (∆,Γ )
⊗

⇒ (A,B), Γ
⇒ A⊕B,Γ ⊕

Fig. 5. (Cut-free) sequent calculus for CNL.

mirroring that of van Benthem [39], replacing the latter’s directional implications
with intuitionistic negation. As shown in the next subsection, however, NL⊗¬
does not suffer from the same limitations as its counterpart NL in van Benthem’s
original hierarchy, in the sense that even without commutativity and associativity
it can account for scopal ambiguities.4

As illustration, we exhibit a double-negation translation for classical non-
associative Lambek calculus CNL ([15]), constituting a strongly conservative
extension of its intuitionsitic counterpart NL ([10]). We will follow closely the
presentation of CNL found in [15] using a one-sided sequent calculus, although
alternative sequent calculus-based formulations may be found in [10].

In short, assuming, again, a countably infinite number of atoms p, the formulae
of CNL may be defined as below, where p̄ represents the negation of p. Note we
use the same metavariables A,B, . . . for referring both to formulas of NL⊗¬ and
of CNL, though context should serve amply for disambiguation.

A,B,C, . . . ::= p | p̄ | (A⊗B) | (A⊕B) (4)

Here, ⊕ (the ‘par’) refers to multiplicative disjunction. Although classical linear
negation A⊥ is not part of the formula language for the particular presentation
of CNL adopted here, it may be defined instead at the meta-level using the
following clauses ([10]):

p⊥ := p̄ p̄⊥ := p
(A⊗B)⊥ := B⊥ ⊕A⊥ (A⊕B)⊥ := B⊥ ⊗A⊥

Various choices of double-negation translations may be explored, though a simple
one (albeit certainly not the most economical) is the following:

dpe := p dp̄e := ¬p
dA⊗Be := ¬¬dAe ⊗ ¬¬dBe dA⊕Be := ¬(¬dBe ⊗ ¬dAe)

Structures Γ,∆, . . . for CNL are defined as for NL⊗¬, and we specify the
extension bΓ c of d·e to structures by bAc := ¬dAe and b(Γ,∆)c := (b∆c, bΓ c).
Sequents of CNL take the form ⇒ Γ,∆, with derivability defined as depicted
4 That associativity and commutativity of ⊗ are indeed not derivable in NL⊗¬ will be

proved at the end of S5.1.
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(y λk(x k)) : ¬px ⇒ ∼¬¬py Ax

M : bΓ c ⇒ ∼b∆c
M : b∆c ⇒ ∼bΓ c Perm

M : b∆c, bΓ c ⇒ ∼Θ
M : bΓ c ⇒ ∼(bΘc, b∆c)

L-Shift

M : ¬dAex ⇒ ∼bΓ c N : ¬dBey ⇒ ∼b∆c
(z 〈λxM, λyN〉) : ¬(¬¬dAe ⊗ ¬¬dBe)z ⇒ ∼(bΓ c, b∆c)

⊗

M : ¬dBeu,¬dAev ⇒ ∼bΓ c
(x λy(case y of 〈u, v〉M)) : ¬¬(¬dBe ⊗ ¬dAe)x ⇒ ∼bΓ c

⊕

Fig. 6. Proof terms for the double-negation translation of CNL to NL⊗¬.

in Figure 5. We now claim ⇒ Γ,∆ implies bΓ c ⇒ ∼b∆c in NL⊗¬. The proof
proceeds by induction on the derivation of ⇒ Γ,∆, and we show in Figure 6 the
proof terms for each of the cases involved.

We conclude with a few more remarks. First, note it follows from the above
discussion that there also exists a double-negation translation from NL to NL⊗¬,
given the aforementioned result in [10] that CNL is a strongly conservative
extension of the former. To make this a little more concrete, define the directional
implications B\A and A/B by B⊥⊕A and A⊕B⊥ resp. Thus, e.g., the type assign-
ment (np\s)/np commonly used for transitive verbs in linguistic applications then
translates to (np⊕ s)⊕ np, where np and s are atoms categorizing noun phrases
and sentences resp. It follows that d(np\s)/npe = ¬(¬¬np⊗ ¬¬(¬s⊗ ¬¬np). In
practice we could do better by defining a translation that uses fewer negations,
although the present one accords with that used in Figure 6.

We further note that other (more involved) types of double negation trans-
lations can be defined as well, like an adaptation of that of Girard [19]. The
latter, in particular, enjoys the benefit of minimizing the number of negations by
taking into account the polarity of a formula, constituting a property related to
focused proof search ([2]) and being defined in terms of the (non)invertibility of
the corresponding left and right introduction rules (see also S6.4).5

4.2 Quantifier Scope Ambiguities

Despite our claims as to the non-associativity and -commutativity of ⊗ (proven
in S5.1), NL⊗¬ nonetheless readily accounts for scopal ambiguities, as we will
5 One anonymous referee inquired whether such different double negation translations

may be compared on the basis of their applications to the study of natural language
semantics. A possible starting point for such an investigation could be the literature on
the linguistic applications of CPS translations, such as found in a series of publications
by Barker and Shan (see, e.g., their book treatment [3]).
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npy ⇒ np
Ax

sk ⇒ s
Ax

¬sγ ⇒ ∼sk
¬L

¬sγ ⇒ ¬s ¬R npx ⇒ np
Ax

¬sγ , npx ⇒ ¬s⊗ np ⊗R

npy, (¬sγ , npx)⇒ np⊗ (¬s⊗ np) ⊗R

¬(np⊗ (¬s⊗ np))R ⇒ ∼(npy, (¬sγ , npx))
¬L

(¬(np⊗ (¬s⊗ np))R, npy),¬sγ ⇒ ∼npx
P∗

(¬(np⊗ (¬s⊗ np))R, npy),¬sγ ⇒ ¬np
¬R

¬¬npX ⇒ ∼((¬(np⊗ (¬s⊗ np))R, npy),¬sγ)
¬L

(¬sγ ,¬¬npX),¬(np⊗ (¬s⊗ np))R ⇒ ∼npy
P∗

(¬sγ ,¬¬npX),¬(np⊗ (¬s⊗ np))R ⇒ ¬np
¬R

¬¬npY ⇒ ∼((¬sγ ,¬¬npX),¬(np⊗ (¬s⊗ np))R)
¬L

¬¬npX , (¬(np⊗ (¬s⊗ np))R,¬¬npY )⇒ ∼¬sγ
P∗

¬¬npX , (¬(np⊗ (¬s⊗ np))R,¬¬npY )⇒ ¬¬s
¬R

Fig. 7. Deriving the object-wide scope reading for “everyone loves someone.”

presently illustrate. To this end, consider the oft-quoted example, “Everyone
loves someone,” admitting both an object wide scope reading where some person
is being loved by everyone, and a subject wide scope reading where everone may
love a potentially different person. In NL, only the reading with subject wide
scope would be accounted for, and associativity is required to derive the object
wide scope reading as well. More complicated sentences may easily be imagined
where associativity would not suffice either, though our treatment below of the
present example should make clear such problems do not occur within NL⊗¬.

Adopting primitive types np (categorizing noun phrases) and s (sentences),
we propose the type assignments of ¬¬np to “everyone” and “someone” and of
¬(np⊗ (¬s⊗ np)) to “loves.” To start with, the latter type is a simplification of
that derived in S4.1 as illustration of our double negation translation when applied
to the NL type (np\s)/np. Next, the assignment of ¬¬np to the quantified noun
phrases, instead of np, may be compared to the assignment of the semantic type
(e → t) → t common in the literature on Montagovian semantics, as opposed
to simply e, where e and t stand for the types of individuals and truth values
respectively. Finally, as the goal type we take ¬¬s instead of s, noting the only
derivable sequent with righthand side instantiated by s to be the axiom s⇒ s.
Given these type assignments, we now seek M s.t.

M : ¬¬npX , (¬(np⊗ (¬s⊗ np))R,¬¬npY )⇒ ¬¬s (5)

We claim there to exist derivations in normal form for the following choices of
M , corresponding to the subject wide scope and object wide scope readings resp.

λγ(X λx(Y λy(R 〈y, 〈λk(γ k), x〉〉))) (6)
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λγ(Y λy(X λx(R 〈y, 〈λk(γ k), x〉〉))) (7)
Figure 7 derives the second reading, abbreviating subsequent applications of (P1)
and (P2) by (P*). As remarked before, the latter rules are similar to Belnap’s
display postulates ([5]), in the sense that if Γ [A] ⇒ ∼∆ or Γ ⇒ ∼∆[A], then
A ⇒ ∼Θ for some Θ, where we say A is then displayed. Thus, if, from the
perspective of top-down proof search, we first display the occurrence of ¬¬np for
the subject (followed by (¬L)), we obtain the subject-wide scope reading, whereas
the object-wide scope reading is found by first displaying the object instead.
This works regardless of the context surrounding the formula to be displayed,
explaining why associativity and commutativity play no part in deriving all
possible scopal readings.

5 Completeness of the Cut-Free Sequent Calculus

We next prove in S5.1 that if M : Γ ` Ξ, then N : Γ ⇒ Ξ for some N . Our line
of reasoning follows closely that of Okada [36], who proved Cut admissibility for
linear logic by composing soundness of arbitrary derivations w.r.t. Girard’s phase
spaces together with completeness of Cut-free derivations. In comparison, we
here exclusively define what is ordinarily referred to as the particular case of a
syntactic model, constituting another example of an NL⊗¬-algebra, although its
formulation is primarily inspired by that of intuitionistic phase spaces ([1]).

The main limitation of our proof, shared with Okada’s, is that it concerns only
(Cut-free) provability and makes no claims as to the preservation of proof identity;
i.e., in stating the existence of some N for which N : Γ ⇒ Ξ whenever M : Γ ` Ξ,
we do not make any assertion as to the relation between N and M , whereas we
would desire N ≡βη M for a suitable definition of βη-equality ≡βη. Another way
of looking at this is as follows. Our proof is constructive, implying it exhibits an
algorithm for transforming arbitrary derivations into normal form. To additionally
assert M ≡βη N serves to ascertain the correctness of this algorithm. For now,
we will instead suffice with reporting on the formalization of our reasoning inside
Coq ([8]), which facilitates the automatic extraction of the normalization routine
implicit in our proof. This in particular allows us to observe its behavior when
applied to a concrete derivation in the presence of Don’t Know nondeterminism
(such as the example of S4.2 concerning scopal ambiguities), observing that it
picks out the right normal form. We will report on these ‘experiments’ in S5.2,
and while very far from actually demonstrating correctness, they serve as an
indication that our choice of model may have relevance to proof identity as well.
Future research in these directions we expect to take as a starting point the
generalization of our model to the interpretation of proof terms, similar to the
intuitionistic models explored in [31] and [14].

Before continuing, we mention some additional literature that bears similarity
to the present work. First, phase spaces for CNL were studied in [4] and [10], the
former proving a (weak) completeness result for polarized CNL, while the latter
established strong completeness for CNL along with a host of other important
results, including that CNL constitutes a strong conservative extension of NL
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and that grammars based on CNL with assumptions are context-free. Next to
that, we also find in [10] a definition of phase spaces for involutive non-associative
Lambek calculus, differing from CNL in having two negations instead of one,
the study of which was continued in [11]. Outside the realm of substructural
logics, we find, for instance, the works of [23], [25] and [24], applying methods
similar to those of Okada’s in their study of intuitionistic and classical logic while
specifically emphasizing the constructive nature of their reasoning. In particular,
[25] even presents a hand-extracted algorithm from proofs of soundness and
completeness; an exercise we shall also attempt in part at the end of S5.2.

5.1 Proof of Completeness

Definition 1. For any formula A, define ⊥A := {Γ | Γ ⇒ A}.

Definition 2. For X,Y sets of structures, define:6

Cl(X) := {Γ | (∀∆[], Ξ)((∀Θ ∈ X)(∆[Θ]⇒ Ξ) ⊃ ∆[Γ ]⇒ Ξ)}
¬X := {Γ | (∀∆ ∈ X)(Γ ⇒ ∼∆)}

(X · Y ) := {(Γ,∆) | Γ ∈ X ∧∆ ∈ Y }
(X ⊗ Y ) := Cl(X · Y )

The next lemma establishes Cl(X) is a closure operation, its usage in the preceding
definition resembling that found in the theory of intuitionistic phase spaces.

Lemma 1. X ⊆ Cl(X), Cl(Cl(X)) ⊆ Cl(X) and Cl(X) ⊆ Cl(Y ) if X ⊆ Y .

Proof. First, let Γ ∈ X. Assuming ∆[Θ] ⇒ Ξ for all Θ ∈ X, it then follows
∆[Γ ] ⇒ Ξ, implying Γ ∈ Cl(X). Next, suppose (a) Γ ∈ Cl(Cl(X)). To show
Γ ∈ Cl(X), we must prove ∆[Γ ]⇒ Ξ if (b) ∆[Θ]⇒ Ξ for all Θ ∈ X. By (a), it
suffices to show ∆[Λ]⇒ Ξ if (c) Λ ∈ Cl(X), as is immediate from definitional
unfolding of (c) and application of (b). Finally, suppose (d) X ⊆ Y and that
(e) Γ ∈ Cl(X). Then assuming ∆[Θ] ⇒ Ξ for all Θ ∈ Y , we infer ∆[Θ] ⇒ Ξ
whenever Θ ∈ X by (d), and so ∆[Γ ]⇒ Ξ by (e), proving Γ ∈ Cl(Y ).

The next lemma implies that ⊥A, ¬X and X ⊗ Y are closed sets.

Lemma 2. Cl(⊥A) ⊆ ⊥A, Cl(¬X) ⊆ ¬X and Cl(X ⊗ Y ) ⊆ X ⊗ Y .

Proof. Note the third statements reduces to Cl(Cl(X · Y )) ⊆ Cl(X · Y ) which
holds by Lemma 1. Next, suppose Γ ∈ Cl(⊥A). Then Γ ⇒ A, and hence Γ ∈ ⊥A,
if Θ ⇒ A for all Θ ∈ ⊥A, which holds by definition. Finally, let (a) Γ ∈ Cl(¬X).
To see Γ ∈ ¬X, we must prove Γ ⇒ ∼∆ if (b) ∆ ∈ X. By (a), it suffices to show
Θ ⇒ ∼∆ if Θ ∈ ¬X, as follows from (b).

The set of all closed sets of structures, ordered by set inclusion and together
with the operations ⊗ and ¬ from Definition 2 constitutes an NL⊗¬-algebra. As
explained below, however, we will not make use of this fact and so omit the proof.
Nevertheless, we may continue to define valuations as in S2.
6 We denote implication by ‘⊃’ to avoid overloading ‘→,’ used previously in S2.
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Definition 3. For any formula A, [[A]] is a set of structures defined by induction,
as follows: [[p]] := ⊥p, [[¬A]] := ¬[[A]] and [[A ⊗ B]] := [[A]] ⊗ [[B]]. If Γ ∈ [[A]], we
also write Γ 
 A and say Γ forces A.

We seek to prove soundness to the extent that Γ ` Ξ implies [[Γ ]] ⊆ [[Ξ]] for
suitable definitions of [[Γ ]] and [[Ξ]], yet to be provided. A common approach, such
as found, e.g., in [10], is to define [[Γ ]] by translating Γ to a formula through the
systematic replacement of (·, ·) with ⊗ and resorting to Definition 3. Soundness
then follows by proving that the sets of closed structures together form an NL⊗¬-
algebra in the way described above. Here we will instead exploit the particularities
of our syntactic model in pursuing a simplified definition of [[Γ ]] using a set that
is not necessarily closed, based on the observation that all we really need is for
[[∆[A]]] ⊆ X to imply ∆[Θ] ∈ X for all Θ 
 A when X is closed.

Definition 4. Define [[Γ ]] by induction, as follows. The case Γ = A reduces to
the prior definition of [[A]], whereas [[(∆,Θ)]] :=([[∆]] · [[Θ]]). In addition, [[·]] extends
to right-hand sides Ξ by stipulating [[Ξ]] = [[A]] if Ξ = A, while [[Ξ]] = ¬[[Γ ]] if
Ξ = ∼Γ . Again, we write Γ 
 ∆ and Γ 
 Ξ if Γ ∈ [[∆]] resp. Γ ∈ [[Ξ]].

Lemma 2 implies [[A]] and [[Ξ]] are closed, although [[Γ ]] in general need not be.

Lemma 3. Cl([[A]]) ⊆ [[A]] and Cl([[Ξ]]) ⊆ [[Ξ]] for all A,Ξ.

While our definition of [[Γ ]] simplifies much of the soundness proof, one case that
it actually complicates is that of (⊗E). To help tackle it, we first state a few
additional lemmata.

Lemma 4. If [[Γ ]] ⊆ [[∆]], then [[Θ[Γ ]]] ⊆ [[Θ[∆]]] for all contexts Θ[].

Proof. By a trivial induction on Θ[].

Lemma 5. If [[Γ ]] ⊆ Cl([[∆]]), then [[Θ[Γ ]]] ⊆ Cl([[Θ[∆]]]) for all contexts Θ[].

Proof. Assume (a) [[Γ ]] ⊆ Cl([[∆]]) and proceed by induction on Θ[], the case
Θ[] = [] being immediate. Next, consider Θ[] = (Θ1, Θ2[]), with Θ[] = (Θ1[], Θ2)
being handled similarly. Thus, suppose (b) [[Θ2[Γ ]]] ⊆ Cl([[Θ2[∆]]]) (by induction
hypothesis) and (c) Λ ∈ [[(Θ1, Θ2[Γ ])]], iff Λ = (Λ1, Λ2) for (d) Λ1 
 Θ1 and (e)
Λ2 
 Θ2[Γ ]. We are then to prove Λ ∈ Cl([[Θ[∆]]]), for which it suffices to show
Π[Λ]⇒ Ξ if (f) Π[Σ]⇒ Ξ for all Σ 
 Θ[∆]. By (b) and (e), Λ2 ∈ Cl([[Θ2[∆]]]),
and so we need but prove Π[(Λ1, Υ )]⇒ Ξ whenever (g) Υ 
 Θ2[∆]. It follows by
(d) and (g) that (Λ1, Υ ) 
 Θ[∆], with the desired result obtained by (f).

Corollary 1. [[∆[A⊗B]]] ⊆ Cl([[∆[(A,B)]]]) for all contexts ∆[].

Proof. By the previous lemma, it suffices to prove the above statement when
∆[] = []. In fact, we have [[A⊗B]] = [[A]]⊗ [[B]] = Cl([[A]] · [[B]]) = Cl([[(A,B)]]).

Theorem 1. (Soundness) If Γ ` Ξ, then [[Γ ]] ⊆ [[Ξ]].
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Proof. By induction on the derivation of Γ ` Ξ, noting (Ax) and (¬I) are
immediate. We next consider the cases (P2), (¬E), (⊗E) and (⊗I), with (P1)
being handled similarly to (P2).

– For (P2), suppose Λ 
 (∆,Θ), iff Λ = (Λ1, Λ2) where Λ1 
 ∆ and Λ2 
 Θ.
To show Λ 
 ∼Γ , we must prove (Λ1, Λ2) ⇒ ∼Γ1 assuming Γ1 
 Γ . By
induction hypothesis, (Γ1, Λ1)⇒ ∼Λ2 and we apply (P2).

– For (¬E), assume Γ1 
 Γ . To prove Γ1 
 ∼∆, let ∆1 
 ∆. By induction
hypothesis, Γ1 
 ¬A and ∆1 
 A, implying Γ1 ⇒ ∼∆1. As ∆1 was arbitrary,
it follows that Γ1 
 ∼∆, as desired.

– For (⊗E), [[Γ ]] ⊆ [[A ⊗ B]] by induction hypothesis, and hence, by Lemma
4 and Corollary 1, [[∆[Γ ]]] ⊆ [[∆[A⊗ B]]] ⊆ Cl([[∆[(A,B)]]]). Further, since,
again by induction hypothesis, [[∆[(A,B)]]] ⊆ [[Ξ]], it follows by Lemmas 1
and 3 that Cl([[∆[(A,B)]]]) ⊆ Cl([[Ξ]]) ⊆ [[Ξ]].

– For (⊗I), let Θ 
 (Γ,∆), iff Θ = (Θ1, Θ2) for some Θ1 
 Γ and Θ2 
 ∆. To
prove Θ 
 A⊗B, it suffices to show Π[Θ]⇒ Ξ assuming Π[(Σ1, Σ2)]⇒ Ξ
for all Σ1 
 A and Σ2 
 B. Since Θ1 
 A and Θ2 
 B by induction
hypothesis, the desired result readily follows.

We next set out to prove completeness for Cut-free derivations (Theorem 2).

Lemma 6. For all A, [[A]] ⊆ ⊥A and A 
 A.

Proof. By induction on A, noting the case where A = p to be immediate.

– For A = ¬B, assume Γ 
 ¬B. As B 
 B by induction hypothesis, it follows
that Γ ⇒ ∼B and we apply (¬R). To show ¬B 
 ¬B, suppose ∆ 
 B. By
induction hypothesis, ∆⇒ B, and so ¬B ⇒ ∼∆ by (¬L), as desired.

– For A = B ⊗ C, let Γ 
 B ⊗ C. To prove Γ ⇒ B ⊗ C, it suffices to show
(Θ1, Θ2) ⇒ B ⊗ C for all Θ1 
 B and Θ2 
 C. By induction hypothesis,
Θ1 ⇒ B and Θ2 ⇒ C and we apply (⊗R). To prove B ⊗ C 
 B ⊗ C, we
must show ∆[B ⊗ C] ⇒ Ξ whenever ∆[(Θ1, Θ2)] ⇒ Ξ for all Θ1 
 B and
Θ2 
 C. As, B 
 B and C 
 C, we infer ∆[(B,C)]⇒ Ξ and apply (⊗L).

Corollary 2. For all Γ , Γ 
 Γ .

Proof. By a simple induction on Γ , invoking Lemma 6 for the base case.

Theorem 2. (Completeness) For all Γ,Ξ, if [[Γ ]] ⊆ [[Ξ]], then Γ ⇒ Ξ.

Proof. Since Γ 
 Γ by Corollary 2, it follows Γ 
 Ξ. If Ξ = A, then Γ ⇒ A
by Lemma 6. If instead Ξ = ∼∆, then Γ ⇒ ∼∆1 for every ∆1 
 ∆, and so in
particular Γ ⇒ ∼∆ as ∆ 
 ∆ (again, by Corollary 2).

The time has come to harvest. By composing Theorems 1 and 2 it follows that
derivability in natural deduction implies Cut-free sequent calculus derivability.

Theorem 3. For all Γ,Ξ, if Γ ` Ξ, then Γ ⇒ Ξ.

Next, we may state the admissibility of Cut.
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Theorem 4. If Γ ⇒ A and ∆[A]⇒ Ξ, then ∆[Γ ]⇒ Ξ.

Proof. Γ ⇒ A implies Γ ` A, and so [[Γ ]] ⊆ [[A]] by Theorem 1. Similarly,
from ∆[A] ⇒ Ξ we infer [[∆[A]]] ⊆ [[Ξ]]. By Lemma 4, [[∆[Γ ]]] ⊆ [[∆[A]]], hence
[[∆[Γ ]]] ⊆ [[Ξ]]. We conclude ∆[Γ ]⇒ Ξ by Theorem 2.

The completeness of the Cut-free sequent calculus implies that the question of
provability for any given sequent may be settled by an exhaustive backward
chaining proof search. We may thus state:

Theorem 5. Provability in NL⊗¬ is decidable.

In particular, our claims regarding the non-associativity and -commutativity of
⊗ can now be backed up by proof.

Corollary 3. There exist no derivations for the sequents A ⊗ B ⇒ B ⊗ A,
(A⊗B)⊗ C ⇒ A⊗ (B ⊗ C) and A⊗ (B ⊗ C)⇒ (A⊗B)⊗ C.

5.2 Constructive Content

We recall that the results of S5.1 ignore proof identity, merely stating that if
there exists M s.t. M : Γ ` Ξ, then there exists N s.t. N : Γ ⇒ Ξ. On the
other hand, our proof is constructive, in the intuitive sense that it offers definite
instructions on how to assemble derivations in normal form for provable sequents,
as opposed to merely establishing the impossibility of their non-existence. In
S5.2.1, we discuss the automatic extraction of the normalization routine implicit
in our proof using Coq and its application to a concrete non-normal derivation
in the presence of Don’t Know nondeterminism, observing the right normal form
is selected. Next, in S5.2.2, like Ilik [24], we present a hand-extracted algorithm
from part of our proof (specifically Lemma 6), offering further insight into its
actual operation. Note in this regard that we could not simply have reproduced
the output of Coq’s code generators for this latter purpose, given that their main
goal of producing executable code does not lend itself readily to the writing of
an algorithmic description meant for human reading.

Experiments in Scopal Ambiguities In S4.2 we considered the set of proof
terms M s.t. M : ¬¬npX , (¬(np⊗ (¬s⊗ np))R,¬¬npY ) ` ¬¬s, among which we
now pick out the following:

λγ(X λx(λz(Y λy(R 〈y, z〉)) 〈γ, x〉)) (8)

Note the corresponding derivation is not in normal form, containing an application
of (¬E) whose left premise instantiates (¬I):

¬(np⊗ (¬s⊗ np))R,¬¬npY ` ∼(¬s⊗ np)z

¬(np⊗ (¬s⊗ np))R,¬¬npY ` ¬(¬s⊗ np)
¬I

¬sγ , npx ` ¬s⊗ np
¬(np⊗ (¬s⊗ np))R,¬¬npY ` ∼(¬sγ , npx)

¬E
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As observed in S4.2, the sequent under consideration has two different derivations
in normal form (that is to say, with distinct proof terms) and applying the
algorithm implicit in Theorem 3 as obtained using Coq results in the subject-
wide scope reading:

λγ(X λx(Y λy(R 〈y, 〈λk(γ k), x〉〉))) (9)

While the above observation is consistent with our understanding of β-redexes
in the simply-typed λ-calculus, we repeat that we have, of course, nót proved
that in general terms of the form (λxM N) are always reduced to M [x := N ], or
likewise for (case 〈M1,M2〉 of 〈x, y〉N) and N [x := M1][y := M2].

We conclude with a few words on the representations we employed in Coq
for the derivations of NL⊗¬. To this end we chose a first-order encoding, in
the sense that, e.g., (¬I) becomes a function mapping (derivations of) sequents
Γ ` ∼A into Γ ` ¬A. Such, however, ignores the variable-binding that occurs in
our corresponding proof term λxM . Alternatively, we may conceive of (¬I) as
a higher-order function that takes as its argument a transformation of ∆ ` A
into Γ ` ∼∆ for arbitrary ∆, exploiting the abstraction mechanisms already
available in the intuitionistic meta-language as a means to encode object-level
bindings. This second approach is referred to by ‘higher-order abstract syntax’
(HOAS), although certain properties of the typing system of Coq necessitate a
slight variation on this theme called ‘parameterized HOAS’, or simply PHOAS
([13]). We intend to explore such encodings for NL⊗¬ in future work, together
with a definition of intuitionistic models for its proof terms so as to achieve a
strengthening of our results taking βη-equality into account, proceeding along
the lines discussed in [31].

Normalization by Evaluation To further clarify the correspondence between
the contents of S5.1 and a concrete normalization routine for derivations of NL⊗¬,
we present a hand-extracted algorithm that we obtained from Lemma 6. First,
note that we are now to read ‘Γ 
 A’ as denoting a set, defined by induction
on A as below, the elements of which are functions (of arity 0, in the base case)
that evaluate to proof terms.

– Γ 
 p is the set of proof terms M s.t. M : Γ ⇒ p.
– f ∈ (Γ 
 ¬A) iff for all ∆ and g ∈ (∆ 
 A), f(∆, g) : Γ ⇒ ∼∆.7
– f ∈ (Γ 
 A⊗B) iff for all ∆[], Ξ and g s.t. g(Θ1, Θ2, h, k) : ∆[(Θ1, Θ2)]⇒ Ξ

whenever h ∈ (Θ1 
 A) and k ∈ (Θ2 
 B), f(∆[], Ξ, g) : ∆[Γ ]⇒ Ξ.

The proof of Lemma 6 may now be understood as defining, by mutual induction,
a function ↑Γ,A: (Γ 
 A) → {M | M : Γ ⇒ A} (reflection) and a constant
↓x,A∈ (Ax 
 A) (reification), having adopted the notation and terminology from
the literature on normalization by evaluation ([14]). First, reflection is defined as

7 Note the ‘type’ of the second argument of f depends on the value of the first argument,
requiring the use of dependent types in the formalization.
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below, where, like in [24], we write ‘7→’ to denote abstraction at the level of the
meta-language.

↑Γ,p := M 7→M

↑Γ,¬A := f 7→ (λx f(A, ↓x,A)) (x fresh)
↑Γ,A⊗B := f 7→ f([], A⊗B, (Θ1, Θ2, g, h) 7→ 〈↑Θ1,A (g), ↑Θ2,B (h)〉)

Next, for reification, we have:
↓x,A := x

↓x,¬A := (∆, f) 7→ (x ↑∆,A)
↓x,A⊗B := (∆[], Ξ, f) 7→ (case z of 〈x, y〉f(A,B, ↓x,A, ↓y,B)) (y, z fresh)

Similarly, one may understand the proof of soundness (i.e., Theorem 1) as
associating with the derivation of a sequent M : Γ ⇒ Ξ a function f s.t. for
every ∆ and g ∈ (∆ 
 Γ ), f(∆, g) ∈ (∆ 
 Ξ). Conversely, completeness maps
any such function to a term M s.t. M : Γ ` Ξ.

6 Discussion

The above treatment of NL⊗¬ has still left many traditional areas of study in
the proof theory of type-logical grammars unexplored. To partially remedy this
situation, as well as to place our proposals in a larger context, we will now briefly
touch on some of these topics. Specifically, we will discuss the complexity of
proof search, the expressivity of grammars based on NL⊗¬, relational models,
focused proof search, and, finally syntactic proofs of Cut admissibility. In a few
cases we include sketches of proofs for important results, as for completeness
w.r.t. relational models, while in others we will restrict to stating conjectures.

6.1 The Complexity of Proof Search
Although proof search in the associative Lambek calculus is NP-complete ([38]),
polynomial time results were obtained for its non-associative restriction ([21]).
Similarly, provability in CNL is decidable in polynomial time as well ([15, 10]).
In light of these results, we state the following conjecture.
Conjecture 1. Provability in NL⊗¬ is decidable in polynomial time.

6.2 Expressivity
Grammars based on the Lambek calculus are context-free ([37]), with [12] proving
the same for its non-associative restriction in the presence of a finite number
of nonlogical axioms (or simply ‘assumptions’) as well as additives ∧ and ∨
satisfying the distributive law. Context-freeness was similarly established in [10]
for CNL, again with assumptions, and we conjecture that the same holds of
NL⊗¬.
Conjecture 2. Grammars based on NL⊗¬ enriched with a finite number of
nonlogical axioms are context-free.
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6.3 Relational Semantics

We describe a possible relational semantics for NL⊗¬, similar to that found
in [26] and [27] for various other type-logical grammars. To this end, we treat
negation as impossibility, as explored in S2 of [17]. Define, then, a frame to be
a tuple F = (W,R⊗, R¬) where W is a nonempty set and R⊗, R¬ are ternary,
resp. binary relations on W satisfying the following frame conditions:

(∀x, y)(R¬xy ⊃ R¬yx)
(∀u, x, y, z)(R⊗xyz ∧R¬xu ⊃ (∃w)(R⊗wuy ∧R¬zw)) (10)

A model consists of a frame together with a valuation v mapping atomic formulas
to subsets of W . The latter extends to arbitrary formulas as follows.

x 
 p ⇐⇒ x ∈ v(p)
x 
 ¬A ⇐⇒ (∀y)(R¬xy ⊃ y 6
 A)

x 
 A⊗B ⇐⇒ (∃y, z)(R⊗xyz ∧ y 
 A ∧ z 
 B)
(11)

Soundness states that if A→ B is derivable, then for any model, x 
 A implies
x 
 B. The first condition in (10), adopted from [17], is used to show the validity
of (A2) A→ ¬¬A, while the second one is needed for (A3) B ⊗¬(A⊗B)→ ¬A.

To prove completeness we follow the strategy found in [27], restricting here
to a brief outline of their argument while providing details only when deviations
occur. To construct a canonical model, we let W consist of all sets X of formulas
s.t. if A ∈ X and A→ B, also B ∈ X. Next, define, for all X,Y ∈W ,

X⊗̂Y = {C | (∃A,B)(A ∈ X ∧B ∈ Y ∧A⊗B → C)}
¬̂X = {A | (∀B)(A→ ¬B ⊃ B 6∈ X)} (12)

If X,Y ∈ W , also X⊗̂Y, ¬̂X ∈ W . Further, (W, ⊗̂, ¬̂,⊆) is an NL⊗¬-algebra,
as will be exploited below in establishing the frame conditions and proving the
truth lemma. We now define R⊗XY Z iff Y ⊗̂Z ⊆ X (like in [27]) and R¬XY
iff X ⊆ ¬̂Y . The first frame condition in (10) reduces to X ⊆ ¬̂Y implying
Y ⊆ ¬̂X, while the verification of the second one makes use of X⊗̂Y ⊆ ¬̂Z only
if Y ⊗̂Z ⊆ ¬̂X. It thus follows that we have defined a frame for NL⊗¬.

