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Ïðåäñòàâëåíî Í.Ñ. Àðêàøîâûì

Abstract: We study the distribution of the crossings number
of a strip by trajectories of a stationary stochastic process with
independent increments (the Levy process). Assuming that negative
drift of the process tends to zero, we establish the convergence of
the distribution of the crossings number to the exponential one
under appropriate normalization.

Keywords: stochastic process with independent increments (Levy
process), number of strip crossings, limit theorems.

1. Ââåäåíèå

Ïóñòü ξ(t) = ξµ(t), t ≥ 0, ξ(0) = 0, � îäíîðîäíûé ñëó÷àéíûé ïðîöåññ
ñ íåçàâèñèìûìè ïðèðàùåíèÿìè (ïðîöåññ Ëåâè), âûáîðî÷íûå ôóíêöèè
êîòîðîãî íåïðåðûâíû ñïðàâà, E ξ(1) = −µ < 0, è ïóñòü äëÿ ôóíêöèè
ψ(λ) = ψµ(λ) = lnE exp{λξ(1)} ïðè Reλ = 0 èìååò ìåñòî ïðåäñòàâëåíèå

ψ(λ) = αλ+
σ2λ2

2
+

∫
|x|<1

(
eλx − 1− λx

)
dS(x) +

∫
|x|≥1

(
eλx − 1

)
dS(x), (1)
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ãäå α è σ ≥ 0 � íåêîòîðûå âåùåñòâåííûå ÷èñëà,
∫

|x|<1

x2dS(x) <∞.

Äëÿ ïðîèçâîëüíûõ a > 0, b > 0 îïðåäåëèì ïîñëåäîâàòåëüíîñòü ìàð-
êîâñêèõ ìîìåíòîâ:

τ+0 = τ−0 = 0,

τ−i = inf {t > τ+i−1 : ξ(t) ≤ −a}, τ+i = inf {t > τ−i : ξ(t) ≥ b}, i ≥ 1.

Ïîëàãàåì, ÷òî inf ∅ = ∞. Ââåäåì ñëó÷àéíóþ âåëè÷èíó θ = θµ, ðàâíóþ
÷èñëó ïåðåñå÷åíèé ñíèçó ââåðõ ïîëîñû {−a < y < b} íà êîîðäèíàòíîé
ïëîñêîñòè òî÷åê (x, y) òðàåêòîðèåé ñëó÷àéíîãî ïðîöåññà (t, ξ(t))∞t=0. Ñ
âåðîÿòíîñòüþ åäèíèöà ñëó÷àéíàÿ âåëè÷èíà θ êîíå÷íà â ñèëó óñëîâèÿ
Eξ(1) < 0 (ñì. [1]). Íåòðóäíî òàêæå âèäåòü, ÷òî

P(θ ≥ k) = P(τ+k <∞), k ≥ 1. (2)

Àíàëîãè÷íûì îáðàçîì ìîæíî îïðåäåëèòü ñëó÷àéíóþ âåëè÷èíó, ðàâ-
íóþ ÷èñëó ïåðåñå÷åíèé ïîëîñû ñâåðõó âíèç. ßñíî, ÷òî êîëè÷åñòâà ïå-
ðåñå÷åíèé ïîëîñû ñíèçó ââåðõ è ñâåðõó âíèç òðàåêòîðèåé (t, ξ(t))∞t=0 îò-
ëè÷àþòñÿ äðóã îò äðóãà ñàìîå áîëüøåå íà åäèíèöó. Ïîýòîìó ìû îãðà-
íè÷èìñÿ èçó÷åíèåì ÷èñëà ïåðåñå÷åíèé ïîëîñû ñíèçó ââåðõ. Ñ äðóãîé
ñòîðîíû, èçó÷åíèå ïåðåñå÷åíèé ñâåðõó âíèç ìîæåò áûòü ïðîâåäåíî ïî
àíàëîãè÷íîé ñõåìå.
Èçó÷åíèþ ðàñïðåäåëåíèÿ ÷èñëà ïåðåñå÷åíèé ïîëîñû ïîñâÿùåíû ðà-

áîòû ìíîãèõ àâòîðîâ. Âû÷èñëåíèå â òî÷íîì âèäå õàðàêòåðèñòèê ôóíê-
öèîíàëîâ â ãðàíè÷íûõ çàäà÷àõ äëÿ ñëó÷àéíûõ ïðîöåññîâ, ñâÿçàííûõ ñ
ìîìåíòîì âûõîäà èç èíòåðâàëà, â òîì ÷èñëå ðàñïðåäåëåíèÿ ÷èñëà ïåðå-
ñå÷åíèé ïîëîñû, äîñòóïíî òîëüêî â íåêîòîðûõ ÷àñòíûõ ñèòóàöèÿõ, íåêî-
òîðûå ñâåäåíèÿ î òî÷íûõ ôîðìóëàõ äëÿ ðàñïðåäåëåíèÿ ÷èñëà ïåðåñå-
÷åíèé ïîëîñû òðàåêòîðèÿìè ñëó÷àéíîãî áëóæäàíèÿ ìîæíî íàéòè â [2].
Ïîýòîìó îñíîâíîå âíèìàíèå â èçó÷åíèè ýòèõ õàðàêòåðèñòèê óäåëÿåòñÿ
àñèìïòîòè÷åñêèì ïîäõîäàì. Äëÿ ñëó÷àéíûõ áëóæäàíèé, ïîðîæä¼ííûõ
ñóììàìè íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí,
â [3] íàéäåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ ðàñïðåäåëåíèÿ ÷èñëà
ïåðåñå÷åíèé ðàñøèðÿþùåé ïîëîñû çà áåñêîíå÷íûé ïðîìåæóòîê âðåìå-
íè â ñëó÷àÿõ, êîãäà ðàñïðåäåëåíèå ñêà÷êà áëóæäàíèÿ èìååò ë¼ãêèé èëè
òÿæ¼ëûé ïðàâûé õâîñò. Â [4] ïîëó÷åíû ïîëíûå àñèìïòîòè÷åñêèå ðàçëî-
æåíèÿ äëÿ ðàñïðåäåëåíèÿ ÷èñëà ïåðåñå÷åíèé ïîëîñû çà êîíå÷íûé ïðî-
ìåæóòîê âðåìåíè òðàåêòîðèÿìè öåëî÷èñëåííîãî ñëó÷àéíîãî áëóæäàíèÿ
ñ íóëåâûì ñðåäíèì. Ïðè ýòîì ïðåäïîëàãàëîñü, ÷òî âûïîëíåíî óñëîâèå
Êðàìåðà íà ðàñïðåäåëåíèå ñêà÷êîâ áëóæäàíèÿ è øèðèíà ïîëîñû íåîãðà-
íè÷åííî ðàñòåò ñ ðàçëè÷íûìè ñêîðîñòÿìè îäíîâðåìåííî ñ ðàñøèðåíèåì
ðàññìàòðèâàåìîãî ïðîìåæóòêà âðåìåíè. Àíàëîãè÷íàÿ çàäà÷à äëÿ îäíî-
ðîäíûõ ñëó÷àéíûõ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè ðàññìàò-
ðèâàëàñü â [5], [6]. Çàäà÷à ïîëó÷åíèÿ äâóñòîðîííèõ îöåíîê äëÿ âåðîÿòíî-
ñòè P(θ ≥ k), êîòîðûå ÿâëÿþòñÿ åñòåñòâåííûì äîïîëíåíèåì ê èìåþùèì-
ñÿ àñèìïòîòè÷åñêèì ðåçóëüòàòàì äëÿ ñëó÷àéíûõ áëóæäàíèé, ðåøàëàñü
â [2]. Ýòà æå çàäà÷à äëÿ ñëó÷àéíûõ ïðîöåññîâ ñ íåïðåðûâíûì âðåìåíåì
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ðàññìàòðèâàëàñü â [7]. Åùå îäíî íàïðàâëåíèå àñèìïòîòè÷åñêîãî àíàëè-
çà â ãðàíè÷íûõ çàäà÷àõ îñíîâûâàåòñÿ íà ïðåäïîëîæåíèè, ÷òî ñíîñ ïðî-
öåññà ñòðåìèòñÿ ê íóëþ. ßñíî, ÷òî ïðè ýòîì ÷èñëî ïåðåñå÷åíèé ïîëîñû
íåîãðàíè÷åííî âîçðàñòàåò. Ïðåäåëüíîå ðàñïðåäåëåíèå ÷èñëà ïåðåñå÷åíèé
ïîëîñû ïðè ñõîäèìîñòè ê íóëþ îòðèöàòåëüíîãî ñíîñà ïîëó÷åíî â [8] äëÿ
öåëî÷èñëåííûõ ñëó÷àéíûõ áëóæäàíèé ñ äâóñòîðîííèì ãåîìåòðè÷åñêèì
ðàñïðåäåëåíèåì ñêà÷êîâ. Â íåäàâíåé ðàáîòå [9] àíàëîãè÷íûå ðåçóëüòàòû
ïîëó÷åíû òàêæå äëÿ âåñüìà øèðîêîãî êëàññà ñëó÷àéíûõ áëóæäàíèé.
Â äàííîé ðàáîòå â óñëîâèÿõ êðàìåðîâñêîãî òèïà èçó÷àåòñÿ ïðåäåëü-

