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Abstract: The article is devoted to the numerical solution of the
nonlinear inverse problem of identifying the time-dependent junior
coefficient of the differential equation of anomalous diffusion. The
overdetermination condition is specified V¢ € (0,7 as a function
value at an interior point of the domain, or as an integral of the
solution over a spatial domain or part of it. An implicit difference
scheme is constructed using the finite difference method. We close
it with a discrete analog of the overdetermination condition, and as
a result, we obtain a nonlinear system of algebraic equations. For
its numerical implementation at each time layer, a non-iteration
method based on decomposition into two systems of linear algebraic
equations with a tridiagonal matrix is proposed. The results of the
computational experiment on test problems showed a fairly high
accuracy of the proposed method.
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1 Introduction

Inverse problems for differential and integro-differential equations, due
to their numerous applications, attract the attention of many researchers.
The formulation, theoretical issues of proving conditional correctness, the
construction of computational methods for their numerical and various appli-
cations are summarized in the monographs [1] — [5].

The article [6] considers the inverse problem of determining the time-
dependent coefficient of the right-hand side of a parabolic equation with an
overdetermination condition at an interior point of the domain. An implicit
difference scheme is constructed, its convergence is proven, and the results
of the numerical solution are presented. In the cycle of works [7] — [10],
effective non-iterative numerical methods for solving inverse problems of
identifying the time-dependent junior coefficient of a parabolic equation are
proposed. Time-dependent local and non-local overdetermination conditions
were specified as the overdetermination condition.

The breadth of the application area in modeling various processes, a
more accurate description of the process under study, corresponding to the
order of the fractional time derivative are certainly attractive to researchers.
In the work [11], schemes for the numerical solution of initial-boundary
value problems for the anomalous diffusion equation are constructed using
finite difference and finite element methods. The authors present numerical
examples demonstrating the computational efficiency of the proposed method.
The article [12] is devoted to the construction of an implicit difference approxi-
mation of the fractional Caputo derivative with respect to time for the
anomalous diffusion equation. The authors proved its stability and convergence,
and presented numerical examples demonstrating the computational efficiency
of the proposed method. In the work [13], an implicit unconditionally stable
numerical method is proposed for solving a one-dimensional linear fractional
subdiffusion equation. Several examples of numerical implementation are
presented. The article [14] is devoted to the numerical solution of the nonlocal
equation of fractional diffusion with respect to time. The results of numerical
calculations on test examples are presented, confirming the theoretical results.
In the article [15] the uniqueness and existence of solutions of the anomalous
diffusion equation are proved. In the work [16] an analytical algorithm for
nonlinear equations with fractional derivative with respect to time is proposed.
Examples of solving initial-boundary value problems for generalized Fisher
equations with fractional derivative with respect to time are given. In the
work [17] a new difference analog of the fractional Caputo derivative is
proposed. On its basis difference schemes of a higher order of accuracy for
the equation of anomalous diffusion with variable coefficients are constructed
and theoretically substantiated. The presented numerical results have shown
the efficiency of the proposed difference schemes.

In the paper [18] the boundary element method in combination with the
generalized Tikhonov regularization is proposed for the numerical solution of



IDENTIFICATION OF ANOMALOUS DIFFUSION COEFFICIENT A1TT

the inverse problem of determining the coefficient entering into the fractional
diffusion equation. In the paper [19] the problem of determining the time-
dependent convective transfer coefficient in the one-dimensional diffusion
equation with a fractional time derivative is considered. Its correctness is
proved. An efficient computational algorithm is developed for its numerical
solution. In the paper [20] an analogue of the Crank-Nicolson difference
scheme is proposed for the numerical solution of the initial-boundary value
problem for the Grunwald-Letnikov differential heat conduction equation
with a fractional time derivative. The results of a computational experiment
are presented. In the paper [21] the L1/LDG method with alternating flows
for solving the generalized Burgers equation with a fractional time derivative
is numerically investigated. Numerical calculations confirmed the obtained
theoretical results. In the article [22]| an iterative method for identifying the
order of the fractional time derivative for the anomalous diffusion equation
is proposed. Numerical calculations on model problems with exact solutions
have shown the effectiveness of the method. In the article [23] a new fractional
derivative based on the Lagrange approach is proposed. For the numerical
solution of the one-dimensional diffusion-convection equation with the introd-
uced fractional derivative, a difference scheme on moving grids is constructed
and theoretically justified.