Next, let v(p) = {X ∈ W | p ∈ X}. It remains to prove the truth lemma,
from which completeness readily follows; i.e., A ∈ X iff X 
 A. Proceeding by
induction on A, the base case is immediate while the case A⊗B is proved in [27].
We complete the proof for ¬A, concluding our discussion of relational models.
First, assume X 
 ¬A, implying, by induction hypothesis, that, for all Y ∈W ,
A 6∈ Y whenever X ⊆ ¬̂Y . As X ⊆ ¬̂¬̂X, it follows A 6∈ ¬̂X. Hence, there
exists B ∈ X s.t. A → ¬B. Since B → ¬A by (R6), also ¬A ∈ X, as desired.
Conversely, we must prove X 
 ¬A assuming ¬A ∈ X. To this end, let R¬XY ,
it sufficing to show Y 6
 A, or, by induction hypothesis, A 6∈ Y . On the contrary,
assume A ∈ Y . As R¬XY iff Y ⊆ ¬̂X, it follows A ∈ ¬̂X and hence ¬A 6∈ X as
A→ ¬¬A, contradicting our assumption. Ergo, A 6∈ Y , completing the proof.
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6.4 Focused Proof Search

The Cut-free sequent calculus facilitates backward-chaining proof search due to
its local subformula property. The practical utility of this method is tempered,
however, by the presence of Don’t Care nondeterminism, where distinct derivations
of a given sequent may represent equivalent proof terms. Several remedies have
been explored in the literature, among which we find proof nets ([18, 35]) and
focused proof search ([2]). We here briefly discuss the latter, noting terms like
‘first’ and ‘subsequent’ as pertaining to the application of inference rules are to
be interpreted from the perspective of top-down proof construction (i.e., starting
from the to-be-proved sequent and proceeding towards the axioms).

Observe left introductions for ⊗ in NL⊗¬ are invertible (as may be shown
using Cut), while right introductions aren’t. In contrast, the opposite situation
applies to ¬. In general, focused proof search prunes the number of derivations
by requiring that invertible rules are to be applied as soon as possible, whereas
the active formulas in the application of a non-invertible rule are to be principal
in the rules instantiating the premises. The resulting proofs are thus seen to
alternate between invertible and non-invertible ‘phases,’ sometimes referred to
as negative, resp. positive. To make this more concrete, we observe the (partial)
derivation below violates this scheme due to the intervening application of (⊗L).

Γ [(C,D)]⇒ A ∆⇒ B

Γ [(C,D)], ∆⇒ A⊗B ⊗R

Γ [C ⊗D], ∆⇒ A⊗B ⊗L

¬(A⊗B)⇒ ∼(Γ [C ⊗D], ∆) ¬L

At least to the extent that it is shown, the above derivation does, however, have
the redeeming quality that it can be turned into a focalized proof by permuting
(⊗L) downward (using (P1)). In the terminology of [30], we may call it weakly
focalized, henceforth referring to our previous definition of focalization as strong.
In fact, it’s not hard to see that all Cut-free sequent derivations in NL⊗¬ are
weakly focalized, in that they can always be made strongly focalized solely by
permuting applications of invertible rules downward over non-invertible ones
when possible (using (P1) if needed).

It is possible to provide a sequent calculus that admits only strongly focused
proofs. Going a step further, one may consider a so-called ‘polarized’ version
of NL⊗¬ (again, following [30]), where the formula language is split between a
positive fragment (whose right introductions are non-invertible) and a negative
one (vice versa), with two additional connectives ↑ and ↓ (the ‘shifts’) to explicitly
mark transitions therebetween.

P,Q ::= p | (P ⊗Q) | ↓N
M,N ::= ¬P | ↑P

(13)

The details for CNL were worked out in [4], while those for another closely
related logic, the Lambek-Grishin calculus, may be found in [20].
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6.5 Proving Cut Admissibility Syntactically

Besides our model-theoretic argument for Cut admissibility one may also provide
a traditional syntactic proof, proceeding as usual. One type of circumstance
warranting special attention, however, is when the Cut formula appears on
opposite sides of the turnstile in the premise and conclusion of an application of
(P1) or (P2). E.g.,

Γ ⇒ A

Θ ⇒ ∼∆[A]
∆[A]⇒ ∼Θ P1

∆[Γ ]⇒ ∼Θ Cut

To be able to carry the application of Cut over that of (P1), we shall want
to consider generalizing the former’s statement as compared to that found in
Theorem 4 of S5.1. Specifically, let S[] denote a context of the form Γ []⇒ Ξ or
Γ ⇒ ∼∆[], with S[Θ] referring to the sequent obtained by substituting Θ for
the unique occurrence of []. Assuming a suitable definition of βη-equality ≡βη,
the statement of the theorem now reads that if M : Γ ⇒ A and N : S[Ax] are
derivable, then there exists M ′ ≡βη N [x := M ] s.t. M ′ : S[Γ ]. Alternatively, we
may consider the simpler statement, similar to that proved in S5, where we do
not further qualify the existence of M ′ in terms of its relation to N [x := M ].
Using the formulation of Cut involving contexts S[], the above example can now
be handled by a simple permutation.

Acknowledgements This work has benefited from the comments of three
anonymous referees. All remaining errors are my own.
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[16] Došen, K.: Sequent-systems and groupoid models. I. Studia Logica 47(4),
353–385 (1988)

[17] Dunn, J.M., Zhou, C.: Negation in the context of gaggle theory. Studia
Logica 80(2), 235–264 (2005)

[18] Girard, J.Y.: Linear logic. Theoretical computer science 50(1), 1–101 (1987)



66 Arno Bastenhof

[19] Girard, J.: A new constructive logic: Classical logic. Mathematical Structures
in Computer Science 1(3), 255–296 (1991)

[20] Greco, G., Richard, V.D., Moortgat, M., Tzimoulis, A.: Lambek-Grishin cal-
culus: focusing, display and full polarization. arXiv preprint arXiv:2011.02895
(2020)

[21] de Groote, P.: The non-associative Lambek calculus with product in poly-
nomial time. In: International Conference on Automated Reasoning with
Analytic Tableaux and Related Methods. pp. 128–139. Springer (1999)

[22] Hendriks, H.: Studied flexibility: Categories and types in syntax and seman-
tics. Institute for Logic, Language and Computation (1993)

[23] Herbelin, H., Lee, G.: Forcing-based cut-elimination for Gentzen-style intu-
itionistic sequent calculus. In: International Workshop on Logic, Language,
Information, and Computation. pp. 209–217. Springer (2009)

[24] Ilik, D.: Continuation-passing style models complete for intuitionistic logic.
Annals of Pure and Applied Logic 164(6), 651–662 (2013)

[25] Ilik, D., Lee, G., Herbelin, H.: Kripke models for classical logic. Annals of
Pure and Applied Logic 161(11), 1367–1378 (2010)

[26] Kurtonina, N.: Frames and labels. A modal analysis of categorial inference.
Ph.D. thesis, OTS Utrecht University, ILLC Amsterdam University (1995)

[27] Kurtonina, N., Moortgat, M.: Relational semantics for the Lambek-Grishin
calculus. In: The Mathematics of Language, pp. 210–222. Springer (2009)

[28] Lambek, J.: The mathematics of sentence structure. The American Mathe-
matical Monthly 65(3), 154–170 (1958)

[29] Lambek, J.: On the calculus of syntactic types. Structure of language and
its mathematical aspects 12, 166–178 (1961)

[30] Laurent, O.: A proof of the focalization property of linear logic. Unpublished
note (2004)
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Abstract. We consider a computable model of functionals of finite types
used in Montague semantics to represent grammar categories in natural
language sentences. The model is based on the notion of Σ-predicates of
finite types in admissible sets introduced by Yu.L.Ershov.

1 Introduction

Type theory and finite-order functionals are essentially and fruitfully used in
Montague intensional logic for formalizing the basic grammar categories of natural
languages. In Montague original works, as well as in works of other researchers in
this area of mathematical linguistics, to the authors’ knowledge, the complexity
issues and algorithmic aspects of objects and constructions of this theory were
not considered so far. The functionals of finite types (i.e., functions, functions
on functions, etc.) are complex objects and hard to present constructively in a
way which allows possible applications in (for example) ontological models from
computational linguistics.

Our research, being purely theoretical and based on notions and methods from
generalized computability and Ershov-Scott theory of domains and approximation
spaces, is aimed to describe some algorithmic properties of these objects. This
work continues publications [9, 10].

In this paper, we present two models of Montague intensional logic. Since
they are constructed within the framework of Σ-definability in admissible sets
proposed by Yu.L.Ershov, these models can be regarded as effective or computable
in a generalized sense. The differences between the models is in the definition of
denotation spaces for the basic types of entities and truth values. At first, the
simplest possible variant of these spaces is presented. The second model with the
ontological space for entities with partial information is briefly described at the
end of the paper.

? This work was carried out within the framework of the state contract of the Sobolev
Institute of Mathematics (project no. 0314-2019-0003).
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2 Basic Notions

2.1 Montague Intensional Logic
Let e, t and s be the some fixed symbols used, correspondingly, as names for
basic types of entities and truth values, and for marking an intensional shift, i.e.
relativization to a state or situation.
Definition 1. The set TypesIL is defined as follows:
– t ∈ TypesIL, e ∈ TypesIL;
– if a ∈ TypesIL and b ∈ TypesIL then (a→ b) ∈ TypesIL;
– if a ∈ TypesIL then (s→ a) ∈ TypesIL.

The language of intensional logic IL (see [2, 6, 7]) contains countably many
constants of any type a ∈ TypesIL and countably many variables of each type
a ∈ TypesIL.

A model of intensional logic IL is a quadruple 〈A,W, T,≤, F 〉 such that
A,W, T are nonempty sets, ≤ is a linear order on T , F is a function defined on
the set of constants of IL as described below. Sets W and T correspond to the
set of possible worlds and time moments correspondingly.

Definition 2. The set Dτ of possible denotations of type τ ∈ TypesIL is defined
by induction on complexity of τ :

– De = A, Dt = {0, 1};
– D(a→b) = DDa

b (the set of functions from Da to Db);
– D(s→a) = DW×T

a (the set of functions from W × T to Da).

We denote by Sa the set D(s→a). Function F defines for each constant of
type a some element from Sa which is called its intension. Elements from Da are
called extensions of type a.

Finite types from definition 1 are used to represent grammar categories (parts
of speech) of natural languages. Some correspondences between categories and
types are listed in Table 1.

For example, proper names correspond to the type ((s→ (e→ t))→ t) –
“property of being a property” (or the set of properties true for the individual with
this name). Here we do not consider one of the most complex cases, intensional
transitive verbs with the type ((s→ ((s→ (e→ t))→ t))→ (e→ t))).

Extension (the set of denotations) of type a is the set of possible values of
the grammar category interpreted by type a in a model of intensional logic.
Correspondingly, intension of type a is a function from W × T to the extension
of type a.

2.2 Hereditarily Finite Superstructures
Hereditary finite superstructures are the “simplest” examples of models of theory
KPU proposed by S.Kripke, R.Platek, J.Barwise and Yu.L.Ershov for studying
generalized computability via Σ-definability in admissible sets (see [1, 5, 11]).

By ω we denote the set of natural numbers. For arbitrary set M , we construct
the set HF (M) of hereditarily finite sets over M as follows:
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Table 1. Categories and types of some expressions

Category Grammar equivalent Corresponding type Basic expressions
e no e no
t sentences t no
IV intransitive verbs (e → t) walk, talk
CN common nouns (e → t) man, woman
TV extensional transitive verbs (e → (e → t)) love, find
CN/CN extensional adjectives ((e → t) → (e → t)) tall, young
CN/CN extensional adverbs ((e → t) → (e → t)) rapidly, slowly
T noun phrases and proper names ((s → (e → t)) → t) John, ninety, he
t/t sentence determinants ((s → t) → t) necessarily, possibly
IV/t connective verbs ((s → t) → (e → t)) believe, assert

HF0(M) = ∅;
HFn+1(M) = Pω(M ∪HFn(M)), n < ω
(here Pω(X) is the set of all finite subsets of X);
HF (M) =

⋃
n<ω

HFn(M).

If M is a structure of some relational signature σ then one can define on
M ∪ HF (M) a structure HF(M) of signature σ′ = σ ∪ {U,∅,∈} (U,∅,∈ are
some symbols not in σ) with the following interpretation of signature symbols:

UHF(M) = M ;
PHF(M) = PM, P ∈ σ;
∅HF(M) = ∅ ∈ HF0(M);
∈HF(M)=∈ ∩((M ∪HF (M))×HF (M)).

A class of ∆0-formulas of signature σ′ is the least one containing atomic
formulas which is closed under ∨, ∧, →, ¬ and bounded quantifiers ∀x ∈ y
and ∃x ∈ y (∀x ∈ y ϕ and ∃x ∈ y ϕ are abbreviations for ∀x(x ∈ y → ϕ) and
∃x(x ∈ y ∧ ϕ) respectively).

A class of Σ-formulas of signature σ′ is the least one containing ∆0-formulas
and closed under ∨, ∧, bounded quantifiers ∀x ∈ y, ∃x ∈ y, and ∃x. As usual, a
set is called Σ-definable if it is definable by some Σ-formula with parameters,
and ∆-definable if it and its complement are Σ-definable.

2.3 Ershov-Scott Functional Spaces

To construct an effective model of Montague intensional logic we apply the
domain theory proposed by D.S. Scott [8] and the theory of functional spaces of
finite types proposed by Yu.L. Ershov [3, 4, 5]. The definitions below are from
[5].

Let A be a model of KPU (see [5]). If a ∈ A then p∗l a = {b | ∃c(〈b, c〉 ∈ a)},
p∗ra = {b | ∃c(〈c, b〉 ∈ a)}. If B ⊆ A then B∗ = {b | b ⊆ B and b ∈ A}.

The notion of effectively presented functional space is based on the general
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Definition 3. Quadruple B = 〈B,≤, Cons,t〉 is called an f -base on A (see
[3, 4]) if the following holds:

1) B is a ∆-definable subset of A;
2) ≤ is a ∆-definable preorder on B;

let [B] be the quotient of set B by the equivalence relation ≡ defined by
the preorder ≤ (b0 ≡ b1 ⇔ b0 ≤ b1 and b1 ≤ b0); as usual, [b] denotes
the element of [B] which is the equivalence class of b ∈ B; if C ⊆ B then
[C] = {[b] | b ∈ C}; we also use ≤ to denote the preorder induced on [B] by
the original preorder ≤;

3) Cons is a ∆-definable subset of B∗ \ {∅}, and for any b∗ ∈ B∗ holds

b∗ ∈ Cons⇔ (∃b ∈ B)(∀b
′
∈ b∗)(b

′
≤ b);

4) t : Cons→ B is a Σ-definable function such that [tb∗] for any b∗ ∈ Cons
is the least upper bound of [b∗] ⊆ [B] in 〈[B],≤〉.

Definition 4. Let B0 = 〈B0,≤0, Cons0,t0〉 and B1 = 〈B1,≤1, Cons1,t1〉 be
some f-bases on A. A direct product B1 × B2 of B0 and B1 is the f-base
〈B0 ×B1,≤, Cons,t〉, where ≤, Cons and t are defined as follows:

1) 〈b0, b1〉 ≤ 〈b
′

0, b
′

1〉 iff b0 ≤0 b
′

0 and b1 ≤1 b
′

1 for every b0, b
′

0 ∈ B0 and every
b1, b

′

1 ∈ B1;
2) b∗ ∈ Cons iff p∗l (b∗) ∈ Cons0 and p∗r(b∗) ∈ Cons1 for every b∗ ∈ (B0 ×B1)∗;
3) tb∗ � 〈t0p

∗
l (b∗),t1p

∗
r(b∗)〉 for every b∗ ∈ Cons.

In case the set Cons of mutually consistent fragments (approximations) should
be as large as possible, we need

Definition 5. Quadruple B = 〈B, b0,≤,t〉 is called an f∗-base on A if
〈B,≤, B∗ \ {∅},t〉 is an f-base on A, [b0] is the least element in 〈[B],≤〉 and
t∅ = b0.

In general, the range (the set of possible values) of a functional can be
arbitrary, so the notion of f∗-base is used in the following

Definition 6. Let B0 = 〈B0,≤0, Cons0,t0〉 be an f -base,
B1 = 〈B1, b1,≤1,t1〉 be an f∗-base. A functional product F (B0,B1) of f-base
B0 and f∗-base B1 is the f∗-base 〈(B0 × B1)∗, ∅,≤,t〉, where ≤ and t are
defined as follows:

1) f0 ≤ f1 iff ∀b0 ∈ p∗l f0(t1{b1 | ∃b
′

0 ∈ p∗l f0(b′0 ≤0 b0 and 〈b′0, b1〉 ∈ f0)} ≤1
≤1 t1{b1 | ∃b

′

0 ∈ p
′

lf1(b′0 ≤0 b0 and 〈b′0, b1〉 ∈ f1)}) for f0, f1 ∈ (B0 ×B1)∗;
2) tf∗ � ∪f∗ for every f∗ ∈ ((B0 ×B1)∗)∗.

Definition 7. For an f -base B = 〈B,≤, Cons,t〉, the family IΣ(B) of Σ-ideals
in B consists of nonempty Σ-definable subsets C ⊆ B such that

1) from c ∈ C, b ∈ B, b ≤ c it follows that b ∈ C;
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2) from c ∈ C∗ it follows that c ∈ Cons and t c ∈ C.

We define a topology on the set IΣ(B) by fixing the basis

Vb � {C |C ∈ IΣ(B), b ∈ C}, b ∈ B.

The set IΣ(B) together with the topology specified above is called the space of
Σ-ideals of f -base B. The space IΣ(B) is a topological T0-space.

Let B0 be an f -base and let B1 be an f∗-base. For any ideal I of f -base
F (B0,B1) we can define the continuous function fI : IΣ(B0) → IΣ(B1) as
follows. Let I0 ∈ IΣ(B0). We define

fI(I0)� {b1 | b1 ∈ B1, (∃c∗ ∈ I)(∃b0 ∈ I0)∃b
′

1(b1 ≤1 b
′

1 and 〈b0, b
′

1〉 ∈ c∗)}.

If {〈b0, b1〉} ∈ I, b0 ∈ I0, then b1 ∈ fI(I0).
The mapping I → fI from IΣ(F (B0,B1)) to C(IΣ(B0), IΣ(B1)) (the set of

all continuous functions from the space IΣ(B0) to the space IΣ(B1)) is injective.
To introduce the simplest example of spaces for entities and truth values, let

A = 〈A,=, P1(A),∪ � P1(A)〉, where P1(A) � {{a} | a ∈ A}. This quadruple is
an f -base with IΣ(A) = P1(A). Also, let α be an arbitrary ordinal in A and let
Bα = 〈α, ∅,⊆,∪ � α〉. This quadruple is an f∗-base with IΣ(Bα) = (α+ 1) \ ∅.
Further on we consider the case α = 2.

Definition 8. The set of functional types Typesf together with its proper subset
PTypesf are defined as follows:

1) o ∈ Typesf \ PTypest, B ∈ PTypesf ⊆ Typesf ;
2) if τ0, τ1 ∈ Typesf (PTypesf ) then (τ0 × τ1) ∈ Typesf (PTypesf );
3) if τ0 ∈ Typesf , τ1 ∈ PTypesf then (τ0 → τ1) ∈ PTypesf .

Definition 9. For every type τ ∈ Typesf , the f -base Fτ is defined by induction
on the complexity of τ :

1) Fo � A, FB � B2;
2) F(τ0×τ1) � Fτ0 ×Fτ1 ;
3) F(τ0→τ1) � F (Fτ0 ,Fτ1).

If τ ∈ PTypesf then Fτ is an f∗-base.

Definition 10. By a Σ-predicate of type τ ∈ Typesf on A we mean an arbitrary
element of IΣ(Fτ ).

The propositions below easily follow from the definitions. Here Σ(A) denotes
the set of all Σ-definable subsets of A.

Lemma 1. For any n > 0 there is a natural bijective correspondence between
Σ-predicates of type on → B and n-ary Σ-predicates on A.

Proposition 1. A mapping F : Σ(A)→ Σ(A) is a restriction of a Σ-operator
if and only if F is continuous with respect to the strong topology and there is a
Σ-function f : A→ A such that F (Qu,a) = Qu,f(a) for all a ∈ A.
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Proposition 2. For a family S ⊆ Σ(A) the following are equivalent:

1. S is represented by a Σ-predicate of type ((o→ B)→ B);
2. there is a Σ-formula Φ(P+) of signature σ ∪ 〈P 1〉 such that

S = {Q |Q ∈ Σ(A), 〈A, Q〉 � Φ(P )}.

Proposition 3. There is a natural bijective correspondence between Σ-predicates
of type ((o→ B)→ (o→ B)) and unary Σ-operators.

3 Σ-predicates of Finite Types in HF(R) and Intensional
Logic

For arbitrary model A of KPU , the simplest example of spaces for entities and
truth values are the f -base

A = 〈A,=, P1(A),∪ � P1(A)〉

and the f∗-base
B2 = 〈2, ∅,⊆,∪ � 2〉.

Further on, we restrict ourselves to the case A = HF(R), where R is the ordered
field of real numbers. This choice is motivated by the fact that the reals are very
natural to use for representing the scale of time and for coding. Let W = P1(R).
We also fix the f -base

W = 〈W,=, P1(W ),∪ � P1(W )〉.

The set of ideals is defined to be the set of singletons from W , i.e. P1(P1(R)).
Singletons from HF(R) (Σ-ideals of f -base A) correspond to basic entities,

objects of type e. Real numbers (urelements) represent possible worlds. In par-
ticular, each possible world can be considered as a substructure of the whole
structure with some partial information about the universe.

We give analogues of definition 8 and 9.

Definition 11. The set Types together with its proper subset PTypes are defined
as follows:

1) e ∈ Types \ PTypes, t ∈ PTypes;
2) if a ∈ Types and b ∈ PTypes, then (a→ b) ∈ PTypes;
3) if a ∈ PTypes then (s→ a) ∈ PTypes.

Definition 12. For every a ∈ Types, the f -base Fa is defined as follows:

1) Fe � A, Ft � B2;
2) F(a→b) � F (Fa,Fb);
3) F(s→a) � F (W,Fa).
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For every type a ∈ Types, Σ-predicates of this type are defined to Definition
10.

Definition 13. The set of possible denotations Dτ of type τ ∈ Types is the set
of all Σ-predicates of type τ .

Note that A is not precisely an f∗-base (there is no minimal element in A,
but A∗ can be considered as Cons). Nevertheless, we define a functional product

F(s→e) � F (W,Fe).

Since in HF(R) holds the uniformization property, for every Σ-ideal I of type
(s→ e) there is a corresponding (partial) Σ-function fI : P1(R)→ A. Hence the
following is true:

Lemma 2. There is a natural bijective correspondence between Σ-predicates of
type (s→ e) and Σ-functions from P1(R) to A.

As a corollary of Lemma 1 and Lemma 2 we get the following

Lemma 3. There is a natural bijective correspondence between Σ-predicates of
type (s→ t) and unary Σ-predicates on P1(R).

Proposition 4. For a family S ⊆ Σ(P1(R)) the following are equivalent:

1. S is represented by a Σ-predicate of type ((s→ t)→ t);
2. there exists Σ-formula Φ(P+) of signature σ ∪ 〈P 1〉 such that

S = {Q |Q ∈ Σ(P1(R)), 〈A, Q〉 � Φ(P+)}.

We obtain the correspondence for type ((s → t) → (e → t)) analogous to
Proposition 3.

Lemma 4. There is a natural bijective correspondence between Σ-predicates of
type ((s→ t)→ (e→ t)) and unary Σ-operators on A.

Proof. If I ∈ IΣ(F (W,B2)), by Lemma 3 we get that I can be uniquely con-
structed from some Q ∈ Σ(P1(R)). We denote I = IQ and assume that elements
from IΣ(F (W,B2)) are of the form IQ for a suitable Q ∈ Σ(P1(R)). In the same
way (by Lemma 1), elements from IΣ(F (A,B2)) are of the form IQ for a suitable
Q ∈ Σ(A).

With any Σ-predicate I of type ((s→ t)→ (e→ t)), a continuous mapping
fI : IΣ(F (W,B2))→ IΣ(F (A,B2)) is naturally associated. Hence for fI there is
a unique mapping FI : Σ(P1(R))→ Σ(A) such that for any Q ∈ Σ(P1(R)) holds
fI(I

′

Q) = I
′

FI (Q) for I ′Q ∈ IΣ(F (W,B2)) and for I ′FI (Q) ∈ IΣ(F (A,B2)).
Since FI is continuous with respect to weak topology because of the continuity

of fI , it is enough to show that the set

Γ ∗FI
= {〈a, b〉 | a ∈ A∗, b ∈ FI(a)}
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is a Σ-subset.
For arbitrary a ∈ A∗, we have

b ∈ FI(a)⇔ ∃c(c ∈ I
′

FI (a) & 〈b, 1〉 ∈ c),

where

c ∈ I
′

FI (a) ⇔ ∃c
∗∃b0∃b1(∀x ∈ b0(∃a0(x = 〈a0, 0〉) ∨ ∃a1(a1 ∈ a and

and x = 〈a1, 1〉)) and c ≤ b1 and 〈b0, b1〉 ∈ c∗).

Hence Γ ∗FI
is a Σ-subset and FI is a restriction of some Σ-operator.

On the other hand, if F : P (A) → P (A) is a Σ-operator then from the
bijective correspondence between the ideals of f∗-base F (F (W,B2), F (A,B2))
and continuous mappings from IΣ(F (W,B2)) to IΣ(F (A,B2)), an operator F
(more exactly, its restriction on P1(R)) uniquely determines the ideal IF such
that for all Q ∈ Σ(P1(R)) holds fIF

(I ′Q) = I
′

F (Q).

Now we describe Σ-predicates of type (s→ (e→ t)). Let Φ(x, a) be a Σ-for-
mula with parameters, and let Q ⊆ A. We connect with Φ and with set Q the
family of subsets SQΦ = {ΦA(x, a) | a ∈ Q}. The set Q is called the set of indices
of S and denoted by Ind(S). If possible, we will omit indices Q and Φ.

Lemma 5. There is a natural bijective correspondence between Σ-predicates of
type (s→ (e→ t)) and families SInd(S)

Φ of Σ-subsets defined by Σ-formulas with
parameters, such that Ind(S) ⊆ P1(R) is a Σ-subset.

Proof. Let I be a Σ-predicate of type (s → (e → t)), I ⊆ (P1(R)× (A× 2)∗)∗.
Let

Φ(x, a)� (∃f ∈ I)(∃f
′
∈ f)(plf

′
= a and 〈x, 1〉 ∈ prf

′
),

Ψ(x)� (∃f ∈ I)(∃f
′
∈ f)(plf

′
= x and ∃y(〈y, 1〉 ∈ prf

′
)).

We define Q = ΨA(x), SI = {ΦA(x,w) |w ∈ Q}. Then SI = SQΦ is a family of
Σ-subsets which is defined by a Σ-formula Φ(x, a) with a parameter, which set
of indices Ind(S)(= Q) ⊆ P1(R) is a Σ-subset.

Let SInd(S)
Φ be a family of Σ-subsets which is defined by a Σ-formula Φ(x, a)

with a parameter, which set of indices Ind(S) ⊆ P1(R) is a Σ-subset. Let

IS = ({〈w, {〈a, 0〉 | a ∈ A}∗〉 |w ∈ P1(R)}
⋃

⋃
{〈w, ({〈a, 0〉 | a ∈ A} ∪ {〈a, 1〉 | a ∈ ΦA(x,w)})∗〉 |w ∈ Ind(S)})∗.

We prove that this is a Σ-ideal. It is clear that IS ⊆ (P1(R) × (A × 2)∗)∗
and that condition 2 for ideals is satisfied. Check condition 1: let f ∈ IS ,
g ∈ (P1(R)× (A× 2)∗)∗ and g ≤ f . We need to show that in that case g ∈ IS .
For this, it is enough to show that

g ⊆ {〈w, {〈a, 0〉 | a ∈ A}∗〉 |w ∈ P1(R)}
⋃
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{〈w, ({〈a, 0〉 | a ∈ A} ∪ {〈a, 1〉 | a ∈ ΦA(x,w)})∗〉 |w ∈ Ind(S)}.

Let w /∈ Ind(S) and there is an a0 such that 〈w, a0〉 ∈ g. Since g ≤ f (and
by the definition of IS), from 〈a1, ε〉 ∈ a0 it follows that ε = 0. Hence

〈w, a0〉 ∈ {〈w, {〈a, 0〉 | a ∈ A}∗〉 |w ∈ P1(R)}.

Let w ∈ Ind(S) and there is an a0 such that 〈w, a0〉 ∈ g. Let 〈a1, ε〉 ∈ a0. If ε = 0
then 〈a1, ε〉 ∈ {〈a, 0〉 | a ∈ A}. On the other hand, if ε = 1, then since g ≤ f there
exists b such that 〈w, b〉 ∈ f and 〈a1, 1〉 ∈ b. By the definition of IS we get that
〈a1, ε〉 ∈ {〈a, 1〉 | a ∈ ΦA(x,w)}. Hence

g ⊆ {〈w, {〈a, 0〉 | a ∈ A}∗〉 |w ∈ P1(R)}
⋃

⋃
{〈w, ({〈a, 0〉 | a ∈ A} ∪ {〈a, 1〉 | a ∈ ΦA(x,w)})∗〉 |w ∈ Ind(S)}

and g ∈ IS .
Using the correspondences described above we can get for any family SInd(S)

Φ

of Σ-subsets that SInd(S)
Φ = SIS

. On reverse, for any Σ-predicate I of type
(s→ (e→ t)) we get that I = ISI

.

Corollary 1. There is a natural bijective correspondence between Σ-predicates
of type (e→ (e→ t)) and families SInd(S)

Φ of Σ-subsets defined by Σ-formulas
with parameters such that Ind(S) ⊆ A is a Σ-subset.

Remark: objects of type (s → (e → t)) and (e → (e → t)) can also be
considered as binary Σ-predicates (in case of type (s→ (e→ t)) they are subsets
of P1(R)×A). This is equivalent to the correspondence described above and will
be also convenient to use.

The set of all families described in Proposition 5 is denoted by Σ′(A).
Using the proof of Proposition 2 we describe Σ-predicates of type ((s→ (e→

t))→ t): they correspond to definable families of families of Σ-subsets obtained
above.

We use the following notation: if SInd(S)
Φ ∈ Σ′(A) then

CS = {〈w, a〉 : w ∈ Ind(S), a ∈ (ΦA(x,w))∗}.

Lemma 6. For a family K ⊆ Σ′(A) the following are equivalent:

1. K corresponds to a Σ-predicate of type ((s→ (e→ t))→ t);
2. there is a Σ-formula Φ(P+) of signature σ ∪ 〈P 1〉 such that

K = {S |S ∈ Σ
′
(A), 〈A, CS〉 � Φ(P+)}.

Proof. Let I be a Σ-predicate of type ((s→ (e→ t))→ t), I ⊆ ((P1(R)× (A×
× 2)∗)∗ × 2)∗. We connect with I the family

KI = {S |S ⊆ Σ
′
(A), fI(IS) = 2}
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(here IS is the Σ-predicate from Proposition 5).
(1⇒ 2). Let

K = {S |S ⊆ Σ
′
(A), 〈A, CS〉 � Φ(P+)},

where

Φ(P+)� ∃x∃y∃z[x ∈ I and 〈y, 1〉 ∈ x and (∀w ∈ p∗l y)(∀a ∈ p∗ry)(〈w, a〉 ∈ y →

→ ∃z
′
⊆ z(a = z

′
× {1} and P (〈w, z

′
〉)))].

We prove that K = KI .
(⊆). If S ∈ K then by the definition there are x ∈ I, y ∈ (P1(R)× (A× 2)∗)∗

and z ∈ A such that 〈y, 1〉 ∈ x and from 〈w, a〉 ∈ y follows that a = z
′ × 1 for

some z′ ⊆ z. Besides, for all such pairs we have P (〈w, z′〉), hence y ∈ IS . By the
definition of mapping fI we get 1 ∈ fI(IS), and hence S ∈ KI .

(⊇) Let S ∈ KI . Then fI(IS) = 2 and there are c∗ ∈ I, b0 ∈ IS such that
〈b0, 1〉 ∈ I. Define the sets bw and b as follows:

bw = {a | ∃a0(〈w, a0〉 ∈ b0 and 〈a, 1〉 ∈ a0)}

for w ∈ p∗l b0,

b = {{w} × (bw × {1}) |w ∈ p∗l b0 and bw 6= ∅}.

Let us show that {〈b, 1〉} ∈ I. Since {〈b2, 1〉} ≤ {〈b2, 1〉} ∪ c∗, it is enough to
show that {〈b2, 1〉} ∪ c∗ ∈ I. We show that {〈b2, 1〉} ∪ c∗ ≤ c∗. Since 〈b0, 1〉 ∈ c∗,
it is enough to find a pair 〈b1, 1〉 ∈ c∗ such that b1 ≤ b (the orders belong to
corresponding f -bases). We can take b1 = b0: if for some a, a0 it is true that
〈w, a〉 ∈ b0 and 〈a0, 1〉 ∈ a, by the definition of a0 ∈ bw there exists c such that
〈w, c〉 ∈ b and 〈a0, 1〉 ∈ c. Hence b0 ≤ b (and also b ≤ b0).

So, {〈b, 1〉} ∈ I. Now take

x = {〈b, 1〉}, y = b, z =
⋃

w∈p∗
l
b0

bw.

Then in 〈A, CS〉 it is true that

x ∈ I and 〈y, 1〉 ∈ x and (∀w ∈ p∗l y)(∀a ∈ p∗ry)(〈w, a〉 ∈ y →

→ ∃z
′
⊆ z(a = z

′
× {1} and P (〈w, z

′
〉))).

Hence S ∈ K.
(2 ⇒ 1). Let K = {S |S ⊆ Σ

′(A), 〈A, CS〉 � Φ(P+)} for some Σ-formula
Φ(P+). Let Φ∗(x) = [Φ(P+)]Px (this means that all atomic subformulas of kind
P (y) are substituted by y ∈ x). Prove first that

K = {S |S ⊆ Σ
′
(A),∃a(Φ∗(a) and a ⊆ CS)}.
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Let Ψ(a, P+) = (Φ(P+) & a = ∅). Consider the operator

ΓΨ (Q) = {a ∈ A | 〈A, S〉 � Ψ(a, P+)}.