íîå ïîâåäåíèå ðàñïðåäåëåíèÿ íîðìèðîâàííîé ñëó÷àéíîé âåëè÷èíû θ ïðè
óñëîâèè, ÷òî E ξ(1) = −µ < 0, µ→ 0. Îñíîâíîé ðåçóëüòàò ñîäåðæèòñÿ â
òåîðåìå 1, ãäå óñòàíîâëåíî àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå âåðîÿòíîñòè
P(µθµ ≥ t), t > 0, ïðè µ→ 0. Àíàëèçèðóþòñÿ òàêæå íåêîòîðûå ÷àñòíûå
ñèòóàöèè. Òåì ñàìûì îñíîâíûå ðåçóëüòàòû [9] ïåðåíîñÿòñÿ íà ñëó÷àé
ïðîöåññîâ ñ íåïðåðûâíûì âðåìåíåì. Çäåñü èñïîëüçóåòñÿ èçâåñòíàÿ ôàê-
òîðèçàöèîííàÿ òåõíèêà è ìåòîäû ðàáîòû [9].

2. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Ââåäåì ôóíêöèþ

ru(λ) =
u

u− ψ(λ)
,

êîòîðàÿ ïðè Reλ = 0, u > 0 ïðåäñòàâëÿåò ñîáîé äâîéíîå ïðåîáðàçîâàíèå
Ëàïëàñà-Ñòèëòüåñà (ïî âðåìåíè è ïî ïðîñòðàíñòâó) íàä ðàñïðåäåëåíèåì
ïðîöåññà ξ(t) , ò.å.

u

u− ψ(λ)
= u

∞∫
0

e−ut

{ ∞∫
−∞

eλxdxP(ξ(t) < x)

}
dt.

Â äàëüíåéøåì áóäåò èñïîëüçîâàòüñÿ ðÿä ñâîéñòâ ôóíêöèè ψ(λ) è êîì-
ïîíåíò òàê íàçûâàåìîé áåçãðàíè÷íî äåëèìîé ôàêòîðèçàöèè ôóíêöèè
ru(λ), ââåäåííîé è èçó÷åííîé â [1], [10]. Ýòè íóæíûå íàì ñâîéñòâà áóäóò
èìåòü ìåñòî ïðè ñîîòâåòñòâóþùèõ îãðàíè÷åíèÿõ íà ðàñïðåäåëåíèå ξ(1).
Ïðèâåäåì ýòè óñëîâèÿ.

(A1) E ξ(1) = −µ < 0 è äëÿ µ ≤ µ0 ïðè íåêîòîðîì µ0 > 0

ñóùåñòâóåò íå çàâèñÿùåå îò µ ÷èñëî δ > 0 òàêîå, ÷òî

E eλξ(1) <∞ ïðè − δ ≤ λ ≤ δ, ψ(δ) > 0.

(A2) Åñëè σ = 0, òî

1∫
−1

|x| dS(x) <∞ è α−
∞∫

−∞

xdS(x) ̸= 0.

(A3) Äëÿ âñåõ µ ≤ µ0 âûïîëíÿåòñÿ lim sup
|λ|→∞

−δ≤Reλ≤δ

|E exp{λ ξ(1)}|
E exp{Reλ ξ(1)}

< 1.
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Çàìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (A1) ñóùåñòâóþò ìîìåíòû ëþ-
áîãî ïîðÿäêà ñëó÷àéíîé âåëè÷èíû ξ(1), ïîýòîìó (1) ìîæíî ïåðåïèñàòü
â âèäå

ψ(λ) = −µλ+
σ2λ2

2
+

∞∫
−∞

(
eλx − 1− λx

)
dS(x), (3)

ãäå µ = −α−
∫

|x≥1|
x dS(x), ôóíêöèÿ S(x) òà æå, ÷òî è â (1),

ψ′(0) = E ξ(1) = −µ, ψ′′(0) = σ2 +

∞∫
−∞

x2 dS(x), ψ′′′(0) =

∞∫
−∞

x3 dS(x).

Óñëîâèå (A3) ÿâëÿåòñÿ óñèëåíèåì ñâîéñòâà õðåáòîâîñòè ôóíêöèè ψ(λ)
(ñì. [10]). Îíî ýêâèâàëåíòíî ñëåäóþùåìó: ïðè äîñòàòî÷íî ìàëîì ε1 > 0
ñóùåñòâóåò δ1 > 0 òàêîå, ÷òî ïðè |Imλ| > δ1, −δ ≤ Reλ ≤ δ âûïîëíÿåòñÿ
ψ(Reλ) ≥ Reψ(λ) + ε1.
Äîñòàòî÷íûìè óñëîâèÿìè, îáåñïå÷èâàþùèìè âûïîëíåíèå óñëîâèÿ (A3),

áóäóò, â ÷àñòíîñòè, íåðàâåíñòâà σ2 > 0 èëè íàëè÷èå àáñîëþòíî íåïðå-
ðûâíîé êîìïîíåíòû ó S(x). Óñëîâèå (A2) îçíà÷àåò, ÷òî ó ïðîöåññà ξ(t)
ñóùåñòâóåò äèôôóçèîííàÿ êîìïîíåíòà èëè ξ(t) ÿâëÿåòñÿ ïðîöåññîì ñ
îãðàíè÷åííîé âàðèàöèåé è ñ íåíóëåâûì ñíîñîì.
Îñíîâíîé ðåçóëüòàò ðàáîòû ñîñòîèò â ñëåäóþùåì.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (A1)�(A3). Òîãäà äëÿ t ≥ 0

P(µθµ ≥ t) = exp

{
− 2(a+ b+ c)

l
t

}
+O(µ), µ→ 0,

ãäå

c = cµ =
ψ′′′
µ (0)

3ψ′′
µ(0)

, l = lµ = ψ′′
µ(0).

Äîêàçàòåëüñòâî òåîðåìû ðàçáèâàåòñÿ íà íåñêîëüêî ýòàïîâ (ñì. ñåêöèè
3�7) íèæå.

3. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïðåäñòàâëåíèå ôóíêöèè ru(λ) ïðè Reλ = 0, u > 0 â âèäå ru(λ) =
ru+(λ) ru−(λ) íàçûâàåòñÿ áåçãðàíè÷íî äåëèìîé ôàêòîðèçàöèåé, åñëè
ru+(λ) åñòü ïðåîáðàçîâàíèå Ëàïëàñà ïðè Reλ ≤ 0 áåçãðàíè÷íî äåëè-
ìîãî ðàñïðåäåëåíèÿ, íîñèòåëü êîòîðîãî ñîäåðæèòñÿ íà íåîòðèöàòåëüíîé
ïîëóîñè, à ru−(λ) åñòü ïðåîáðàçîâàíèå Ëàïëàñà ïðè Reλ ≥ 0 áåçãðàíè÷-
íî äåëèìîãî ðàñïðåäåëåíèÿ, íîñèòåëü êîòîðîãî ñîäåðæèòñÿ íà íåïîëî-
æèòåëüíîé ïîëóîñè. Ôóíêöèÿ ru+(λ) (ru−(λ) ) íàçûâàåòñÿ ïîëîæèòåëü-
íîé (îòðèöàòåëüíîé) êîìïîíåíòîé ôàêòîðèçàöèè. Â [1] óñòàíîâëåíî, ÷òî
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ôóíêöèÿ ru(λ) äîïóñêàåò áåçãðàíè÷íî äåëèìóþ ôàêòîðèçàöèþ, êîìïî-
íåíòû êîòîðîé èìåþò âèä

ru+(λ) = u

∞∫
0

e−ut

{ ∞∫
0

eλxdxP(ξ̄(t) < x)

}
dt

= exp

{
−

∞∫
0

(eλx − 1) dx

∞∫
0

t−1P(ξ(t) > x) e−utdt

}
,

ru−(λ) = u

∞∫
0

e−ut

{ 0∫
−∞

eλxdxP( ¯̄ξ(t) > x)

}
dt

= exp

{ 0∫
−∞

(eλx − 1) dx

∞∫
0

t−1P(ξ(t) > x) e−utdt

}
.

Çäåñü ξ̄(t) = sup
0≤s≤t

ξ(s), ¯̄ξ(t) = inf
0≤s≤t

ξ(s).