In this paper, a method for numerically solving a nonlinear inverse problem
of identifying the linear runoff coefficient under given redefinition conditions
is proposed. An implicit scheme is constructed that approximates the problem.
During its numerical implementation, at each time layer, the desired system
of algebraic equations is split into two linear systems with the same matrix
by applying a special decomposition. And the desired runoff coefficient is
determined from a discrete analogue of the redefinition condition.

2 problem statement

Consider a nonlinear inverse initial-boundary value problem for a linear
one-dimensional anomalous diffusion equation with a fractional Caputo time
derivative of order a € (0,1) and a linear sink with an unknown time-
dependent coefficient, satisfying given inhomogeneous initial and Dirichlet
boundary conditions. Suppose that the overriding condition is set to the
value of the desired function at an interior point for ¢t € (0,7]. Thus, it is
required to determine a pair of functions u(z,t) and p(t) from the conditions:
0%y 0%u

Sia — g —PWul@t),  0<w<l 0<t<T,
X

w(0,t) = pa(t), wu(l,t) = pa(t), 0<t<T,

u(z,0) = p(x), 0<z <, p(0) = po,
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where is a fixed point z* € (0,1).
The fractional Caputo derivative of order « is defined by the formula:

t
0“u(z,t) ou(x o
ote 1 — ) / -8 2)
0

where o € (0,1), T'(+) is the gamma function.

3 Building the difference scheme

In the domain of definition [0,1] x [0, 7] of the problem (1), we introduce
a rectangular uniform grid in the spatial variable and time

wh:{mi:ih, i:O,l,...,N; h,:l/]\f7 x*:nh},

wr ={tm=mr, m=0,1,...,M; 1=T/M}, Wp =wp X 0.

In the differential equation of anomalous diffusion (1), to approximate the
nonlocal fractional Caputo derivative of order o on the time layer ¢ = ¢,,11,
we use the expression first proposed by P. Zhuang and F. Liu [12]:

Ou(@i, tmt1) 0, N mejtl
Tzamé(—ui—i—chui J ), m=0,1,...,.M —1, (3)
=1

where
b=+l 5=0,1,2...,m

1 (4)

¢g=bj_1—-b;, j=12,....,m; JTO[:W‘

They also showed that the approximation error of the fractional Caputo
derivative is of the order of O(7279).

We will associate the inverse problem for the anomalous diffusion equation
(1) with an implicit difference scheme, in which the linear sink is approximated
with the second order in time p(t,,10.5)u(%i, tm+o.5) = 0.5(p™ P +pmul ),
thus the discrete analogue of the subdiffusion equation takes the form:

m
ora (W™ — w4y s — ) =
=2
WML gymtl 4 ml (5)
+1 -1 1
7 ;LQ 7 _ (pm+1um _i_pmu;n—‘r )/27
1=1,2,...,.N—1; m=0,1,...,M — 1.
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We close the system of difference equations (5) with discrete analogs of the
boundary and initial conditions, as well as the overdetermination condition:

U6n+1 = M’TH_la u?V’H_l = /’Lgn+17 m = 071" "’M B 1’
ug:‘Pz; Z:07177*]\[7 po:p07 (6)

u™tl = (™t m=0,1,...,M — 1.

Now we describe the computational algorithm for the transition from the
m — th time layer to the next m + 1 — th time layer, using the notations
r = h?0,q and ¥ = >t cju;"7 in the system of equations (5) we obtain:

h2
m+1 _  m+1 m+1 m+1 m+1_m m, m+1
rup T =l = 20T+ eV = (p" T + p ),

7 7

2
(7)
i=1,2,...,N —1; ugH'l://l"H, uﬁ“z,ué”“.
We rewrite the system of equations (7) in countable form:

ul'h — (r+ 24 W2 2)u T+ uM T + e — h2pm /2 = 0,

i=1,2,...,N—1; ugH'l:,uT"'l, u%+1:u§”+1.
Using the decomposition method [7] we will seek the solution of the system
of equations (8) in the form:

m+1
U,

= v; + p" 1=0,1,..., N, (9)

I’

and assuming that a sufficient condition for the sum to be zero is that the
terms are zero, we obtain a system of equations:

Vig1 — (P 4+ 24+ h2p™ /2w + v + 1Y =0,

Wit — (1 + 2+ h*p™/2))w; + wi — h*u/2 =0, (10)
1=1,2,...,N—1; vg :Mlnﬂ, wN:,uQ"'H, vo =0, wy =0.
Thus, the auxiliary grid functions v;, w;, ¢ = 0,1,..., N are calculated

from the systems of linear algebraic equations (10).
From the overdetermination condition u(z*,tp41) = @(tm41) we find

m+1 m+1
m+1 _ ¢ — U,

p = T (11)

The grid function u"*! is determined by formula (9).