For the corresponding Σ-operator FΨ such that for every Q ⊆ Σ(A) holds
ΓΨ (Q) = FΨ (Q), we have

FΨ (Q) = {a ∈ A | ∃y(y ⊆ Q and Ψ(a, y)}.

Hence for FΨ we have S ∈ K ⇔ FΨ (CS) = {∅}, and so

K = {S |S ⊆ Σ
′
(A),∃a(Φ∗(a) and a ⊆ CS}.

Now define the ideal I as follows:

I = {c ∈ ((P1(R)× (A× 2)∗)∗ × 2)∗ | ∃a(Φ∗(a)∧

∧c ≤ {〈{〈w, b× {1}〉 | 〈w, b〉 ∈ a}, 1〉})}

(it is easy to check it is an ideal). We show that K = KI .
(⊆). Let S ∈ K. Then there is an a such that a ⊆ CS and Φ∗(a). Let

c∗ = {〈{〈w, b× {1}〉 | 〈w, b〉 ∈ a}, 1〉}.

Then c∗ ∈ I, but
b0 = {〈w, b× {1}〉 | 〈w, b〉 ∈ a} ∈ IS ,

hence there are c∗ ∈ I and b0 ∈ IS such that 〈b0, 1〉 ∈ c∗. Henceforth, fI(IS) = 2
and S ∈ KI .

(⊇). Let S ∈ KI . Then fI(IS) = 2 and there are c∗ ∈ I and b0 ∈ IS such that
〈b0, 1〉 ∈ c∗. Since c∗ ∈ I, there is an a such that Φ∗(a) and

c∗ ≤ {〈{〈w, b× {1}〉 | 〈w, b〉 ∈ a}, 1〉}(= B).

Since B is a singleton and 〈b0, 1〉 ∈ c∗, we have

{〈w, b× {1}〉 | 〈w, b〉 ∈ a} ≤ b0.

Hence
{〈w, b× {1}〉 | 〈w, b〉 ∈ a} ∈ IS

and a ⊆ CS , that means that S ∈ K.

All these correspondences are summarized in Table 2.
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Table 2. Intensional Logic Types and HF(R)

Category Grammar equivalent Type Object in HF(R)
e no e sets {a} for a ∈ HF(R)
t sentenses t no
IV intransitive verbs (e → t) unary Σ-predicates
CN common nouns (e → t) unary Σ-predicates
TV existential transitive verbs (e → (e → t)) binary Σ-operators
CN/CN existential adjectives ((e → t) → (e → t)) Σ-operators
CN/CN existential adverbs ((e → t) → (e → t)) Σ-predicates
T noun phrases ((s → (e → t)) → t) Σ-definable families

and proper names of binary Σ-predicates
t/t sentence determiners ((s → t) → t) Σ-definable families

of Σ-predicates on P1(R)
IV/t connective verbs ((s → t) → (e → t)) Σ-operators

3.1 Analysis of Natural Language Sentences

Consider some simple examples of English sentences by means of Σ-predicates of
finite types. Truth value of any sentence is regarded relative to a possible world
w ∈ P1(R). However, we consider the simplest absolute case first.

According to Table 1, the proper name John has the type ((s→ (e→ t))→ t).
But the semantics of the sentence

(1) John walks.

is the same in case we consider John as an object of type e and in case we
consider it as an object of type ((s→ (e→ t))→ t). From the grammar point of
view the latter case is more appropriate: in sentences of kind “subject + predicate”
the subject is regarded as a functor which receives a predicate as an argument.
This is not so when John is considered as an object of type e.

Yet consider John as an object of type e (a set {j} for some j ∈ HF(R)), and
(intransitive) verb walk as an object of type (e→ t) (unary Σ-predicate walk’).
The truth value of this sentence is equivalent to the truth value of Σ-formula

{j} ∈ walk’

in HF(R).
Consider now the sentence

(2) John loves Mary.

As in the previous case, names John and Mary are considered as objets of type e
({j} and {m} respectively). Transitive verb love is considered as an object of type
(e→ (e→ t)), hence it is interpreted by some binary Σ-predicate love’. Hence
the truth value of this sentence is equivalent to the truth value of Σ-formula

〈{j}, {m}〉 ∈ love’
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in HF(R).
In addition, consider the quantified sentence

(3) Every fish walks.

The common noun fish is an object of type (e→ t), that is, the set of all fishes,
ad is denoted by fish’. The quantifier can be regarded from the usual point
of view in first-order logic: the truth value of sentence Every fish walks is
equivalent to the truth value of formula

∀x(x ∈ fish’→ x ∈ walk’)

in HF(R). This, however, is not a Σ-formula. But from the point of the complexity,
checking the truth this formula is a finite search through the domain used by the
model.

Now we relativize our model via the concept of possible worlds and consider
the truth values of sentences (1) and (2) in a given possible world w ∈ P1(R).
First we look at sentence (1). Previous interpretations for John and walk
remain the same, but now for checking the truth value it becomes necessary to
connect with objects j and walk’ their intensions, i.e., objects of types (s→ e)
and(s→ (e→ t)). These are, correspondingly, a Σ-function ĵ : P1(R)→ HF (R)
and a binary Σ-predicateˆwalk’ ⊆ P1(R) × (HF (R) ∪ R). The truth value of
this sentence in world w is equivalent to the truth value of Σ-formula (with a
parameter)

〈w,̂ j(w)〉 ∈ˆwalk’

in HF(R).
In the same way, the truth value of sentence (2) in possible world w is

equivalent to the truth value of Σ-formula (with a parameter)

〈w,̂ j(w),̂ m(w)〉 ∈ l̂ove’

in HF(R).

4 Ontological Models

In models described above, the space Dt of truth values consists of elements 0
and 1 with natural ordering (0 < 1). The intuition is that 0 means “the property
is not true now but probably will became true in the future”, while “1” means
“the property true now and forever”. One can consider a different type of models
of intensional logic. The main difference is that these models use other spaces of
entities and truth values. Let

Dt = {0, 1,⊥,>}

and the ordering is defined as follows: ⊥ < 0, ⊥ < 1, 0 < >, 1 < > while 0
and 1 are uncomparable. Intuitively, 0, 1 and ⊥ correspond to no, yes, and
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unknown. The element > corresponds to inconsistency of data and is necessary
for constructing f∗-spaces. We set

De = (R ∪ {⊥})<ω.

In particular, (Dt)<ω ⊆ De. Intuitively, every element from De is interpreted
as a tuple (sequence) of properties of this element. Properties can be discrete (in
our case, binary) and continuous, i.e. described by some measure. We assume that
even positions of elements from De correspond to binary properties (the values in
these positions belong to Dt and compared via the corresponding ordering), while
odd positions correspond to continuous properties (the values in these positions
belong to R ∪ {⊥} and compared as follows: ⊥ < a for all a ∈ R, a and b are
uncomparable for a, b ∈ R, a 6= b).

The ordering on De is defined as follows: for α, β ∈ De, α 6 β if and only
if the length of the tuple α is less or equal to the length of the tuple β and
α(i) 6 β(i) for all i 6 lh(α).

As in models described previously, it is possible to interprete by Σ-definable
objects in HF(R) the corresponding objects (types) of intensional logic. For
example, a common noun “man” (of type (e → t)) can be interpreted by Σ-
predicate (α(human) = 1) ∧ (α(gender) = “M ′′) for some fixed in this model
positions human, gender ∈ ω . In the same way, an adjective “tall” (type (e→
t) → (e → t)) can be interpreted by Σ-operator H such that, for example,
α ∈ H(man) ⇐⇒ α(height) > 180, α ∈ H(woman) ⇐⇒ α(height) > 175,
α ∈ H(chair) ⇐⇒ α(height) > 120 Again, height ∈ ω is some fixed position.

In our version of ontological models the scale of time is identified with the
ordered set of real numbers: T = R. The set of possible worlds is identified with
the set of natural numbers: W = N. Entities of world n are identified with the
tuples of length n+ 1. The moment of time in which a given entity is described
by the corresponding tuples is identified with the value of the leftmost position
of these tuples.

The detailed description of this type of models can be given in the same way
as before and will be presented in a subsequent publication.
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The logic of the English auxiliary system
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Abstract. This paper proposes an analysis of the English auxiliary
system in Hybrid TLG. Our proposal differs from related approaches
in lexicalist syntactic theories (such as HPSG and earlier variants of
categorial grammar) in taking auxiliaries to be higher-order operators
that syntactically (and not just semantically) scope over the local clauses
in which they appear. We formulate an analysis of the familiar NI(C)E
properties of auxiliaries in this approach. An advantage for the higher-
order analysis comes from the fact that it offers a straightforward solution
for a long-standing puzzle for earlier lexicalist approaches pertaining to
the distribution of the unstressed do.

Keywords: auxiliary verb, Type-Logical Grammar, do insertion, higher-
order auxiliary, categorial grammar, NICE properties

1 The NICE properties and unstressed do

Auxiliaries are commonly introduced in introductory syntax courses as members
of a natural class whose distributional characteristics are captured by their occur-
rence in three supposedly quite independent constructions—inversion, sentential
negation and VP ellipsis and one morphological form—NEG contraction.

(1) a. John {will/should} buy the book.
b. John {will/should} not buy the book. (cf. *John buys not the book.)
c. {Will/Should} John buy the book? (cf. *Buys John the book?)
d. Who will buy the book? – John {will/should}. (cf. *John buys.)
e. John {won’t/shouldn’t} buy the book. (cf. *John buysn’t the book.)

Any syntactic theory should provide an explicit (and coherent) analysis of
these so-called ‘NICE’ properties (Negation, Inversion, Contraction and Ellipsis).
The distribution of the unstressed form of do is especially important in this
connection as it has played a non-negligible role in the history of generative
grammar. As is well-known, unstressed do (notated as dŏ in what follows) appears
in all the NICE environments but not in simple declarative sentences:

(2) a. *John {d̆ıd/dŏes} buy the book.
b. John {d̆ıd/dŏes} not buy the book.
c. {Dı̆d/Dŏes} John buy the book?
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d. Who {bought/buys} the book? – John {d̆ıd/dŏes}.
e. John {d̆ıdn’t/dŏesn’t} buy the book.

On the one hand, in the early history of transformational generative grammar
(starting with Chomsky [5]), the analysis of the otherwise puzzling patterns in
(2) via the so-called do insertion transformation was regarded as one of the most
successful applications of transformational analysis to the grammar of English. On
the other hand, the somewhat peculiar distributional restriction on do exemplified
in (2a), where, unlike other auxiliaries, it is banned from non-negative declarative
environments, has long remained problematic in nontransformational treatments
of English auxiliaries, a point emphasized in Sag et al. [38]. In fact, Sag et al. [38]
take the ‘do insertion’ paradigm in (2) to be one of the major pieces of evidence
supporting their construction-based analysis of English auxiliaries (involving
a ‘slight’ reorganization of the role that the AUX feature plays in the overall
system), which departs from the strictly lexical analysis pioneered in Gazdar
et al. [8] that has since been widely assumed as the standard analysis in the
lexicalist tradition.

Given the prominent role that facts about English auxiliaries have played
in the history of generative grammar, the scarcity of literature on this issue in
categorial grammar research is rather surprising. In particular, to our knowledge,
there is as yet no single explicit account of the well-known do insertion facts
in the categorial grammar literature. There are of course sporadic accounts of
some specific aspects of auxiliary syntax (and semantics), such as the important
pioneering work by Bach [1, 2], which provides the basis for an explicit semantic
account of subject position quantifiers in sentences with modal auxiliaries in
lexicalist syntactic theories (more on this point in section 2), the analysis of VP
ellipsis by Morrill and Merenciano [28] and Jäger [13] in the 90s, and the analysis
of the ‘anomalous scope’ patterns that modal auxiliaries display in Gapping by
Kubota and Levine [17, 18], to mention just a few. However, oddly enough, the
NICE properties and do insertion facts—which have been considered to be one of
the key touchstones for contemporary syntactic theory in the generative tradition—
seem to have completely escaped the attention of categorial grammarians to
date. This is perhaps due to the implicit assumption that at least the core of
the PSG analyses of auxiliaries will more or less straightforwardly carry over to
categorial grammar, given the many common theoretical assumptions that the
two approaches share at the fundamental level (see for example Kubota [16] in
this connection).

But the premise of this implicit assumption is threatened when it comes
to the treatment of ‘challenging’ facts, for which different approaches tend to
resort to idiosyncratic properties of their own. This is exactly what we see in
the treatment of do insertion in the most recent incarnation of the analysis of
English auxiliaries in HPSG by Sag et al. [38]. So far as we can tell, the elaborate
constructional analysis they offer is by no means straightforwardly translatable
to any variant of categorial grammar. It is for this reason that we take up the
old issue of NICE properties and do insertion facts in the present paper. In
particular, we aim to shed a new light on this problem by formulating an analysis
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in Type-Logical Grammar. Our starting point is the ‘higher-order’ analysis of
modal auxiliaries whose key idea is due to Siegel [39] and which was explicitly
formalized in a type-logical setup in Kubota and Levine [17]. This represents a
departure from the traditional VP/VP analysis in the lexicalist syntax tradition,
by entertaining a movement-like operation in the analysis of modal auxiliaries.
We formulate an explicit account of the core syntactic properties of auxiliary
verbs in English (including the NIE of the NICE properties). While formulated
at a more abstract level, our approach directly builds on the lexicalist approach
in identifying the commonality of the NIE constructions as phenomena that
target the VP/VP lexical signs of auxiliaries. The key claim of the present paper
is that there is a direct empirical payoff for entertaining this more abstract
perspective on the syntax of auxiliaries, and that the evidence comes from
do insertion. Unlike the phrase structure-based or constructional setup, in an
inference-based (or deductive) system like ours, operations that target VP/VP
signs can themselves be the target of still higher-order operations. This enables
us to entertain a more abstract view on do support than a construction-based
encoding of the sort proposed by Sag et al. [38]: by seeing do insertion as a
‘last resort’ inference strategy, as it were, we can capture the key insight of the
classical transformational account in a way that completely does away with the
ad-hoc structure manipulation operations inherent to the latter.

2 Modals as scope-taking operators

Our approach to modal auxiliaries is heavily influenced by Oehrle’s (1994)
foundational work on quantifier scope. Oehrle’s key insight involves utilizing
the lambda calculus for characterizing the prosodic component of linguistic
expressions, which enables him to model Montague’s quantifying-in via lambda
abstraction in the prosodic component. We implement this analysis with the
non-directional implicational connective � in Hybrid Type-Logical Grammar
(Hybrid TLG).3 In this approach, (3) is analyzed as in (4).

(3) John read every book.

(4) read; read; (NP\S)/NP [ϕ1;x; NP]1

read •ϕ1; read(x); NP\S john; j; NP
john • read •ϕ1; read(x)(j); S

�I1

λϕ1.john • read •ϕ1; λx.read(x)(j); S�NP

...
λσ1.σ1(every • book);A

book; S�(S�NP)
john • read • every • book; A

book(λx.read(x)(j)); S

The crucial innovation in Oehrle’s approach is that abstraction on a prosodic
variable makes it possible to separate the surface position in which a quantifier
appears and its semantic scope: at the last step in (4), the quantifier sign applies to
the S�NP constituent that is its (semantic) scope, but its prosodic contribution, or,
3 Appendix A below contains a brief overview of Hybrid TLG. See Kubota and Levine

[20, chapter 2 and Appendix A] for a more detailed exposition.
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‘string support’ for the higher order prosodic specification λσ1.σ1(every • book),
ends up in a position corresponding to the prosodic variable ϕ1 in the scope
constituent.

This analysis, as Oehrle demonstrates, captures scope ambiguity effortlessly,
without resort to any special mechanisms. (5b) shows how the inverse scope
reading for (5a) is obtained in this approach.

(5) a. Some student read every book.
b. ...

ϕ1 • read •ϕ2;
read(u)(v); S

λϕ1.ϕ1 • read •ϕ2;
λv.read(u)(v); S�NP

...
λσ1.σ1(some • student);E

student; S�(S�NP)
some • student • read •ϕ2;E

student(λv.read(u)(v)); S
λϕ2.some • student • read •ϕ2;
λu.

E

student(λv.read(u)(v)); S�NP

...
λσ2.σ2(every • book);A

book; S�(S�NP)
some • student • read • every • book; A

book(λu. E

student(λv.read(u)(v))); S

The order in which the two GQs compose into the proof determines the scopal
ordering; an alternative derivation whose only difference from (5b) is the intro-
duction of the universal before the existential will yield a second reading for (5a)
corresponding to surface scope (∃ > ∀).

It is not only multiple tokens of GQs that create scope ambiguities, however.
Modals interact with GQs in much the same way:

(6) Every student can vote.

(6) has two subtly—but critically—different readings. On one reading, where
the universal scopes widely, (6) says that every individual who happens to be
a student (in the actual world) has the right or ability to vote. On the other
reading, the sentence does not refer to students in the actual world, but instead
merely makes a statement about a possible situation: whoever happens to be a
student in that situation has the right or ability to vote. The following formulas
disambiguate these two readings:

(7) a. A

student(λy.3vote(y))
b. 3

A

student(λy.vote(y))

In the face of ambiguous data such as (6), it seems natural to extend Oehrle’s
treatment of GQs to modals as well.4 This is in fact straightforward, by assuming
4 The wide scope reading for the modal in sentences like (6) has long been known

to pose a challenge for the VP/VP analysis in lexicalist approaches. For example,
Gazdar et al. [7], noting this difficulty, wind up positing a version of the modal may
with the semantics (λQλP.3 P(Q) in an extensionalized fragment) that directly
subcategorizes for a GQ-type expression as the subject following Bach [1, 2]. It is
unclear how the modal narrow scope reading is obtained in their approach.
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that modals are GQ-like expressions, except that they scope over S with a VP/VP
functor (instead of an NP) withdrawn (here, idet = λPet.P ):5

(8) λσ.σ(can); λF .3F (idet); Sfin�(Sfin�(VPfin/VPbse))

With this specification, we straightforwardly obtain (9) for the modal wide-scope
reading for (6) (for how the narrow scope reading (7a) is obtained, see below):

(9) vote;
vote; VPb

[
ϕ1;
f ; VPf /VPb

]1

ϕ1 • vote; f(vote); VPf

[
ϕ2;
y; NP

]2

ϕ2 •ϕ1 • vote; f(vote)(y); Sf
�I2

λϕ2.ϕ2 •ϕ1 • vote;
λy.f(vote)(y); Sf �NP

...
λσ1.σ1(every •

student);A

student;
Sf �(Sf �NP)

every • student •ϕ1 • vote;A

student(λy.f(vote)(y)); Sf
�I1

λϕ1.every • student •ϕ1 • vote;
λf.

A

student(λy.f(vote)(y)); Sf �(VPf /VPb)

λσ2.σ2(can);
λF .3F (idet);
Sf �(Sf �(VPf /VPb))

every • student • can • vote; 3

A

student(λy.vote(y)); Sf

The key point here is that the quantifier is introduced in the derivation before
the modal auxiliary, entailing its narrow scope.

Before proceeding further, it is important to recognize a potential overgen-
eration problem that arises with the scope-operator analysis of modals along
the lines of (8). Unless appropriate constraints are imposed, the present analysis
has the danger of predicting readings for modals (and related expressions such
as VP negation) in which they scope out of their local clauses. This is clearly
impossible in English. For example, the following sentence does not have a reading
paraphrasable as something like ‘it should be the case that John thought Ann is
to buy/is buying the car’:

(10) John thought Ann should buy the car.

In order to prevent this type of overgeneration and restrict the scope of modal
auxiliaries to the local clause in which they occur, we can employ a clause-level
indexing mechanism of the sort proposed by Pogodalla and Pompigne [34] for a
slightly different purpose.6 A full description of the indexing convention is given
5 The features fin and bse here (abbreviated as f and b below) should be thought of as

the (analogues of) ‘VFORM’ features (in G/HPSG terms) that mark finite and base
forms of verbs respectively. This ensures that modals can only combine with base
forms of verbs and after the modal is combined with the verb, the result is finite,
and no other modal can stack on top of the resultant VP.

6 Another, and perhaps more standard, approach for dealing with this type of issue in
the TLG literature is to employ certain types of ‘modality’ operators in type logic.
See, e.g., Moortgat [25] and Morrill [27] and references cited therein. A reviewer notes
that it may be possible to simplify certain aspects of our index-based approach (which
is essentially nothing more than a bookkeeping device) by recasting the relevant
aspects of the analysis by using modality operators. We leave it for future work to
investigate this issue in detail.
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in section 9.2.2 of Kubota and Levine [20]. We illustrate its key points briefly in
what follows. With the indexing restrictions made explicit, we have the following
lexicon:

(11) a. λσ.σ(should); λG .�G (idet); Sn
f �(Sn

f �(VPn
f /VPn

b )
b. thought; think; VPn+1

f |Sn
f

The explicit indexing on the S and VP/VP categories in (11a) ensures that
modals take scope directly over the clauses that are ‘projections’ of the VP/VP
gaps that they bind, guaranteeing the clause-boundedness of the scope of these
operators, as we now show.

A failed derivation for (10) is given in (12).

(12) ...
buy • the • car;
buy(ι(car)); VP1

b

[
ϕ1;
f ;
VP1

f /VP1
b

]1

ϕ1 • buy • the • car;
f(buy(ι(car))); VP1

b

ann;
a;
NP

ann •ϕ1 • buy • the • car;
f(buy(ι(car)))(a); S1

f

thought;
think;
VPn+1

f |Sn
f

thought • ann •ϕ1 • buy • the • car;
think(f(buy(ι(car)))(a)); VP2

f

john;
j;
NP

john • thought • ann •ϕ1 • buy • the • car;
think(f(buy(ι(car)))(a))(j); S2

f
�I1

λϕ1.john • thought • ann •ϕ1 • buy • the • car;
λf.think(f(buy(ι(car)))(a))(j); S2

f |(VP1
f /VP1

b )

λσ.σ(should);
λG .�G (idet);
Sn

f �(Sn
f �(VPn

f /VPn
b ))

FAIL

Here, the withdrawn VP/VP (from the embedded clause) carries the index 1 but
this doesn’t match the index value 2 on the S. Since the modal operator explicitly
requires these values to match with each other, the derivation fails at the step at
which the modal is introduced. We assume this clause-level indexing mechanism
throughout, but omit the indices in the interest of minimizing notational clutter.

A strong indication that the higher-order treatment of modals presented
above is on the right track comes from the fact that just such an analysis seems
to be required independently in order to account for the seemingly anomalous
scope of modals in examples such as (13):

(13) Mrs J can’t live in Boston and Mr J in LA! (¬3 > ∧)

See Kubota and Levine [18, 20] for detailed discussion of how the kind of higher
order description in (8) provides a natural account of such examples, which display
(on one of their readings) an unusual scoping pattern in which the negative modal
scopes over the conjunction.

Importantly, in such examples, as well as simpler examples such as (6), modals
can also scope narrowly with respect to the other scopal operator (in (6), the
quantifier; in (13), the conjunction). In the present setup, this falls out as a
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straightforward consequence of the higher-order lexical entry in (8). That is, a
VP/VP entry for a modal auxiliary which essentially corresponds to (the simpler
version of) the lexical entries for modal auxiliaries in lexicalist theories of syntax
falls out as a theorem from (8), as in the following proof:

(14)

λσ.σ(can’t);
λF .¬3F (idet);
Sf �(Sf �(VPf /VPb))

[ϕ1;x; NP]1
[ϕ2; g; VPf /VPb]2 [ϕ3; f ; VPb]3

/E
ϕ2 •ϕ3; g(f); VPf

\E
ϕ1 •ϕ2 •ϕ3; g(f)(x); Sf

�I2

λϕ2.ϕ1 •ϕ2 •ϕ3; λg.g(f)(x); Sf �(VPf /VPb)
�E

ϕ1 • can’t •ϕ3; ¬3f(x); Sf
\I1

can’t •ϕ3; λx.¬3f(x); VPf
/I3

can’t; λfλx.¬3f(x); VPf /VPb

Using the VP/VP entry for the modal derived in (14), the narrow scope readings
for the modal for both (8) and (13) follow straightforwardly.

Beyond its wide empirical reach illustrated above, our more abstract treatment
of the syntax-semantics interface of modals can be seen as a unification of what
have been viewed as two very distinct, competing analyses. A common treatment
of modals in the Principles and Parameters approach proposed in the period
following Pollock [35] is to take them as originating under their own functional
head and moving to Spec of TP (see, for example, Iatridou and Zeijlstra [12],
Harwood [10] and Radford [37, 241] for discussion of this general line of analysis).
This treatment of modals as operators raised into higher positions to scope over
propositional content offers—at least in principle—a strategy for solving the
puzzles posed by (6) and (13), in conjunction with certain ancillary assumptions
(e.g., Johnson [14] on Gapping, but see Kubota and Levine [18] for a critique).
On the other hand, the lexicalist treatment of modals as verbs combining with
VP complements has been empirically successful in capturing morphosyntactic
dependencies involving auxiliaries since its introduction in Gazdar [6] and Gazdar
et al. [8],7 but encounters the serious hurdles noted above. On our analysis, it is
exactly these two types of seemingly rival analyses which fall out of the single
lexical entry in (8).

3 Higher-order operator analysis of NIE properties

From the discussion above, it should be clear that our approach differs from the
traditional lexicalist analyses of auxiliaries in that it takes modal auxiliaries to
be higher-order operators that scope over clausal constituents. Aside from some
advantages it offers in the analysis of scopal interactions with other operators
(such as generalized quantifiers and conjunction in Gapping, as noted above), one
may rightfully wonder whether there is any payoff to this more abstract analysis
7 Note also that the distributive interepretation of modals in Gapping is straightforward

in this type of approach, whereas the high-modal analysis such as Johnson [14] in the
transformational literature struggles to obtain this reading. See Kubota and Levine
[18] Park [33] and Potter et al. [36] for some relevant discussion.
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of English auxiliaries. We argue in this section that additional advantage does
in fact come from the analysis of the familiar syntactic properties of English
auxiliaries, in particular, the somewhat puzzling distribution of the unstressed
do, which has—as noted in section 1—proven problematic in lexicalist analyses
of English auxiliaries.

In order to formulate an analysis of do insertion, we need an explicit analysis
of (at least a subset of) NICE properties. In the rest of this paper, we set
aside contraction since this phenomenon involves morphological idiosyncrasy
that justifies a lexical treatment. For the other three phenomena, our analysis
builds on the key idea that auxiliary verbs are syntactically operators that fill in
the preverbal gap position of type VP/VP. Unlike the more traditional VP/VP
analysis, the higher-order analysis of auxiliaries introduced in the previous section
opens up an analytic possibility in which we can define operators that manipulate
the type VP/VP gap before it gets filled in by the lexical auxiliary. Our analysis
of the NIE operators crucially exploits this possibility.

3.1 Basic actions of the NIE operators

We start with inversion. In sentences with inverted auxiliaries such as polar
questions, the auxiliary verb appears at the beginning of the clause rather than
in the preverbal position. This word order change can simply be handled by
positing the following higher-order operator that maps a S�(VP/VP) to another
S�(VP/VP), which differs only in the prosodic specification. The fact that inver-
sion has taken place is recorded in the syntactic feature inv, a standard technique
for distinguishing inverted from non-inverted clauses in lexicalist approaches.8,9

(15) λσλϕ.ϕ • σ(ε); λF .F ; (Sinv�(VPf /VPb))�(Sf �(VPf /VPb))

After the inversion operator applies to S�(VP/VP), the result is passed on
to the higher-order auxiliary. The latter fills in the auxiliary string in the gap
position—which has been moved to the clause-initial position by the inversion
operator—to complete the derivation (here, we have slightly generalized the
lexical entry for the auxiliary, replacing Sf with Sα, where α ∈ {fin, inv}).

(16)

λσ.σ(should);
λF .�F (idet);
Sα�(Sα�(VPf /VPb))

λσλϕ.ϕ • σ(ε);
λF .F ;
(Sinv�(VPf /VPb))�(Sf �(VPf /VPb))

...
λϕ.john •ϕ • come;
λf.f(come)(j);
Sf �(VPf /VPb)

λϕ.ϕ • john • come; λf.f(come)(j); Sinv�(VPf /VPb)
should • john • come; �come(j); Sinv

8 The semantics of the inversion operator is the identity function. We assume that a
separate operator (of the sort assumed in Kubota and Levine [21]) is responsible
for introducing the semantics of polar questions. The separation of the syntactic
operation of inversion and question semantics is motivated by the fact that inversion
is found in contexts other than polar questions.

9 ε designates the empty string.
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An important fact about auxiliary inversion is that it is a clause-bound
phenomenon.

(17) *Will anybody who be vaccinated after arrival may visit Japan?

We utilize the clause-level indexing mechanism from the previous section to
capture this fact explicitly. Specifically, (15) is actually an abbreviated version of
(18), which makes it explicit that the ‘auxiliary gap’ that the inversion operator
targets is a local one.

(18) λσλϕ.ϕ • σ(ε); λF .F ; (Sn
inv�(VPn

f /VPn
b ))�(Sn

f �(VPn
f /VPn

b ))

We make the same assumption about the ellipsis and negation operators we
introduce below, but continue to suppress the clause-level indexing for the sake
of readability. It should be kept in mind that these indices are present in the
official version of the analysis.

Moving on to ellipsis, descriptively, VP ellipsis is a phenomenon in which an
auxiliary stands in for a full VP. We here assume a somewhat more elaborate
analysis of VP ellipsis than the one we utilized in Kubota and Levine [19, 20],
where the the VP ellipsis operator is defined as a higher-order operator that
replaces a type VP gap by a type VP/VP gap.

(19) λσλϕ.σ(ϕ); λGλf.G (f(P )); (Sf �(VPf /VPb))�(Sb�VPb)

The ellipsis operator supplies the contextual variable P as the meaning of the
missing VP. We assume that technically P is just a free variable and that its
value is contextually determined just like the referent of (free) pronouns. A
sample derivation is given in (20). Just as in the case of inversion, the ellipsis
operator applies first and the resultant S�(VP/VP) expression is passed on to
the higher-order auxiliary.

(20)

λσ.σ(should);
λF .�F (idet);
Sα�(Sα�(VPf /VPb))

λσλϕ.σ(ϕ);
λGλf.G (f(P ));
(Sf �(VPf /VPb))�(Sb�VPb)

...
λϕ.john •ϕ;
λQ.Q(j); Sb�VPb

λϕ.john •ϕ; λf.f(P )(j); Sf �(VPf /VPb)
john • should; �P (j); Sf

Finally, negation is listed in the lexicon as a higher-order operator similar
to the modal auxiliaries as in (21) in order to capture the polarity-sensitive
scopal interactions with modals (see Kubota and Levine [21] for details), but
an alternative sign that applies to a VP/VP-gapped sentence and inserts the
negation morpheme right after the gap can be obtained as a theorem as in (22).

(21) λσ.σ(not); λF .¬F (idet); Sα�(Sα�(VPb/VPb))
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(22)

[
σ;
F ;
Sf �(VPf /VPb)

]5

λσ.σ(not);
λF .¬F (idet);
Sα�(Sα�(VPb/VPb))

[
ϕ4;
x;
NP

]4

[
ϕ1;
f ;
VPf /VPb

]1
[
ϕ2;
g; VPb/VPb

]2 [
ϕ3;
P ; VPb

]3

ϕ2 •ϕ3; g(P ); VPb

ϕ1 •ϕ2 •ϕ3; f(g(P )); VPf

ϕ4 •ϕ1 •ϕ2 •ϕ3; f(g(P ))(x); Sf
�I2

λϕ2.ϕ4 •ϕ1 •ϕ2 •ϕ3;
λg.f(g(P ))(x); Sf �(VPb/VPb)

ϕ4 •ϕ1 • not •ϕ3; ¬f(P )(x); Sf
\I4

ϕ1 • not •ϕ3; λx.¬f(P )(x); VPf
/I3

ϕ1 • not; λPλx.¬f(P )(x); VPf /VPb

σ(ϕ1 • not); F (λPλx.¬f(P )(x)); Sf
�I1

λϕ1.σ(ϕ1 • not); λf.F (λPλx.¬f(P )(x)); Sf �(VPf /VPb)
�I5

λσλϕ1.σ(ϕ1 • not);
λFλf.Cf(λPλx.¬f(P )(x)); (Sf �(VPf /VPb))�(Sf �(VPf /VPb))

This is a theorem that falls out from (21) regardless of whether one wants it
or not. This more complex sign in (22) turns out to play a crucial role in our
analysis of the interactions of the other NIE operators in the next section.

We can use (22) for deriving a simple sentence containing negation goes as
follows:

(23)

λσ.σ(should);
λF .�F (idet);
Sα�(Sα�(VPf /VPb))

...
λσλϕ1.σ(ϕ1 • not);
λFλf.F (λPλx.¬f(P )(x));
(Sf �(VPf /VPb))�(Sf �(VPf /VPb))

...
λϕ.john •ϕ • come;
λf.f(come)(j);
Sf �(VPf /VPb)

λϕ.john •ϕ • not • come; λf.¬f(come)(j); Sf �(VPf /VPb)
john • should • not • come; �¬come(j); Sf

3.2 NIE Interactions

An important property of the analysis of the NIE operators above is that these
operators interact with one another systematically to yield the right results for
cases in which the relevant phenomena interact with one another. In order to
facilitate discussion on this point, we introduce some abbreviatory notation first.
Specifically, we write INV, ELL and NEG for the three operators introduced above
and LEX for some auxiliary lexical entry (should is chosen just for an illustration;
¬¬ is ‘generalized negation’ such that ¬¬et→et = λFλPλx.¬F (P )(x)).10,11

10 The entries in (24) need the index markings of the sort discussed in section 3.1 (in
order to prevent overgeneration of examples such as *Should John say Mary ∅ get
the job?), but we keep omitting these for the sake of notational transparency.