Î÷åâèäíî, ÷òî ôóíêöèÿ ru+(λ) àíàëèòè÷íà ïðè Reλ < 0, íåïðåðûâíà
è íå îáðàùàåòñÿ â 0 ïðè Reλ ≤ 0 çà èñêëþ÷åíèåì, áûòü ìîæåò, áåñêî-
íå÷íî óäàëåííîé òî÷êè. Ôóíêöèÿ ru−(λ) îáëàäàåò àíàëîãè÷íûìè ñâîé-
ñòâàìè â ïðàâîé ïîëóïëîñêîñòè.
Åñëè îáîçíà÷èòü ÷åðåç L(A) ìíîæåñòâî ôóíêöèé g, èìåþùèõ âèä

g(λ) =

∫
A

eλxdG(x), ãäå

∫
A

|dG(x)| <∞,

è ãäå A � ïðîèçâîëüíîå áîðåëåâñêîå ìíîæåñòâî, òî íåòðóäíî çàìåòèòü,
÷òî ru+(λ) ∈ L([0,∞)), ru−(λ) ∈ L((−∞, 0]), è ru±(0) = 1.
Ïóñòü ôóíêöèÿ g(λ) ∈ L(R), òî åñòü îíà äîïóñêàåò íà ïðÿìîé

{Reλ = 0} ïðåäñòàâëåíèå

g(λ) =

∞∫
−∞

eλy dG(y), (4)

â êîòîðîì ïîëíàÿ âàðèàöèÿ ôóíêöèè G îãðàíè÷åíà. Ñëåäóÿ [11], äëÿ
ôóíêöèé âèäà (4) ïðè u > 0, Reλ = 0 ââåäåì îïåðàòîðû

(Ag)(u, λ) = r−1
u−(λ)

[
ru−(λ)g(λ)

](−∞,−a]
,

(Bg)(u, λ) = r−1
u+(λ)

[
ru+(λ)g(λ)

][b,∞)
,

ãäå äëÿ ëþáîãî áîðåëåâñêîãî ìíîæåñòâà D ⊂ R ïî îïðåäåëåíèþ[ ∞∫
−∞

eλydG(y)

]D
=

∫
D

eλydG(y).



1300 Â.È. ËÎÒÎÂ, Â.Ð. ÕÎÄÆÈÁÀÅÂ

Â [5] äîêàçàíî, ÷òî ïðè u > 0, Reλ = 0

E
(
exp{−uτ−1 + λξ(τ−1 )}; τ−1 <∞

)
= (Ae)(u, λ),

E
(
exp{−uτ+1 + λξ(τ+1 )}; τ+1 <∞

)
= (BAe)(u, λ),

E
(
exp{−uτ−2 + λξ(τ−2 )}; τ−2 <∞

)
= (ABAe)(u, λ),

è òàê äàëåå, òî åñòü ïðè ëþáîì k ≥ 1

E
(
exp{−uτ+k + λξ(τ+k )}; τ+k <∞

)
=

(
(BA)ke

)
(u, λ), (5)

E
(
exp{−uτ−k+1 + λξ(τ−k+1)}; τ

−
k+1 <∞

)
=

(
A(BA)k

)
e)(u, λ), (6)

ãäå e(λ) ≡ 1 è ñòåïåíü îïåðàòîðà ïîíèìàåòñÿ êàê ñóïåðïîçèöèÿ.
Åñëè ïîëîæèòü λ = 0 â (5), òî ïîëó÷àåòñÿ ïðåîáðàçîâàíèå Ëàïëàñà-

Ñòèëòüåñà ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû τ+k :
∞∫
0

e−ut dP(τ+k < t) =
(
(BA)ke

)
(u, 0),

îòêóäà ñëåäóåò

P(θ ≥ k) = P(τ+k <∞) = lim
u→0

(
(BA)ke

)
(u, 0). (7)

Ýòî ñîîòíîøåíèå ëåæèò â îñíîâå äàëüíåéøèõ ðàññóæäåíèé.
Îñòàíîâèìñÿ áîëåå ïîäðîáíî íà ñâîéñòâàõ ôóíêöèè ψ(λ) ïðè âûïîëíå-

íèè óñëîâèÿ (A1). Îíà àíàëèòè÷íà âíóòðè ïîëîñû −δ ≤ Reλ ≤ δ è ÿâëÿ-
åòñÿ âûïóêëîé ïðè −δ ≤ λ ≤ δ. Ïîýòîìó îíà äîñòèãàåò ñâîåãî ìèíèìóìà
íà ýòîì îòðåçêå. Ïóñòü λ0 ÿâëÿåòñÿ òî÷êîé ìèíèìóìà, ψ(λ0) = u0 ≤ 0. Èç
âûïóêëîñòè ñëåäóåò, ÷òî óðàâíåíèå ψ(λ) = u íà îòðåçêå −δ ≤ λ ≤ δ èìå-
åò íå áîëåå äâóõ âåùåñòâåííûõ êîðíåé λ+(u) ≥ λ−(u). Ïðè ýòîì ôóíêöèÿ
λ+(u) îïðåäåëåíà äëÿ u ∈ [u0, u+], u+ = ψ(δ) > 0, (ñì. óñëîâèå (A1)),
λ0 ≤ λ+(u) ≤ δ, à λ−(u) óäîâëåòâîðÿåò íåðàâåíñòâó −δ ≤ λ−(u) ≤ u0
äëÿ u ∈ [u0, u−], ãäå u− = ψ(−δ). Åñëè −µ = E ξ(1) < 0 è âûïîëíÿ-
åòñÿ óñëîâèå (A1), òî u− > 0 è ñóùåñòâóåò åäèíñòâåííîå íåîòðèöàòåëü-
íîå (íåïîëîæèòåëüíîå) ðåøåíèå λ+(u) (λ−(u)) óðàâíåíèÿ ψ(λ) = u ïðè
−δ ≤ λ ≤ δ, 0 < u ≤ ε, ãäå ε = min{u−, u+} > 0. Çäåñü ñ íåîáõîäèìîñòüþ
r−1
u+(λ+(u)) = 0, r−1

u−(λ−(u)) = 0. Äëÿ äàëüíåéøåãî îòìåòèì, ÷òî â ýòîì
ñëó÷àå 0 < λ+(0) = h < δ, λ−(0) = 0, ôóíêöèè λ±(u) íåïðåðûâíû íà
îòðåçêå [0, ε] è

λ+(u) = h+β1u+O(u2), β1 = (ψ′(h))−1 > 0, λ−(u) = −u
µ
+O(u2), u→ 0.

Ââåäåì äàëåå ñëåäóþùèå îáîçíà÷åíèÿ:

wu(λ) =
(λ− λ−(u))ru−(λ)

λ−(u)
, vu(λ) =

(λ− λ+(u))ru+(λ)

λ+(u)
.

Ñðàçó îòìåòèì, ÷òî

wu(λ−(u)) =
1

λ−(u)(r
−1
u−)

′(λ−(u))
, vu(λ+(u)) =

1

λ+(u)(r
−1
u+)

′(λ+(u))
,

(8)
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ãäå

(r−1
u−)

′(λ−(u)) =
∂r−1

u−(λ)

∂λ

∣∣∣∣
λ=λ−(u)

, (r−1
u+)

′(λ+(u)) =
∂r−1

u+(λ)

∂λ

∣∣∣∣
λ=λ+(u)

.

Îòìåòèì òàêæå(ñì. [11], [12]), ÷òî w±1
u (λ), v±1

u (λ) ÿâëÿþòñÿ àíàëèòè-
÷åñêèì ôóíêöèÿìè ñîîòâåòñòâåííî â îáëàñòÿõ Reλ < δ, Reλ > −δ è
ðàâíîìåðíî îãðàíè÷åíû â óêàçàííûõ îáëàñòÿõ çíà÷åíèé u è λ, ãäå îíè
îïðåäåëåíû. Ôóíêöèè wu(λ−(u)), vu(λ+(u)) òàêæå îïðåäåëåíû ïî íåïðå-
ðûâíîñòè ïðè u = 0 è

w0(0) = lim
u→0

wu(λ−(u)) = −1, v0(0) = lim
u→0

vu(λ+(u)) = −1.

Íåîáõîäèìàÿ â äàëüíåéøåì ïðèíàäëåæíîñòü

v−1
u (λ) ∈ L([0,∞)), w−1

u (λ) ∈ L((−∞, 0]))

ïðè u ∈ (0, ε) è íåêîòîðîì δ > 0 ñëåäóåò èç ðåçóëüòàòîâ [5]. Â [5] äîêàçà-
íû, à â [12] óòî÷íåíû ñëåäóþùèå ëåììû.
Ëåììà 1 ([12]) Ïóñòü âûïîëíåíû óñëîâèÿ (A1)�(A3) è ïóñòü ïðè

−δ ≤ Reλ ≤ 0, u ∈ (0, ε) ôóíêöèÿ g1(u, λ) èìååò âèä

g1(u, λ) =

∞∫
−∞

eλxdG1(u, x), è

∞∫
−∞

eReλx|dG1(u, x)| ≤ C1 <∞

ðàâíîìåðíî ïî u. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

(Ag1)(u, λ) =
wu(λ−(u))g1(u, λ−(u)) e

λ−(u)a

wu(λ) eλa
+(λ−λ−(u))

−a∫
−∞

eλx φ1(u, x)dx,

ãäå |φ1(u, x)| ≤ C2e
δx ðàâíîìåðíî ïî u < ε, x < −a. Åñëè

b∫
−∞

|dG1|(u, x) =

0, òî |φ1(u, x)| ≤ C3e
δ(x−b), x < −a.

