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Abstract: By means of a modification of the method proposed
by S. V. Yablonsky for constructing an economical (hypothetically
minimal) normalized formula (II-circuit) that calculates a given
linear Boolean function, a whole class of similar formulas was
constructed — the class of so-called optimal perfect normalized
formulas. Presumably it is the class of all minimal normalized
formulas that compute this function. To prove this conjecture, we
consider extending this class to the class of perfect normalized
formulas that also compute the same function. It is established
that a normalized formula is perfect if and only if it has a perfect
representation on the own rectangle of the specified function.
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1 Bsegenue

Hopmasnuzosaunoit dpopmyiioii HazeiBator dbopmysy B 6asuce {V,A,” }, B
KOTOPO#l OTpUIAHUS BCTPEUIAIOTCS TOJIBKO HaJl lepeMeHHbIMuU. [Jist ompeme-
JIEHHOCTH TI0JIaraeM, ITO ITepEMEHHBIMHU JTI000H HOPMAJIM30BaHHON (hOPMYJIBI
SIBJISIIOTCsI HEKOTOPbIe OYKBbI U3 MHOXKecTBa {1, T2, X3, ... }. Orpunanue T;
TIePEeMEeHHOH T; OOBITHO 0BGOZHAMAIOT Yepe3 TV, a caMy TePeMeHHyIo — Tepes3
xll B sTom cmbiciie HaM OyneT ymnoOHO HOHUMATh HOPMAAUSOBAHHYIO (HOD-
Myay Kax popmyray B basuce {\/, /\}, epeMeHHble KOTOPOI IIPUHAJJIEZKAT
muozectBy smrepaos X = {z |i € {1,2,3,...},0 € {0,1}}.

Caoorcnocms L(G) mHopmammzoBanHoit (hopmysibl G 9TO 9UCI0 BXOXKIEHUIH
B Heé ymTepasioB u3 X.

Yepes I 0603HATNM MHOXKECTBO BCEX HOPMAJIU30BAHHLIX (POPMYII.

B nanbueiirem HopMan3oBaHHbIE (POPMYJIBI OyIEM HA3BIBATE IPOCTO hop-
MYAAMU.

ITo onpenenenuto paseracteo G = F mist G, F € ) o3naqgaer, uro G u F
9TO OJIHA W Ta Ke PopMyJIa.

JTunetinot 6yaesots ynrkyuets ¢ mmootcecmeom obpasyrowuxr Z < {1,... n},
Z #+ (), u noxazamenem § € {0,1} nasviBaercsa dbyHKImsI

fg(xlv"'a-rn) :@Zezxz@é@l 1

ByneBy dynkiuio OyjieM Ha3bIBATH IPOCTO AUHEHOT, €CJIN OHA, SBJISETCS
OJTHON M3 PYHKIUT fg

Hama cBepx3ajgada 3akiodaeTcss B TOM, 9TOOBI OIMCATHL KJIACC BCEX pea-
JI3YIOMUX (DYHKIIAIO fg MUHUMAALHHT (T. €. IMEIOIIX HANMEHBIITYIO CI0ZK-
HOCTB) popmyst. C 9TO eI OIPEIESIUM CIIE/IYIONINE B KJIACCa Peasn3y-
TOTIIX fg dopMyII: KITACC ONMUMAALHOLL COBEPULEHHBLT POPMYA @62 7 KJ1acc
COBEPULEHHBLT POPMYA IP)‘SZ.

Jst mpomsposibabix K1, Ko C I kmacceer opmyn Ki A Ko 1 Ky V Ko
OTIPEJICJIUM CJIEJTYIOIIMMHU PABEHCTBAME:

Ki ANKy = {(Fl VAN Fz) ’ Fi e Ky, Fs € KQ},
Ki VK, = {(Fl vV FQ) ’ Fi e Ky, Fs € KQ}.

Qopmyny G € I HABOBEM KOMMYMAMUBHHIM IKEUBAAEHMOM (DOPMYITBI
F e M, ecnu g mexkoTopbix AByx dopmyin H, T € N cupaBeyinBbl paBeH-
crBa F' = (HVT),G= (TV H) um paseacrea F = (HAT), G = (T NH).

Qopmyny G € I HABOBEM NPABHLIM GCCOUUAMUBHBIM IKEUBANEHMOM DOD-
mysiel F' € O, a dopmyny F — A€68bM GCCOUUAMUBHBIM IKGUBAAEHINOM
dopmyser G, ecim s HexkoTopbix H, T, K € I crpaBeyiuBbl paBEeHCTBA
F=(HVT)VK),G=(HV(TVK)) wm pasercrsa F' = (HAT) N K),
G=(HAN(TANK)).