11 Computationally inclined readers may find it unfortunate that our entries for INV
and ELL are not lexicalized—a concern that we share. We agree with the reviewer
who raised this issue that it may plausibly be argued that these operations (or at
least INV) are morphological processes rather than empty operators in syntax. See
also footnote 12 in this connection.
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(24) a. INV = λσλϕ.ϕ • σ(ε); λF .F ; (Sinv�(VPf /VPb))�(Sf �(VPf /VPb))
b. ELL = λσλϕ.σ(ϕ); λGλf.G (f(P )); (Sf �(VPf /VPb))�(Sb�VPb)
c. NEG = λσλϕ.σ(ϕ • not);

λFλg.F (¬¬et→etg); (Sf �(VPf /VPb))�(Sf �(VPf /VPb))
d. LEX = λσ.σ(should); λF .�F (idet); Sα�(Sα�(VPf /VPb))

Given these abbreviatory notations, we can derive the inverted, complement-
elided and negated versions of the auxiliary lexical signs as follows, via function
composition of LEX and the three operators (here, ◦ denotes function composition;
proofs for the theorems in (25) are omitted due to space constraints but are all
straightforward):

(25) a. LEX ◦ INV = λσ.should • σ(ε); λF .�F (idet); Sinv�(Sf �(VPf /VPb))
b. LEX ◦ ELL = λσ.σ(should); λG .�G (P ); Sf �(Sb�VPb)
c. LEX ◦NEG = λσ.σ(should • not); λF .�F (¬¬et→et ); Sf �(Sf �(VPf /VPb))

One interesting consequence that immediately follows from the above analysis
is that a ‘slanted’ version of the inverted auxiliary sign is obtained as a theorem,
as in the following proof:

(26) LEX ◦ INV

...
λσ.should • σ(ε);
λF .�F (idet);
Sinv�(Sf �(VPf /VPb))

[
ϕ3;
x; NP

]3

[
ϕ1;
f ; VPf /VPb

]1 [
ϕ2;
P ; VPb

]2

ϕ1 •ϕ2; f(P ); VPf

ϕ3 •ϕ1 •ϕ2; f(P )(x); Sf
�I1

λϕ1.ϕ3 •ϕ1 •ϕ2; λf.F (P )(x); Sf �(VPf /VPb)
should •ϕ3 •ϕ2; �P (x); Sinv

�I2

should •ϕ3; λP.�P (x); Sinv/VPb
�I3

should; λxλP.�P (x); Sinv/VPb/NP

Thus, just as there is a close connection between the present approach and the
more traditional lexicalist approach in the analysis of basic cases, (the analog of)
the inverted auxiliary entry in lexicalist approaches also falls out as a theorem in
the present setup.

On the present approach, the interactions of the NIE phenomena can be
captured by the interactions of the three operators. Since the derivations are all
straightforward, we omit them but just list the relevant composed operators that
are involved in each of the NIE interactions in (27e–h).

(27) a. John will come. LEX

b. Will John come? LEX ◦ INV

c. John will ∅. LEX ◦ ELL

d. John will not come. LEX ◦ NEG

e. Will John not come? LEX ◦ INV ◦ NEG

f. John will not ∅. LEX ◦ NEG ◦ ELL

g. Will John? LEX ◦ INV ◦ ELL
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h. Will John not ∅? LEX ◦ INV ◦ NEG ◦ ELL

In contemporary lexicalist approaches and their variants (such as Sag et al.
[38]), the NIE phenomena are typically treated via lexical operations, or in
terms of constructional schemata. In such approaches, the interactions of these
phenomena are captured by letting the lexical rules or constructional schemata
feed into one another. Here, the idea is the same, except that in our case the
interactions of the relevant operators are governed by the same logic of syntactic
combinatorics (in which function composition is a theorem) that governs other
aspects of syntax.12

4 The distribution of the unstressed do

4.1 Do insertion as a higher-order operator

With the analyses of the NIE operators in place, we are now ready to account
for the distribution of unstressed do. As noted in section 1, the curious property
of this auxiliary is that its distribution is limited to environments in which an
auxiliary must appear. The challenge here is that if we simply posit the following
lexical entry for dŏ/d̆ıd that is essentially identical in form to modal auxiliaries,
then, we predict that dŏ/d̆ıd can appear in environments in which an auxiliary
can appear, but this immediately leads to overgeneration of the declarative case
(here, P is the past tense operator).

(28) LEX = λσ.σ(d̆ıd); λF .P F (idet); Sα�(Sα�(VPf /VPb))

The problem that earlier PSG-based approaches face essentially stems from
the fact that if we view dŏ/d̆ıd as a distinct lexical entry with the same syntactic
properties as other auxiliaries in order to capture the parallel behaviors in
the NI(C)E environments, then there is no straightforward solution for the
overgeneration issue represented by (2a). Sag et al. [38] resort to a complex
solution within Construction-based HPSG that involves a substantial change to
the way in which the AUX feature is used in earlier lexicalist approaches.

Our claim here is that in the logic-based setup of Type-Logical Grammar,
there is a conceptually simpler solution for this problem that cannot be easily
translated to a PSG setup. Specifically, we take ‘do insertion’ to be mediated by
an operator that takes NIE operators as arguments to produce the same effect as
the ‘phantom’ (i.e. non-existent) lexical entry for dŏ/d̆ıd in (28) above. In other
words, we posit DO which satisfies the following property:

(29) For f ∈ {NEG/ELL/INV}, DO(f) ≡ LEX ◦ f
12 This of course raises the concern that we are perhaps blurring the boundary between

syntax and morphology, blatantly going against the tenet of the lexicalist thesis (in
the narrower sense of adhering to the ‘lexical integrity principle’). We acknowledge
this to be an important question, but leave further investigation to a future occasion.
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Given that we know what LEX is (see (28)), defining DO turns out to be
straightforward:13

(30) DO = λf. LEX ◦ f
= λfλg. LEX(f(g))
= λρλσ.[λσ0.σ0(did)](ρ(σ)); λGλh.[λF .P F (idet)](G (h)); (Sα�X)�(Sα�(VPf /VPb)�X)
= λρλσ.ρ(σ)(d̆ıd); λGλh.P G (h)(idet); (Sα�X)�(Sα�(VPf /VPb)�X)
where X ∈ {Sf �(VPf /VPb), Sb�VPb}

Given the definition in (30), it should be straightforward to see that we get the
right result in the NIE sentences. For example, in the inversion case, we have:

(31) DO(INV) = λf.[LEX ◦ f ](INV)
= LEX ◦ INV
= λσ.d̆ıd • σ(ε); λF .P F (idet); Sinv�(Sf �(VPf /VPb))

The key point here is that DO closes off the VP/VP gap by directly applying to
the NIE operators. This means that it can’t work alone, from which it immediately
follows that (2a) is not licensed. In this respect, the present proposal is reminiscent
of the idea of ‘last resort’ that constitutes the underlying intuition of various
formulations of do insertion in derivational approaches in generative grammar
since Chomsky [5]. While intuitively appealing, the exact status of the do insertion
operation has been problematic in virtually all variants of derivational approaches
throughout the history of generative grammar. In the present logic-based setup,
there is a conceptually simple and mathematically precise way of formalizing
the operation of do insertion as a higher-order operator that specifically targets
operators that apply to modal auxiliaries. In this connection, we would like to
emphasize that ‘logic’ in the title of this paper should be construed broadly, not
just referring to the underlying deductive system itself, but also the way in which
the whole system of grammar is set up. This enables us to make sense of the
systematicity inherent to the grammar of natural language in terms of the notion
of logical inference. Section 4.2 discusses some further consequences of the present
approach where (at least in our view) this perspective becomes important.

At this point, a reader with sound skepticism may wonder about the cognitive
plausibility of positing such an abstract operator—a concern that we share. This
is a complex issue, but our own current view is that this is a cost that is worth
paying, since it makes the competence grammar more streamlined, and moreover,
it has the potential of shedding new light on other aspects such as diachronic
13 Note that the DO operator exploits the fact that the prosodic calculus in Hybrid

TLG is a lambda calculus in which any higher-order operator can be defined. So
far as we can tell, this cannot be implemented straightforwardly as a lexical item
in related TLG approaches such as the Displacement Calculus [30] and NLλ [3], let
alone CCG. One might wonder whether this operator really needs to be posited as a
lexical item, as opposed to, e.g., being treated as some kind of meta-operation in the
lexicon. The discussion in section 4.2 is relevant for this issue, but we refrain from
investigating it in detail in this paper.
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change. Specifically, the analysis we have presented above can potentially shed a
new light on the origin of do insertion as well, but we need to review the history
of English in order to address this point. Thus, in the next section we present a
preliminary sketch of an account that addresses the status of do insertion, an issue
that has received considerable attention in historical syntax. We hope to convince
the reader that the logic-based approach we advocate here has something new to
offer to this debate in the neighboring field of diachronic syntax as well.

4.2 The origin of do

In this section, we argue that the analysis of unstressed do presented above has a
potential further advantage in offering a natural explanation for how this peculiar
distribution arose in the history of English. Admittedly, our discussion is highly
speculative, and it also builds heavily on work on historical syntax by other
scholars, most importantly, by Anthony Warner [41]. The point we would like
to make is modest: we believe that Warner’s view, originally expressed in the
theoretical vocabulary of HPSG, is essentially on the right track, but that its
key insight can be expressed even more transparently by taking a logic-based
perspective of the sort we have advocated above.

According to Warner [41], the development of do took place in two stages in the
period of early Modern English. The first stage coincides with the establishment
of modals as a distinct class during the second half of the 15th century and the
first half of the 16th century. During this period, there was a set of systematic
changes to a class of verbs including can, may and will in the direction that the
notion ‘modal auxiliary’ became a coherent grammatical category (this included
the loss of nonfinite forms of can, may and will, and the loss of nonmodal (i.e.,
main verb) meanings for can, may and will, among other changes). The auxiliary
use of do in the Standard variety of English started to develop around the same
period. Warner follows Traugott in viewing that periphrastic do at this stage
was associated with a range of pragmatic functions pertaining to ‘affirmation of
speaker truthfulness’ [40, 257].

In an influential study that statistically demonstrated the two-stage devel-
opment of the auxiliary use of do, Kroch [15] observes that from the beginning
of the 16th century to the period of 1550–1575, the occurrence of do increases
in all syntactic environments, including the declarative. But after the period of
1575–1600, the development in different contexts starts to diverge. Do in polar
questions continues to increase but the use of do in declarative sentences starts
to decline. In negative environments, there is an initial sharp decline, followed by
a steady increase (but at a lower rate than in positive polar questions). Kroch
attributes this two-stage change to the loss of V2 in English within an account
of parametric change in the Principles and Parameters (P&P) framework.

Warner offers a reinterpretation of Kroch’s data that does not rely on the
P&P assumptions (Warner’s view is endorsed by Hudson [11] as well). According
to Warner, the split in the development of do in different syntactic environments
after the period of 1575–1600 can be attributed to a process of reanalysis of the
following sort. The key factor is the fact that the pragmatic function associated
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with do (which is essentially semantic focus on polarity contrast) is an inherent
property of polar questions. Thus, with the steady increase of do in polar questions,
the pragmatic function originally associated with do was reanalyzed as the
constructional meaning of the polar interrogative itself, with do having only
the function of contributing tense information. Do then becomes essentially
an ‘allomorph’ of the tense affix whose distribution is limited to the inverted
interrogative environment. The use of periphrastic do in the declarative then
declines gradually with this reanalysis, via blocking by simple verb inflection for
expressing tense. Note that this account is also consistent with the initial drop
and the later recovery in negative environments; the reanalysis of do is triggered
in the interrogative context, and then spreads to other syntactic contexts via
analogy. Warner attributes the source of this reanalysis to child language learning.
Due to the pragmatic function, do in the declarative environment was restricted to
the literary style, but it was common in polar interrogatives in colloquial speech.
Then, the child learning the language was most likely exposed to utterances
containing the auxiliary use of do only in polar questions, from which s/he would
infer that do is nothing more than a tense auxiliary.

While all this seems plausible, one point that remains unclear in Warner’s
account is the status of do as an ‘allomorph’ of the tense affix. This is of course
a descriptively accurate characterization of do in present-day English, but the
theoretical issue (which previous PSG proposals struggled to account for) is how
exactly this descriptive generalization is to be implemented in a formally explicit
theory. Warner [41, 250, n28] claims that a lexical specification involving an
implicational constraint along the lines of (32) captures this generalization:

(32) subcat 〈[−ellipsis, −aux]〉 & do ⊃ semantic prominence

This says that an overt do carries the effect of ‘semantic prominence’ unless it
appears in a NICE environment (subcat 〈[−ellipsis, −aux]〉). However, this is
just a restatement of the facts, and, perhaps more disturbingly, it is unclear how
such a complex lexical restriction arose out of a simple process of reanalysis of
the sort Warner himself advocates.

Thus, even though the general outline of Warner’s reanalysis-based account
is quite attractive, the exact nature of the reanalysis (in particular, the formal
status of the resultant lexical entry for do) within the PSG-based setup he
adopts is somewhat unclear. It is then interesting to see that a conceptually
much simpler reformulation becomes available once we recast his account within
a type-logical setup. From our perspective, Warner’s account can be simply
understood as a reanalysis of LEX by DO. That is, in the first phase of the
two-stage development of do, LEX used to exist in the grammar of English, so
its distribution was not restricted to NICE environments. But its usage was
restricted to literary style in declaratives, due to the pragmatic function it was
associated with. A child acquiring the language then gets exposed to occurrences
of do only in polar questions. This much is the same as in Warner’s account.
But then, we essentially have a situation in which the child has to choose
between two competing hypotheses, LEX or DO, but the available evidence gives
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him/her confidence only for the weaker hypothesis of positing DO. Given the
lack of positive evidence for the stronger hypothesis, the child opts for the more
conservative hypothesis. Crucially, unlike in Warner’s original account, the formal
status of DO is perfectly explicit here: it is an operator that mimics the effect of
an auxiliary just when, despite the lack of evidence for an independent lexical
auxiliary, we find an operator (INV) that is looking to combine with an auxiliary—
without the help of DO, there is no way to complete the derivation. Moreover,
our reconceptualization provides a clear motivation for why the reanalysis has
happened: DO wins over LEX in the acquisition context since it is the less risky
hypothesis that is consistent with all the data that the child encounters.

Thus, the higher-order analysis of do insertion not only characterizes the
distribution of do in present-day English, but it also potentially illuminates
the process by which it arose. Of course, there is no way of directly proving or
disproving the hypothesis we have entertained above, but we take it that, other
things being equal, an analysis that provides a natural motivation for known
facts about historical change is more preferable than one that doesn’t.

5 Conclusion

In this paper, we have proposed an analysis of the English auxiliary system
in Hybrid TLG. Given the lack of a detailed and systematic study of English
auxiliaries in the past literature of categorial grammar, our conclusions in this
paper should be of interest to practitioners of categorial grammar of various
stripes (and for practitioners of other grammatical theories more generally). First,
we believe that the conceptually simple analysis of do insertion that crucially relies
on the higher-order treatment of modals and the NIE operators generally argues
for the advantage of contemporary variants of TLG, all of which are equipped
with machinery for dealing with this type of abstract syntactic composition in
one way or another (but there are some possible subtleties here; note the point
we have made in footnote 13). This then raises an interesting question for CCG.
On the one hand, the higher-order analysis we have argued for is not directly
implementable in CCG—to see this point, the reader is invited to think about
how to reformulate the auxiliary entry in (8) (which is crucial for obtaining the
‘anomalous scope’ interpretation in Gapping and related phenomena) or the DO
operator in (30) in CCG. On the other hand, an elaborate construction-based
analysis of the sort recently advocated by Sag et al. [38] is also unlikely to
straightforwardly carry over to CCG. But then, the treatment of do insertion
seems to remain one of the major open questions for CCG. We refrain from
speculating about possible responses to this challenge, but instead just raise this
issue explicitly here since it is (in our view) yet another variant of the long-term
tension between ‘surface-oriented’ vs. ‘abstract’ syntax of the sort that various
scholars have commented on since the very inception of nontransformational
variants of syntax at the beginning of the 80s.
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A A brief introduction to Hybrid Type-Logical Grammar

The main text assumes familiarity with Hybrid TLG [20]. This appendix provides
a brief, self-contained introduction to Hybrid TLG so that readers who are not
familiar with it can understand the analysis in this paper. For a more detailed
exposition, see Kubota and Levine [20].

Hybrid TLG is essentially an extension of the Lambek calculus [22] with one
additional, non-directional mode of implication. The full set of inference rules in
Hybrid TLG are given in (33).

(33) Connective Introduction Elimination

/

...

...

[ϕ; x; A]n

...

...

...
b •ϕ; F ; B

/In
b; λx.F ; B/A

a; F ; A/B b; G; B
/E

a • b; F(G); A

\

...

...

[ϕ; x; A]n

...

...

...
ϕ • b; F ; B

\In
b; λx.F ; A\B

b; G; B a; F ; B\A
\E

b • a; F(G); A

�

...

...

[ϕ; x; A]n

...

...

...
b; F ; B

�In
λϕ.b; λx.F ; B�A

a; F ; A�B b; G; B
�E

a(b); F(G); A
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The key difference between /,\ and � is that while the Introduction and Elimina-
tion rules for /,\ refer to the phonological forms of the input and output strings
(so that, for example, the applicability of the /I rule is conditioned on the presence
of the phonology of the hypothesis ϕ on the right periphery of the phonology
of the input b •ϕ), the rules for � is not constrained that way.14 For reasoning
involving �, the phonological terms themselves fully specify the ways in which
the output phonology is constructed from the input phonologies. Specifically, for
�, the phonological operations associated with the Introduction and Elimination
rules mirror exactly the semantic operations for these rules: function application
and λ-abstraction, respectively. We assume that the binary connective • in the
phonological term calculus represents the string concatenation operation and
that • is associative in both directions. For notational convenience, we implicitly
assume the axiom (ϕ1 •ϕ2) •ϕ2 ≡ ϕ1 • (ϕ2 •ϕ3) and leave out all the brackets
indicating the internal constituency of complex phonological terms.

Thus, the present system without the rules for � is equivalent to the Lambek
calculus (Lambek 1958), while the system with only the rules for � is essentially
equivalent to the family of approaches known as Linear Categorial Grammar
[9, 31, 23], all of which are essentially direct descendants of Oehrle [32].

The latter component, namely, the lambda abstraction in the prosodic calculus
is what distinguishes Hybrid TLG from other variants of TLG that are based
on the Lambek calculus (such as Moortgat [25] and Morrill et al. [30]). As
demonstrated by Oehrle [32], this enables a straightforward and formally explicit
implementation of Montague’s (1973) quantifying-in:

(34) read; read; (NP\S)/NP [ϕ2;x; NP]1

read •ϕ2; read(x); NP\S john; j; NP
john • read •ϕ2; read(x)(j); S

�I1

λϕ2.john • read •ϕ2; λx.read(x)(j); S�NP

...
λσ.σ(every • book);A

book; S�(S�NP)
john • read • every • book; A

book(λx.read(x)(j)); S

As (34) illustrates, quantifiers are entered in the lexicon in type S�(S�NP), with
the standard generalized quantifier meanings for their semantics and a phonology
that is a higher-order function typed (st→ st)→ st (with st the type of strings),
which ‘lowers’ the quantifier string in the position in the sentence (bound by the
λ-operator in the phonology) corresponding to the semantic variable bound. As
in Montague’s quantifying-in, the order in which the quantifier combines with
the sentence that it lowers into determines its scope.

In the analysis in the main text, we extend Oehrle’s approach to scopal
operators beyond the familiar domain of generalized quantifiers. In particular,
we show how the behavior of English auxiliaries, long known to display puzzling
and refractory relationships between their syntactic and semantic behavior, can
14 In this respect, the proof system of Hybrid TLG follows most closely Morrill and Solias

[29] and Morrill [26]; see Moortgat [25] and Bernardi [4] for an alternative formulation
where sensitivity to directionality is mediated through a presumed correspondence
between surface string and the form of structured antecedents in the sequent-style
notation of natural deduction.
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be explained through a treatment which parallels the way in which the scopal
interaction of generalized quantifiers is accounted for.
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Abstract. Donkey sentences are among the challenging examples that
present a difficult problem in compositional logical semantics. Their
semantic treatment is one of the early applications of dependent type
theory to linguistic semantics, where the type constructor Σ is used to
play a double role, both as the existential quantifier and as the subset
constructor. However, it is known that this method is inadequate because
it fails to deal with counting properly – this is also called the cardinality
problem. In this paper, we analyse this problem to explicate that it
originates from the use ofΣ to play the double role and propose to consider
the semantics of donkey sentences in a type theory with both Σ and a
traditional existential quantifier. It is shown that, with both operators,
donkey sentences can be given adequate semantic interpretations which,
in particular, take care of counting properly.

1 Introduction

Donkey sentences, as first studied by Geach [14] and exemplified in (1), where an
anaphoric expression refers to an existentially quantified entity, are among the
challenging examples that present a difficult problem in compositional logical
semantics.

(1) Every farmer who owns a donkey beats it.

Their studies (and that of trans-sentential anaphora) have led to the development
of dynamic semantics such as Discourse Representation Theory (DRT) [21, 22, 17]
and Dynamic Predicate Logic (DPL) [16], which are widely accepted by linguistic
semanticists as a framework with proper means to deal with anaphora and,
however, require us to consider substantial changes of the underlying logical
systems for formal semantics.1 (See [3], among others, for a recent summary of
the dynamic approach to donkey anaphora.)

In the mid-80s, as one of the early applications of dependent type theory
in logical semantics, researchers such as Mönnich [31] and Sundholm [39] have
? This work is partially supported by the EU research network EUTypes (COST Action

CA15123).
1 For example, DPL is a rather non-standard logical system: among other things, it is

non-monotonic and the notion of dynamic entailment fails to be reflexive or transitive
[16, 15].
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proposed to use Martin-Löf’s type theory [29] to deal with donkey anaphora, where
Σ-types are employed to play a double role, representing the existential quantifier
as well as the subset constructor. Σ-types Σx:A.P (x) are also called strong sums,
as opposed to the traditional existentially quantified formulas ∃x:A.P (x) which
are called weak sums. They are called so because, from an object of the strong
sum, one can obtain its witness by means of a projection operation, while this is
not possible for the weak sum. It is because of the availability of witness projection
that an anaphoric reference can be obtained from an object of a Σ-type, while
this is not possible for an existential quantification in the traditional case (and
hence the problem in the first place). However, it is known that this method of
using Σ-types to deal with donkey anaphora suffers from a problem of counting
[40, 41], also called the cardinality problem, and fails to provide us an adequate
solution (see S 2 for more details).

In this paper, we contend that the cardinality problem of the above type-
theoretical approach has come from a double role played by Σ, as an existential
quantifier, on the one hand, and as a structural mechanism to represent collections
(subsets) of objects, on the other. These two roles should be separated and played
by different type constructors. But in traditional logics (for example, first-order
logic or simple type theory) or in Martin-Löf’s type theory, only either ∃ or Σ
exists, not both, and therefore there is no way to consider such a separation of
labour. We show that, in a type theory with both strong and weak sums, donkey
sentences can be given adequate semantics in which counting is taken into proper
account.

Our proposal is also linked to the research on different readings of donkey
sentences and, in particular, the strong and weak readings as studied by Chierchia
and others [7, 8, 23]. Also, donkey anaphora are closely related to (and, for some
researchers, they are examples of) the so-called E-type anaphora, as first studied
by Evans [12, 13], which may be interpreted by means of descriptions (see, for
example, [33] for a recent discussion). It is not surprising that Σ-types are
essentially useful in semantic interpretations of donkey sentences since they have
close links to descriptions [29, 5, 30] and we shall give some brief discussions
about this.

Combining strong and weak sums in type theory is a subtle matter that needs
us to tread carefully, for otherwise we may easily slip into inconsistency or other
problems. Although there are already some results in this respect [24], they are
not widely known, partly because of their technical nature. We shall discuss this
issue briefly, explaining both possibilities and potential problems.

In the following section S 2, we shall explain the concepts of strong and
weak sums, define the notion of cardinality for finite types, and illustrate the
counting/cardinality problem of the Σ-type interpretation of donkey sentences. S
3 describes our proposed solution with both strong and weak sums: in S 3.1, we
first briefly describe the type structure of type theory UTT which has both Σ
and ∃, followed by S 3.2 to explain how donkey sentences may be interpreted in
UTT, and then by S 3.3 which considers E-type anaphora and the use of Σ-types
for descriptions. In S 4, we shall briefly explain the possibilities and potential
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problems in having both strong and weak sums in a type theory, followed by
some concluding remarks, including that about considering dynamics in type
theory.

2 Strong and Weak Sums in Type Theory

In this section, we explicate the concepts of weak sums (for example, traditional
existential quantifiers), to illustrate the original problem of using existentially
quantified variables to interpret donkey anaphora, and strong sums (Σ-types),
to explain the counting problem when using Σ-types to play a double role in
interpreting donkey sentences, as proposed by Mönnich [31] and Sundholm [39].

Weak sums (existential quantifiers). Under the Curry-Howard propositions-as-
types principle [11, 20], traditional existentially quantified formulas are examples
of weak sum types of the form ∃x.P (x). In first-order logic, depending on whether
it is intuitionistic or classical, the existential quantifier can be introduced directly
or defined by means of the universal quantifier together with negation, respectively.
In higher-order logic (or simple type theory) as used in Montague’s semantics,
where there is an impredicative type t of all formulas, it can be either directly
introduced or defined by means of the universal quantifier as in (2), where x
ranges over entities and X over formulas of type t.2

(2) ∃x.P (x) = ∀X. (∀x.(P (x)⇒ X))⇒ X.

It is known that, given a proof of ∃x.P (x), although one knows that there is
an entity such that P holds, in the logical calculus one cannot find out which
entity it is. It is because of this that an anaphoric reference to an existentially
quantified entity becomes problematic. For example, in a traditional compositional
semantics, the donkey sentence (1) would obtain (3) as its interpretation, where
the free variable y in beat(x, y) is out of the scope of the existential quantifier ∃
and is different from the bound variable y bounded by ∃.

(3) (#) ∀x. [farmer(x) & ∃y.(donkey(y) & own(x, y))]⇒ beat(x, y)

This illustrates the original problem in interpreting donkey sentences, as men-
tioned at the beginning of Introduction.

Strong sums (Σ-types). Σ is a dependent type constructor. If A is a type and B
is a family of types that depend on objects of type A, then Σx:A.B(x) is a type,
consisting of pairs (a, b) such that a is of type A and b is of type B(a). Σ-types
are associated with the projection operators π1 and π2 so that, for (a, b) of type
Σx:A.B(x), π1(a, b) = a and π2(a, b) = b. Formally, Σ-types are governed by the
inference rules in Appendix A.
2 The fact that other logical operators can be defined in higher-order logical systems by

means of universal quantifier was discovered in the 60s by Prawitz [34] (and several
others, independently) and, this is the same in an impredicative type theory – see
definitions in (8-9) and Appendix C.



On Type-Theoretical Semantics of Donkey Anaphora 107

Besides being useful mechanisms to organise structures in various applications,
Σ-types may also play other roles. For example, in Martin-Löf’s type theory [29],
Σ also plays the role of existential quantifier in its logic.3 This is the basis for
Mönnich [31] and Sundholm [39] to propose using Σ-types to interpret donkey
sentences.4 For instance, the donkey sentence (1) can be interpreted as (4), in
which FΣ , as defined in (5), is the type intended to represent the collection of
donkey-owning farmers, where F and D are the types that interpret farmer and
donkey, respectively.

(4) ∀z : FΣ . beat(π1(z), π1(π2(z)))

(5) FΣ = Σx:F Σy:D. own(x, y)

Σ-types are strong in the sense that from a proof of Σx:A.P (x) one can
preform the first projection operation to obtain the witness of this ‘existentially’
quantified formula and it is because of this, if Σ is used as existential quantifier,
one can project out its witness from a proof term of the Σ-type, even outside
the Σ-type concerned (the terms π1(z) and π1(π2(z)) in (4) are such examples).

The type FΣ in (5) contains two occurrences of Σ and they play two different
roles: the first acts as a structural mechanism to represent the collection of the
farmers who own donkeys and the second as the existential quantifier to say that
there exists a donkey owned by the farmer concerned. As we shall see below,
using Σ to play this double role is problematic. In particular, FΣ is in fact
representing a collection whose cardinality (the number of its objects) is different
from that of the collection of donkey-owning farmers and, therefore, the semantic
interpretation (4) of (1) is inadequate [40, 41].

Counting and cardinality of finite types. When a type A is finite in the sense
that it has finitely many objects, it is possible to define its cardinality |A| as the
number of its objects. Formally, a type is finite if, for some n, it is isomorphic
to Fin(n), the type with exactly n objects – see Appendix B. For example, the
cardinality of a finite Σ-type is the number of pairs in the type.

The problem of counting (or the cardinality problem) can be illustrated by
considering the sentence in (6), where the quantifier Every in (1) is replaced by
Most. Its formal semantics by means of Σ-types in Martin-Löf’s type theory,
as proposed by Mönnich [31] and Sundholm [39], is given in (7), which can be
seen as obtained by replacing ∀ by the quantifier MostS . Here, MostS is defined
by Sundholm in [40] (S in MostS for Sundholm) so that, for a finite type A,
MostS x:A.P (x) is true if, and only if, more than half of the objects in A satisfy
P .
3 This is concerned with intuitionistic philosophy – a strongly minded intuitionist may

believe that the witness of a proven existentially quantified formula can be obtained
internally in a logical calculus. We omit further discussions here.

4 In formal semantics based on modern type theories, CNs such as ‘farmer’ and ‘donkey’
are interpreted as types (rather than predicates). This was first proposed by Mönnich
[31] and Sundholm [39] and further elaborated in [36, 25].
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Fig. 1. The type structure in UTT.

(6) Most farmers who own a donkey beat it.
(7) MostS z : FΣ . beat(π1(z), π1(π2(z))), where FΣ is defined in (5).

Let us now consider the cardinality of FΣ , as defined in (5). Because of the
second Σ in FΣ , |FΣ | is not that of the collection of donkey-owning farmers;
instead, to calculate |FΣ |, we’d have to count every triple (x, y, p) of farmers x,
donkeys y and proofs p that x owns y. For example, if there are ten farmers,
one of whom owns twenty donkeys and beats all of them, and the other nine
own one donkey each and do not beat their donkeys. Then, |FΣ | ≥ 29 (it is an
inequality because, if farmer x owns donkey y, there may be more than one proof
that x owns y), but the number of farmers who do not beat their donkeys is 9.
Therefore, the above semantics (7) of (6) would be true in such a case, which is
obviously incorrect.5

3 Donkey Anaphora: Type-Theoretical Semantics with
Both Strong and Weak Sums

In this section, we shall first introduce the dependent type theory UTT (Unifying
Theory of dependent Types) [24], which has both strong and weak sums, and
then show how donkey sentences like (1) and (6) can be interpreted in UTT,
giving adequate treatments for different readings and taking care of counting in
a proper way as well.

3.1 UTT: an impredicative type theory

The type structure of UTT consists of two parts: the world of data types and that
of logical propositions (see Fig. 1). It contains various types such as dependent
product types (Π-types), strong sum types (Σ-types), the type N of natural
5 This is similar to the ‘proportion problem’ when one uses DRT to interpret such

donkey sentences, where one counts farmer-donkey pairs rather than the donkey-
owning farmers. See [23] and [3], among others, for discussions.
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numbers, the predicative universes Typei (i ∈ ω), and many others. UTT also
contains an impredicative type universe Prop of logical propositions which provide
means to describe logical properties of objects of any type (see Appendix C).
Formally, UTT can be considered as the combination of Martin-Löf’s (intensional)
type theory [28, 32] with Coquand-Huet’s Calculus of Constructions [10]. In
computer science, type theories such as UTT have been implemented in theorem
proving systems (called proof assistants) for formalisation of mathematics and
verification of programs, and recently, they have been used for formal reasoning
based on linguistic semantics (see, for example, [6]).6

Note that UTT contains both strong sums Σx:A.B(x) (Σ-types) as ‘data
types’ and weak sums ∃x:A.P (x) (existentially quantified types) as logical propo-
sitions, and this is essential when considering semantic interpretations of donkey
sentences in S 3.2 below.

Logic and proof irrelevance. In UTT, a type is a logical proposition if it is of type
Prop. The type universe Prop is impredicative and, therefore, the other logical
operators can be defined by means of the operator ∀ for universal quantification
(cf., Footnote 2). For example, the conjunction operator and the existential
quantifier ∃ can be defined as in (8) and (9), respectively, and the definitions of
the other operators can be found in Appendix C.

(8) P ∧ Q = ∀X : Prop. (P ⇒ Q⇒ X)⇒ X

(9) ∃x : A.P (x) = ∀X:Prop.(∀x : A.(P (x)⇒ X))⇒ X

The principle of proof irrelevance says that any two proofs of the same logical
proposition should be the same. For instance, it implies that, for farmer x and
donkey y, any two proof terms of the proposition own(x, y) should be the same.
It has been shown that, when employing a type theory for natural language
semantics, proof irrelevance should be enforced [25, 26]. Note that, because in
UTT there is a clear distinction between logical propositions and other types
(the former being those of type Prop), it is straightforward to introduce proof
irrelevance by means of the following rule [43, 25]:

P : Prop p : P q : P
p = q : P

Intuitively, it says that, if P is a logical proposition and if p and q are proof
terms of P , then p and q are the same. In particular, according to the above rule,
every proposition of type Prop is either an empty type or a singleton type. In
terms of cardinality, we have |P | ≤ 1 for every P : Prop and, therefore, if A is
finite and Q : A→ Prop is a predicate over A, then we have

(10) |Σx:A.Q(x)| ≤ |A|.
6 There are several proof assistants based on type theories including Agda [1] based

on Martin-Löf’s type theory, Coq [9] implementing the type theory pCIC, and
Lego/Plastic [27, 4] implementing UTT. It may be worth remarking that Coq’s type
system pCIC is very similar to UTT – this is especially the case after Coq’s universe
Set became predicative in 2004 (it was impredicative in earlier versions).
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3.2 Semantic interpretations of donkey anaphora in UTT

When a type theory has both strong and weak sums (Σ-types and ∃-propositions
as in UTT), together with proof irrelevance, there is a new way to semantically
interpret donkey sentences, which takes care of counting adequately. We’ll use
the example (6), which is repeated as (11) below, to explain.