Ëåììà 2 ([12]) Ïóñòü âûïîëíåíû óñëîâèÿ (A1)�(A3) è ïóñòü ïðè
0 ≤ Reλ ≤ δ, u ∈ (0, ε) ôóíêöèÿ g2(u, λ) èìååò âèä

g2(u, λ) =

∞∫
−∞

eλxdG2(u, x), è

∞∫
−∞

eReλx|dG2(u, x)| ≤ C4 <∞

ðàâíîìåðíî ïî u. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

(Bg2)(u, λ) =
vu(λ+(u))g2(u, λ+(u)) e

λb

vu(λ) eλ+(u)b
+ (λ− λ+(u))

∞∫
b

eλx φ2(u, x)dx,

ãäå |φ2(u, x)| ≤ C5e
−δx ðàâíîìåðíî ïî u < ε, x ≥ b. Åñëè

∞∫
−a

|dG2|(u, x) =

0, òî |φ2(u, x)| ≤ C6e
−δ(x+a), x ≥ b.
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Çäåñü áóêâîé C ñ èíäåêñàìè îáîçíà÷åíû ïîëîæèòåëüíûå ïîñòîÿííûå.

Çàìå÷àíèå. Îöåíêè òî÷íîñòè â ëåììàõ 1 è 2 â îðèãèíàëå äàíû äëÿ
íåêîòîðîãî ôèêñèðîâàííîãî ðàñïðåäåëåíèÿ ξ(1), îäíàêî â ñèëó âûïîëíå-
íèÿ óñëîâèé (A1)�(A3) ðàâíîìåðíî ïî µ ïîðÿäîê òî÷íîñòè ýòèõ îöåíîê
ñîõðàíÿåòñÿ, åñëè èçìåíÿòü µ â ìàëîé îêðåñòíîñòè íóëÿ. Îñíîâûâàåòñÿ
ýòîò âûâîä íà òåõíèêå äîêàçàòåëüñòâà ëåìì 1 è 2: ïðè ñòðåìëåíèè ê íó-
ëþ ÷èñëà µ áóäåò èìåòü ìåñòî ñõîäèìîñòü ïðåîáðàçîâàíèé ψµ(λ) → ψ0(λ)
è îäíîâðåìåííî áóäåò ïðîèñõîäèòü ñáëèæåíèå ñîîòâåòñòâóþùèõ êîìïî-
íåíò ôàêòîðèçàöèè. Îöåíêè òî÷íîñòè îïðåäåëÿþòñÿ êàê ðàç ñâîéñòâàìè
êîìïîíåíò ôàêòîðèçàöèè, à îíè íåçíà÷èòåëüíî ìåíÿþòñÿ ïðè èçìåíåíèè
µ â îêðåñòíîñòè íóëÿ.
Áîëåå òîãî, ïðèâåäåííûå ëåììû èç [12] äàþò ýêñïîíåíöèàëüíûå îöåí-

êè äëÿ èíòåãðàëîâ âèäà
∫
eλx φ1(u, x)dx è

∫
eλxφ2(u, x)dx, ÷òî â ñâîå

âðåìÿ òðåáîâàëîñü äëÿ ðàññìîòðåíèÿ ñèòóàöèè, êîãäà a → ∞, b → ∞.
Â íàøåì æå ñëó÷àå ãðàíèöû ïîëîñû íå ìåíÿþòñÿ, ïîýòîìó äîñòàòî÷íî
èìåòü äëÿ ýòèõ èíòåãðàëîâ âñåãî ëèøü ðàâíîìåðíûå ïî µ îöåíêè êîí-
ñòàíòàìè, ïðè÷åì, êàê ñëåäóåò èç (7), äîñòàòî÷íî èìåòü òàêèå îöåíêè
òîëüêî ïðè λ = 0 è u → 0. Ýòî íåòðóäíî ñäåëàòü äëÿ ìàëûõ çíà÷åíèé
÷èñëà h è, êàê áóäåò ïîêàçàíî íèæå, ðàâíîìåðíîñòü îöåíîê ïî h áóäåò
ýêâèâàëåíòíà ðàâíîìåðíîñòè ïî µ.

4. Àñèìïòîòèêà ðàñïðåäåëåíèÿ θ ïðè h→ 0

Â êà÷åñòâå ïåðâîãî øàãà äîêàçàòåëüñòâà òåîðåìû 1 ñ ïîìîùüþ ëåìì
1, 2 áóäåò èññëåäîâàíà àñèìïòîòèêà ðàñïðåäåëåíèÿ θ ïðè h → 0. Îòìå-
òèì, ÷òî ÷èñëà h è µ íåïðåðûâíî ñâÿçàíû è ñòðåìÿòñÿ ê íóëþ îäíîâðå-
ìåííî. Äåéñòâèòåëüíî, èç ðàçëîæåíèÿ

ψ(h) = ψ(0) + hψ′(0) +
h2

2
ψ′′(0) + · · · ,

ãäå

ψ(h) = ψ(0) = 0, ψ′(0) = −µ = E ξ(1), ψ′′(0) = D ξ(1),

ñëåäóåò

µ =
ψ′′(0)

2
h+

ψ′′′(0)

6
h2 +O(h3), h→ 0. (9)

Çäåñü âåëè÷èíû ψ′′(0), ψ′′′(0) ðàâíîìåðíî îãðàíè÷åíû äëÿ ìàëûõ çíà-
÷åíèé µ > 0. Ýòî îçíà÷àåò òàêæå, ÷òî âåëè÷èíà o(1) ïðè h → 0 îäíî-
âðåìåííî åñòü o(1) ïðè µ → 0 è íàîáîðîò. Îòìåòèì äîïîëíèòåëüíî, ÷òî
âûïîëíåíèå óñëîâèé (A1)�(A3) ðàâíîìåðíî ïî ìàëûì çíà÷åíèÿì µ ýêâè-
âàëåíòíî ðàâíîìåðíîìó âûïîëíåíèþ ýòèõ óñëîâèé ïî ìàëûì çíà÷åíèÿì
h.
Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (A1)�(A3). Òîãäà ïðè h→ 0

P(θ ≥ k) = dk(h)e−kh(a+b) +O(h), k ≥ 1, (10)
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d(h) = 1− ρh+O(h2), ρ = lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
+ lim

u→0

(r−1
u−)

′′(λ−(u))

2(r−1
u−)

′(λ−(u))
,

(11)
çäåñü h � åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ ψ(λ) = 0.
Äîêàçàòåëüñòâî. Äëÿ k = 1 èç (7) èìååì P(θ ≥ 1) = lim

u→0
(BAe)(u, 0).

Äàëåå ïðèìåíÿåì ëåììû 1 è 2:

(Ae)(u, λ) =
wu(λ−(u)) e

λ−(u)a

wu(λ) eλa
+ (λ− λ−(u))

−a∫
−∞

eλx φ1(u, x)dx,

(BAe)(u, λ) =
vu(λ+(u)) e

λb

vu(λ) eλ+(u)b
×

×
[
wu(λ−(u)) e

(λ−(u)−λ+(u))a

wu(λ+(u))
+ (λ+(u)− λ−(u))

−a∫
−∞

eλ+(u)x φ1(u, x)dx

]

+(λ− λ+(u))

∞∫
b

eλx φ2(u, x)dx,

ãäå äëÿ ôóíêöèé φ1(u, x), φ2(u, x) èìåþò ìåñòî îöåíêè èç ëåìì 1, 2
ñîîòâåòñòâåííî. Íàïîìíèì, ÷òî ôóíêöèè w±1

u (λ), v±1
u (λ) ðàâíîìåðíî

îãðàíè÷åíû â îáëàñòÿõ çíà÷åíèé u è λ, ãäå îíè îïðåäåëåíû,

w0(0) = lim
u→0

wu(λ−(u)) = −1, v0(0) = lim
u→0

vu(λ+(u)) = −1.