Qopmyny G € I HA3B0BEM GCCOUUAMUBHBIM IKGUBAAEHMOM (DOPMYIIBI
F € N, ectu G saBasercss ubO MpaBbiM JIMOO JIEBBIM aCCOIMATUBHBIM K-
BUBaJieHTOM F'.

lg - CyMMa O MOJYJIIO 2.
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Hodgpopmyroti popmyibl F € DT Mbl HA3BIBAEM TO, YTO OOBIYHO HA3ZBIBAIOT
BXOXKIeHueM 1oadopmyabl B 3Ty dopmyiy. Takum obpazom noddopmyia
dopmynsr F € N s1o nekoropas dopmyna F/ € N BMmecTe ¢ MecTOM €&
pacnojioxkenust B F' (T. e. BMecTe ¢ MHOXKECTBOM HOMEPOB MOJPSIJL MY IIUX
paspsiioB F', B koTopbix 3anucana F”).

Kommymamuervim npeobpadosaruem popMmyiabl F € Il HA30BEM 3aMeHy
HEKOTOPO# 1o 1hOPMYITBI 9TO POPMYJIIBI HA €€ KOMMYTATUBHBIH SKBUBAJICHT.

Accoyuamustvim npeobpasosaruem dopMmyabl F € O Ha30BEM 3aMeEHy
HEKOTOPO# 1oaMopMyIbl 9TOI (POPMYJIbI Ha €€ aCCOIMATUBHBIN SKBUBAJICHT.

ITo onpenenenuio dbopmyna G € N ll-sxsusarenmna bopmyne F € N,
ecau G MOYXKHO HOJIy4UTh U3 F' 1IOCPEJICTBOM HEKOTOPOH MEMOYKH KOMMYTa-
TUBHBIX U aCCOIMATUBHBIX IIpeobpaszoBanuii uiau eciu G = F.

Ouesnao ornomenne [I-sxBuBaeHTHOCTH HOPMYIT TEHCTBUTEIHLHO SBJIS-
€TCsT OTHOIIEHNEM SKBUBAJEHTHOCTH W JIJTsT JTIOOBIX MBYX l[-9KBUBaEHTHBIX
dopmyn F,G € N cupasenmuso pasenctso L(F) = L(G).

II-3amvkaruem S muoxkecTBa dopmyr S C N nazoséMm Kiacc GhopMyi,
COCTOSIINNI U3 Bcex (POPMYJT MHOXKECTBa S 1 n3 Beex uM I[-5KBHUBaJIEHTHBIX
dopmyir.

Samrnymoim omuocumenvro 1l-sxsusasenmmuocmu KiaccoMm GOPMYTT Ha-
3BIBAETCs Takoe MHOKecTBO (opmyst S C N, uro S = S.

Temneps chopmymupyeM MHIYKTUBHOE ONPeeeHne KJIACCOB (DOPMYJI @‘;
u ]P";Z.

a) Ilpu |Z| = 1 anst smobbix Z C {1,2,3,...} ud € {0,1} kiaccot popmyin
(0)52 u IP’(SZ OIIPEJIENIATOTCA PABEHCTBOM (O)‘; = ]P"sZ = {xf}, 1 € Z, T. e. OHU
COCTOAT W3 €IMHCTBEHHON OMHOOYKBEHHONW (DOPMYJIBI xf.

6) Ilyctrb m > 1 mwnpu 1 < |Z| <m — 1 gna mobbix Z C {1,2,3,...} n
d € {0,1} xmaccor opmyar (0)52 n IF"SZ y2ke oripejiesieHbl. Torga jis Jio0bIx
rakux I,J C {1,2,3,...}, uro 1 < |I|,|J| < m — 1, u moboro ¢ € {0,1}
OTIpeJIeIeHbI KJTacChl (hOPMYIT

OLY(I,J) = (09AQ%)V(O}AQSEY),  OLA(I,J) = (QIVOSPHA(0F VDY),
PLY(I,J) = (BY APY) v (B} AR, PLA(I,J) = (B VPSP A (PFVPY),
[TosTomy mpu BbIIeyKa3aHHBIX I, J 1 § ompene/ileHbl TaK»Ke U KJIacChl pop-
MYJI

Q4 (I,J) =0L(1,.J), Q3 (I,J) = OL4(1,.J),

PS(I,J) =PLS(I,.), PS(I,J) = PLO (I, J).
Ipu | Z| = m ns mobuix Z C {1,2,3,...} ud € {0,1} knaccnr dbopmyn O
n P(SZ OIIPpEEJIAIOTCA paBEHCTBaMM

0} = U (0. z\nuol1,2\ D), *
IgIZ

2llogm| =17 | Z\1|<2llos™]

QLkJ — mauboJiblllee IIeJI0e HelpeBocxosdinee k.