(11) Most farmers who own a donkey beat it.

In S 2, we have shown that, because in Martin-Löf’s type theory Σ is used to
play a double role, the semantic interpretation (7) of (11) is inadequate because
it gets counting wrong. In that definition, we have used quantifier MostS defined
in Martin-Löf’s type theory and, here, we can define a semantic interpretation of
the quantifier ‘most’ in UTT in a similar fashion as in [40] but with a crucial
difference: instead of Σ, we shall use ∃ as defined in (9) as the existential quantifier
and, intuitively, for a finite A, Most x:A.P (x) also means that more than half
of the objects in A satisfy P . Note that, MostS x:A.P (x) is a non-propositional
type, but Most x:A.P (x) is a logical proposition of type Prop (see Appendix D
for the formal definition).

Having defined Most in UTT, we can now interpret the donkey sentence (11)
as (12), in which F∃ is defined in (13):

(12) Most z : F∃. ∀y′ : Σy:D.own(π1(z), y). beat(π1(z), π1(y′))
(13) F∃ = Σx:F. ∃y:D.own(x, y)

Note that |∃y:D.own(x, y)| ≤ 1, that is, if ∃y:D.own(x, y) is true, the cardi-
nality of the proposition is 1. Therefore, the type F∃ correctly represents the
collection of donkey-owning farmers, as intended, and the above semantics (12)
is adequate and, in particular, it deals with counting correctly.

Researchers have studied different readings (in particular, strong and weak
readings) of donkey anaphora, as studied by Chierchia [7, 8] and others. For
instance, the strong and weak readings of (11) are (14) and (15), respectively:

(14) Most farmers who own a donkey beat the donkeys they own.
(15) Most farmers who own a donkey beat some donkeys they own.

The above interpretation (12) of (11) is a strong one, interpreting (14) directly:
most donkey-owning farmers beat all donkeys they own. A weaker interpretation
of its weak reading (15) would be (16), obtained from (12) by changing ∀ into ∃:

(16) Most z : F∃. ∃y′ : Σy:D.own(π1(z), y). beat(π1(z), π1(y′))

People have also considered more sophisticated examples with donkey anaphora.
For example, (17) is one of them, taken from Brasoveanu’s thesis [2, 3], in which
the readings for the donkey anaphora are different (‘a TV’ having a strong reading
and ‘a credit card’ a weak one). Its type-theoretical semantics with both strong
and weak sums is given in (18).

(17) Every person who buys a TV and has a credit card uses it to pay for it.
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(18) ∀z : Σx:Person. ∃y1:TV. buy(x, y1) ∧ ∃y2:Card. own(x, y2)
∀y : Σy1:TV. buy(π1(z), y1)
∃y′ : Σy2:Card. own(π1(z), y2).
pay(π1(z), π1(y), π1(y′))

One may change the quantifier Every in (17) into Most (and make other
minor changes in the sentence to make it grammatically correct by changing, for
example, ‘person/buys/has/uses’ into ‘persons/buy/have/use’) and, in that case,
we can use the quantifier Most defined in UTT (see Appendix D) to interpret the
sentence and the resulting interpretations take care of counting correctly as well.

3.3 E-type anaphora

Here, we discuss, albeit rather briefly, the so-called E-type anaphora to which
donkey anaphora are closely related (and, for some researchers, donkey anaphora
are examples of E-type anaphora).7 E-type anaphora are first studied by Evans
[12, 13], and further discussed by many, including [18] among others. They can be
interpreted by means of descriptions [37, 38] (see, for example, [33] for a recent
discussion). An example, due to Evans, is (19). Note that the pronoun ‘they’
in (19) is not bound by ‘Few’ for otherwise the semantic interpretation of the
sentence would be incorrect. A common conceptual answer, proposed by Evans,
is that these pronouns are descriptive in that they can be paraphrased by means
of descriptions as exemplified in (20) that paraphrases (19).

(19) Few congressmen admire Kennedy, and they are very junior.
(20) Few congressmen admire Kennedy, and the congressmen that do admire

Kennedy are very junior.

As pointed out by Martin-Löf [29], strong sum types (Σ-types) are related
to descriptions, because he regards them as logical propositions as well. If one
considers Σx:A.B(x) as the existentially quantified formula and because it is
strong, therefore its first projection operator π1 gives us an internal means of
obtaining the witness from a proof of the existentially quantified formula. As
explained in S 2, this is stronger than the traditional existential operator ∃ for
which such a projection operator does not exist, and it is exactly because of this
that Σ offers a form of description, as pointed out by Martin-Löf and further
studied by Carlström [5] and Mineshima [30]. For example, the E-type example
(19) may be interpreted as (21), either in Martin-Löf’s type theory or in UTT,
where we assume that the quantifier Few has been defined and C is the type
that interprets ‘congressman’:

(21) Few x:C.admire(x,K) ∧ ∀z:[Σx:C.admire(x,K)].junior(π1(z))

However, it should be made clear that, since Σ-types are not the same as
traditional existentially quantified formulas, it is unclear how far one may go
7 Here, I use the term ‘E-type’ for a kind of anaphora, rather than an approach to

solving anaphora (‘the E-type approach’ as people often put it).
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in analysing E-type anaphora by means of Σ-types. Actually, it would not go
very far since, as analysed above, using Σ as existential quantifier does cause
problems such as counting, which would show up in context of E-type anaphora
as well.

4 Combining Strong and Weak Sums in Type Theories

It is worth mentioning that combining both strong and weak sums at the same
time in a type theory is a subtle matter and, if not careful, it is easy to get into
problems. We summarise some of the known results in this section so that the
readers can become aware of them. However, because of the technical nature
of the results (and their proofs), we will only be brief and sketch some of them
briefly and informally.8

Adding strong sums to impredicative type theories. First, let’s consider how to add
strong sums (Σ-types) to an impredicative type theory, where one already has the
weak sum (∃-propositions). Note that, as briefly described in S 3.1, although it has
both Σ-types (as data types) and ∃-propositions (as logical formulas), UTT does
not have ‘Σ-propositions’ because the so-called ‘large Σ-propositions’ would lead
to inconsistency and the so-called ‘small Σ-propositions’ would make the weak
sum types become strong. Consider, for example, to add large Σ-propositions
into the impredicative universe Prop by means of the following rule (together
with those for introduction and eliminations that we omit):

(∗) A type P : A→ Prop

Σx:A.P (x) : Prop

It turns out that such Σ-propositions cannot be consistently added – if they
were added using the above rule (∗) (and related ones), the resulting type theory
would be inconsistent in the sense that even the false proposition would become
provable [19, 24].

One may want to add Σ-propositions (so-called small Σ-propositions) by a
rule like the following, this time restricting A to be a proposition of type Prop:

A : Prop P : A→ Prop

Σx:A.P (x) : Prop

Although the resulting type theory may be consistent9, there is another problem:
the addition of such small strong sum as propositions in Prop would make the
weak sum proposition ∃x:A.P (x) become strong (rather unexpectedly!) in the
sense that there is now an internal function in the type theory that, from a proof
8 These results, except that about MLTTh, are discussed by the author in [24] (S 2.3.2

of [24], in particular), from which the interested reader may obtain more information.
9 This consistency is a folklore – most researchers, including the author, believe that it

is the case, although the author has not seen a proof of it.
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of ∃x:A.P (x), returns an object a : A such that P (a) holds. That would mean
that the traditional existential quantifier is not weak anymore – such a side effect
is of course problematic and, in particular, would make the interpretation method
we proposed above in S 3.2 fail to deal with counting correctly.

Therefore, neither of the above large or small Σ-propositions is a viable
possibility and, put in another way, the approach taken in UTT seems to be the
only viable approach to adding Σ to an impredicative type theory.

Adding weak sums to predicative type theories. Now, let’s consider how to add
weak sums to a predicative type theory such as Martin-Löf’s type theory MLTT
[28, 32],10 where we already have strong sum types (Σ-types).

We first remark that defining a form of ‘weak sum types’ in a similar way
as the definition in (9), but with the difference of replacing the impredicative
universe Prop by a predicative universe Ui in MLTT, would not work. This would
amount to the definition in (22), where A : Ui and B : A→ Ui:

(22) ∃ix:A.B(x) = ΠX:Ui. (Πx:A.(B(x)→ X))→ X

The above definition (22) does not work because it fails to deliver a weak sum
type – ∃ix:A.B(x) thus defined is actually strong (!) and, in fact, it is equivalent
to the strong sum type Σx:A.B(x) (see S 2.3.2 of [24] for a proof).

Therefore, it seems that the only possible way to add a weak sum type to
MLTT is to consider MLTTh, as proposed by the author in [26], where MLTT
is extended with the h-logic for the HoTT type theory [35]. In MLTTh, in
particular, the existentially quantified formula is defined to be the truncation of
the corresponding Σ-type, as in (23). (We omit the details here and interested
readers may consult [26] and the references about HoTT [35] there.)

(23) ∃̇x:A.B(x) = |Σx:A.B(x)|

The existential quantifier ∃̇ is a weak sum and, therefore, can be used to define the
semantic interpretations of donkey sentences as proposed in S 3.2. For example,
employing MLTTh (instead of UTT) for our formal semantics, the donkey sentence
(11) can be interpreted as (24), where Mosth is defined as in Appendix D, but in
MLTTh, with ∃̇ to replace ∃ in the definition.

(24) Mosth z : F∃̇. ∀y′ : Σy:D.own(π1(z), y). beat(π1(z), π1(y′))
(25) F∃̇ = Σx:F. ∃̇y:D.own(x, y)

5 Concluding Remarks

In this paper, we have studied how to consider donkey anaphora in type theory,
pointing out that the cardinality problem in the proposed type-theoretic semantics
in Martin-Löf’s type theory is due to the fact that strong sums (Σ-types) are
10 We use MLTT to denote Martin-Löf’s intensional type theory as described in [28] or

Part III of [32], not his extensional type theory [29].
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used to play a double role in the representation. We then show that, in a type
theory (like UTT) with both strong and weak sums, donkey sentences can be
given adequate semantics which, in particular, does not suffer from the cardinality
problem. The paper then briefly discussed the issue of how to incorporate both
strong and weak sums in type theory: it explains that, for impredicative type
theories, it seems that UTT provides the only viable approach and, for predicative
type theories, a proposal of studying MLTTh provides a promising way forward.

It is worth pointing out that our analysis and proposal are given in a com-
pletely proof-theoretic fashion. This is rather different from the model-theoretic
approaches that have been considered in the literature (see, for example, [3]).
This work may be taken as a part of the more general endeavour of studying a
type-theoretic approach to dynamics in semantics. Two remarks are in order here.
The first is about a possible suggestion to extend a type theory into a ‘dynamic
type theory’, just like extending the first-order logic to become dynamic predicate
logic [16]. We do not think that this is a right way forward partly because, even
if such a ‘dynamic type theory’ is possible (a big if), for type theory to lose its
standard properties to become a non-standard logical system is too much a price
to pay (cf., Footnote 1). Secondly, existing work on proof theory of dynamic
semantic systems like DPL (see, for example, [42]) has shown the difficulties in
doing proof theory for such non-standard systems. In logical semantics, it would
be preferable, if we can, to stay with more standard logical systems.
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sion about (6), the example involving ‘most’, which has motivated me to start the
research reported in this paper. My thanks also go to the anonymous reviewers
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A Rules for Σ-types

A type B type [x:A]
Σx:A.B type

a : A b : [a/x]B B type [x:A]
(a, b) : Σx:A.B

p : Σx:A.B
π1(p) : A

p : Σx:A.B
π2(p) : [π1(p)/x]B

a : A b : [a/x]B B type [x:A]
π1(a, b) = a : A

a : A b : [a/x]B B type [x:A]
π2(a, b) = b : [a/x]B

B Cardinality of Finite Types

We give the formal definition of finite types. It will use the auxiliary type Fin(n)
for which we define first.

The type Fin(n), indexed by n : N with N being the type of natural numbers,
consists of exactly n objects and can be specified by means of the following
introduction rules (we omit their elimination and computation rules):

n : N
zero(n) : Fin(n+ 1)

n : N i : Fin(n)
succ(n, i) : Fin(n+ 1)

The cardinality of a finite type A, notation |A|, is defined to be n if, and only
if, A is isomorphic to Fin(n), that is, in the type theory concerned, there is a
bijective function between A and Fin(n). In particular, |Fin(n)| = n, since the
identity function over Fin(n) is bijective.

C Logic in UTT

The logic in UTT11 consists of the impredicative universe Prop, specified by the
following rules:

Prop type

P : Prop
P type

and the operator ∀ for universal quantification, specified by

A type P : Prop [x:A]
∀x:A.P : Prop

11 One can find its definition in S 9.2.1 of [24], where it is specified in terms of the
logical framework LF.
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x:A ` b : P P : Prop [x:A]
λx:A.b : ∀x:A.P

f : ∀x:A.P a : A
f(a) : [a/x]P

P : Prop [x:A] b : P [x:A] a : A
(λx:A.b)(a) = [a/x]b : [a/x]P

In UTT, other logical operators can be defined by means of ∀ and here are some
definitions (see, for example, S 5.1 of [24]):

P ⇒ Q = ∀x : P. Q
true = ∀X : Prop. X ⇒ X

false = ∀X : Prop. X
P ∧ Q = ∀X : Prop. (P ⇒ Q⇒ X)⇒ X

P ∨ Q = ∀X : Prop. (P ⇒ X)⇒ (Q⇒ X)⇒ X

¬P = P ⇒ false
∃x : A.P (x) = ∀X : Prop. (∀x : A.(P (x)⇒ X))⇒ X

(a =A b) = ∀P : A→ Prop. P (a)⇒ P (b)

D Most in UTT

Let A be a finite type with |A| = nA, P : A → Prop a predicate over A, and
Fin(n) the types with n objects defined in Appendix B. Then, in UTT, the
logical proposition Most x:A.P (x) of type Prop is defined as follows, where
inj(f) is a proposition expressing that f is an injective function:

Most x:A.P (x) = ∃k : N. (k ≥ bnA/2c+ 1)
∧ ∃f :Fin(k)→ A. inj(f) ∧ ∀x:Fin(k).P (f(x))
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Abstract. We develop a vector space semantics for Lambek Calculus
with Soft Subexponentials, apply the calculus to construct compositional
vector interpretations for parasitic gap noun phrases and discourse units
with anaphora and ellipsis, and experiment with the constructions in
a distributional sentence similarity task. As opposed to previous work,
which used Lambek Calculus with a Relevant Modality the calculus used
in this paper uses a bounded version of the modality and is decidable.
The vector space semantics of this new modality allows us to meaningfully
define contraction as projection and provide a linear theory behind what
we could previously only achieve via nonlinear maps.

1 Introduction

The origin of logics that add copying and movement modalities to the Lambek
calculus can be traced back to the work of Morrill et al [1], who used restrictions
on linear logic’s permutation and contraction rules in order to reason about larger
fragments of natural language. Modalities were also added to Lambek calculus by
Moortgat [22] by means of indexed families of connectives that would primarily
control different forms of associativity. Later Moot explored the use of indexed
modalities in linear logic and developed proof nets for them [23], a modality for
controlled permutation was amongst this set of indexed modalities. In [6], Jäger
presented a multimodal Lambek calculus that modelled anaphora and ellipsis.
Later in his book [7], he put forward an alternative unimodal edition for the same
phenomena. The preferred semantics for these logics has always been a traditional
Montague-style semantics, until a vector space interpretation was provided in [28].
Here, the authors develop a vector space interpretation for a Lambek calculus
with restricted permutation and contraction rules and test the efficacy of a Jäger
style treatment of verb-phrase ellipsis on a disambiguation task of distributional
semantics [3]. This work led to a unified type-logical distributional framework
for co-reference resolution in natural language [27], but its underlying logic was
undecidable and also could not distinguish between the strict and sloppy readings
of anaphora with ellipsis examples.

Lambek calculus with a Relevant Modality !L∗ [11] is a recent logic which
follows suit from the work of Jäger and Morrill. In previous work, we developed
sound categorical and vector space semantics for this logic [19]. We demonstrated
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how it can model anaphora and ellipsis and can also distinguish between the
sloppy vs strict readings [20]. Our categorical semantics C(!L∗) is a monoidal
biclosed category (C,⊗, I,⇐,⇒), whose objects are the formulas of !L∗ and
whose morphisms are its derivable sequents. We require this category to be
equipped with a coalgebra modality [2] i.e. a monoidal comonad (!, δ, ε) on C
and with diagonal natural transformation ∆ : ! → ! ⊗ !. This is the modality
responsible for interpreting contraction. We further require that the coalgebra
modality makes the objects of the category permute, i.e. we require a natural
isomorphism 1C⊗ ! ∼= ! ⊗1C . The vector space semantics of !L∗, again from [19], is
a monoidal biclosed functor [[ ]] from C(!L∗) to the category of finite dimensional
real vector spaces, fdVect, maping formulas A of !L∗ (objects of C(!L∗)) to
finite dimensional real vector spaces [[A]], and derivable sequents Γ −→ A of !L∗
(morphisms of C(!L∗)) to linear maps [[Γ ]]→ [[A]]. We instantiated the categorical
model in fdVect by interpreting ! in several different ways, the most classical
being a Fermionic Fock Space functor, originally used in [25] to interpret the !
modality of linear logic.

The calculus we depended on for this work, !L∗, however, was proven un-
decidable in the same paper it was introduced which has posed a challenge for
all the work we have done on top of it. Thankfully, the creators of !L∗ have
since defined a new logic with a similar expressive power but with a decidable
fragment, referred to by SLLM [10]. In SLLM permutation and contraction
(now called ‘multiplexing’) are separated into two different modalities, whose
logical rules are inspired by Light and Soft linear logic [4, 14]. It is this logic
we soundly interpret in fdVect in this paper in the style of [19]. In doing so,
we also managed to produce an interpretation for copying vectors, e.g. a vector
−→v can now essentially be fully copied into two vectors −→v ⊗ −→v using a simple
projection that was made possible due to the presence of accessible bounds. The
map −→v 7→ −→v ⊗ −→v is non linear, and in previously we had to be content with
linear approximations of it, e.g. maps that would only copy the bases. Achieving
full copying has been a surprising bonus when working in SLLM. As with our
previous work, we demonstrate the applicability of the logic to natural language
by modelling anaphora and ellipsis and deriving distinct interpretations of strict
and sloppy examples.

No vector space semantics is complete without being accompanied by large
scale experimentation. So as in previous work, we also implement our model
using neural word embeddings Word2vec, FastText, and BERT. In previous work
[20] we experimented with a distributional disambiguation task and here we
experiment with a distributional similarity task. We build type-driven vector
representations for sentences with verb phrase elliptical phrases of the similarity
dataset of [27] and compare the results of the linear copying map suggested in
this paper with the different non-linear copying maps of previous work, with
the non compositional verb-only, compositional grammar unaware additive, and
BERT baselines.
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A ::= A ∈ At | A ·A | A/A | A\A | !A | ∇A

A −→ A
I

Γ −→ A Σ1, B,Σ2 −→ C

Σ1, Γ,A\B,Σ2 −→ C
\L

A,Γ −→ B

Γ −→ A\B
\R

Γ −→ A Σ1, B,Σ2 −→ C

Σ1, B/A, Γ,Σ2 −→ C
/L

Γ,A −→ B

Γ −→ B/A
/R

Γ1, A,B, Γ2 −→ C

Γ1, A ·B,Γ2 −→ C
·L Γ1 −→ A Γ2 −→ B

Γ1, Γ2 −→ A ·B
·R

Γ1,

n times︷ ︸︸ ︷
A,A, . . . , A, Γ2 −→ B

Γ1, !A,Γ2 −→ B
!L A −→ B

!A −→!B !R

Γ1, A, Γ2 −→ B

Γ1,∇A,Γ2 −→ B
∇L A −→ B

∇A −→ ∇B ∇R

Γ1, Γ2,∇A,Γ3 −→ B

Γ1,∇A,Γ2, Γ3 −→ B
perm

Γ1,∇A,Γ2, Γ3 −→ B

Γ1, Γ2,∇A,Γ3 −→ B
perm′

Table 1. Formulas and rules of SLLM. Where 1 ≤ n ≤ k0.

2 SLLM, Lambek Calculus with Soft Subexponentials

SLLM is a cut-free logic with a decidable fragment and a directed proof system.
We recall its definition from [10] in table 1. The decidable fragment is found when
one chooses a global bound (k0) on the number of formulas you may contract
using the multiplexing rule (denoted by !L). Note that there are k0 different
instances of the multiplexing rule for a given bottom sequent Γ1, !A,Γ2 −→ B;
one for each 1 ≤ n ≤ k0. This determines the number of instances (n) of the
formula A that is being contracted (or ‘multiplexed’) into !A. Also notice the
separation of multiplexing and permutation connectives and rules. A priori there
is no reason to assume that the two properties of contractibility and permutation
should coincide as they do in [11].

3 Vector Space Semantics of SLLM

In the following subsections we first inductively define a vector space semantics
for SLLM, prove its soundness, and then in detail explain how to construct
vectors which effectively let us copy using projection maps. The interpretation of
the subexponential ! is an adaptation of the tensor algebras of [19], which in turn
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originated from [25]. The global multiplexing bound of SLLM allows us to use a
truncated form of the tensor algebras, we exploit this in the subsection following
the proof of proposition 1, and show how it helps us achieve ‘full copying’ as a
linear map.

A great deal of the definition of our semantics uses tensor products and dual
spaces, which we recall in the following definitions.

Definition 1. The direct sum (Cartesian Product, direct product) of two vector
spaces V,W is denoted V ⊕W and contains vectors of the form (v, w) where
v ∈ V and w ∈ W . It is a quick exercise to check that the interchange map
V ⊕ W → W ⊕ V :: (v, w) 7→ (w, v) is a linear isomorphism1, showing that
V ⊕W ∼= W ⊕ V .

Definition 2. A tensor product of two vector spaces V,W is a vector space
V ⊗W such that for any bilinear map h : V ⊕W → U for some vector space U ,
there is a unique linear map h̃ : V ⊗W → U such that the original map h is equal
to the composite of h̃ and the canonical map V ⊕W → V ⊗W :: (v, w) 7→ v ⊗w.

Note also that since we have V ⊕W ∼= W ⊕ V , one can derive that V ⊗W ∼=
W ⊗ V from definition 2.

Definition 3. Given a vector space V , its dual vector space is the set of linear
functionals on V , that is the set {f : V → R | f linear}, which we denote by V ∗.
We leave it to the reader to verify that V ∗ is indeed a vector space.

The last thing we recall before defining the vector space semantics is that the
set of linear maps from a space V to a space W is itself a vector space, and is
isomorphic to the space V ∗ ⊗W . With definitions 2 and 3 and the note about
spaces of maps under our belt, we may proceed to define vector space models of
SLLM.

Definition 4. Vector space models of SLLM consist of a pair of maps, one
mapping formulas of SLLM to finite dimensional real vector spaces, the other
mapping proofs of SLLM to linear maps. We define a vector space model, denoted
[[ ]] : SLLM → fdVect, and define it inductively on formulas and derivable
sequents below.

[[A]] := VA ∈ fdVectR, for atomic formulas A,

[[A,B]] = [[A ·B]] := [[A]]⊗ [[B]] [[!A]] := Tk0 [[A]] [[∇A]] := [[A]]

[[A\B]] := [[A]]∗ ⊗ [[B]] [[B/A]] := [[A]]∗ ⊗ [[B]]

where k0 ∈ N is the multiplexing bound and Tk0 [[A]] is the k0-th truncated Fock
space of [[A]], defined on a vector space V as:

Tk0V :=
k0⊕
i=0

V ⊗i = R⊕ V ⊕ (V ⊗ V ) ⊕ · · · ⊕ V ⊗k0 .

1 That is, a linear map which is bijective.



Vector Space Semantics for SLLM 123

Proofs of sequents Γ −→ A in SLLM are interpreted as linear maps [[Γ ]] −→ [[A]].

Definition 5. A rule of SLLM is sound in a vector space model iff whenever
the interpretation of the top part is a linear map, so is the interpretation of the
bottom part. SLLM is sound in a vector space model iff all its rules are.

Proposition 1. SLLM is sound in [[ ]] of definition 4.

Proof. We proceed by a case analysis on the soundness of the rules.

Axiom: The axiom of SLLM is interpreted as the existence of identity maps
and is immediately sound.

/L, \L are interpreted as:

f : [[Γ ]] −→ [[A]] g : [[∆1]]⊗ [[B]]⊗ [[∆2]] −→ [[C]]
gf : [[∆1]]⊗ [[B]]⊗ [[A]]∗ ⊗ [[Γ ]]⊗ [[∆2]] −→ [[C]]

and
f : [[Γ ]] −→ [[A]] g : [[∆1]]⊗ [[B]]⊗ [[∆2]] −→ [[C]]
fg : [[∆1]]⊗ [[Γ ]]⊗ [[A]]∗ ⊗ [[B]]⊗ [[∆2]] −→ [[C]] ,

where gf and fg are the defined below. All of the maps in the definition are
linear, thus making gf and fg linear too, as required.2

gf := g ◦ (id[[∆1]] ⊗ ev[[B]]⇐[[A]] ⊗ id[[∆2]]) ◦ (id[[∆1]] ⊗ id[[B]] ⊗ id[[A]]∗ ⊗ f ⊗ id[[∆2]])

fg := g ◦ (id[[∆1]] ⊗ ev[[B]]⇒[[A]] ⊗ id[[∆2]]) ◦ (id[[∆1]] ⊗ f ⊗ id[[A]]∗ ⊗ id[[B]] ⊗ id[[∆2]])

/R, \R are interpreted using the tensor-hom adjunction, also referred to as the
left and right currying. The semantics of /R is as follows:

f : [[Γ ]]⊗ [[A]] −→ [[B]]
Λr(f) : [[Γ ]] −→ [[B]] ⊗ [[A]]∗

where for vectors γ ∈ [[Γ ]], we have a linear map Λr(f)(γ) ∈ [[B]]⊗ [[A]]∗ given by
Λr(f)(γ)(a) := f(γ ⊗ a). Similarly for the (\R) rule we have:

f : [[A]]⊗ [[Γ ]] −→ [[B]]
Λl(f) : [[Γ ]] −→ [[A]]∗ ⊗ [[B]]

where Λl(f) is defined analogously.

2 The map ev refers to the evaluation map. For example, evV⇒W (f ⊗ w) is defined
to be equal to f(w) and evW⇐V (w ⊗ g) is defined to be equal to g(w) given f ∈
V ⊗W ∗, g ∈W ∗ ⊗ V,w ∈W .
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·L, ·R are immediately sound by the identification of the comma and the ·
in the semantics. Explicitly:

f : [[Γ1]]⊗ [[A]]⊗ [[B]]⊗ [[Γ2]]→ [[C]]
f : [[Γ1]]⊗ [[A]]⊗ [[B]]⊗ [[Γ2]]→ [[C]]

f : [[Γ1]]→ [[A]] g : [[Γ2]]→ [[B]]
f ⊗ g : [[Γ1]]⊗ [[Γ2]]→ [[A]]⊗ [[B]] .

!L is interpreted as:

f : [[∆1]]⊗
n−times︷ ︸︸ ︷

[[A]]⊗ [[A]] · · · ⊗ [[A]] ⊗[[∆2]] −→ [[B]]
Cn(f) : [[∆1]]⊗ Tk0 [[A]] ⊗ [[∆2]] −→ [[B]]

where Cn(f) is a linear map defined using the n-th projection πn : Tk0([[A]])→
[[A]]⊗n and as f ◦ (id[[∆1]] ⊗ πn ⊗ id[[∆2]]).

!R is interpreted as an application of Tk0 . That is,

f : [[A]]→ [[B]]
Tk0f : Tk0 [[A]]→ Tk0 [[B]]

where Tk0(f) is a linear map, defined as:

Tk0(f)

 k0∑
i=0

ni⊗
j=1

vj

 :=
k0∑
i=0

ni⊗
j=1

f(vj).

For an easier example of how Tk0(f) is applied, consider a vector u+v⊗w ∈ Tk0 [[A]]
which is mapped to f(u) + f(v)⊗ f(w) ∈ Tk0 [[B]].

∇R,∇L are interpreted trivially, since ∇ is interpreted as identity on formulas.
One sees this explicitly when writing out the interpretations of ∇L,∇R in the
semantics. Consider ∇L, which corresponds to

f : [[Γ1]]⊗ [[A]]⊗ [[Γ2]]→ [[B]]
f ′ : [[Γ1]]⊗ [[A]]⊗ [[Γ2]]→ [[B]] .

Since we interpret ∇A as [[∇A]] = [[A]] there is no distinction remaining between
the top and bottom rules, meaning that the a priori different interpretation f ′

is in fact equal to f . The case for ∇L is slightly simpler, and we encourage the
reader to write it out for themselves.

perm,perm′ are interpreted using the symmetry of ⊗ in fdVect.

Interpreting Projection as Copying. Syntactically speaking, the multiplex-
ing rule does the job of contraction for SLLM. This new syntax, however, allows
its vector interpretation to greatly differ from the vector space interpretation
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of contraction, developed for !L∗ in [19]. This new interpretation provides us
with ‘full’ copies. In the framework of [19] it was only possible to achieve an
approximation of (the nonlinear) full copying v 7→ v ⊗ v, a problem that is
remedied here by exploiting the global multiplexing bound which in turn induced
a bound on our interpretation of the !-modality.

Given any n in the range 1 ≤ n ≤ k0, multiplexing Tk0V → V ⊗n is interpreted
as the projection map πn. In general, this map will not appear to copy any of
its inputs and contrarily it seems to ‘forget’ most of them. This ‘forgetting’ is
exactly what we exploit when editing the shape of the input vectors using the
simple ∼-construction: given any vector v ∈ V , we define ṽ ∈ Tk0V as

ṽ :=
k0∑
i=0

v⊗i = 1 + v + v ⊗ v + · · ·+
k0times︷ ︸︸ ︷

v ⊗ · · · ⊗ v

By applying the n-th projection map to ṽ we get πn(ṽ) = v⊗n. To achieve ‘full’
copying, take n = 2 and we obtain π2(ṽ) = v⊗v. So we arrive at an interpretation
of contraction which at the surface level looks like copying of ∼-ed vectors but
which is in fact a simple, even canonical linear map. Clearly we are not making
the map v 7→ v ⊗ v linear, nor are we truly copying our input (i.e. we are not
achieving ṽ 7→ ṽ ⊗ ṽ), instead, we think of the map π2 : ṽ 7→ v ⊗ v as copying v
by going through the layers of its bounded Fock space.

4 Categorical Semantics

For readers not familiar with category theory, this section may be skipped entirely.
We present the categorical semantics as it is a useful theoretical object for defining
further kinds of semantics, and broadens the audience for this work to include
applied category theorists. We provide a brief introduction to the category theory
used in this paper, but also recommend reading a brief introduction to category
theory such as [16], as well as descriptions of categories in linguistic analysis,
such as [15]. We will try to introduce the necessary categorical machinery next,
before defining our categorical semantics.
Definition 6. By monoidal biclosed category we mean a set of objects and
a set of morphisms. To define the objects, one first fixes a set of atomic symbols
{A,B,C, . . .} and add a distinguished symbol I, and three binary operations
⊗,⇒,⇐. The full set of objects is then defined to be the free (⊗,⇒,⇐)-algebra
over the given set of atomic symbols. Thus our objects may look like I, A, A⊗A,
A⇒ B B ⇐ (A⊗B) and so on.

Once we are familiar with the objects, we may define morphisms as a set of
arrows pointing from the domain to the codomain (usually denoted A→ B or
B → C ⊗D etc). We may label morphisms by writing, for example, f : A→ B.
For every object A, there is a unique identity morphism idA : A→ A. We may
compose pairs of arrows if the codomain of one agrees with the domain of the
other. That is:

(f : A→ B, g : B → C) 7−→ g ◦ f : A→ C.
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Composing with identity morphisms does nothing. That is, for any f : A→ B we
have

idB ◦ f = f = f ◦ idA.

We also define monoidal products of morphisms as:

(f : A→ B, g : B → C) 7−→ g ⊗ f : B ⊗A→ C ⊗B.

Both ◦ and ⊗ are associative, and interact according to the following rule

(f ⊗ g) ◦ (f ′ ⊗ g′) = (f ◦ f ′)⊗ (g ◦ g′),

given that the domains and codomains agree in the necessary way. When it is
clear, one often omits the composition symbol, thus g ◦ f would be written as gf .

Some typical examples of monoidal biclosed categories are the category of
sets and functions, Set, where the objects are sets, the monoidal product is the
cartesian product, and for any two sets A,B we define A⇒ B := {f : A→ B},
i.e. A ⇒ B is the set of functions from A to B. In Set it so happens that
A ⇒ B ∼= B ⇐ A, although this is not necessarily the case in an arbitrary
monoidal biclosed category. An example of a monoidal biclosed category which
we make use of is the category of finite dimensional (real) vector spaces fdVect,
where the objects are finite dimensional vector spaces, and the morphisms are
linear maps. In fdVect the monoidal product is the tensor product, and the
object V ⇒W is the set of linear maps from V to W .

We also recall briefly what a functor is.

Definition 7. Given two (monoidal biclosed) categories C,D a functor F :
C → D is a pair of functions, one mapping objects of C to objects of D the other
mapping the morphisms of C to morphisms of D, such that given a morphism
f : A→ B in C, we have F (f) : F (A)→ F (B) in D. We also require composition
to be preserved, i.e. F (g ◦ f) = F (g) ◦ F (f).

A typical example of a functor is the identity functor 1C : C → C, which is
defined on any category C as 1C(A) := A on objects and 1C(f) := f on morphisms.