Ïîýòîìó ïðè h→ 0

lim
u→0

(BAe)(u, 0) =
v0(h) e

−hb

v0(0)

[
w0(0) e

−ha

w0(h)
+ h

−a∫
−∞

ehx φ1(0, x)dx

]

− h

∞∫
b

φ2(0, x)dx =
v0(h)

w0(h)
e−h(a+b) +O(h). (12)

Ðàâíîìåðíàÿ îãðàíè÷åííîñòü ïîñëåäíèõ èíòåãðàëîâ ïðè ìàëûõ çíà÷å-
íèÿõ ÷èñëà µ îòìå÷àëàñü â çàìå÷àíèè ïîñëå ôîðìóëèðîâîê ëåìì 1 è
2.
Îáîçíà÷èì

d(h) = lim
u→0

vu(λ+(u))

wu(λ+(u))
=
v0(h)

w0(h)
. (13)

Ïîêàæåì, ÷òî ýòà âåëè÷èíà îòäåëåíà îò åäèíèöû ïðè ìàëûõ çíà÷åíèÿõ h.
Ïîñêîëüêó r−1

u+(λ+(u)) = 0, èìååò ìåñòî ñëåäóþùåå ðàçëîæåíèå ôóíêöèè

r−1
u+(λ) â îêðåñòíîñòè òî÷êè λ+(u):

r−1
u+(λ) = (λ− λ+(u))(r

−1
u+)

′(λ+(u)) +
(λ− λ+(u))

2

2
(r−1

u+)
′′(λ+(u)) + . . . .
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Ïðè λ = 0 èç (8) èìååì (r−1
u+(0) = 1)

vu(λ+(u)) =
1

λ+(u)(r
−1
u+)

′(λ+(u))
= −1 +

λ+(u)

2

(r−1
u+)

′′(λ+(u))

(r−1
u+)

′(λ+(u))
+ . . . .

Çäåñü îòìåòèì, ÷òî (r−1
u+)

′(λ+(u)) ̸= 0, ïîñêîëüêó λ+(u) ÿâëÿåòñÿ ïðî-

ñòûì íóëåì ôóíêöèè r−1
u+(λ). Óñòðåìèâ u ê íóëþ, ïîëó÷àåì

v0(h) = −1 +
h

2
lim
u→0

(r−1
u+)

′′(λ+(u))

(r−1
u+)

′(λ+(u))
+O(h2), h→ 0. (14)

Àíàëîãè÷íî, ïîñêîëüêó r−1
u−(λ−(u)) = 0, èìååò ìåñòî ñëåäóþùåå ðàçëî-

æåíèå ôóíêöèè r−1
u−(λ) â òî÷êå λ−(u):

r−1
u−(λ) = (λ− λ−(u))(r

−1
u−)

′(λ−(u)) +
(λ− λ−(u))

2

2
(r−1

u−)
′′(λ−(u)) + . . . .

Ïîýòîìó

w−1
u (λ) =

λ−(u)r
−1
u−(λ)

λ− λ−(u)
=

λ−(u)

λ− λ−(u)
×

×
[
(λ− λ−(u))(r

−1
u−)

′(λ−(u)) +
(λ− λ−(u))

2

2
(r−1

u−)
′′(λ−(u)) + . . .

]
=

= λ−(u)(r
−1
u−)

′(λ−(u)

[
1 +

λ− λ−(u)

2

(r−1
u−)

′′(λ−(u))

(r−1
u−)

′(λ−(u))
+ . . .

]
,

è â ñèëó òîãî,÷òî λ−(u)(r
−1
u−)

′(λ−(u) =
1

wu(λ−(u))
(ñì. (8)),

ïðè λ = λ+(u) èìååì

1

wu(λ+(u))
=

1

wu(λ−(u))

[
1 +

λ+(u)− λ−(u)

2

(r−1
u−)

′′(λ−(u))

(r−1
u−)

′(λ−(u))
+ . . .

]
.

Ïðè u→ 0 (w0(0) = −1) ïîëó÷àåì

1

w0(h)
= −1− h

2
lim
u→0

(r−1
u−)

′′(λ−(u))

(r−1
u−)

′(λ−(u))
+O(h2). (15)

Èç (7) è (12)�(15) ñëåäóåò äîêàçàòåëüñòâî ëåììû 3 ïðè k = 1.
Äàëåå èñïîëüçóåì ìåòîä èíäóêöèè. Ïðè k = 1 ñîîòíîøåíèå (10) äî-

êàçàíî. Ïóñòü (10) âûïîëíåíî äëÿ íåêîòîðîãî k ≥ 1. Ïîêàæåì, ÷òî ýòî
ñîîòíîøåíèå âûïîëíÿåòñÿ è äëÿ k+ 1. Äëÿ ýòîãî ñ ïîìîùüþ ëåìì 1 è 2
áóäåì èññëåäîâàòü àñèìïòîòèêó ïðè h→ 0 âûðàæåíèé âèäà (Ag)(u, λ) è
(BAg)(u, λ), åñëè g(u, λ) = ((BA)ke)(u, λ) èëè g(u, λ) = (A(BA)ke)(u, λ).
Êàê ñëåäóåò èç (5) è (6), ôóíêöèè g(u, λ) óêàçàííîãî âèäà ÿâëÿþò-

ñÿ äâîéíûìè ïðåîáðàçîâàíèÿìè íàä ðàñïðåäåëåíèÿìè ïàð (τ±k , ξ(τ
±
k )),

ïîýòîìó â ïðåäñòàâëåíèÿõ

(Ag)(u, λ) =

−a∫
−∞

eλxdG1(u, x), (BAg)(u, λ) =

∞∫
b

eλxdG2(u, x)
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âåëè÷èíû
∞∫

−∞
|dGi(u, x)| îãðàíè÷åíû ðàâíîìåðíî ïî u è k ≥ 1, i = 1, 2.

Îïÿòü â ñèëó ëåìì 1 è 2(
BA(BA)ke

)
(u, λ) =

vu(λ+(u)) e
λb

vu(λ) eλ+(u)b

wu(λ−(u))((BA)
ke)(u, λ−(u)) e

λ−(u)a

wu(λ+(u)) eλ+(u)a

+
vu(λ+(u)) e

λb

vu(λ) eλ+(u)b
(λ+(u)− λ−(u))

−a∫
−∞

eλ+(u)x φ
(k)
1 (u, x)dx

+(λ− λ+(u))

∞∫
b

eλx φ
(k)
2 (u, x)dx.

Çäåñü ôóíêöèÿ φ
(k)
1 (u, x) ïîÿâëÿåòñÿ âñëåäñòâèå ïðèìåíåíèÿ ëåììû 1 ê

ôóíêöèè g(u, λ) = ((BA)ke)(u, λ), à ôóíêöèÿ φ
(k)
2 (u, x) � â ðåçóëüòàòå

ïðèìåíåíèÿ ëåììû 2 ê ôóíêöèè g(u, λ) = (A(BA)ke)(u, λ), è äëÿ íèõ
èìåþò ìåñòî îöåíêè èç ñîîòâåòñòâóþùèõ ëåìì. Êàê è ðàíåå, èìååì ðàâ-
íîìåðíî ïî k ≥ 1 è ïî u, áëèçêèì ê íóëþ,

(λ+(u)− λ−(u))

−a∫
−∞

eλ+(u)x φ
(k)
1 (u, x)dx = O(h), h→ 0,

à òàêæå λ+(u)
∞∫
b

eλx φ
(k)
2 (u, x)dx = O(h). Ïîýòîìó

P(θ ≥ k + 1) = lim
u→0

(
BA(BA)ke

)
(u, 0) =

= lim
u→0

vu(λ+(u))

eλ+(u)b

wu(λ−(u))((BA)
ke)(u, λ−(u)) e

λ−(u)a

wu(λ+(u)) eλ+(u)a
+

+ lim
u→0

vu(λ+(u))

eλ+(u)b
(λ+(u)− λ−(u))

−a∫
−∞

eλ+(u)x φ
(k)
1 (u, x)dx+

+ lim
u→0

λ+(u)

∞∫
b

φ
(k)
2 (u, x)dx =

=
v0(h)

ehb

[
limu→0((BA)

ke)(u, λ−(u)) e
−ha

w0(h)
+O(h)

]
+O(h) =

=
v0(h) e

−h(a+b)

w0(h)

[
dk(h) e−kh(a+b) +O(h)

]
= dk+1(h) e−(k+1)h(a+b) +O(h).

Ëåììà 3 äîêàçàíà.
Îòìåòèì, ÷òî óòâåðæäåíèå ýòîé ëåììû íå ìîæåò ðàññìàòðèâàòüñÿ â

êà÷åñòâå îñíîâíîãî ðåçóëüòàòà ïî äâóì ïðè÷èíàì. Âî-ïåðâûõ, ÷èñëî ρ
íåèçáåæíî çàâèñèò îò h (è îò µ), è ýòà çàâèñèìîñòü òðåáóåò óòî÷íåíèÿ.
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Âî-âòîðûõ, ÷èñëî h âîçíèêàåò â ïðîöåññå äîêàçàòåëüñòâà, à â îêîí÷àòåëü-
íîé ôîðìóëèðîâêå æåëàòåëüíî èñïîëüçîâàòü èñõîäíûé ìàëûé ïàðàìåòð
µ âìåñòî h.