If the integral overdetermination condition (2) is given, then for an approximate
calculation of the definite integral using the rectangle quadrature formula,

we have:
N N
pm+1 _ <¢m+1 _ Zv?@-‘rlhl)/(Z w;ﬂ-"-lhi)’ (12)
=0 =0
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where

b= h/2 for i=0,N,
" A otherwise.

4 Computational experiment

We present the results of the numerical implementation of the computational
algorithm presented in the article on model problems with different values
of the fractional time derivative exponent «, different initial conditions and
override conditions.

Example 1. First, we solve the direct problem with known initial runoff
coefficients:

0y *u

S = gpz ~PWul@.t),  0<z<l 0<tST,

4x(l — x)
12

u(x,0) = e—(l‘—%)z, 0<z <l (13)

w(0,t) =u(l,t) =0, 0<t<T

p(t) — 6—100(t_0'5*T)27 0 g t g T.

Let’s start solving the coefficient inverse problem. Let’s imagine that the
coefficient p(t) is not specified. Then, as the overdetermination condition, it
is advisable to set g™ = 41 — the values of the numerical solution of the
direct problem (13) at the spatial grid node and u™*, m =1,2,..., M — 1.

It should be noted that the overdetermination condition is calculated as
a result of solving the direct problem and therefore includes some noise,
such as approximation error and inevitable computational rounding errors.
Nevertheless, we will also conduct the experiment with artificial introduction
of noise into the original data.

The solution of the problem (13) is carried out for different values of the
order of the fractional derivative a = 0.1,0.5,0.9 and for * = x /5. In Fig.
1, on the top left, the graphs of the solution at the final time for different
values of the order of the fractional derivative with respect to time wu(z,T)
and the initial condition u(x,0) are shown, and on the right, the graph of
p(t). On the bottom left, the graph of the difference between the solution of
the direct problem and the solution of the inverse problem, and on the right,
the error in determining p(t) for different .. The calculations are carried out
for | = 20,7 = 1, N = 100, M = 200. The insignificant difference between
the presented solutions of the direct and inverse problems for different values
of the order of the fractional derivative with respect to time shows the high
accuracy of the proposed non-iterative method for solving the posed inverse
problem.
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Fig. 1. Graphs of the numerical solution of the direct problem and the error
in solving the inverse problem for different o at z* = 1/2
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Fig. 2 Graphs of the error in determining the solution of the inverse
problem for different o at z* = 0.4]

Figure 2 shows the results of solving the inverse problem of determining the
coefficient p(t) for * = x40. Shifting the selection point from the center for
the overdetermination condition does not significantly worsen the accuracy.

Now counsider the assignment of a non-local condition in the form of an
l

integral ¢(t) = [u(x,t)dz. The unknown coefficient at each time layer is
0

determined using formula (12). Figure 3 shows the result when an additional
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Fig. 3. Graphs of the error in determining the solution of the inverse
problem for different o = when setting the non-local overdetermination
condition

condition is specified as an integral over the domain for different orders
of the fractional derivative with respect to Caputo time. The accuracy of
the numerical solution is almost the same as with an additional condition
specified in the middle of the domain.

Example 2. In the following example, we define the runoff coefficient
p(t), which is a discontinuous function of time:

0, 0<t<T/3 & 2T/3<t<T,

p(t) = (14)
1, T/3<t<2T/3.

We define the nonlocal overdetermination condition as the integral ¢(t) =
l
Ju(z,t)dz, t € (0,T], p(0) = 0. First, we solve the direct problem (1). Then,
0

we proceed to the numerical solution of the inverse problem. At each time
N

layer, we define the overdetermination condition as ¢ *! = Z u?”lhi.
=0

The results of the numerical calculations are shown in Fig. 41, they confirmed
the high accuracy of the presented computational algorithm. It is evident
from the figure that the errors of both functions are minimal for all three
values of the order of the fractional derivative with respect to Caputo time.

Figure 5 shows the error graphs for different «, with artificial noise introduced
from the Python library
noise = np.random.normal(0,0.001, M) - random number generator uniformly
distributed in the segment |0, 0.001]. From the presented results it is evident
that at & = 0.9 the error in determining the coefficient p(t) is quite large.