Definition 8. Given two functors F,G : C → D, A natural transformation
α from F to G, denoted α : F → G, is a collection of morphisms indexed by
objects of C, (αA : F (A) → G(A))A∈C such that for any morphism f : A → B
in C, the following diagram commutes:

F (A)
F (f) //

αA

��

F (B)

αB

��
G(A)

G(f) // G(B)

That is, G(f) ◦ αA = αB ◦ F (f).
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Having recalled what monoidal biclosed categories and functors and natural
transformations are, we may define a categorical semantics for SLLM with
relative ease.

Definition 9. Our categorical semantics of the decidable fragment of
SLLM, with global multiplexing bound k0 is a monoidal biclosed category C(SLLM),
equipped with two functors M,P : C(SLLM)→ C(SLLM), defined below.

The objects of C(SLLM) are the formulas of SLLM, and the morphisms
A → B of C(SLLM) are derivations of the sequent A −→ B in SLLM. The
two functors are given names M (for multiplexing) and P (for permutation),
which in turn have the following three structures.

1. For each n = 1, . . . k0 and every object A ∈ C(SLLM) there is a map
δn : MA→ A⊗n.

2. There is a counit for P , that is, a natural transformation ε : P → 1.
3. There is a natural isomorphism3 σ : 1⊗ P ∼= P ⊗ 1.

Note that the global multiplexing bound of SLLM, k0, determines the number
of morphisms δn : MA→ A⊗n in our multiplexing functor.

For every atomic formula A of SLLM we prescribe an object (|A|) := CA.
For the complex formulas of SLLM we interpret them as follows:

(|A,B|) = (|A ·B|) := (|A|)⊗ (|B|) (|!A|) := M(|A|) (|∇A|) := P (|A|)

(|A\B|) := (|A|)⇒ (|B|) (|B/A|) := (|B|)⇐ (|A|)

We can now prove a proposition similar to our proposition 1, that the rules of
SLLM are sound in C(SLLM). We sketch the proof for the more complicated
rules and leave the rest for the attentive reader to fill in.

Proof (Sketch). axiom is interpreted as the identity morphism for objects of
C(SLLM). \L is interpreted as:

f : (|Γ |)→ (|A|) g : (|∆1|)⊗ (|B|)⊗ (|∆2|)→ (|C|)
fg : (|∆1|)⊗ (|Γ |)⊗ (|A|)⇒ (|B|)⊗ (|∆2|)→ (|C|)

where fg := g ◦ (id(|∆1|)⊗ ev(|A|)⇒(|B|)⊗ id(|∆2|)) ◦ (id(|∆1|)⊗ f ⊗ id(|∆2|)), much like
the definition in the vector space semantics. \R is interpreted immediately, via
the same tensor-hom adjunction used for vector space semantics. In the category
theory, this comes naturally from the requirement that C(SLLM) be monoidal
closed. !L is interpreted in k0 different instances, one for each n = 1, . . . , k0.
Explicitly, given n, this is:

f : (|Γ1|)⊗ (|A|)⊗n ⊗ (|Γ2|)→ (|B|)
Cn(f) : f : (|Γ1|)⊗M(|A|)⊗ (|Γ2|)→ (|B|)

3 A natural isomorphism is a natural transformation whose components are all isomor-
phisms.
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where Cn(f) is defined to be f ◦ (id(|Γ1|) ⊗ δn ⊗ id(|Γ2|)). !R : is interpreted
immediately as the application of the functor M . ∇L is interpreted using the
counit ε : P → 1 as follows:

f : (|Γ1|)⊗ (|A|)⊗ (|Γ2|)→ (|B|)
Q(f) : (|Γ1|)⊗ P (|A|)⊗ (|Γ2|)→ (|B|)

where Q(f) is defined to be f ◦ (id(|Γ1|) ⊗ ε ⊗ id(|Γ2|)). ∇R : is interpreted just
like !R above, but as an application of P . perm,perm′ are interpreted using the
natural isomorphism σ : id⊗ P ∼= P ⊗ id.

Note that since we have fixed a bound k0 in the syntax of the modality ! see
item 1 of definition 9, the categorical semantics defined above is not only sound,
but also a complete model of SLLM. This is an automatic construction akin
to that of syntactic categories [9] or free categories over a monoidal signature
as in [26] and it lets you define semantics of SLLM in other categories D as
structure preserving functors C(SLLM)→ D, rather than tediously specifying
a semantics in D directly from SLLM. In fact, the vector space semantics
[[ ]] : SLLM→ fdVect of section 3 factors through (| |) : SLLM→ C(SLLM).

5 ! and ∇ in Natural Language Syntax and Semantics

We demonstrate how to analyse the same phenomena as in previous work [19] and
[20], namely parasitic gaps, anaphora, (verb phrase) ellipsis, and a combination
of the latter two. Again, SLLM distinguishes between strict and sloppy readings
in the ambiguous anaphora with ellipsis cases and this distinction is also carried
into the semantics.

5.1 Parasitic Gaps

The noun phrase Papers that John signed without reading, with SLLM types4:

{(Papers : n), (that : (n\n)/(s/!∇n)), (John : n), (signed : n\s/n),
(without, ((n\s)\(n\s))/n), (reading, n/n)}

4 The choice of n/n for the type of ”reading” is from original work of [11].
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acquired the following SLLM derivation:

n −→ n n −→ n
n, n\n −→ n

\L

n −→ n

n −→ n

n −→ n

n\s −→ n\s
n −→ n s −→ s

n, n\s −→ s
\L

n, n\s, (n\s)\(n\s) −→ s
\L

n, n\s/n, n, (n\s)\(n\s) −→ s
/L

n, n\s/n, n, ((n\s)\(n\s))/n, n −→ s
/L

n, n\s/n, n, ((n\s)\(n\s))/n, n/n, n −→ s
/L

n, n\s/n, n, ((n\s)\(n\s))/n, n/n,∇n −→ s
∇L

n, n\s/n,∇n, ((n\s)\(n\s))/n, n/n,∇n −→ s
∇L

n, n\s/n, ((n\s)\(n\s))/n,∇n, n/n,∇n −→ s
perm′

n, n\s/n, ((n\s)\(n\s))/n, n/n,∇n,∇n −→ s
perm′

n, n\s/n, ((n\s)\(n\s))/n, n/n, !∇n −→ s
!L

n, n\s/n, ((n\s)\(n\s))/n, n/n −→ s/!∇n
/R

n, (n\n)/(s/!∇n), n, n\s/n, ((n\s)\(n\s))/n, n/n −→ n
\L

The linear map representing this derivation is:

N⊗(N∗⊗N)⊗(S⊗(Tk0N)∗)∗⊗N⊗N∗⊗S⊗N∗⊗(N∗⊗S)∗⊗(N∗⊗S)⊗N∗⊗N⊗N∗ → N

:: −−−−−→Papers⊗ that⊗
−−−→
John⊗ signed⊗ without⊗ reading

7→ that(−−−−−→Papers,
−−−−−→
without(

−−−→
John, signed(−,−), reading(−)))

simplified to the following by interpreting that as evaluation:
−−−−−→
without(

−−−→
John, signed(−,−−−−−→Papers), reading(−−−−−→Papers))).

5.2 Pronominal Anaphora

Following our motivating example in [20], we consider the utterance John sleeps.
He snores, with the following SLLM types:

{(John : !(∇n)), (sleeps : n\s), (He : ∇n\n), (snores : n\s)}.

Note the type of John in this example is !(∇n), whereas earlier it was simply
n. In fact, one can always retrieve the type n from !(∇n) using the following
type raising operation:

Γ1, n, Γ2 −→ X

Γ1,∇n, Γ2 −→ X
∇L

Γ1, !(∇n), Γ2 −→ X
!L

The derivation corresponding to the syntax of this utterance in SLLM is:

n −→ n

∇n −→ ∇n
n −→ n s, s −→ s, s

s, n, n\s −→ s, s
\L

s, ∇n, ∇n\n, n\s −→ s, s
\L

n, n\s, ∇n, ∇n\n, n\s −→ s, s
\L

∇n, n\s, ∇n, ∇n\n, n\s −→ s, s
∇L

∇n, ∇n, n\s, ∇n\n, n\s −→ s, s
perm

!(∇n), n\s, ∇n\n, n\s −→ s, s
contr2
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This derivation translates into the following linear map:
f : Tk0N ⊗N∗ ⊗ S ⊗N∗ ⊗N ⊗N∗ ⊗ S −→ S ⊗ S

:: ñ⊗ ν ⊗ s⊗ ν′ ⊗ n′ ⊗ ν′′ ⊗ s′ 7−→ ν(n)s⊗ ν′(n)ν′′(n′)s

Taking J̃ohn ∈ Tk0N , −−−→sleeps ∈ N∗ ⊗S, −→He ∈ N∗⊗N and −−−−→snores ∈ N∗⊗S
we obtain the simplified version below:

f
(

J̃ohn ⊗−−−→sleeps ⊗−→He ⊗−−−−→snores
)

= −−−→sleeps(−−−→John)⊗−−−−→snores(−→He(−−−→John)).

5.3 Ellipsis
Consider the utterance John plays guitar. Lisa does too. with SLLM types:

{(John : n), (plays guitar :!(∇(n\s))), (Lisa : n), (does-too : ∇(n\s)\n\s)}

The derivation of this utterance in SLLM is:

n −→ n

∇(n\s) −→ ∇(n\s)
n −→ n s, s −→ s, s

s, n, n\s −→ s, s
\L

s, n, ∇(n\s), ∇(n\s)\n\s −→ s, s
\L

n, n\s, n, ∇(n\s), ∇(n\s)\n\s −→ s, s
\L

n, ∇(n\s), n, ∇(n\s), ∇(n\s)\n\s −→ s, s
∇L

n, ∇(n\s), ∇(n\s), n, ∇(n\s)\n\s −→ s, s
perm

n, !(∇(n\s)), n, ∇(n\s)\n\s −→ s, s
contr2

which gives us the following linear map

f : N ⊗ Tk0(N∗ ⊗ S)⊗N ⊗ (N ⊗ S)∗ ⊗N∗ ⊗ S −→ S ⊗ S

and again with the following notational convenience
−−−→John,−−→Lisa ∈ N ˜plays guitar ∈ Tk0(N∗ ⊗ S)

−−−−−→does-too ∈ (N ⊗ S)∗ ⊗N∗ ⊗ S

we can see the action of f simplified to:

f(−−−→John ⊗ ˜plays guitar ⊗−−→Lisa ⊗−−−−−→does-too)
:= −−−−−−−−→plays guitar(−−−→John)⊗−−−−−→does-too(−−−−−−−−→plays guitar ⊗−−→Lisa)

5.4 Anaphora with Ellipsis
Consider the utterance Kim likes their code. Sam does too, with SLLM types:
{(Kim :!(∇n)), (Sam :!(∇n)), (likes :!(∇(!(∇(n\s))/n))), (their :!(∇(∇n\n))/n),

(code : n), (does too : ∇(n\s)\(n\s))}.

This utterance is ambiguous and its ambiguity comes from the fact that one can
read it in a sloppy way as: Kim likes Kim’s code. Sam likes Sam’s code, or a
strict way and as Kim likes Kim’s code. Sam likes Kim’s code. In [20] we showed
how to distinguish between these two readings syntactically and semantically in
the framework of [19]. One can do the same in SLLM by means of their two
distinct derivations, provided in figures 1 and 2 of the Appendix.
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6 Experimental Evaluation

To experiment with ellipsis, we use an existing elliptical sentence similarity
dataset5, referred to as ELLSIM and originally developed in [27]; This dataset
extends the transitive sentence similarity dataset6, referred to as KS2013 and
developed in [12] from transitive sentences of the form Subject Verb Object to
sentences with verb phrase ellipsis of the form Subject Verb Object and Subject*
does too. We briefly review these datasets below.

6.1 Descriptions of the Datasets

The KS2013 dataset consists of 108 transitive sentence pairs of the form of Subject
Verb Object, where the Verb Object pairs come from the dataset ML2010 of [8].
KS2013 extends these Verb Object pairs by adding subjects to them, according
to the following procedure. Each pair in ML2010 consists of phrases with verbs
and objects that are synonymous. To the first phrase of each pair, KS2013 adds
a subject selected from the 5 most frequent subjects of the verb of the phrase. To
the second phrase of the pair, it adds a subject that is synonymous to the –just
added– subject of the first sentence. As a result of this procedure, KS2013 obtains
pairs of sentences that have similar subjects, verbs, and objects to each other.
These sentences are rendered as ‘highly similar’ to each other. As an example,
consider the following pair from the ML2010 dataset:

〈produce effect, achieve result〉

This becomes as follows in KS2013:

〈drug produce effect, medication achieve result〉

Another example is the following pair of ML2010:

〈pose problem, address question〉

which became as follows in KS2013:

〈study pose problem, paper address question〉

ML2010 and KS2013 datasets are divided into three bands of pairs: pairs of
sentences that have high, low or medium degrees of similarity to each other. The
procedure described above, returns sentences pairs that are in the high band.
The pairs of the medium band are obtained by pairing the sentences of the high
band with sentences that only have one synonymous words with them. Similarly,
the pairs in the low band are obtained by pairing the sentences in the high band
5 https://github.com/gijswijnholds/compdisteval-ellipsis/blob/master/datasets/

ELLSIM.txt
6 http://www.cs.ox.ac.uk/activities/compdistmeaning/emnlp2013 turk.txt
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with sentences that only have one or no synonymous words to them. Examples
of pairs of the medium and low bands are provide below:

〈 drug produce effect, medication address problem〉 : MEDIUM
〈 drug produce effect, medication pose result〉 : MEDIUM
〈 drug produce effect, medication pose problem〉 : LOW
〈 drug produce effect, employee start work〉 : LOW

Similar to ML2010, the KS2013 dataset is uploaded to AmazonTurk and
annotations are obtained for it by multiple participants in a scale from 1 to
7;1 for low similarity, 7 for highly similar. For example, 〈drug produce effect〉
and 〈employee start work〉 are judged by most annotators to have a low degree
of similarity, while 〈drug produce effect〉 and 〈medication achieve result〉 are
considered highly similar. A value in the median of this range represents a
medium degree of similarity.

The ELLSIM dataset is built from KS2013 by choosing two new subjects,
let’s call denote them by Subject*, for each sentence. Subject* is chosen from a
list of most frequent subjects of the verb of the sentence, extracted from ukWaC
and Wackypedia corpora. The new subjects are appended to a “does too” ellipsis
marker, thus forming the elliptical phrase “Subject* does too”. Joining this phrase
to the original sentence with a conjunctive word such as “and” turns that sentence
into the sentence Subject Verb Object and Subject* does too, which is a sentence
with an elliptical phrase. Here is an example: consider the KS2013 sentence:

drug produce effect

Two new subjects plant and combination are chosen for this sentence. These new
subjects are used to form the following two elliptical phrases:

plant does too
combination does too

which are then conjoined with the first sentence with an “and”, resulting in the
following sentences with elliptical phrases:

drug produce effect and plant does too
drug produce effect and combination does too

Another example is the following KS2013 sentence:

medication achieve result

which is turned into the following two sentences with elliptical phrases:

medication achieve result, and patient does too
medication achieve result and programme does too
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At the end of this procedure all of the sentences of KS2013 are turned into
sentences with elliptical phrases. Each of these newly generated sentences are
paired with the same sentences as they were before, except that the sentences
they were paired with before are now themselves sentences with elliptical phrases
in them. A snapshot of the entries of the dataset is presented in Table 2. The final
dataset contains 432 entries and new annotations are obtained for it following
the same procedure as the one that was followed for KS2013, described above.
9800 annotations by 42 different participants are obtained for ELLSIM.

Sentence 1 Sentence 2
drug produce effect and combination does too medication achieve result and patient does too
drug produce effect and plant does too medication achieve result and patient does too
drug produce effect and combination does too medication achieve result and programme does too
drug produce effect and plant does too medication achieve result and programme does too

Table 2. An example of a pair of sentences from ELLSIM dataset.

6.2 Building the Representations

We build vectors for each sentence of ELLSIM and calculate the cosine similarities
between pairs of sentences therein. For building these vectors, we first use 300
dimensional pre-trained Word2vec and FastText word embeddings for the−−−−−→
Subject,

−−−−−−→
Subject∗, and

−−−−→
Object vectors of the dataset. Then, and for the verbs of

ELLSIM, we form matrices V erb obtained according to a formula developed in
[5], called the Relational method. This formula is given below:

V erb :=
∑
i

−→s i ⊗−→oi

It takes the Kronecker products of all the subjects −→s i and objects −→o i that the
verb related to each other in the sentences of the corpus. The −→s i and −→o i vectors
of this formulae are built in the same way as the vectors for subjects and objects
of the sentences of the dataset, described above.

Leaving the elliptical phrases aside for the moment, in the next step, we
describe how we build vector representations for the Subject Verb Object parts of
the sentences of the dataset. In this step, the relational verb matrix of the verb of
each sentence is composed with the Subject and Object vectors of the subject and
object of the sentence using the methods developed in [13], referred to as Copy
Obj and Copy Subj. We also use the Frob Add and Frob Mult methods developed
in [21]. These compositions are obtained according to the following formulae:
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Copy Obj: (V erb×
−−−−→
Object)�

−−−−−→
Subject

Copy Subj: (V erb×
−−−−−→
Subject)�

−−−−→
Object

Frob Add: Copy Obj + Copy Sub
Frob Mult: Copy Obj�Copy Sub

The ellipsis is taken into account in the final step, where, we use the method-
ology described in the paper to resolve the ellipsis. Conceptually, this is obtained
by treating the does too phrase as a copying map and applying it to the result of
each of the compositional methods described above. In effect, this procedure will
produce two copies of the verb phrase Verb Object of the first part of the sentence
and then applies each one of them to the vector of each of the subjects: Subject
and Subject*. At the end, we obtain a vector representation for the whole sentence
with elliptical phrase, that is for Subject Verb Object and Subject* does too. Each
compositional method will indeed result in a different vector representation. For
the Copy Obj method we have the following representation:

Multiplex : ((V erb×
−−−−→
Object)�

−−−−−→
Subject) + ((V erb×

−−−−→
Object)�

−−−−−−→
Subject∗)

The formula for the Copy Subj method is obtained from the above by exchanging−−−−→
Object and

−−−−−→
Subject; Frob Add is the sum of Copy Obj and Copy Subj, Frob Mult is

their product.
After a representation is built for each sentence of the dataset, we measure the degree

of similarity between sentences of each pair. Traditionally, this is done by computing
the cosine distance between the sentence vectors. The distances are then put against
the degrees of similarity obtained from human annotations for each pair. In order to
form a judgement about whether the representations were good or bad, we perform
three statistical tests, described in the following three subsections.

For each of these tests, we compare different vector embeddings and compositional
methods with each other and with a few baselines. We describe our baselines below.
Firstly, we consider a non-compositional baseline that takes the representation of each
sentence to be the same as the representation of its verb, thus ignoring all the other
constituents of the sentence. For this, we use the Verb only vector and Verb only tensor
representations of the Verb. For the Verb only tensor, we use the Relational matrix
of the verb as described above. Another of our baselines is the Additive model; this
model is compositional but does not take the grammatical structure into account. It is
obtained by adding the vectors of Subject, Verb, Object, and Subject* of the sentence.
Our next baseline is the BERT base model; for this we used pre-trained embeddings
of dimension 768 extracted from the second-to-last hidden layer of all tokens in the
sentence with average pooling.

As an example, consider the pair of sentences:

S1: drug produce effect and combination does too
S2: medication achieve result and patient does too
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Method Embeddings Results

Copy Subject word2vec
fasttext

0.644
0.591

Copy Object word2vec
fasttext

0.604
0.599

Frobenius Add. word2vec
fasttext

0.653
0.610

Frobenius Mult. word2vec
fasttext

0.587
0.579

Baselines

Verb Only Vector word2vec
fasttext

0.583
0.651

Verb Only Tensor word2vec
fasttext

0.566
0.533

Additive word2vec
fasttext

0.768
0.783

BERT phrase 0.575

Table 3. Experiment 1: Spearman ρ scores

Following our methods, we obtain the following vectors for them:

– Our copying map applied to the Copy Obj:
−→
S1 = ((produce×

−−−−→
effect)�

−−−→
drug) + ((produce×

−−−−→
effect)�

−−−−−−−−−→
combination)

−→
S2 = ((achieve×

−−−−→
result)�

−−−−−−−−→
medication) + ((achieve×

−−−−→
result)�−−−−−→patient)

Our copying map applied to the Copy Subj:
−→
S1 = ((produce×

−−−→
drug)�

−−−−→
effect) + ((produce×

−−−−−−−−−→
combination)�

−−−−→
effect)

−→
S2 = ((achieve×

−−−−−−−−→
medication)�

−−−−→
result) + ((achieve×−−−−−→patient)�

−−−−→
result)

– The Additive baseline:
−→
S1 =

−−−→
drug +

−−−−−→
produce +

−−−−→
effect +

−−−−−−−−−→
combination

−→
S2 =

−−−−−−−−→
medication +

−−−−−→
achieve +

−−−−→
result +−−−−−→patient

6.3 Spearman Experiment

Following [27], we calculate Spearman’s rank correlation coefficient between the cosine
similarity scores of pairs of sentences of ELLSIM and the average human annotation
judgments. This is a value between -1 and +1. Results are presented in Table 3. Our first
observation is that the best performing model was the Additive baseline. It achieved
the highest Spearman correlation score of 0.783 in the FastText space. Between all
our compositional methods, the highest correlation score was 0.653 with the Frobenius
Additive and in the Word2vec space. All of the compositional models outperformed the
BERT phrasal model but not the Additive baseline model. In both cases, the results are
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Method Embeddings Results

Copy Subject word2vec
fasttext

15.99
15.09

Copy Object word2vec
fasttext

14.82
14.40

Frobenius Add. word2vec
fasttext

14.86
14.24

Frobenius Mult. word2vec
fasttext

15.97
14.85

Baselines

Verb Only Vector word2vec
fasttext

15.05
15.13

Verb Only Tensor word2vec
fasttext

15.01
14.56

Additive word2vec
fasttext

14.32
14.32

BERT phrase 13.76

Table 4. Experiment 2: Student’s t-test results

impressive especially since BERT is considered to be the state-of-the-art context-based
neural model, trained on a huge dataset, and consisting of millions of parameters. BERT
created a breakthrough in the field of NLP by providing greater results in many NLP
tasks, such as question answering, text generation, sentence classification, and many
more besides. Getting better results than BERT in this sentence similarity task is
considered a good achievement, but of course, we fell short of a very simple additive
model.

6.4 Student’s t-test Experiment

Following [24] we examine the difference between two group means: the average human
annotation judgments and the cosine similarity scores via student’s t-test. First, we
match each sentence pair in the dataset with its corresponding group of sentences. Then,
we calculate the t-score for each group and compute the overall average. The smaller
the t-score, the more similarity exists between the two sets. Results are presented in
Table 4. Here, BERT did the best with the lowest t-score, which was 13.76. Then, we
had our Frobenius Add. model with a t-score of 14.24. In the third place, came the
Additive baseline with a t-score of 14.32. Our best results were achieved best while
using FastText embeddings.

6.5 Classification Experiment

Following [19, 20], we also perform a classification experiment. We compare the average
human annotation judgments and the cosine similarity scores between triplets of
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Method Embeddings Results

Copy Subject word2vec
fasttext

71.18%
73.44%

Copy Object word2vec
fasttext

76.33%
74.19%

Frobenius Add. word2vec
fasttext

76.04%
73.67%

Frobenius Mult. word2vec
fasttext

69.79%
71.24%

Baselines

Verb Only Vector word2vec
fasttext

76.44%
78.53%

Verb Only Tensor word2vec
fasttext

73.30%
73.30%

Additive word2vec
fasttext

82.00%
81.77%

BERT phrase 75.93%

Table 5. Experiment 3: Classification Accuracy results

sentences. An example of these triplets is shown below. A new dataset7 was generated
from the original dataset and used in this experiment.

Sentence 1: drug produce effect and combination does too
Sentence 2: employee start work and team does too
Sentence 3: committee consider matter and panel does too

A correct classification is obtained when both the average human annotation score
and cosine similarity between one pair of the triplet is higher than the other pair.
In other words, the average human annotation score and cosine similarity agree. An
overall accuracy is computed by counting the number of correct classifications out of
these comparisons. For instance, the cosine similarity measure between Sentences 1
and 2 above using the Additive model and Word2vec embeddings is 0.104, while that
between Sentences 1 and 3 above is 0.195. On the other hand, the average human
annotation score between Sentences 1 and 2 is 2.217 while that between Sentences 1
and 3 is 2.695. As a result, the cosine similarity score between Sentences 1 and 3 is
higher than that between 1 and 2 and similarly the human annotation scores. This
match is counted as a correct classification.

Table 5 shows that similar to the Spearman’s test, the Additive model achieved the
highest accuracy of 82.00%, even higher than BERT, whose accuracy was 75.93%. Our
best model was Copy Obj with an accuracy of 76.33%. This was in fact the second best
accuracy after the Additive model with values even higher than BERT’s.

7 https://cutt.ly/QmacrwT
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7 Conclusion and Outlook

We develop a categorical and a vector space semantics for a decidable version of an
extension of Lambek Calculus used to model parasitic gaps and coreference. This
enables us to rely on a decidable logic to produce the type-logical derivations of these
phenomena and develop compositional type-driven vector representations for them. We
also achieved what previously was not possible: working with full copies of types, rather
than their non-linear approximations. We perform three statistical tests using data
from large scale corpora and a distributional verb phrase elliptical similarity task. In
two out of the three experiments, our model outperformed the state-of-the-art BERT.
We think this is impressive since BERT has perform very well on downstream NLP
tasks, which require complex modelling of structural relationships [18]. Our models,
however, were outperformed by a very simple additive model. The difference between
our best model and the Additive model was were however, very small and in the range
0.1 or around 10%.

What can we learn from these results? That we beat BERT in one test and came
very close to it in another, is quite impressive; that in two tests, we were beaten by
a very simple additive model that ignores all structure, is disappointing, however, we
did come very close to this model. We can for sure say that it is worth taking the
grammatical and discourse structures into account when building vector representations
for sentences. The resulting representations might not perform better than other simple
or state of the art models, but will nonetheless come very close to it. So if our aim is to
represent structures of sentences as well as their distributional properties, our model is
the one to go for. One might not obtain the best results, but the loss is very little. In
our experiments, the differences between our best model and the BERT or Additive
models were only about 0.1 in t-test and Spearman and 10% in accuracy. A qualitative
analysis only made sense for our classification test, the other tests were made over the
patterns of the whole dataset. Going through the instances of the classification test, we
observed that in pairs of sentences such as 〈 medication achieve result and patient does
too, drug produce effect and combination does too〉 where the disambiguation is more
clear, the additive model does better. In this example, the sentence pair belonged to
the HIGH similarity band, the cosine of the angle between its sentences in the additive
model was 0.74, whereas the cosine of the angle in our model was 0.72. The human
annotations where also on the high side with an average score of 4.26 (recall that these
are between 1 and 7). In examples where the disambiguation was less clear, e.g. in the
pair 〈user send message and server does too, man hear word and listener does too〉,
from the MEDIUM similarity band, our model worked better by producing a cosine of
0.33 as opposed to the additive model which resulted in a cosine of 0.13. The average
human score in this case was 3.33.

A few directions to pursue for future work are as follows. Firstly, the theoretical
challenge of finding complete vector space models remains an open challenge. Investigat-
ing completeness possibly through centres of monoidal functors over finite dimensional
vector spaces with a Hopf structure is our work in progress. Then, experimenting with
the setting on the Winograd Schema Challenge [17] using the plausibility models of
[24] is work in progress. Still on the experimental side, we have compared the current
results to its approximations, as developed in previous work [19]. The basis-copying
operations used before, the so called Frobenius copying maps, did not perform well.
Their additive combination using a method we called k-extension, however, produced
comparable results. Here we observed an anomaly that we could not resolve in this
paper and which we leave to further experimentation.
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n −→ n

∇n −→ ∇n
n −→ n

∇(n\s) −→ ∇(n\s)

n −→ n

n −→ n s, s −→ s, s

s, n, n\s −→ s, s
\L

n, n\s, n, n\s −→ s, s
\L

n, n\s, ∇n, n\s −→ s, s
∇L

n, ∇(n\s), ∇n, n\s −→ s, s
∇L

∇n, ∇(n\s), ∇n, n\s −→ s, s
∇L

∇n, ∇(n\s), !(∇n), n\s −→ s, s
contr1

∇n, ∇(n\s), !(∇n), ∇(n\s), ∇(n\s)\(n\s) −→ s, s
\L

∇n, ∇(n\s), ∇(n\s), !(∇n), ∇(n\s)\(n\s) −→ s, s
perm

∇n, !(∇(n\s)), !(∇n), ∇(n\s)\(n\s) −→ s, s
contr2

∇n, !(∇(!(∇(n\s))/n)), n, !(∇n), ∇(n\s)\(n\s) −→ s, s
/L

∇n, !(∇(!(∇(n\s))/n)), ∇n, ∇n\n, !(∇n), ∇(n\s)\(n\s) −→ s, s
\L

∇n, !(∇(!(∇(n\s))/n)), ∇n, ∇(∇n\n), !(∇n), ∇(n\s)\(n\s) −→ s, s
∇L

∇n, !(∇(!(∇(n\s))/n)), ∇n, !(∇(∇n\n)), !(∇n), ∇(n\s)\(n\s) −→ s, s
contr1

∇n, ∇n, !(∇(!(∇(n\s))/n)), !(∇(∇n\n)), !(∇n), ∇(n\s)\(n\s) −→ s, s
perm

!(∇n), !(∇(!(∇(n\s))/n)), !(∇(∇n\n)), !(∇n), ∇(n\s)\(n\s) −→ s, s
contr2

!(∇n), !(∇(!(∇(n\s))/n)), !(∇(∇n\n))/n, n, !(∇n), ∇(n\s)\(n\s) −→ s, s
/L

Fig. 1. The strict reading of Kim likes their code. Sam does too.

n −→ n

∇n −→ ∇n
∇n −→ ∇n

D
∇n, !(∇(!(∇(n\s))/n)), n, n, ∇n, ∇(n\s)\(n\s) −→ s, s

contr2

∇n, !(∇(!(∇(n\s))/n)), n, ∇n, ∇n\n, ∇n, ∇(n\s)\(n\s) −→ s, s
\L

∇n, !(∇(!(∇(n\s))/n)), ∇n,∇n\n, ∇n, ∇n\n, ∇n, ∇(n\s)\(n\s) −→ s, s
\L

∇n, !(∇(!(∇(n\s))/n)), ∇n,∇n\n, ∇n, ∇(∇n\n), ∇n, ∇(n\s)\(n\s) −→ s, s
∇L

∇n, !(∇(!(∇(n\s))/n)), ∇n, ∇(∇n\n), ∇n, ∇(∇n\n), ∇n, ∇(n\s)\(n\s) −→ s, s
∇L

∇n, !(∇(!(∇(n\s))/n)), ∇n, ∇(∇n\n), ∇(∇n\n), ∇n, ∇n, ∇(n\s)\(n\s) −→ s, s
perm′

∇n, ∇n, !(∇(!(∇(n\s))/n)), ∇(∇n\n), ∇(∇n\n), ∇n, ∇n, ∇(n\s)\(n\s) −→ s, s
perm

!(∇n), !(∇(!(∇(n\s))/n)), ∇(∇n\n), ∇(∇n\n), ∇n, ∇n, ∇(n\s)\(n\s) −→ s, s
contr2

!(∇n), !(∇(!(∇(n\s))/n)), !(∇(∇n\n)), ∇n, ∇n, ∇(n\s)\(n\s) −→ s, s
contr2

!(∇n), !(∇(!(∇(n\s))/n)), !(∇(∇n\n)), !(∇n), ∇(n\s)\(n\s) −→ s, s
contr2

!(∇n), !(∇(!(∇(n\s))/n)), !(∇(∇n\n))/n, n, !(∇n), ∇(n\s)\(n\s) −→ s, s
/L

D =

n −→ n

n −→ n

∇(n\s) −→ ∇(n\s)

n −→ n

n −→ n s, s −→ s, s

s, n, n\s −→ s, s
\L

n, n\s, n, n\s −→ s, s
\L

n, n\s, ∇n, n\s −→ s, s
∇L

n, ∇(n\s), ∇n, n\s −→ s, s
∇L

∇n, ∇(n\s), ∇n, n\s −→ s, s
∇L

∇n, !(∇(n\s)), ∇n, n\s −→ s, s
contr1

∇n, !(∇(n\s)), ∇n, ∇(n\s), ∇(n\s)\(n\s) −→ s, s
\L

∇n, !(∇(n\s)), ∇(n\s), ∇n, ∇(n\s)\(n\s) −→ s, s
perm

∇n, !(∇(n\s)), !(∇(n\s)), ∇n, ∇(n\s)\(n\s) −→ s, s
contr1

∇n, !(∇(n\s))/n, n, !(∇(n\s)), ∇n, ∇(n\s)\(n\s) −→ s, s
/L

∇n, ∇(!(∇(n\s))/n), n, !(∇(n\s)), ∇n, ∇(n\s)\(n\s) −→ s, s
∇L

∇n, ∇(!(∇(n\s))/n), n, !(∇(n\s))/n, n, ∇n, ∇(n\s)\(n\s) −→ s, s
/L

∇n, ∇(!(∇(n\s))/n), n, ∇(!(∇(n\s))/n), n, ∇n, ∇(n\s)\(n\s) −→ s, s
∇L

∇n, ∇(!(∇(n\s))/n), ∇(!(∇(n\s))/n), n, n, ∇n, ∇(n\s)\(n\s) −→ s, s
perm

Fig. 2. The sloppy reading of Kim likes their code. Sam does too.
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Abstract. This paper states and proves some key mathematical proper-
ties of the full Displacement calculus with linguistic subexponentials and
bracket modalities (DAb∗1!b?).
The universal exponential modality !b of DAb∗1!b? licenses a special
version of the structural rule of Contraction which interacts with bracket
modalities. In this way, the complexity of so-called parasitic gaps are
accounted for.
On the other hand, the existential exponential modality ‘?’ of DAb∗1!b?
licenses the rule of Expansion (or Mingle), a limited version of the rule of
Weakening. Expansion is involved in situations in which linguistic expres-
sions are iterated, as in multi-coordination (more than two conjuncts),
generalized non-constituent coordination.
This study provides a semantic proof of Cut-Elimination for the whole
system, and, as a by-product, completeness with respect to Phase Models.