5. Àñèìïòîòèêà ðàñïðåäåëåíèÿ µθµ ïðè µ→ 0

Áóäåì ïðåäïîëàãàòü, ÷òî µ = α +
∫

|x≥1|
x dS(x) > 0 � äîñòàòî÷íî ìà-

ëîå ÷èñëî, è ðàññìàòðèâàåì ξ(t) êàê ñåìåéñòâî ïðîöåññîâ, çàâèñÿùåå îò
ìàëîãî ïàðàìåòðà µ. Ïðè íåîáõîäèìîñòè, ÷òîáû óêàçàòü çàâèñèìîñòü
ïðîöåññà è åãî õàðàêòåðèñòèê îò µ, ñíàáæàåì ýòè âåëè÷èíû èíäåêñîì µ,
íàïðèìåð, ρµ, ψµ(λ), è ò. ä.
Â äàëüíåéøåì ïîëîæèòåëüíûå ÷èñëà ε è δ áóäóò âûáèðàòüñÿ òàêèìè,

÷òîáû äëÿ 0 < u < ε è 0 ≤ Reλ ≤ δ (−δ ≤ Reλ ≤ 0) ÷èñëî λ+(u) (λ−(u))
ÿâëÿëîñü åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ ψ(λ) = u. Óòâåðæäåíèÿ
ëåìì 1, 2 è ñâÿçàííûå ñ íèìè ïîñëåäóþùèå îöåíêè îñòàþòñÿ â ñèëå è
ÿâëÿþòñÿ ðàâíîìåðíûìè ïî ìàëûì çíà÷åíèÿì ÷èñëà µ.
Èç (9) ñëåäóåò h = 2µ/ψ′′(0) +O(µ2), ïîýòîìó

P(θ ≥ k) = lim
u→0

(
(BA)ke

)
(u, 0) = dk(h) e−kh(a+b) +O(h)

= dk(h) exp{−k(2µ/ψ′′(0) +O(µ2))(a+ b)}+O(h)

= dk(h) exp{−k(2µ/ψ′′(0))(a+ b)}+O(µ),

è ïðè t = kµ

P(µθ ≥ t) = dt/µ(h) exp{−2t(a+ b)/ψ′′(0)}+O(µ).

Âîñïîëüçîâàâøèñü äàëåå (11), ïîëó÷àåì ïðè µ→ 0

log dt/µ(h) =
t

µ
log(1− ρh+O(h2)) =

−2ρt

ψ′′(0)
+O(µ).

Òàêèì îáðàçîì, â óñëîâèÿõ ëåììû 3 èìååì

P(µθµ ≥ t) = exp

{
− 2(a+ b+ ρ)

ψ′′(0)
t

}
+O(µ), µ→ 0. (16)

Êàê ñëåäóåò èç (11), ÷èñëî ρ = ρµ âåñüìà ñëîæíî âûðàæàåòñÿ ÷å-
ðåç êîìïîíåíòû ôàêòîðèçàöèè, êîòîðûå, â ñâîþ î÷åðåäü, äîñòóïíû äëÿ
âû÷èñëåíèÿ â ÿâíîì âèäå äàëåêî íå âñåãäà. Ïðèâåäåì ñíà÷àëà ÿâíûå
ôîðìóëû äëÿ ρ â íåêîòîðûõ íàèáîëåå ïðîñòûõ ñèòóàöèÿõ, â êîòîðûõ èç-
âåñòíû ôîðìóëû äëÿ êîìïîíåíò ôàêòîðèçàöèè.

6. Ðàññìîòðåíèå ÷àñòíûõ ñëó÷àåâ

1. Ïóñòü ξ(t) � âèíåðîâñêèé ïðîöåññ ñ îòðèöàòåëüíûì ñíîñîì (ñì. [1]),
ò. å.

ψ(λ) = µλ+
σ2λ2

2
, µ < 0.
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Â ýòîì ñëó÷àå èìååì

ru±(λ) =
λ±(u)

λ±(u)− λ
,

ãäå

λ±(u) =
±(µ2 + 2uσ2)1/2 − µ

σ2
, (r−1

u±)
′(λ) = −1, (r−1

u±)
′′(λ) = 0.

Ñëåäîâàòåëüíî, ρ = ρµ ≡ 0. Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè
â [5] óñòàíîâëåíî, ÷òî(

(BA)ke
)
(u, λ) = exp

{
λb+ λ−(u)

(
(k − 1)b+ ka

)
− kλ+(u)(b+ a)

}
.

Òàê êàê λ+(0) = −2µ/σ2, λ−(0) = 0, òî èç (2) è (7) ñëåäóåò

P(θ ≥ k) = lim
u→0

(
(BA)ke

)
(u, 0) = exp{2µσ−2k(a+ b)}.

Ïîëàãàÿ t = µk, ïîëó÷àåì

P(µθ ≥ t) = exp{−2σ−2(a+ b)t}.

2. Ïóñòü ξ(t) ÿâëÿåòñÿ îáîáù¼ííûì ïóàññîíîâñêèì ïðîöåññîì ñ îòðèöà-
òåëüíûì ñíîñîì (ïàðàìåòð ñíîñà α < 0), ïîêàçàòåëüíî ðàñïðåäåë¼ííûìè
ñêà÷êàìè ñ ïàðàìåòðîì γ > 0 è ïîêàçàòåëüíî ðàñïðåäåëåííûìè ñ ïàðà-
ìåòðîì β > 0 èíòåðâàëàìè âðåìåíè ìåæäó ñêà÷êàìè, ò. å.

ψ(λ) = lnE eλξ(1) = αλ+ β

∞∫
0

(
eλx − 1

)
dF (x),

ãäå F (x) = 1− e−γx, åñëè x ≥ 0. Òîãäà ïðè Reλ < γ

ψ(λ) = αλ+
βλ

γ − λ
, µ = ψ′(0) = α+

β

γ
,

è óðàâíåíèå ψ(λ) = u ïðè u ≥ 0 èìååò äâà ðåøåíèÿ

λ±(u) =
β + αγ + u±

√
(β + αγ + u)2 − 4αγu

2α
.

Ïðè u > 0 èìååì λ+(u) > 0, λ−(u) < 0 è, åñëè µ < 0, òî

h = λ+(0) = γ +
β

α
> 0, λ−(0) = 0, µ =

α

γ
h.

Ïîëîæèì

Ru+(λ) =
λ+(u)(γ − λ)

γ(λ+(u)− λ)
, Ru−(λ) =

λ−(u)

λ−(u)− λ)
.

Ïðèíèìàÿ âî âíèìàíèå ñîîòíîøåíèÿ

λ+(u)λ−(u) =
γu

α
, λ+(u) + λ−(u) =

β + γα+ u

α
,
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íåòðóäíî ïîêàçàòü, ÷òî ru(λ) = Ru+(λ)Ru−(λ), è ýòî ïðåäñòàâëåíèå óäî-
âëåòâîðÿåò íåîáõîäèìûì òðåáîâàíèÿì ê êîìïîíåíòàì áåçãðàíè÷íî äå-
ëèìîé ôàêòîðèçàöèè. Â ñèëó åäèíñòâåííîñòè ïîäîáíîãî ïðåäñòàâëåíèÿ
çàêëþ÷àåì, ÷òî Ru±(λ) = ru±(λ).
Çäåñü òàêæå (r−1

u−)
′(λ) = −1, (r−1

u−)
′′(λ) = 0, è ïîñëå íåêîòîðûõ ïðî-

ñòûõ âû÷èñëåíèé íàõîäèì

ρ = lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
= lim

u→0

1

γ − λ+(u)
=

1

γ − h
=

1

γ
+O(µ), µ→ 0.

3. Ïóñòü òåïåðü ξ(t) � íåïðåðûâíûé ñíèçó ñëó÷àéíûé ïðîöåññ, ò. å. îí
íå èìååò îòðèöàòåëüíûõ ñêà÷êîâ. Ïóñòü ïî-ïðåæíåìó E ξ(1) = −µ < 0
è âûïîëíÿþòñÿ óñëîâèÿ (A1)�(A3), ñîîòâåòñòâóþùèå äàííîìó ñëó÷àþ.
Òîãäà ïðåäñòàâëåíèå (3) ïðèíèìàåò âèä

ψ(λ) = lnE eλξ(1) = µλ+
σ2λ2

2
+

∞∫
0

(
eλx − 1− λx

)
dS(x).

Èçâåñòíî [10], ÷òî ïðè ýòîì ôóíêöèÿ ψ(λ) àíàëèòè÷íà ïî êðàéíåé ìåðå
ïðè Reλ < 0, óðàâíåíèå ψ(λ) = u ïðè λ < 0, u ≥ 0 èìååò åäèíñòâåííîå
ðåøåíèå λ−(u), è ïðè u > 0 âûïîëíÿåòñÿ λ−(u) < 0, λ−(0) = 0. Çäåñü

ru−(λ) = λ−(u)(λ−(u)− λ)−1, ru+(λ) =
u(λ−(u)− λ)

λ−(u)(u− ψ(λ))
.