5 Conclusion

For the numerical implementation of the finite-difference analogue of the
nonlocal inverse problem of determining the junior coefficient of the anomalous
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Fig. 4. Graphs of the numerical solution of the direct problem and the
errors in determining the solution of the inverse problem for different «
with a discontinuous coefficient (14)
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introduced in the override condition

diffusion equation at each time layer, the decomposition method proposed
in 7] is used, which allows obtaining two systems of linear algebraic equations
with the same tridiagonal matrix. The results of the numerical implementation
of the proposed computational algorithm are presented on model examples
for different orders of fractional time derivative. The calculations showed
a fairly high efficiency of the proposed method for numerically solving the
coefficient inverse problem for the anomalous diffusion equation. It should be
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noted that due to the conditional correctness of the original problem, a high
sensitivity of the solution to the noise of the overdetermination condition is
observed.

(1]
2]
(3]
[4]
[5]
(6]

[7]
(8]

[9]

[10]

[11]
[12]
[13]
[14]

[15]

[16]

[17]

[18]

References

V. Isakov, Inverse problems for partial differential equations, Springer, New York,
1998. Zbl 0908.35134

A. Samarskii, P. Vabishchevich, Numerical methods for solving inverse problems of
mathematical physics, de Gruyter, Berlin, 2007. Zbl 1136.65105

A. Prilepko, D. Orlovsky, I. Vasin, Methods for solving inverse problems in
mathematical physics, Marcel Dekker, New York, 2000. Zbl 0947.35173

S.I. Kabanikhin, , Inverse and ill-posed problems. Theory and applications, De
Gruyter, Berlin, 2012. Zbl 1247.65077

D. Lesnic, Inverse problems with applications in science and engineering, CRC Press,
Boca Raton, 2022. MR4492789

J.R. Cannon, Y. Lin, S. Xu, Numerical procedures for the determination of an
unknown coefficient in semi-linear parabolic differential equations, Inverse Probl., 10:2
(1994), 227-243. Zbl 0805.65133

P. Vabishchevich, V. Vasil’ev, Computational determination of the lowest order
coefficient in a parabolic equation, Dokl. Math., 89:2 (2014), 179-181. Zbl 1301.65103
P. Vabishchevich, V. Vasil’ev, M.V. Vasil’eva, Computational identification of the
right-hand side of a parabolic equation, Comput. Math. Math. Phys. 55:6 (2015),
1015-1021. Zbl 1325.65136

P.N. Vabishchevich, M.V. Vasilyeva, V.I. Vasilyev, Computational algorithm for
identification of the right-hand side of the parabolic equation, in Dimov, Ivan (ed.) et
al., Finite difference methods, theory and applications, 6th international conference,
FDM 2014, Lecture Notes in Computer Science, 9045, Springer, Cham, 2015, 385—
392. Zbl 1359.65184

P. Vabishchevich, V. Vasil'ev, Computational algorithms for solving the coefficient
inverse problem for parabolic equations, Inverse Probl. Sci. Eng., 24:1, (2016), 42-59.
MR3437392

M. Ciesielski, J. Leszczynski, Numerical simulations of anomalous diffusion, Preprint,
arXiv:math-ph/0309007, 2003. Zbl arXiv:math-ph/0309007

P. Zhuang, F. Liu, Implicit difference approzimation for the time fractional diffusion
equation, J. Appl. Math. Comput., 22:3, (2006), 87-99. Zbl 1140.65094

D.A. Murio, Implicit finite difference approzimation for time fractional diffusion
equations, Comput. Math. Appl., 56:4 (2008), 1138-1145. Zbl 1155.65372

X. Li, C. Xu, A space-time spectral method for the time fractional diffusion equation,
SIAM J. Numer. Anal., 47:3 (2009), 2108-2131. Zbl 1193.35243

Y. Luchko, Some uniqueness and existence results for the initial-boundary-value
problems for the generalized time-fractional diffusion equation, Comput. Math. Appl.,
59:5 (2010), 1766-1772. Zbl 1189.35360

V.K. Baranwal, R.K. Pandey, M.P. Tripathi, O.P. Singh, An analytic algorithm for
time fractional nonlinear reaction—diffusion equation based on a new iterative method,
Commun. Nonlinear Sci. Numer. Simul., 17:10 (2012), 3906-3921. Zbl 1248.35217
A.A. Alikhanov, A new difference scheme for the time fractional diffusion equation,
J. Comput. Phys., 280 (2015), 424-438. Zbl 1349.65261