1 Introduction

In [11], the logic for the displacement calculus with the existential exponential
DA? is shown to be sound and complete w.r.t. phase semantics (see [1]). This
phase semantics is specially adapted for the core logic D. Here we extend the work
of [11] to bracket operators and universal bracketed exponential which account
for parasitic gaps in an elegant way (see [10]). We provide strong semantics
completeness à la Okada (see [14]) for the whole system. This means that besides
completeness w.r.t. to phase spaces we get a semantic/algebraic proof of the
Cut-elimination theorem.

We survey key proof-theoretic findings (in particular, some proof-theoretic
and linguistic pathologies), and we explain which road we take in proof-theoretic
and algebraic terms.

We introduce phase spaces well-suited for D and we show how we algebraically
deal with additive connectives, bracket modalities, universal and existential
subexponential modalities. Finally, enough algebraic material is covered in order
to state and prove strong completeness à la Okada. In the proofs of this paper
we will cover essentially the new connectives added to DA?.

Before concluding, we will give some insights regarding the so-called Lambek’s
empty antecedent restriction.
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2 Full Displacement Calculus with brackets and linguistic
exponentials: DAb∗1!b?

DAb∗1!b? denotes the Displacement calculus with units, additives and two
linguistic exponentials: the existential ? and the universal !b. Lb refers to the
Lambek Calculus with brackets. The set of types F , their sort, and their semantic
map (SEM) are defined in Figure 1. (Pri)i is the collection of sets of sort i, where
i ∈ ω. We will simply write Pr.

0. Fi ::= Pri SEM(p) primitive type p of sort i
1. Fi ::= Fi+j/Fj SEM(C/B) = SEM(B)→SEM(C) over [5]
2. Fj ::= Fi\Fi+j SEM(A\C) = SEM(A)→SEM(C) under [5]
3. Fi+j ::= Fi•Fj SEM(A•B) = SEM(A)&SEM(B) continuous product [5]
4. F0 ::= I SEM(I) = > continuous unit [4]
5. Fi+1 ::= Fi+j↑kFj , 1 ≤ k ≤ i+j SEM(C↑kB) = SEM(B)→SEM(C) extract [12]
6. Fj ::= Fi+1↓kFi+j , 1 ≤ k ≤ i+1 SEM(A↓kC) = SEM(A)→SEM(C) infix [12]
7. Fi+j ::= Fi+1�kFj , 1 ≤ k ≤ i+1 SEM(A�kB) = SEM(A)&SEM(B) discontinuous product [12]
8. F1 ::= J SEM(J) = > discontinuous unit [12]
9. Fi ::= Fi&Fi SEM(A&B) = SEM(A)&SEM(B) additive conjunction [3, 8]
10. Fi ::= Fi⊕Fi SEM(A⊕B) = SEM(A)+SEM(B) additive disjunction [3, 8]
11. Fi ::= 〈〉Fi SEM(〈〉A) = SEM(A) bracket modality [13]
12. Fi ::= [ ]−1Fi SEM([ ]−1A) = SEM(A) antibracket modality [13]
13. F0 ::= ?F0 SEM(?A) = SEM(A)+ existential exponential [13]
14. F0 ::= !bF0 SEM(!bA) = SEM(A) universal (bracketed) exponential [13]

Fig. 1. Categorial logic types of DAb∗1!b?

The set of antecedents Config is defined by mutual recursion as follows:

(1) Config ::= Λ
Config ::= 1 Config
Config ::= F0 Config
Config ::= F i>0{Config, . . . ,Config︸ ︷︷ ︸

iConfig′s
},Config

Config ::= [Config]

Notice a change on notation in the definition of configurations (1). Crucially,
concatenation is done by juxtaposition. In other papers ([12],[9]) D-configurations
use ’,’ as a metalinguistic concatenation. The sort s(Γ ) (for Γ ∈ Config) is |Γ |1,
i.e. the number of metalinguistic separators 1 which it contains (including brack-
eted strings1).Config can be seen as an ω-indexed family of sets (Configi)i∈ω,
where Configi is the set of configurations of sort i.

The set of sequents Seq is defined as:

(2) Seq ::= Config ⇒ F

1 For example, the sort of A 1 b(B{1, 1} 1) is equal to 4.
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Sequents of D require that the sort of the antecedent equals the sort of the
succendent. Sequents with an empty antecedent will be notated Λ ⇒ A or ⇒ A.
Distinguished subconfigurations of a configuration in D have been usually written
as ∆〈Γ 〉 (see [12]). In this paper, we simply denote these configurations as ∆(Γ ).
∆() will refer to contexts.

For a configuration ∆ we define the type-equivalent ∆•, which is a type that
has the same algebraic meaning as ∆. Via the BNF formulation of Config in (1)
one can recursively define ∆•:

(3) Λ•=defI
(1, Γ )•=defJ • Γ •
(A,Γ )•=defA • Γ •, if s(A) = 0
(A{∆1, . . . ,∆s(A)}, Γ )•=def

((· · · (A�1 ∆
•
1) · · · )�1+s(∆1)+···+s(∆s(A)) ∆

•
s(A)) • Γ •, if s(A) > 0

∆([A ]) ⇒ B
〈〉L

∆(〈〉A) ⇒ B

∆ ⇒ A
〈〉R

[∆] ⇒ 〈〉A

∆(A) ⇒ B
[ ]−1L

∆([[ ]−1A]) ⇒ B

[∆] ⇒ A
[ ]−1R

∆ ⇒ [ ]−1A

∆(A) ⇒ B
!bL

∆(!bA) ⇒ B

!b∆ ⇒ A
!bR∗, !b∆ 6= Λ

!b∆ ⇒ !bA

∆(!bΓ [!bΓ ∆]) ⇒ A
!b C∗, where ∆ 6= Λ and !bΓ 6= Λ

∆(!bΓ ∆) ⇒ A

∆(!bAΓ ) ⇒ B
!bP1

∆(Γ !bA) ⇒ B

∆(Γ !bA) ⇒ B
!bP2

∆(!bAΓ ) ⇒ B

∆(Ai) ⇒ B for i > 0
?L

∆(?A) ⇒ B

∆ ⇒ A
?R

∆ ⇒ ?A

∆1 ⇒ A ∆2 ⇒ ?A
?M

∆1 ∆2 ⇒ ?A

Fig. 2. Modal connectives of DAb∗1!b?

In order to simplify and focus on the fine interaction of the different modalities
we only show the rules associated to these connectives, see Figure 3. Crucially,
rules !b C∗ and !bR have the following restrictions:
(4) – !b-modalized configurations in rule !C are non-empty. ∆ must be also

non-empty in rule !b C∗.
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– Rule !bR has as side-condition that antecedents must be non-empty.

2.1 On the Cut-Elimination Property and the !b-licensed Rule of
Contraction in DAb∗1!b?

In [2] some issues w.r.t. Cut-elimination are noticed. [2] also explores some
potential linguistic pathologies related to the rule of !b-contraction. Our goal in
this subsection is to address these problems.

Consider the following derivation:

(5)

⇒ I
!bR

⇒ !bI

p ⇒ p
〈〉R

[p] ⇒ 〈〉p
IL applied twice

I [I p] ⇒ 〈〉p
!bL applied twice

!bI [!bI p] ⇒ 〈〉p
!bC

!bI p ⇒ 〈〉p
Cut

p ⇒ 〈〉p

If !b-modalized configurations cannot be empty, we lose the Cut-elimination
property as (5) shows. But, if one allowed empty !b-modalized configurations,
clearly the sequent p ⇒ 〈〉p could have a Cut-free derivation by contracting the
empty !b-modalized configuration:

(6)

p ⇒ p
〈〉R

[p] ⇒ 〈〉p
〈〉R

!bΛ [!bΛp] ⇒ 〈〉p
!b C, where !bΛ is contracted

p ⇒ 〈〉p

Notice how in (6) we contract the empty configuration. In this case, we would get
that DAb∗1!b? is not a conservative extension of Lb, which is totally undesirable.

But, in fact the situation is more delicate than expected. If ⇒ A is a Lb
theorem (a provable sequent with empty antecedent), and p any atomic type
(of sort 0) one easily derives A [Ap] ⇒ A • 〈〉(A•p). By applying !bL twice we
get !bA [!bAp] ⇒ A • 〈〉(A•p), and by !bC we obtain !bAp ⇒ A • 〈〉(A•p). By
necessitation (!b R) over the empty antecedent ⇒ !bA is derived. Finally, by Cut
between ⇒ !bA and !bA [!bAp] ⇒ A • 〈〉(A•p) we obtain:

(7) p ⇒ A • 〈〉(A • p)

But this time the sequent from (7) clearly does not a Cut-free proof. The
interaction of bracketed contraction and the rule of necessitation !bR generates
infinite sequents with no Cut-free proofs! Notice that the corresponding sequent
without brackets from (7), i.e. p ⇒ A2•p would have a Cut-free proof:
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(8)

⇒ A ⇒ A
•R

⇒ A2 p ⇒ p
•R

p ⇒ A2•p

Some solutions to the pathologies originated by bracketed contraction
We have a priori two solutions:

a) Consider the full Displacement calculus with Lambek’s restriction (no empty
antecedents2). The rule of necessitation !bR would only apply with non-empty
antecedents. This calculus notated DAb+!b?, would not generate sequents
like those in (7). However, DAb+!b? would have at least an important loss
of linguistic descriptive adequacy. As it is now, D and related calculi of
discontinuity are specially well-adapted to gapping phenomena (see [12]).
Crucially, in the these calculi gapping categories have type3 (X\X)/(X � I),
where the continuous product unit closes off the point of discontinuity in
gapping constructions. The use of I would be incompatible with Lambek’s
restriction.

b) We allow empty antecedents. It is the calculus DAb∗1!b? with the rules
of necessitation (!bR) and contractions with restrictions in such a way that
issues with Cut-elimination property are avoided. See Figure 3 and the
restrictions to rules with !b listed in (4). In this way, we can preserve the
D descriptive adequacy of gapping. This is the road we take in this paper.
Moreover DAb∗1!b? is a conservative extension of DAb!?.
In this calculus we rule out also a pathology related to parasitic gap (see [2]):
(10) *man that likes
If one types that with (cn\cn)/(!bn\s), a non restricted use of bracketed
contraction would generate (10):

(11)

\L
cn cn\cn ⇒ cn

n ⇒ n

n ⇒ n
〈〉R

[n] ⇒ 〈〉n s ⇒ s
\L

[n] (〈〉n)\s ⇒ s
/L

[n] (〈〉n\s)/nn ⇒ s
!bL applied twice

[!bn](〈〉n\s)/n !bn ⇒ s
!bP

!bn [!bn](〈〉n\s)/n ⇒ s
!bC

!bn (〈〉n\s)/n ⇒ s
\R

(〈〉n\s)/n ⇒ !bn\s
/L∗cn (cn\cn)/(!bn\s) (〈〉n\s)/n ⇒ cn

2 Lambek’s restriction would apply to empty (continuous) antecedents. But, ”discon-
tinuous empty antecedents” would be allowed, i.e., sequents like:

(9) 1 . . . 1︸ ︷︷ ︸
n+ 1 separators

⇒ A, with s(A) = n+ 1

3 This is a typing in D.
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In this derivation, the instance of !b-contraction accepts configurations like
!Γ [!bΓ ∆] with ∆ equal to the empty antecedent. If we adhere to restrictions
listed in (4) we rule out the above derivation.

3 Phase Semantics for DAb!?

3.1 Phase Spaces

A bracketed separated monoid (MONb) M = (|M|, ·, b, ε, 1) is a free monoid
with an extra-unary function symbol b and a distinguished generator called the
separator, in notation 1.

The sort i ∈ ω of a (discontinuous) string α ∈ |A| is the number of separators
it contains and these punctuate it into i+1 maximal continuous substrings or
segments. s(α) denotes the sort of α.

A subset B of the carrier set |A| is called a same-sort subset iff there exists an
i ∈ ω such that for every a ∈ B, s(a) = i. This same-sort property gives us the
way to interpret D (and all its extensions considered in this paper) in such a way
that the sorting regime is consistently treated. Notice that ∅ vacuously satisfies the
same-sort condition for every i ∈ ω. We consider the ω-sorted set (P(|A|)i)i∈ω,
where for every i, P(|A|)i = {X : X is a same-sort subset of sort i}.

Definition 1 (Closure System). An ω-sorted closure system (Ci)i∈ω on a
separated monoid A is an ω-indexed collection such that Ci ⊆ PAi, and for every
B ⊆ Ci,

⋂
B ∈ Ci.

In particular, every Ci contains the intersection of an empty collection, i.e.
⋂
∅,

which is equal to P(|A|)i. Elements of C are called closed sets. We define the
following operators at the level of same-sort subsets:

– b(F ) = {b(α) : α ∈ F}
– b−1(F ) = {α : b(α) ∈ F}
– F◦G=def {f · g : f ∈ F and g ∈ G}
– F◦iG=def {f ×i g : f ∈ F and g ∈ G}
– G//F =def {h : ∀f ∈ F, h · f ∈ G}.
– F\\G=def {h : ∀f ∈ F, f · h ∈ G}
– G↑↑iF =def {h : ∀f ∈ F, h×i f ∈ G}
– F↓↓iG=def {h : ∀f ∈ F, f ×i h ∈ G}
– F ∪G is the standard union of sets, provided that both F,G are same-sort

subsets and s(F ) = s(G).
– F ∩ G is the standard intersection of sets, provided that both F,G are

same-sort subsets, and s(F ) = s(G).
– I=def {ε}
– J=def {1}

We will write G//f instead of G//{f}. Similarly, we use the same notation
for f\\G, G↑↑if , and f↓↓iG.
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Remark: in order to simplify the exposition, we avoid the subtleties of a closure
system over a sorted domain (in our case, the set of sorts is ω). Since non-linearity
(iteration and bracketed contraction) applies to sort 0 domains, this simplification
is justified.

Let (Ci)i∈ω be a closure system over a separated monoid M. If A is a same-sort
subset of |M|, then A denotes the least closed (same-sort) subset containing A.
For any same-sort subset G, it is readily seen that the [G 7→ G ] map satisfies
the following properties:

i) Extensiveness, i.e.: G ⊆ G .
ii) Monotony, i.e.: if G1 ⊆ G2 then G1 ⊆ G2 .

iii) Idempotence, i.e.: G = G.

Definition 2 (Phases Spaces). A DAb∗1!b? phase space P = (M, (Ci)i, J) is
a structure partially ordered by the relation of subset inclusion such that:

1. M is a bracketed separated monoid.
2. (Ci)i is a (ω-sorted) closure system, and:

b) For all closed (same-sort) subset F , and for all x ∈ |M|:
b.1) x\\F , F//x, F↑i↑ix, and x↓i↓iF are closed subsets.
b.2) b−1(F ) is a closed subset.

c) J is a subsemigroup of A such that:
c.1) ∀x1, · · · , xn ∈ J − {ε} and ∀y ∈ |A| − {ε}, x1 · . . . · xn · y ∈

{x1 · . . . · xn · b(x1 · . . . · xn · y)}, where ε denotes the empty string
of M.

c.2) ∀x ∈ J − {ε},∀y ∈ |A| x · y ∈ {y · x} and y · x ∈ {x · y}

Notice the detailed algebraic properties of the subsemigroup J . Their purpose
is to fit the proof-theoretic restrictions detailed in subsection 2.1.

Subsets of |A| obviously satisfy the residuation property w.r.t. bracket opera-
tors:

b(F ) ⊆ G iff F ⊆ b−1(G) (1)

The following basic properties are evident:

Lemma 1.

• F◦G ⊆ H iff F ⊆ H//G iff G ⊆ F\\H.
• F◦iG ⊆ H iff F ⊆ H↑↑iG iff G ⊆ F↓↓iH.
• By construction, F is the least closed subset such that F ⊆ F . Hence:
• If A ⊆ F and F = F then A ⊆ F .
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Lemma 2. If A is closed, then:

• A//F, F\\A,A↑↑iF, and F↓↓iA are closed.
Proof: A↑↑iF =

⋂
x∈F A↑↑ix, whence A↑↑iF is closed.

• Similarly for the other implicative operations.
• F◦G ⊆ F◦G. Similarly, F◦iG ⊆ F◦iG
• Hence, F ◦G ⊆ F◦G , and F ◦iG ⊆ F◦iG
• It follows that F◦G = F◦G and F◦iG = F◦iG

Proof: Let us see the case of ◦i. F◦iG ⊆ F◦iG . By residuation, F ⊆ F◦iG ↑↑iG.
F◦iG ↑↑iG is a closed subset (see previous proof). Hence, F ⊆ F◦iG ↑↑iG.
Applying again residuation, we have F ◦iG ⊆ F◦G
We repeat the process with G, obtaining G ⊆ F ↓↓i F◦iG . It follows that:
F ◦iG ⊆ F◦iG . Hence, F ◦iG ⊆ F◦iG

Lemma 3. For any subset G, the following equality holds:

b(G) = b(G )

Proof. Since G ⊆ G, we have b(G) ⊆ b(G). Applying closure we get b(G) ⊆ b(G).
For the converse, by extensiveness (of the closure map), we have b(G) ⊆ b(G).
By residuation of the pair (b, b−1), it follows that G ⊆ b−1(b(G)). Hence, by
definition of cl, and that b−1(b(G)) is closed (b(G) is closed and property 2d)
in definition 2) G ⊆ b−1(b(G)), whence by residuation b(G) ⊆ (b(G)). Applying
closure, we get b(G) ⊆ b(G).

3.2 Algebra of Closed Sets

We see now operations on closed subsets which return values into the set of closed
subsets. This paves the path to the definition of valuations from the set of types
into phase spaces, concretely into the set of closed sets. Given F,G closed sets:
(12) F◦G =def F◦G

F◦iG =def F◦iG
F/G =def F/G
F&G =def F ∩G (By definition of phase spaces, F ∩G is closed)
F∪G =def F ∪G

Similarly for the other implications.
〈〉F =def b(F )
[ ]−1F =def b

−1(F ) (By lemma 3, b−1(F ) is closed)
!bF =def F ∩ J , where J is the special subset of the phase space
?F =def

⋃
i≥1 F

i

3.3 Models for DAb∗1!b?

A phase model for DAb∗1!b? is a pair (P, v) where P = (A, (Ci)i, J) is a phase
space and v is a mapping Pr −→ (Ci)i which recursively extends to the set of
types F as follows (again, we focus on the modal connectives):
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Definition 3.

v(〈〉A)=def b(v(A)) and v ([ ]−1A)=defb
−1(v(A))

v(?A)=def
⋃
i≥1 v(A)i and v (!bA)=def v(A) ∩ J

Lemma 4. (Going to the context)
If v(Γ1) ⊆ v(Γ2) then v(∆(Γ1)) ⊆ v(∆(Γ2)).

Proof. By the tonicity properties of continuous and discontinuous product
and the associativity of product, we have that v(∆(Γ1)) = v(∆())(v(Γ1)) ⊆
v(∆())(v(Γ2)) = v(∆(Γ2)).

In the following, P denotes a phase space, and v : Pr −→ (Ci)i a valuation in
P.

Lemma 5. For any types A,B we have that:

a) v([A]) = v(〈〉A)
b) v([[ ]−1A]) ⊆ v(A)

Proof. a) is satisfied by definition. b) is proved as follows. We have the identity
v([ ]−1A) = v([ ]−1A), i.e. b−1(v(A)) = b−1(v(A)), from which, by residuation of
(b, b−1), we get b(b−1(v(A))) ⊆ v(A), which is equivalent to b(v([ ]−1A))) ⊆ v(A).
Taking closure, we get v([[ ]−1A]) ⊆ v(A).

Lemma 6 (Bracketed contraction). For any ∆ and Γ :

v(!∆Γ ) ⊆ v(!∆ [!∆Γ ])

Proof. Recall that !∆ is a list of !-modalized types, so that we have !∆ =
!bA1 · · · !bAn, for n ≥ 1. From v(!bAi) = v(A) ∩ J , v(!bAi) ⊆ J . Since J is
subsemigroup4 of |P|, it follows that v(!bA1)◦ · · · ◦v(!bAn) ⊆ J . Let xi ∈ v(!bAi)
for any i, and y ∈ v(∆). By the definition of a phase space, we have that x1 ·. . .·xn ·
y ∈ {x1 · . . . · xn · b(x1 · . . . · xn · y)}. Therefore, v(!bA1)◦ . . . ◦v(!bAn)◦v(Γ )) ⊆
v(!bA1)◦ . . . ◦v(!bAn)◦b(v(!bA1)◦ . . . ◦v(!bAn)◦v(Γ )). Taking closure over the last
set inclusion, we get v(!bA1)◦ . . . ◦v(!bAn)◦v(Γ )) ⊆ v(!bA1)◦ . . . ◦v(!bAn)
◦b(v(!bA1)◦ . . . ◦v(!bAn)◦v(Γ )).p

Lemma 7 (Controlled Permutation). For any type A and configuration Γ :

a) v(!bAΓ )) ⊆ v(Γ !bA)
b) v(Γ !bA)) ⊆ v(!bAΓ )

4 But not a submonoid, for otherwise the universal subexponential would allow weak-
ening!
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Proof. We prove a). b) has a completely similar proof. Let x ∈ v(!bA) and
y ∈ v(Γ ). By definition of a phase space for DAb∗1!b?, x ∈ J , and x · y ∈ {y · x}.
Mimicking the reasoning of the previous lemma 6, we have that v(!bA)◦v(Γ ) ⊆
v(Γ )◦v(!bA).
Theorem 1 (Soundness). If DAb∗1!b? ` ∆ ⇒ A then |= ∆ ⇒ A.
Proof. By induction on the length of DAb∗1!b? derivations.

- Cut: We prove it simply by going to the context (see lemma 4).

- 〈〉:
∆([A]) ⇒ B

〈〉L
∆(〈〉A) ⇒ B

∆ ⇒ A
〈〉R

[∆] ⇒ 〈〉A
Assume v(∆([A])) ⊆ v(B). By lemma 5, v([A]) = v(〈〉A). By going to the context
we get v(∆(〈〉A)) ⊆ v(B).

- [ ]−1:
∆(A) ⇒ B

[ ]−1L
∆([[ ]−1A]) ⇒ B

[∆] ⇒ A
[ ]−1R

∆ ⇒ [ ]−1A

By lemma 5, v([[ ]−1A]) ⊆ v(A). By going to the context, the conclusion of rule
[ ]−1L is sound. The premise of rule [ ]−1 R reads semantically as v([∆]) ⊆ v(A).
b(v(∆) ⊆ v([∆]). It follows that b(v(∆) ⊆ v(A). By residuation of the pair (b, b−1),
we have v(∆) ⊆ b−1(v(A)). But v([ ]−1A) = b−1(v(A)), whence v(∆) ⊆ v([ ]−1A).

- !:
∆(A) ⇒ B

!bL
∆(!bA) ⇒ B

!b∆ ⇒ A
!bR

!b∆ ⇒ !bA
Recall that v(!bA) = v(A) ∩ J . v(A) ∩ J ⊆ v(A). Taking closure we have that

v(!bA) ⊆ v(A). Going to the context, we get the desired conclusion. This proves
rule !b L. v(!bA1)◦ · · · ◦v(!bAn) ⊆ v(!bA1 . . . !bAn). By the definition ! and the fact
that the set J of the underlying phase space is a semigroup v(!bA1)◦ · · · ◦v(!bAn) ⊆
J . Hence, v(!bA1)◦ · · · ◦v(!bAn) ⊆ v(A) ∩ J . Taking closure we get the desired
conclusion. This proves rule !b R.

Let us see the structural rules licensed by !.

- !-contraction:
∆(!Γ [!bΓ ∆]) ⇒ A

!bC
∆(!Γ ∆) ⇒ A

By lemma 6, v(!bΓ ∆) ⊆ v(!bΓ [!bΓ ∆]). By going to the context, we conclude.

- !-permutation:
∆(!bAΓ ) ⇒ B

!bP1
∆(Γ !bA) ⇒ B

∆(Γ !bA) ⇒ B
!bP2

∆(!bAΓ ) ⇒ B

We prove the case of !P1 since !P2 is completely similar. By lemma 7, we have
v(!bAΓ ) ⊆ v(Γ !bA). By going to the context we get the desired conclusion.
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4 Semantic Cut-Elimination and Completeness

4.1 The Syntactic Phase Space

Let M be the following algebra (Config, conc, b, Λ), where Config is the set of
configurations, which by its inductive definition is closed by concatenation, and
does not contain the empty configuration Λ. We denote the concatenation by
conc. Hence, M is a monoid. Define b : Config −→ Config as the mapping such
that b(∆)=def[∆] for any configuration ∆. By the definition of Config, M is
closed by b. It follows that M is a bracketed monoid. We define J as the set of
!-modalized non-empty lists. Clearly, J is a subsemigroup of M.

We define `−1 (A) as the set {∆ : ∆ ⇒ −A}. Let (Ci)i` be the smallest subset of
P(|M|) closed by arbitrary intersections containing the set {`−1 (D) : D ∈ F}.
We will use the following crucial property:

∀F ∈ (Ci)i` ∃DF ⊆ (Ci)i` such that F =
⋂
D∈DF

`−1 (D) (?)

Lemma 8. (The syntactic phase space)
Let Synt = (M, (Ci)i`, J). Synt is a phase space.

Proof. In the following F denotes an arbitrary closed set.
- Let Γ ∈ Config. Consider F//Γ . Then, for any ∆ ∈ Config ∆ ∈ F iff
∆,Γ ⇒ D for any D ∈ D for a certain D iff ∀D ∈ D, ∆ ⇒ D//Γ •. It follows
that F//Γ is an arbitrary intersection of basic closed sets, whence it is a closed
set. The other implicative connectives have a similar proof.
-∆ ∈ b−1(F ) iff [∆] ∈ F iff ∀D ∈ D (for a given a family of closed subsets),[∆] ⇒ D
iff ∀D ∈ D, ∆ ∈ [ ]−1D, whence b−1(F ) is the intersection of a family of (basic)
closed sets.

Let us prove condition c.1) from definition 2. We have to see that for any
!bΓ1, · · · , !bΓn, ∆:

!bΓ1 . . . !bΓn∆ ∈ {!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆]}

By (?) there existsD ⊆ (Ci)i` such that {!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆]} =
⋂
D∈D `−1 (D).

We have that:

!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆] ∈ {!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆]}
iff

!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆] ∈ `−1 (D)∀D ∈ D
iff

∀D ∈ D, !bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆] ⇒ D,
iff

∀D ∈ D, !bΓ1 . . . !bΓn∆ ⇒ D by !bC
iff

!bΓ1 . . . !bΓn∆ ∈ {!bΓ1 . . . !bΓn [!bΓ1 · · · !bΓn∆]}
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This proves c.1). c.2) is proved similarly. There exists another family D of closed
sets such that:

!bΓ2 !bΓ1 ∈ {!bΓ2 !bΓ1}
iff

∀D ∈ D, !bΓ2 !bΓ1 ∈ `−1 (D)
iff

∀D ∈ D, !bΓ2 !bΓ1 ⇒ D
iff

∀D ∈ D, !bΓ1 !bΓ2 ⇒ D by !bP

Notice that in the last step above we have applied several times the rule of
permutation !bP . This proves c.2).

4.2 The Truth Lemma and its Corollaries

Lemma 9. Let v be the valuation v : Pr→ (Ci)i` such that v(p) =def `−1 (p) for
any primitive type p. There holds:

(13) −→A ∈ v(A) ⊆ `−1 (A) for any type A

Proof. We consider the more relevant connectives for the main topic of this
paper, i.e. bracketed controlled universal and existential exponential, and bracket
modalities. For the other connectives, see [11].

- Let us prove
−→
〈〉A ∈ v(〈〉A) ⊆ `−1 (〈〉A). Let us see the second inclusion. By

i.h. v(A) ⊆ `−1 (A). Let ∆ any arbitrary configuration such that ∆ ∈ v(A).
Hence, ∆ ∈ `−1 (A), i.e. ∆ ⇒− A, from which we get by 〈〉R, [∆] ⇒− 〈〉A.
Therefore [v(A)] ⊆ `−1 (〈〉A). Taking closure to the preceding inclusion we have
v(〈〉A) ⊆ `−1 (〈〉A).

Let us prove the first belonging. There exists F such that v(〈〉A) =
⋂
D∈F `−1 (D).

By i.h.−→A ∈ v(A). Therefore, [−→A ] ∈ v(〈〉A). It follows that [−→A ] ∈ `−1 (D) for any D ∈ F ,
i.e. [−→A ] ⇒− D for any D ∈ F . By 〈〉L rule we get

−→
〈〉A ⇒− D for any D ∈ F , i,e.

−→
〈〉A ∈ `−1 (D) for any D ∈ F . Hence,

−→
〈〉A ∈ v(〈〉A).

- Let us prove
−−−→
[ ]−1A ∈ v([ ]−1A) ⊆ `−1 ([ ]−1A).

Let us see the second inclusion. We have v([ ]−1A) = b−1(v(A)). For any configu-
ration ∆, ∆ ∈ b−1(A) iff [∆] ∈ v(A). Since by i.h v(A) ⊆ `−1 (A), we have that
[∆] ∈ `−1 (A), which means [∆] ⇒− A, whence, by [ ]−1R rule, ∆ ⇒− [ ]−1A, i.e.
∆ ∈ `−1 ([ ]−1A). Therefore, v([ ]−1A) ⊆ `−1 ([ ]−1A).

Let us see the first belonging. There exists F such that v(A) =
⋂
D∈F `−1 (D).

By i.h. −→A ∈ v(A). This means that,for any D ∈ F :
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−→
A ⇒− D
iff
[
−−−→
[ ]−1A] ⇒− D

Therefore, [
−−−→
[ ]−1A] ∈ v(A), whence

−−−→
[ ]−1A ∈ b−1(v(A) = v([ ]−1A).

- !bA ∈ v(!bA) ∈ `−1 (!A)

Let us see that v(!bA) ⊆ `−1 (!bA). We have v(A) ∩ J ⊆ `−1 (A) ∩ J . Any !bΓ
belongs to v(A) ∩ J . By !bR, !Γ ⇒− !bA, i.e., !Γ ∈ `−1 (!bA). It follows that
v(A) ∩ J ⊆ `−1 (!bA). Taking closure to the previous subset inclusion, we get
v(!bA) ⊆ `−1 (!bA). Let us prove now that !bA ∈ v(!bA). By i.h., A ∈ v(A),
whence !bA ∈ v(A) ∩ J . It follows that (taking closure) !bA ∈ v(!bA).

- Case A = B ⊕ C. By i.h. v(B) ⊆ [B] and v(C) ⊆ [C]. Hence, v(B) ∪ v(C) ⊆
cl([B] ∪ [C]) ⊆ [B ⊕ C]. The first inclusion is due to the monotony property and
properties of cl. In fact, we have [B] ∪ [C] ⊆ [B ⊕ C]. For, [B] ⊆ [B ⊕ C] and
[C] ⊆ [B ⊕ C] by ⊕iR (i = 1, 2). It follows that cl(v(B) ∪ v(C)) ⊆ [B ⊕ C].

On the other hand, v(B ⊕ C) =
⋂
D∈G [D] for a certain G. By i.h −→B ∈ v(B).

Hence, −→B ⊆ cl(v(B) ∪ v(C)). Similarly, −→C ⊆ cl(v(B) ∪ v(C)). Therefore, for
any D ∈ G, −→B ∈ [D] and −→C ∈ [D]. By ⊕L we get −−−−→B ⊕ C ∈ [D]. It follows that
−−−−→
B ⊕ C ⊆ v(B ⊕ C).

- Case C = ?A

(14)

Γ1 ⇒ A

Γi−1 ⇒ A

Γi ⇒ A
?R

Γi ⇒ ?A
?M

...
?M

Γ2, . . . , Γi ⇒ ?A
?M

Γ1, . . . , Γi ⇒ ?A

The proof above shows that for every i > 0, v(A)i ⊆ `−1 (?A). We have then⋃
i>0 v(A)i ⊆ `−1 (?A). Applying the closure map we get

⋃
i>0 v(A)i ⊆ `−1 (?A),

whence v(?A) ⊆ `−1 (?A).
We prove now ?A ∈ v(?A). We know that v(?A) =

⋂
D∈G `−1 (D), for a certain

family of closed sets G. By i.h. A ∈ v(A). It follows that for every i > 0 Ai ∈ v(Ai),
whence Ai ∈

⋃
k>0 v(Ai) ⊆ v(?A). We have therefore:

For every i > 0 Ai ∈ v(?A) iff For every i > 0, and for every D ∈ G, Ai ∈ `−1 (D)
iff For every D ∈ G, ?A ∈ `−1 (D), by application of ?R
iff ?A ∈ v(?A)
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Theorem 2 (Strong Completeness à la Okada).
Let ∆ ⇒ A be such that for every (P, v), (P, v) |= ∆ ⇒ B. It follows that
∆ ⇒ −B.

Proof. In particular, this sequent holds in the syntactic phase displacement model.
By the previous lemma, for any A, A ∈ v(A). Hence ∆ ∈ v(∆). By soundness,
for every (P, w) w(∆) ⊆ w(B). Therefore we have that v(∆) ⊆ v(B). Since
∆ ∈ v(∆), ∆ ∈ v(A), which entails (by the truth lemma) that ∆ ∈ `−1 (A), i.e.
∆ ⇒ −A.

By the previous theorem ∆ ⇒ A is provable without Cut, whence:

Corollary 1 (Cut admissibility). The Cut rule is admissible.