Â ýòîì ñëó÷àå òàêæå (r−1
u−)

′′(λ−(u)) = 0 è ïîýòîìó

ρ = lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
.

Çàéìåìñÿ âû÷èñëåíèåì ýòîé âåëè÷èíû. Èìååì

(r−1
u+)

′(λ) =
λ−(u)

u

[
u− ψ(λ)

λ−(u)− λ

]′
=
λ−(u)

u

[
ψ′(λ)

λ− λ−(u)
+

u− ψ(λ)

(λ−(u)− λ)2

]
,

(r−1
u+)

′(λ+(u)) =
λ−(u)

u

ψ′(λ+(u))

λ+(u)− λ−(u)
,

(r−1
u+)

′′(λ+(u)) =
λ−(u)

u

[
ψ′′(λ+(u))

λ+(u)− λ−(u)
− 2ψ′(λ+(u))

(λ+(u)− λ−(u))2

]
,

ρ = lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
=

1

2

[
ψ′′(λ+(u))

ψ′(λ+(u))
− 2

λ+(u)− λ−(u)

]
.

Äàëåå âûïèøåì ðàçëîæåíèÿ â íóëå ôóíêöèé ψ(λ), ψ′(λ), ψ′′(λ) ïî ñòåïå-
íÿì λ, ïîäñòàâèì â íèõ çíà÷åíèå λ = λ+(u) è óñòðåìèì u→ 0. Ïðèõîäèì
ê ñîîòíîøåíèþ

ρ =
ψ′′(0) + ψ′′′(0)h+O(h2)

2
(
ψ′(0) + ψ′′(0)h+

ψ′′′(0)

2
h2 +O(h3)

) − 1

h
.
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Çàìåíÿÿ ñòîÿùåå â çíàìåíàòåëå ψ′(0) íà åãî âûðàæåíèå â ñîîòâåòñòâèè
ñ (9), ïîëó÷àåì

ρ =
ψ′′(0) + ψ′′′(0)h+O(h2)

ψ′′(0)h+
2ψ′′′(0)

3
h2 +O(h3)

) − 1

h
=

ψ′′(0)

3ψ′′′(0)
+O(h).

7. Ïðåäñòàâëåíèå âåëè÷èíû ρ â îáùåì ñëó÷àå

Ðàññìîòðåííûå ïðèìåðû ïîäñêàçûâàþò âèä ïðåäñòàâëåíèÿ äëÿ âåëè-
÷èíû ρ â îáùåì ñëó÷àå, îõâàòûâàåìîì óñëîâèÿìè (A1)�(A3).
Ëåììà 4. Ïóñòü âûïîëíåíû óñëîâèÿ (A1)�(A3). Òîãäà ïðè µ→ 0

ρ = ρµ =
ψ′′
µ(0)

3ψ′′′
µ (0)

+O(µ).

Äîêàçàòåëüñòâî Îáîçíà÷èì

τ+(x) = inf{t : ξ(t) ≥ x}, τ−(y) = inf{t : ξ(t) ≤ y}, x > 0, y < 0,

χ+(x) = ξ(τ+(x))− x, χ−(y) = ξ(τ−(y))− y.

Â [13] óñòàíîâëåíî, ÷òî äëÿ ïðîèçâîëüíîãî îäíîðîäíîãî ïðîöåññà ñ íåçà-
âèñèìûìè ïðèðàùåíèÿìè ïðè Re ν < 0, Reλ ≤ 0 è u > 0

∞∫
0

eνxE
(
e−uτ+(x)eλχ+(x); τ+(x) <∞

)
dx =

1

λ− ν

[
1− ru+(ν)

ru+(λ)

]
.

Èçâåñòíî òàêæå èç [14], ÷òî åñëè 0 < E ξ(1) < ∞ èëè E ξ(1) = 0,
E ξ2(1) < ∞, òî ñóùåñòâóåò ïðåäåëüíîå ïðè y → ∞ ñîáñòâåííîå ðàñïðå-
äåëåíèå P(χ+ < x) = limy→∞P(χ+(y) < x) âåëè÷èíû ïåðåñêîêà ÷åðåç
áåñêîíå÷íî óäàë¼ííûé áàðüåð, è

E eλχ+ = lim
ν→0

ν

∞∫
0

eνyeλχ+(y)dy =
ψ∗(λ)

λE ξ∗
, ψ∗(λ) = − lim

u→0

ru+(−1)

ru+(λ)
=

= (λ+ 1)

∞∫
0

e−yeλχ+(y)dy − 1,
[
ψ∗(λ)

]′
λ=0

= E ξ∗ > 0.

Çäåñü ψ∗(λ) ÿâëÿåòñÿ ëîãàðèôìîì ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëòüåñà
áåçãðàíè÷íî äåëèìîãî ðàñïðåäåëåíèÿ íåêîòîðîé ïîëîæèòåëüíîé ñëó÷àé-
íîé âåëè÷èíû ξ∗, ïîñòðîåííîé ïî ðàññìàòðèâàåìîìó ïðîöåññó ξ(t).
Àíàëîãè÷íî, ðàññìîòðåâ ïðîöåññ −ξ(t) âìåñòî ξ(t), ïîëó÷àåì

ïðè Re ν > 0, Reλ ≥ 0 è u > 0 è (ñì. [14])

0∫
−∞

eνxE
(
e−uτ−(x)eλχ−(x); τ−(x) <∞

)
dx =

1

ν − λ

[
1− ru−(ν)

ru(λ)

]
. (17)
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Òàêæå äëÿ −∞ < E ξ(1) < 0 ñóùåñòâóåò ïðåäåëüíîå ïðè x → −∞ ñîá-
ñòâåííîå ðàñïðåäåëåíèå P(χ>y) = limx→−∞P(χ−(x) > y) âåëè÷èíû ïå-
ðåñêîêà ÷åðåç áåñêîíå÷íî óäàë¼ííûé îòðèöàòåëüíûé áàðüåð, è

E eλχ− = lim
ν→0

ν

0∫
−∞

eνyeλχ−(y)dy =
ψ∗∗(λ)

λE ξ∗∗
, ψ∗∗(λ) = − lim

u→0

ru−(−1)

ru−(λ)
=

= (1− λ)

0∫
−∞

exeλχ−(x)dx− 1,
[
ψ∗∗(λ)

]′
λ=0

= E ξ∗∗ < 0. (18)

Çäåñü ψ∗∗(λ) òàêæå ÿâëÿåòñÿ ëîãàðèôìîì ïðåîáðàçîâàíèÿ Ëàïëàñà-Ñòèëòüåñà
áåçãðàíè÷íî äåëèìîãî ðàñïðåäåëåíèÿ íåêîòîðîé îòðèöàòåëüíîé ñëó÷àé-
íîé âåëè÷èíû ξ∗∗.
Èç (18) ñëåäóåò ψ∗∗(λ) = λE ξ∗∗E eλχ− è

(ψ∗∗)′(λ) = E ξ∗∗
(
E eλχ− + λEχ−e

λχ−
)
, (ψ∗∗)′(0) = E ξ∗∗, (19)

(ψ∗∗)′′(λ) = E ξ∗∗
(
2Eχ−e

λχ− + λEχ2
− e

λχ−
)
, (ψ∗∗)′′(0) = 2E ξ∗∗Eχ−.

(20)
Ñ äðóãîé ñòîðîíû, èç (18) ïîëó÷àåì

(ψ∗∗)′(λ) =

(
(1− λ)

0∫
−∞

exEeλχ−(x)dx− 1

)′
= −

0∫
−∞

exEeλχ−(x)dx+

+(1−λ)
0∫

−∞

exEχ−(x) e
λχ−(x)dx, (ψ∗∗)′(0) = −1+

0∫
−∞

exEχ−(x)dx, (21)

(ψ∗∗)′′(λ) = −2

0∫
−∞

exEχ−(x) e
λχ−(x)dx+ (1− λ)

0∫
−∞

exEχ2
−(x) e

λχ−(x)dx,

(ψ∗∗)′′(0) = −2

0∫
−∞

exEχ−(x)dx+

0∫
−∞

exEχ2
−(x)dx. (22)

Èç (17) ïðè ν = 1 ñëåäóåò

−ru−(1)
ru(λ)

= (1− λ)

0∫
−∞

exEe−uτ−(x)eλχ−(x)dx− 1.