T. Wei, Z.Q. Zhang, Reconstruction of a time-dependent source term in a time-
fractional diffusion equation, Eng. Anal. Bound. Elem., 37:1 (2013), 23-31.
Zbl 1351.35267


http://dx.doi.org/10.1002/cpa.3160440203
https://samarskii.ru/books/book2007.pdf
https://samarskii.ru/books/book2007.pdf
http://pi.lib.uchicago.edu/1001/cat/bib/4244874
http://pi.lib.uchicago.edu/1001/cat/bib/4244874
http://dx.doi.org/10.1515/9783110224016
http://doi.org/10.1201/9780429400629
https://dx.doi.org/10.1088/0266-5611/10/2/004
https://dx.doi.org/10.1088/0266-5611/10/2/004
http://dx.doi.org/10.1134/S1064562414020161
http://dx.doi.org/10.1134/S1064562414020161
http://dx.doi.org/10.1134/S0965542515030185
http://dx.doi.org/10.1134/S0965542515030185
https://sci-hub.ru/10.1007/978-3-319-20239-6
https://sci-hub.ru/10.1007/978-3-319-20239-6
http://dx.doi.org/10.1080/17415977.2014.993984
http://dx.doi.org/10.1080/17415977.2014.993984
https://ui.adsabs.harvard.edu/abs/2003math.ph...9007C/abstract
https://doi.org/10.1007/BF02832039
https://doi.org/10.1007/BF02832039
http://dx.doi.org/10.1016/j.camwa.2008.02.015
http://dx.doi.org/10.1016/j.camwa.2008.02.015
https://doi.org/10.1137/080718942
https://doi.org/10.1016/j.camwa.2009.08.015
https://doi.org/10.1016/j.camwa.2009.08.015
https://doi.org/10.1016/j.cnsns.2012.02.015
https://doi.org/10.1016/j.cnsns.2012.02.015
https://doi.org/10.1016/j.jcp.2014.09.031
https://doi.org/10.1016/j.enganabound.2012.08.003
https://doi.org/10.1016/j.enganabound.2012.08.003

[19]

[20]

21]

22]

23]

IDENTIFICATION OF ANOMALOUS DIFFUSION COEFFICIENT A185

L. Sun, X. Yan, T. Wei, Identification of time-dependent convection coefficient in
a time-fractional diffusion equation, J. Comput. Appl. Math., 346 (2019), 505-517.
7Zbl 1404.65145

L.I. Moroz, A.G. Maslovskaya, Fractional-differential model of heat conductivity
process in ferroelectrics under the intensive heating conditions, Mathematics and
mathematical modeling, 2019:2 (2019), 29-47.

C.P. Li, D. Li, Z. Wang, L1/LDG method for the generalized time-fractional Burgers
equation, Math. Comput. Simul., 187 (2021), 357-378. Zbl 1532.65080

A. Kardashevsky, Fractional derivative order with respect to time for diffusion
equation: an iterative method of determination, J. Phys.: Conf. Ser., 1715 (2021),
Paper No. 012035.

A. Lapin, R. Yanbarisov, A new model of the problem with a fractional derivative
along the trajectory of motion, Lobachevskii J. Math., 43:8 (2022), 2194-2205.
Zbl 1505.65248

VAsiLy IVANOVICH VASIL'EV
NORTH-EASTERN FEDERAL UNIVERSITY,
STR. BELINSKY 58,

677000, YAKUTSK, Russia

Email address: vasvasil@mail.ru

ANATOLY MIKHAILOVICH KARDASHEVSKY
NORTH-EASTERN FEDERAL UNIVERSITY,
STR. BELINSKY 58,

677000, YAKUTSK, Russia

Email address: kardam1231@gmail.com


http://dx.doi.org/10.1016/j.cam.2018.07.029
http://dx.doi.org/10.1016/j.cam.2018.07.029
https://elpub.ru/elpub-article/mathm/185
https://elpub.ru/elpub-article/mathm/185
https://doi.org/10.1016/j.matcom.2021.03.005
https://doi.org/10.1016/j.matcom.2021.03.005
https://doi.org/10.1088/1742-6596/1715/1/012035
https://doi.org/10.1088/1742-6596/1715/1/012035
https://doi.org/10.1134/S199508022211018X
https://doi.org/10.1134/S199508022211018X

	Introduction
	problem statement
	Building the difference scheme
	Computational experiment
	Conclusion