5 On Lambek’s Empty Antecedent Restriction

Since in this paper we have advocated for a system of categorial logic with
the possibility of empty antecedents, it is worth considering what happens
with Lambek’s Empty Antecedent Restriction, and its source of ungrammatical
provable sequents. Essentially, endocentric syntactic categories of the form X/X
or X\X can cause problems (see [7],[2]).

If one types adjectives with adj=defcn/cn, then intensifiers like ’very’ with type
adj/adj generate undesirable expressions like ’*very man’. This is caused by the
fact that ∗adj/adj cn ⇒ cn is a provable sequent if we allow empty antecedents.
By the same token, verbal intensifiers like ’very quickly’ with endocentric types
adv/adv and adv=def(n\s)\(n\s) can generate ’john ran very’, since it is provable
the sequent: ∗nn\s adv/adv ⇒ S

Finally, coordination categories defined as coord(X)=def(X\X)/X suffer
from this source of ungrammaticality.

In this paper, we allow in our calculus empty antecedents since we need units
for closing off points of discontinuity like those in gapping phenomena. We outline
a possible solution to the problem of endocentric categories.The idea is to use
finite sets of atomic postulates.5 By closure of the entailment relation, we can
maintain Cut-elimination.

- Avoiding the pathology *Very man

adv = adj/adj

adj = (cn/cn)
` cn ⇒ cn

0 cn ⇒ cn

(2)

5 A reviewer points out another interesting solution: the use of Moortgat/Oehrle ([6])
style inclusion relations, e.g. cn ⇒ [ ]−1〈〉cn.
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We have the following facts:

` adv+ adj+ cn ⇒ cn

` adj+ cn ⇒ cn

0 adv+cn ⇒ cn

(3)

- Avoiding the pathology *John ran very

adv = (n\s)\(n\s)
` n ⇒ n

0 n ⇒ n

intens = adv/adv

vp = n\s

(4)

We have the following facts:

` adv+adv ⇒ adv

0 nn\s intens ⇒ s

` intens+ adv+ ⇒ adv

` intens+ intens∗ ⇒ intens

(5)

Playing with atomic postulates one can also deal with coordination categories
like coord(X) = (X\X)/X. This outline of a solution to the problem of empty
antecedents should be more carefully studied in order to see how atomic postulates
interact with the lexicon.

6 Conclusions

We have proved completeness of DAb∗!b? w.r.t. phase spaces. Moreover, a novel
semantic proof of Cut-elimination for the whole system is given. Readers may
ask whether all the proof-theoretic machinery used in this paper is needed to
account for extraction with parasitic gaps. An important research line would
point to investigate the minimal proof-theoretic machinery needed to account for
parasitic gaps and related phenomena. In [10] it is given a decidability proof of a
DAb∗1!b? fragment without additives. It remains open to see whether we can
extend the decidability result to additives.
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Aspects of Computational Linguistics. Celebrating 20 Years of LACL (1996–
2016): 9th International Conference, LACL 2016, Nancy, France, December
5-7, 2016, Proceedings, pp. 228–246. Springer Berlin, Heidelberg (2016),
http://dx.doi.org/10.1007/978-3-662-53826-5 14

[12] Morrill, G., Valent́ın, O., Fadda, M.: The Displacement Calculus.
Journal of Logic, Language and Information 20(1), 1–48 (2011).
https://doi.org/10.1007/s10849-010-9129-2

[13] Morrill, G.V.: Type Logical Grammar: Categorial Logic of Signs. Kluwer
Academic Publishers, Dordrecht (1994)



158 Oriol Valent́ın

[14] Okada, M.: Phase semantics cut-elimination and normalization proofs of
first- and higher-order linear logic. Theoretical Computer Science 227(1–2),
333–396 (September 1999)



The proviso problem from a proof-theoretic
perspective

Yukiko Yana1, Koji Mineshima2, and Daisuke Bekki3

1 Ochanomizu University yana.yukiko@is.ocha.ac.jp
2 Keio University minesima@abelard.flet.keio.ac.jp

3 Ochanomizu University bekki@is.ocha.ac.jp

Abstract. The proviso problem (Geurts 1999) is the problem of predict-
ing the presupposition of a complex sentence while distinguishing between
conditional and unconditional presuppositions arising from sentences with
the same syntactic structures. This paper addresses the proviso problem
from a viewpoint of proof-theoretic semantics, in comparison with pre-
vious approaches based on a model-theoretic conception of semantics,
particularly satisfaction theory and discourse representation theory. More
specifically, we build on Dependent Type Semantics (DTS), a proof-
theoretic natural language semantics, and show that it provides proper
predictions for a wide range of presuppositional phenomena concerning
the proviso problem. We argue that the notion of context and judgment
in DTS can provide a proper basis for formulating the presuppositions
arising from the proviso problem.

Keywords: The proviso problem, Presupposition, Dependent types

1 Introduction

Theories of presuppositions, including satisfaction theory [10], make weaker
predictions about what certain sentences presuppose than they do. For example,
satisfaction theory predicts that the conditional sentence in (26a) presupposes
(26b), whereas it actually presupposes (26c).

(1) a. If Theo hates sonnets, so does his wife.
b. If Theo hates sonnets, Theo has a wife.
c. Theo has a wife.

The proviso problem refers to the problem that the predictions made by a theory
are weaker than the actual presupposition under specific syntactic constructions
such as conditionals and coordination. This problem was pointed out by Geurts [7,
8] and has been widely discussed since then.

We first investigate approaches in satisfaction theory that try to solve this
problem in the direction of strengthening the weak (conditional) presupposition as
in (26b) and point out their problems. We also examine Discourse Representation
Theory (DRT) [17, 8], arguing that in DRT the proviso problem behaves in
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the opposite way to how it behaves in satisfaction theory; DRT fails to derive
fully correct predictions regarding the so-called conditional presupposition and
semi-conditional presupposition.

Given this background, we introduce the framework of Dependent Type
Semantics (DTS) [3], a proof-theoretic natural language semantics, and argue
that it provides a new perspective on the proviso problem that arises in the other
approaches. By handling presuppositions from the proof-theoretic perspective in
DTS, we show that the proviso problem can be regarded not as a problem specific
to presuppositions but as an instance of more-general problems of constructing a
proof in a context. We argue that the proviso problem does not arise in DTS in
the way it does in satisfaction theory because of its proof-theoretic treatment of
presuppositions. We also discuss how the proviso problem arises in satisfaction
theory by focusing on the distinction between propositions and judgments.

The paper is structured as follows. In Section 2, we provide an overview of the
proviso problem and how it is approached by two major theories of presupposition:
satisfaction theory and DRT. In Section 3, we introduce the framework of DTS
with a focus on the treatment of presuppositions in a proof-theoretical setting.
Section 4 is devoted to the analysis of the proviso problem in DTS. We provide
an analysis of various constructions concerning the proviso problem and discuss
the differences from the other approaches.

2 The proviso problem: background

2.1 Satisfaction theory

We begin with a brief exposition of how the proviso problem arises under satisfac-
tion theory. This provides a necessary background for our subsequent discussion.
Satisfaction theory goes back to Heim [10], who developed a theory of presuppo-
sition building on the notion of context change potential (CCP). A context c is
identified with a set of possible worlds, which represents the common ground of
the conversation [21]. The CCP of a declarative sentence S is identified with a
partial function that takes an input context c and returns an updated context
c′. Then the presuppositions of S are taken as the definedness condition of the
CCP. Let us illustrate these basic ideas with a simple propositional language
consisting of ¬, ∧, and →. We use AB for representing a sentence that asserts
A and presupposes B. Given a model (W, I), where W is a (non-empty) set of
worlds and I an evaluation function that assigns a set of worlds to each atomic
formula p, that is, I(p) ⊆W , we can define the CCP of any formula A along the
following set of rules. Here, we write the CCP of a formula A as [A] and the result
of applying [A] to a context c as c[A]. We say a context c satisfies A if c ⊆ c[A]
holds, that is, the updating of c with A does not add any new information.

1. If p is atomic, c[p] is always defined and c[p] = c ∩ I(p)
2. c[¬A] = c− c[A]
3. c[A ∧B] = c[A][B]
4. c[A→ B] = c− (c[A]− c[A][B])
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5. c[AB ] = c[A] if c satisfies B; undefined otherwise.

The effect of updating a context c with a simple sentence S is to take the
intersection of c with the set of possible worlds in which S is true. The CCP
of conditional A → B can also be derived by defining A → B as ¬(A ∧ ¬B).
Crucially, it follows from the definition of CCPs that conjunction and conditional
have the same definedness condition; that is, c[A ∧B] and c[A→ B] are defined
if and only if both c[A] and c[A][B] are defined.

In satisfaction theory, we say A presupposes B if c satisfies B for any context
c where c[A] is defined. Thus, we can say that in satisfaction theory, what is
presupposed is a proposition, taken as a set of worlds. It can be easily seen that
both p ∧ qp and p→ qp are always defined and thus presuppose nothing; for, in
the case of conjunction, c[p ∧ qp] = c[p][qp] for any context c by definition and
c[p][qp] is always defined since c[p] ⊆ c[p]. This correctly captures the fact that
the presuppositions are filtered out in the following sentences. Here p represents
“Theo has a wife” and q represents “Theo’s wife hates sonnets”.

(2) a. Theo has a wife and his wife hates sonnets. p ∧ qp
b. If Theo has a wife, his wife hates sonnets. p→ qp

However, in the case of the sentence (26a), repeated below as (28b), and the
corresponding conjunctive sentence (28a), satisfaction theory wrongly predicts
that these sentences have a conditional presupposition in (29a), rather than an
unconditional one in (29b).1 Here we use r to represent “Theo hates sonnets”.

(3) a. Theo hates sonnets and so does his wife. r ∧ qp
b. If Theo hates sonnets, so does his wife. r → qp

(4) a. If Theo hates sonnets, Theo has a wife. r → p

b. Theo has a wife. p

Note that conditional presuppositions can arise in certain contexts [2, 8, 18]. For
example, let us look at the example in (30a), taken from Schlenker [18]. This, like
(26a), is a conditional sentence whose consequence has a presupposition triggered
by the factive verb know. However, the presupposition of (30a) is the conditional
one as in (30b), not the unconditional one as in (30c).

(5) a. If this applicant is 64 years old, he knows that we cannot hire him.
b. If this applicant is 64 years old, we cannot hire him.
c. We cannot hire this applicant.

Satisfaction theory can provide correct predictions for such cases. Thus the
problem for satisfaction theory is to explain how some sentences have a conditional
presupposition while others have an unconditional one.
1 In the case of (28a), this can be seen as follows. Let c be an arbitrary context and

suppose c[r ∧ qp] is defined. Then c[r][qp] is defined, so c[r] satisfies p. So c satisfies
r → p. Hence by definition, r ∧ qp presupposes r → p.
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Various theories that set out to improve satisfaction theory have been proposed
in the literature. The basic idea, going back to Karttunen and Peters [11], is
to keep the presupposition of (26a) to be the conditional proposition r → q
and introduce some additional inference to strengthen r → q to q. As already
pointed out by Geurts [7, 8], however, this approach has at least two problems.
First, (31a) presupposes the conditional proposition in (31b), but in this case,
the strengthening inference should not work to strengthen it to (31c).

(6) a. Susan knows that if Theo hates sonnets, he has a wife.
b. If Theo hates sonnets, he has a wife.
c. Theo has a wife.

Second, examples such as (32a) give rise to the “semi-conditional” presupposition
as in (32b), rather than the “fully conditional” presuppositions as in (32c).

(7) a. If John is a scuba diver and he wants to impress his girlfriend, he’ll
bring his wetsuit. p ∧ q → rs

b. If John is a scuba diver, he has a wetsuit. p→ s

c. If John is a scuba diver and he wants to impress his girlfriend, he has
a wetsuit. p ∧ q → s

To address these issues, some additional mechanisms have been proposed to repair
satisfaction theory, such as scalar alternatives [20], skeltal alternatives [19], and
the Stalnakerian semantics of conditionals and implicatures [4]. These moves can
make the resulting theory much more complicated. Furthermore, these theories
tend to crucially rely on the notion of relevance; but there is a notable counter-
example to a relevance-based satisfaction theory. Let us take a look at the example
sentence in (3), pointed out by Mandelkern [13].

(8) Context: It is common ground that Smith has gone missing, and we
don’t know whether he is still alive. A detective enters and says:
If the butler’s clothes contain traces of Smith’s blood, then it was the
butler who killed Smith.

Let p be “the butler’s clothes contain traces of Smith’s blood”, q “it was the
butler who killed Smith”, and r “someone killed Smith”. Then the sentence in
(33) has the form p→ qr. According to the relevance-based satisfaction theory,
a conditional presupposition is triggered if the antecedent is relevant to the
presupposed material (in this case, r). In the above situation, there is clearly a
strong relevance of p to r. Thus, it predicts that the presupposition of (33) is the
conditional one, namely “If the butler’s clothes contain traces of Smith’s blood,
someone killed Smith” (p→ r). However, the empirical presupposition of (33) is
the unconditional one, “Someone killed Smith” (r). This suggests that the notion
of relevance does not fully provide the proper solution to the proviso problem.

2.2 Discourse Representation Theory

Geurts [7, 8] proposes that a theory based on Discourse Representation Theory
(DRT) can derive correct predictions for (26). DRT introduces a level of semantic
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representation called Discourse Representation Structures (DRSs), which are
assigned to sentences. For example, the sentence (26a) can be assigned the
following DRS.

(9)

x
theo(x)

hate(x, sonnets) ⇒

hate(y, sonnets)

A

y
wife(y)

poss(z, y)

A
z

DRT defines an anaphoric-DRS as a DRS marked with A (referred to as A-
structure) as in (34) and resolves the presupposition by associating the discourse
referent with the discourse referent already introduced. In the case of (34),
however, there is no discourse referent that can be identified with y (while z
can be identified with x). In such a case, the anaphoric-DRS is resolved at the
top-level DRS via global accommodation. The resulting DRS is (35).

(10)

x,y,z
theo(x)
z = x

wife(y)
poss(z, y)

hate(x, sonnets) ⇒ hate(x, sonnets)

In this case, there are two conditions, wife(y) and poss(z, y), that are added to
the top-level DRS via global accommodation. This means that DRT predicts the
presupposition of (26) as a strong (unconditional) presupposition.

Although DRT can predict unconditional presupposition via global accommo-
dation, it has a difficulty in predicting conditional presupposition. As an example,
let us try to analyze (30a) with DRT.
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(11)

x
applicant(x)

64 years old(x) ⇒
know(x, s)

A
s

s: we cannot hire x

In this case, there is no reason for it to be resolved by the antecedent DRS. Thus,
the anaphoric-DRS can be resolved either (i) by the top-level DRS or (ii) by
the local DRS. In the case of (i), then, the variable s in know(x, s) refers to
the discourse referent associated with the condition added to the top-level DRS
via global accommodation. Thus, DRT predicts an unconditional presupposition,
not the correct unconditional one in (30c). On the other hand, option (ii) is
also problematic (cf. [18]). If the anaphoric-DRS is accommodated locally, it is
treated as a mere entailment. However, the inference in question cannot be an
entailment because it survives in a question such as (37).

(12) If this applicant is 64 years old, does he know that we cannot hire him?

See [18] for other examples involving conditional presuppositions that are prob-
lematic for DRT.

It is also not clear how to derive semi-conditional presupposition as in (32).
If the presupposed content (anaphoric-DRS) is copied in the consequence of a
conditional via local accommodation, we can obtain a kind of fully conditional
presupposition as in (32c) as an entailment, because all the antecedents stay in
the same position after local accommodation. However, the desired prediction is
the semi-conditional presupposition as in (32b).

Geurts [7, 8] criticized satisfaction theory for only being able to predict condi-
tional presuppositions, but DRT can only predict unconditional presuppositions.
The proviso problem was found to behave in the exact opposite way and still be
a problem in DRT.

3 Presupposition from a proof-theoretic perspective

This section describes the framework of DTS, focusing on the mechanism by which
DTS treats presuppositions. In contrast to the model-theoretic approaches we have
seen so far, presuppositions are analyzed in DTS in a proof-theoretic way, treated
as judgments that trigger the proof-search process to resolve presuppositions in
contexts.

3.1 Dependent Type Semantics

DTS [3] is a proof-theoretic natural language semantics based on dependent
types [14]. Dependent types extend simply-typed λ-calculus so that types can
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depend on terms. The attempts to use dependent types in natural language
semantics began with the work by Ranta [15]. Recent work includes Type Theory
with Records [6], Modern Type Theory [12, 5], and applications to generalized
quantifiers [9], among others. The main characteristic of DTS is that it provides
a compositional analysis of anaphora and presupposition using dependent types
(see also [22, 23]).

In DTS, the two essential types are Π-type and Σ-type.2 Π-types generalize
function types in simply-typed λ-calculus. We write (x : A)→ B(x) for Π-types.3
When a term f of type (x : A)→ B(x) takes a term a of type A as an argument,
the term f(a) is of type B(a). The basis of Σ-type is the product type in simple-

typed λ-calculus. We write
[
x : A
B

]
for a Σ-type.4 A term (t, u) of type

[
x : A
B(x)

]
is a pair. When t is of type A and u is of type B(t),

[
x : A
B(x)

]
is a type of pair

(t, u). The projection functions π1 and π2 extract a term from a pair having a
Σ-type: we write π1(t, u) = t and π2(t, u) = u. Fig. 1 shows the inference rules
for Π-types and Σ-types.

According to the Curry–Howard correspondence, types and propositions can
be used interchangeably. This means that types can be read as propositions,
so that, say, the type scuba diver(x) represents the proposition that x is a
scuba diver.5 The judgment w : scuba diver(x) means that w is a proof for the
proposition that x is a scuba diver, thus w is called a proof term. Again, under the
Curry–Howard correspondence, Π-type corresponds to universal quantification
and Σ-type corresponds to existential quantification. For instance, in DTS the
semantic representation of (38a) is described as (38b) using a Σ-type.

(13) a. Theo has a wife.

b.
[
x : entity
of wife(x, theo)

]
2 DTS employs other types as well: enumeration types (including the empty type ⊥,

via which the negation of A is defined as A→ ⊥), disjoint union types, intensional
equality types, natural number types, and universes. In this paper, we focus on the
presentation of Π-types and Σ-types for the sake of space.

3 When the variable x does not occur free in B, (x : A)→ B(x) is equivalent to A→ B.
4 When the variable x does not occur free in B,

[
x : A
B(x)

]
is equivalent to A×B.

5 There has been a controversy in type-theoretic semantics regarding whether the
semantic representations for common nouns are types [1, 5, 15, 16] or predicates [6, 3].

The meaning of “A man walked” is represented as
[
x : man
walk(x)

]
under the former

(=nouns-as-types) view, while it is represented as

u :
[
x : entity
man(x)

]
walk(x)

 under the

latter (=nouns-as-predicates) view. In this paper, we assume the nouns-as-predicates
view, following [3], which gives the detailed comparision between the two views.
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A : type

i
x : A...
B : type

(ΠF), i
(x : A)→ B : type

A : type

i
x : A...
M : B

(ΠI), i
λx.M : (x : A)→ B

M : (x : A)→ B N : A
(ΠE)

MN : B[N/x]

A : type

i
x : A...
B : type

(ΣF), i[
x : A
B

]
: type

M : A N : B[M/x]
(ΣI)

(M,N) :
[
x : A
B

]

M :
[
x : A
B

]
(ΣE)

π1M : A

M :
[
x : A
B

]
(ΣE)

π2M : B[π1M/x]

Fig. 1. Formation rules (ΠF, ΣF), Introduction rules (ΠI, ΣI), and Elimination rules
(ΠE, ΣE) for Π-types and Σ-types.

3.2 Presuppositions in DTS

In DTS, terms with incomplete information such as those triggered by presuppo-
sition and anaphora are represented using underspecified terms, written as @. For
example, Theo’s wife in the sentence in (39a) triggers the presupposition that
Theo has a wife. This can be captured by the semantic representation in (39b),
where the underspecified term @ is annotated with a Σ-type for the proposition
that Theo has a wife.

(14) a. Theo’s wife loves Theo.

b. love
(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, theo

)
Given the semantic representation containing an underspecified term @, such

as (39b), type checking is launched to construct a proof term with the type
annotated to the underspecified term. The type checking is triggered by the
following rule (henceforth (@)-rule).

A : type A true

(@ : A) : A
(@)

Here the judgment A true means that there exists a proof term of type A. If a
term of type A is constructed, the underspecified term @ is replaced with the
constructed term.
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Type checking runs under the global context, consisting of a set of judgments,
which represents the information that can be used unconditionally in the proof,
such as signatures specifying the type of each expression (e.g., love : entity→
entity → type and theo : entity), previously uttered information, and world
knowledge.

It is crucial to see that some information may be added to the context during
a proof by inference rules such as formation rules for Π-type and Σ-type in
Fig. 1, repeated here.

A : type

i
x : A...
B : type

(ΠF), i
(x : A)→ B : type

A : type

i
x : A...
B : type

(ΣF), i[
x : A
B

]
: type

Here, the judgment x : A can be used locally in a sub-derivation to prove B : type.
The locally added information that can be used for type checking in addition to
the global context is called a local context.

Let us illustrate how the type checking works by the example in (39). For the
semantic representation with an underspecified term in (39b), the type checking
runs in the following way.

(15) (CON)
love : entity→ entity→ type

...[
x : entity
of wife(x, theo)

]
: type

[
x : entity
of wife(x, theo)

]
true

(@)(
@1 :

[
x : entity
of wife(x, theo)

])
:
[
x : entity
of wife(x, theo)

]
(ΣE)

π1

(
@1 :

[
x : entity
of wife(x, theo)

])
: entity

(ΣE)

love
(
π1

(
@1 :

[
x : entity
of wife(x, theo)

]))
: entity→ type

(CON)
theo : entity

(ΠE)

love
(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, theo

)
: type

The goal is to prove that the semantic representation in (39b) is a type
(i.e., proposition) under the global context, which means that the sentence is
semantically felicitous in a given context. Thus, the goal of the type checking is
to prove the following judgment, where the global context is made explicit by C.

(16) C ` love
(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, theo

)
: type

In the type checking tree in (40), we use (CON) when the relevant judgment is

in the global context. The crucial part is the judgment
[
x : entity
of wife(x, theo)

]
true,

which appears in the type checking tree by (@)-rule. This judgment means that
there exists a proof for the proposition that Theo has a wife. At this stage, a
process of proof search is launched to find a proof term of the type annotated
to the underspecified term under the global context. Thus, the judgment to be
proved can be written as follows:
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(17) C `
[
x : entity
of wife(x, theo)

]
true

Proof search can construct a proof term using the global context together with
a local context introduced by formation rules for Π-type and Σ-type. In this
case, let us assume that Theo has a wife is already in the global context C. Thus,

we have a judgment u :
[
x : entity
of wife(x, theo)

]
in C. Then the underspecified term

@ can be identified with the proof term u and successfully eliminated after the
proof search. By replacing @ with u, we obtain the final semantic representation
for (39a) as follows:

(18) love(π1(u), theo)

The process of obtaining (43) from (39b) can be summarized as follows.

1. Type checking tries to ensure that the semantic representation in (39b) is a
type, that is, it is semantically felicitous under the global context.

2. In the type checking process, proof search runs to obtain an appropriate proof
term from the global context and possibly the local contexts, as indicated in
(42).6

3. If a proof term is constructed, it is replaced with the underspecified term @
and the final semantic representation in (43) is derived.

Through these steps, DTS resolves the underspecified term which encodes a
presupposition trigger. Given this procedure, the presupposition of a sentence is
regarded as a judgment, such as (42), in DTS. In other words, the presupposition
in DTS is the requirement to find/construct a proof term for the proposition
associated with an underspecified term under a given context. It is worth em-
phasizing that a presupposition in DTS is not a proposition as is the case in
satisfaction theory. This difference would be crucial when considering the proviso
problem from a proof-theoretic perspective of DTS.

4 The proviso problem in DTS

In this section, we will discuss how DTS analyzes the proviso problem from the
proof-theoretic perspective, in comparison with satisfaction theory and DRT.
We claim that the proviso problem arises from the perspective from which
satisfaction theory views presuppositions. Following the proof-theoretic way of
handling presupposition in DTS as described in the previous section, the problem
can be seen as an instance of more-general problems of selecting premises in
proof search, rather than a problem specific to presuppositions.

6 In most cases, we obtain several proof terms for a given underspecified term. Those
proof terms correspond to different readings, namely, different antecedents/resolutions
for the anaphora/presupposition in question.
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4.1 Presupposition: proposition or judgment
In satisfaction theory, as explained in Section 2.1, what a sentence presupposes is
a proposition. For example, satisfaction theory predicts that the presupposition
of (26a) is a conditional proposition of the form r → p, which can be expressed
as If Theo hates sonnets, Theo has a wife. This requires satisfaction theory to
strengthen the conditional proposition r → p to the unconditional p.

In DTS, on the other hand, what a sentence presupposes is a judgment, as
described in the previous section. DTS predicts the presupposition of the sentence
(26a) in the following way. First, the semantic representation (44), which contains
an underspecified term @ triggered by Theo’s wife, is assigned to the sentence
(26a).

(19)

v :

w :
[
x : entity
sonnet(x)

]
hate(theo, π1w)

→
w :

[
x : entity
sonnet(x)

]
hate

(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, π1w

)


Then the type checking is launched to prove that the semantic representation in
(44) is of type type, which yields the type checking diagram (45).

(20)
...w :

[
x : entity
sonnet(x)

]
hate(theo, π1w)

 : type

1

v :

w :
[
x : entity
sonnet(x)

]
hate(theo, π1w)


..... D1[

x : entity
of wife(x, theo)

]
true

(@)(
@ :

[
x : entity
of wife(x, theo)

])
:
[
x : entity
of wife(x, theo)

]
...w :

[
x : entity
sonnet(x)

]
hate

(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, π1w

)
 : type

(ΠF), 1v :

w :
[
x : entity
sonnet(x)

]
hate(theo, π1w)

→
w :

[
x : entity
sonnet(x)

]
hate

(
π1

(
@ :

[
x : entity
of wife(x, theo)

])
, π1w

)
 : type

This diagram leaves a gap indicated by D1, which needs to be filled by constructing

a proof for
[
x : entity
of wife(x, theo)

]
under a given context. Crucially, the formation

rule for Σ-type allows us to use the local context associated with the antecedent
of the sentence to construct the proof D1. Thus, given a global context C (which
plays a role of world knowledge in DTS), what needs to hold is the following
judgment:

(21) C, v :

w :
[
x : entity
sonnet(x)

]
hate(theo, π1w)

 ` [x : entity
of wife(x, theo)

]
true
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This way, DTS predicts that the sentence (26a) presupposes that the judgment (46)
holds. This prediction has a different look from the “unconditional presupposition”
in satisfaction theory, namely Theo has a wife, in that the judgment (46) has a
context. The key point in interpreting the judgment (46) as a presupposition is
that the use of local context (=Theo hates sonnets) is optional for constructing
a proof term for Theo has a wife. This is derived from a general interpretation of
judgments in proof theory where Γ ` φ means that there exists a proof diagram
from Γ to φ, but it does not mean that every proposition in Γ must be used in the
diagram. In the case of (46), the proof of Theo has a wife is constructed without
using the local context Theo hates sonnets, and this orientation of proofs and
world knowledge represents an unconditional presupposition. In other words, the
linguistic intuition that the sentence (26a) has an unconditional presupposition
corresponds to the independence of the proofs of Theo has a wife and the local
context.

Then, how does DTS determine whether a sentence of the form (26a) has
a conditional or unconditional presupposition? It is done by two steps: firstly,
the grammar derives a presupposed judgment (if any), and secondly, the proof
search constructs a required proof by using the global and local contexts. The
presupposition is conditional if the local contexts are used in the latter process, and
unconditional otherwise. So, the distinction between conditional and unconditional
presuppositions is not a matter of compositional semantics, but a matter of proof
constructions, which are the acts belonging to more pragmatic and/or cognitive
domains. Technically, the problem of which premise is necessary to prove a given
conclusion in a proof search is known as the premise selection, which is a problem
typically arising when we conduct inferences in the real world.

In fact, the conditional/unconditional distinction between presuppositions
is highly dependent on the context, including previous utterances and world
knowledge. For example, if the world is such that all people who hate sonnets
are married (—†), then the sentence (26a) has a conditional presupposition. In
DTS, this situation is also naturally explained: the global context should contain
a proof term representing (†) in this case, which, together with the local context
Theo hates sonnets, entails that Theo has a wife. Now there is a proof of Theo
has a wife that uses the local context, which means that the presupposition is
conditional. This explanation is available because of the optional nature of the
premises in the context.

However, in satisfaction theory where presupposition is a proposition, the
local context either appears as an antecedent of the presupposed implication
or does not appear at all. Because of this dictonomy, satisfaction theory has a
difficulty in capturing the context-dependent nature of conditional/unconditional
distinctions between presuppositions.

Unlike satisfaction theory, DRT has a general procedure for anaphora resolu-
tion/presupposition binding via anaphoric-DRS (or A-structure). However, as
pointed out in Section (2.2), DRT cannot resolve anaphoric-DRS in a conditional
manner, because DRT lacks the notion of the local context. Thus, the interpreta-
tion of the presupposition of a conditional sentence remains problematic in DRT.
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On the other hand, DTS can resolve anaphora and presupposition in the unified
manner, via the type-checking and proof-search, which refers to the notion of
global and local contexts in a essential way. Therefore, unlike DRT, DTS can
derive conditional presuppositions without problems. For a detailed comparison
of anaphora resolutions in DTS and DRT, see Yana et al. [24].

4.2 Conditional and semi-conditional presuppositions in DTS

In this section, we discuss how DTS deals with constructions that give rise to
conditional and semi-conditional presuppositions as discussed in Section 2.

Let us start with the sentence in (30a), an instance of conditional presupposi-
tion. For this sentence, the semantic representation, the type checking tree, and
the judgment to be proved in proof search for resolving the presupposition are
shown in (47a), (47b), and (47c), respectively.7

(22) a.
u :

y :
[
x : entity
applicant(x)

]
64 years old(π1y)

→ know(π1π1u,@ : we cannot hire(π1π1u))

b. ...y :
[
x : entity
applicant(x)

]
64 years old(π1y)

 : type

1

u :

y :
[
x : entity
applicant(x)

]
64 years old(π1y)


...

we cannot hire(π1π1u) true
(@)

(@ : we cannot hire(π1π1u)) : we cannot hire(π1π1u)
...

know(π1π1u,@ : (we cannot hire(π1π1u))) : type

(Π F), 1u :

y :
[
x : entity
applicant(x)

]
64 years old(π1y)

→ know(π1π1u,@ : (we cannot hire(π1π1u))) : type

c. C, u :

y :
[
x : entity
applicant(x)

]
64 years old(π1y)

 ` we cannot hire(π1π1u) true

Let us assume that the global context contains the axiom for the missing premise,
If an applicant is 60 years old and over, then we cannot hire the applicant,
whose proof term is f . Then, the proof term constructed for the judgment in
(47c) is f(u), which applies the term u in the local context to the axiom f
in the global context. In contrast to the case of (26), (47c) uses the term u,
which is incorporated as a local context by the formation rule for Π-type, as an
argument in the proof search. This time, the proof search uses the antecedent of
7 The semantic representation and derivations are simplified in the following way: we

assume that the anaphora in the consequent, he, has been resolved. Also, know is
a factive verb, not just a binary predicate as it should be, with @ attached to the
second argument. This simplification does not pose a problem when focusing on the
proviso problem in this setting. For a detailed analysis of know in DTS, see Tanaka
et al. [22].
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the conditional sentence in the local context to construct the proof term. This
corresponds to the “conditional (weak) presupposition” in satisfaction theory.

Second, let us consider the sentence that give rise to “semi-conditional pre-
suppositions” in (32a). The type checking runs as follows.

(23)

...

u :
[

scuba diver(j)
want to impress(j)

]
: type

1
u :
[

scuba diver(j)
want to impress(j)

]
.... Dw :

[
x : entity
wetsuit(x)

]
have(j, π1w)

 true

(@)@ :

w :
[
x : entity
wetsuit(x)

]
have(j, π1w)

 :

w :
[
x : entity
wetsuit(x)

]
have(j, π1w)


...

bring

j,@ :

w :
[
x : entity
wetsuit(x)

]
have(j, π1w)

 : type

(Π F), 1(
u :
[

scuba diver(j)
want to impress(j)

])
→ bring

j,@ :

w :
[
x : entity
wetsuit(x)

]
have(j, π1w)

 : type

As in the other examples, we first use the formation rule for Π-type to incorporate
the antecedent of the sentence into the local context. By making explicit the
context, the judgment to be proved for filling the gap in D in this derivation can
be written as follows:

(24) C, u :
[

scuba diver(j)
want to impress(j)

]
`

w :
[
x : entity
wetsuit(x)

]
have(j, π1w)

 true

In this case, let us assume that axiom g :
(
u :
[
x : entity
scuba diver(x)

])
→

w :
[
x : entity
wetsuit(x)

]
have(π1u, π1w)


is in the global context C. The proof term constructed in (48b) is the term
g(j, π1(u)) that applies the pair term (j, π1(u)) to the axiom f in the global con-
text. This means that the first element of the term u is assigned to scuba diver
that appears in the antecedent of the axiom f , and the second element of
the term u is not used to construct the proof term. Only π1(u), that is, the
proposition scuba diver, is used in this proof term, which corresponds to the
semi-conditional presupposition.

5 Conclusion

We showed how the notion of context and judgment in the proof-theoretic
framework of DTS can provide a proper basis for handling presuppositions
and the proviso problem. By handling presuppositions from this proof-theoretic
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perspective, we showed that the proviso problem can be regarded as an instance
of general problems in proof search, not as a problem specific to presupposition
resolution. We argued that the proviso problem does not arise in DTS in the
way it does in satisfaction theory because of its proof-theoretic treatment of
presuppositions. We believe that handling presuppositions from a proof-theoretic
perspective can contribute to future discussions of the proviso problem and
presuppositions in general.
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