Ïðîäèôôåðåíöèðóåì äâàæäû ïî ïåðåìåííîé λ îáå ÷àñòè ïîñëåäíåãî ðà-
âåíñòâà:

−
(
ru−(1)

ru(λ)

)′

λ

= −ru−(1)(r−1
u )′(λ) =
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= −
0∫

−∞

exEe−uτ−(x)eλχ−(x)dx+ (1− λ)

0∫
−∞

exEχ−(x)e
−uτ−(x)eλχ−(x)dx,

(23)

−
(
ru−(1)

ru(λ)

)′′

λ

= −ru−(1)(r−1
u )′′(λ) = −2

0∫
−∞

exEχ−(x) e
−uτ−(x)eλχ−(x)dx+

+ (1− λ)

0∫
−∞

exEχ2
−(x)e

−uτ−(x)eλχ−(x)dx. (24)

Ïîëîæèì λ = λ−(u) â (23) è (24) è óñòðåìèì u ê íóëþ. Â ðåçóëüòàòå â
ñèëó (18)�(22) áóäåì èìåòü

− lim
u→0

ru−(1)(r
−1
u )′(λ(u)) = −1 +

0∫
−∞

exEχ−(x)dx = (ψ∗∗)′(0) = Eξ∗∗,

− lim
u→0

ru−(1)(r
−1
u )′′(λ(u)) =

= −2

0∫
−∞

exEχ−(x)dx+

0∫
−∞

exEχ2
−(x)dx = (ψ∗∗)′(0) = 2Eξ∗∗Eχ−.

Â èòîãå ïðèõîäèì ê ñëåäóþùåìó ñîîòíîøåíèþ:

lim
u→0

ru−(1)(r
−1
u−)

′′(λ−(u))

2ru−(1)(r
−1
u−)

′(λ−(u))
= Eχ−. (25)

Íàïîìíèì, ÷òî ñëó÷àéíàÿ âåëè÷èíà χ− èìååò ñîáñòâåííîå ðàñïðåäåëåíèå
â ñèëó íåðàâåíñòâà −∞ < Eξ(1) < 0, ïðè ýòîì E|χ−| <∞.
×èñëî ρ îïðåäåëåíî â (11), ïîýòîìó îñòàåòñÿ èññëåäîâàòü âûðàæåíèå

lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
.

Ïðîñòûìè âû÷èñëåíèÿìè ïîëó÷àåì ñëåäóþùèå ïðåäñòàâëåíèÿ:

(r−1
u+)

′(λ+(u)) = −ψ′(λ+(u))
ru−(λ+(u))

u
,

(r−1
u+)

′′(λ+(u)) = −ψ′′(λ+(u))
ru−(λ+(u))

u
− 2ψ′(λ+(u))

ur−1
u−(1)

(
ru−(λ)

ru−(1)

)′

λ=λ+(u)

,

è çàòåì

lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
= lim

u→0

ψ′′(λ+(u))

2ψ′(λ+(u))
+lim

u→0

(
ru−(λ)

ru−(1)

)′

λ=λ+(u)

ru−(1)

ru−(λ+(u))
=

=
ψ′′(h)

2ψ′(h)
+ ψ∗∗(h)

(
1

ψ∗∗(λ)

)′

λ=h

.



1312 Â.È. ËÎÒÎÂ, Â.Ð. ÕÎÄÆÈÁÀÅÂ

Èç (19), (20) íàõîäèì

ψ∗∗(h)

(
1

ψ∗∗(λ)

)′

λ=h

= −ψ∗∗(h)
(ψ∗∗)′(h)

(ψ∗∗(h))2
= −E ehχ− + hEχ− e

hχ−

hE ehχ−
=

= −1

h

[
1 +

hEχ− e
hχ−

E ehχ−

]
.

Â èòîãå ïîëó÷àåì

lim
u→0

(r−1
u+)

′′(λ+(u))

2(r−1
u+)

′(λ+(u))
=

ψ′′′(0)

3ψ′′(0)
−Eχ− +O(h), h→ 0.

Òàê êàê h è µ ñòðåìÿòñÿ ê íóëþ îäíîâðåìåííî, òî ïîñëåäíåå ñîîòíîøåíèå
âìåñòå ñ (25) äàåò

ρ = ρµ =
ψ′′′(0)

3ψ′′(0)
+O(µ), µ→ 0.

Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî ëåììû 4.
Îñòàåòñÿ çàìåòèòü, ÷òî àñèìïòîòè÷åñêàÿ ôîðìóëà (16) ñîõðàíÿåòñÿ â

ñèëå ïîñëå çàìåíû ÷èñëà ρ â íåé íà c =
ψ′′′(0)

3ψ′′(0)
. Òåîðåìà 1 äîêàçàíà.

References

[1] B.A. Rogozin,On distributions of functionals related to boundary problems for

processes with independent increments, Theory Probab. Appl., 11:4 (1966), 580�591.
Zbl 0178.52701

[2] V.I. Lotov, A.P. L'vov, Bounds for the number of crossings of a strip by random walk

paths, J. Math. Sci., 230:1 (2018), 112�117. Zbl 1413.60036
[3] V.I. Lotov, On the limit behavior of the distribution of the crossing number of a strip

by sample paths of a random walk, Sib. Math. J., 54:2 (2013), 265�270. Zbl 1274.60122
[4] V.I. Lotov, N.G. Orlova, Asymptotic expansions for the distribution of the crossing

number of a strip by sample paths of a random walk, Sib. Math. J. , 45:4 (2004),
680�698. Zbl 1061.60048

[5] V.I. Lotov, V.R. Khodjibaev, On the number of crossings of a strip for stochastic

processes with independent increments, Siberian Adv. Math., 3:2 (1993), 145�152.
Zbl 0848.60072

[6] V.R. Hodjibaev, A.A. Atahodjaev, Raspredelenie chisla peresechenij polosy dlya

sluchajnyh processov s nezavisimymi prirashcheniyami, Uzb. Math. J., 1 (2010), 150�
169.

[7] V.I. Lotov, V.R. Khodjibaev, On the distribution of the crossing number of a strip by

trajectories of a stochastic process with independent increments, Siberian Electronic
Mathematical Reports, 20:2 (2023), 1013�1025. Zbl 1544.60046

[8] V.I. Lotov, N.G. Orlova, On the number of crossings of a strip by sample paths of a

random walk, Mat. Sb., 194:6 (2003), 927�939. Zbl 1062.60046
[9] V.I. Lotov, Transient phenomena in a boundary crossing problem for random walks,

Siberian Electronic Mathematical Reports, 21:2 (2024), 1152�1166.
[10] B.A. Rogozin, Distribution of the maximum of a process with independent increments,

Sib. Math. J., 10:6 (1969), 989�1010. Zbl 0198.22302
[11] V.I. Lotov, V.R. Khodjibaev, On limit theorems for the �rst exit time from a strip

for stochastic processes. I, Siberian Adv. Math., 8:3 (1998), 90�113. Zbl 0920.60059

https://doi.org/10.1137/1111062
https://doi.org/10.1137/1111062
https://doi.org/10.1007/s10958-018-3731-2
https://doi.org/10.1007/s10958-018-3731-2
https://doi.org/10.1134/S0037446613020110
https://doi.org/10.1134/S0037446613020110
https://doi.org/10.1023/B:SIMJ.0000035832.87143.69
https://doi.org/10.1023/B:SIMJ.0000035832.87143.69
https://www.mathnet.ru/rus/mt/v20/p162
https://www.mathnet.ru/rus/mt/v20/p162
 https://doi.org/doi.org/10.33048/semi.2023.20.062
 https://doi.org/doi.org/10.33048/semi.2023.20.062
https://doi.org/10.1070/SM2003v194n06ABEH000746
https://doi.org/10.1070/SM2003v194n06ABEH000746
https://DOI 10.33048/semi.2024.21.076
https://doi.org/10.1007/BF00990775
https://www.mathnet.ru/rus/mt/v1/i2/p111
https://www.mathnet.ru/rus/mt/v1/i2/p111


×ÈÑËÎ ÏÅÐÅÑÅ×ÅÍÈÉ ÏÎËÎÑÛ ÏÐÎÖÅÑÑÎÌ ËÅÂÈ 1313

[12] V.I. Lotov, V.R. Khodjibaev, On limit theorems for the �rst exit time from a strip

for stochastic processes. II, Siberian Adv. Math., 8:4 (1998), 41�59. Zbl 0920.60060
[13] E.A. Pecherskii, B.A. Rogozin, On joint distributions of random variables associated

with �uctuations of a process with independent increments, Theory Probab. Appl.,
14:3 (1969), 410�423. Zbl 0194.49001

[14] A.A. Mogul'skii, On the size of the �rst jump for a process with independent

increments, Theory Probab. Appl., 21:3 (1977), 470�481. Zbl 0361.60038

Vladimir Ivanovich Lotov

Sobolev Institute of Mathematics,

pr. Koptyuga, 4,

630090, Novosibirsk, Russia

Email address: lotov@math.nsc.ru

Vali Rakhimdjanovich Khodjibayev

Namangan Engineering - construction Institute,

Islam Karimov str., 12,

160103, Namangan, Uzbekistan,

Institute of Mathematics Uzbekistan Akademy of Sciences,

Universitetskaya str., 46,

100174, Tashkent, Uzbekistan

Email address: vkhodjibayev@mail.ru

https://doi.org/10.1137/1114054
https://doi.org/10.1137/1114054
https://doi.org/10.1137/1121060
https://doi.org/10.1137/1121060