O CBOVMCTBE OJHOI'O KJIACCA ®OPMVY/JI 147

P = (P@(I,Z\I) uPi(I,Z\I)) .

I
0clcz

OueBnanast MHIYKIWS 10 |Z| MOKa3bIBAET, YTO Bee (OPMYIIBI M3 KIacca
IP"SZ peanu3yiorT QyHKIIIO f%. Kpowme Toro takxke nnayKimeii mo |Z| serpy;i-
HO yCTAHOBUTH, uTO Kjacc ) ABISETCS MHOKECTBOM BCeX DOPMyJ Ham-
MeHBIIeH CIOKHOCTH U3 Kiaacca P, u npu |Z| = m sTa CI0XKHOCTH PaBHA
m? + (m _ 2Llog2mJ)m _ 2(m _ 2|_10g2mj)2

Bamernwm, uto xiracchl QY u PY, 110 onpeiesennio ABIAIOTCS 00 be THHEeHN-
MU 3aMKHYTBIX OTHOCUTEJNbHO [[-9KBUBaIEHTHOCTH KJIaccoB (hOPMYII U, 3HA-
YUT, CAMU ABJIAIOTCA 3aMKHYTBIMU OTHOCUTEILHO [[-9KBUBAJIEHTHOCTH KJIac-
camMu (POPMYIL.

BaMeTnM Takike, 9TO NpHBEISHHOE ompeienerne kiaccos QY m Py o
CYTH sIBJISIETCS HEKOTOPOIl ecrecTBennoi mogudukaimein meroga C. B. f6-
sonckoro [1] mocrpoenns peamusytomeit bynkiuto f9 Il-cxemsr. ITpu arom
nocrpoennasi camuM C. B. f6monckum dhopmyna (Il-cxema) npunaiekur
KJIACCY (0)52.

W3 HuKHUX OIEHOK ciioxkHocTH |2, 3, 4, 5, 6] ciuexyer, uro npu |Z| pas-
HOM Tiesiofi crerenu japoiikn u npu |Z| = 3,5,6,7 Bee dopmysisr kaacca 0F
SIBJISIIOTCS. MUHUMAJIbHBIMHE.

Hacrosiinasi craThst siBJISIETCS TPETHUM IIArOM JIOKA3aTEIbCTBA THIIOTE3bI
0 TOM, UTO TIPU YKA3aHHLIX 3Hadenusx |Z| xmaccom QY ncuepmbisaioTes Bee
peasmsyonue f§ MAHEMATBHBIE (hopMyITbl. OCHOBHBIM Pe3yJILTATOM CTATHH
SIBJISIETCS HEOOXOMMOE JIJIsl 9TOIO JIOKA3aTeIbCTBA IIPUBEICHHOE HUKE Xa-
paKTepucTHIecKoe cBoficTBo dopmyn Kiacca PY. Ilepeoie nBa mara 6buH
cJleJIaHbl B cTaThsx |7, 8).

2 OcHoBHbIE omipeesieHNs U (POPMYJIUPOBKA pe3yJibTaTa

HanoMmuuM HEKOTOpBIE onpe/ieieHus u3 crareit [7, 8.
MHozkecTBO JBOUYHBIX HAOOPOB

B"={a= (a1, ... ajy ... ap) | s €{0,1},1 <i<n}

HA3BIBACTCS N-MePHLLM eOUHUYHBIM KYOoM Tn Kkybom B™.
st HabOPOB ¢ eAUHCTBEHHON €IUHUIHON KOMIIOHEHTON BBEAEM CJIEIYIO-
e 0003HAYEHIS

el =(1,0, ... 0), e2=(0,1, ... 0), ... €"=(0, ... 0,1).
Cymmy HabopoB «, 8 € B™ onpenennM paBeHCTBOM

04+/8:(al@ﬁlaQQ@B%“-aan@Bn)'

[MTapa na6opos («, 8) € B" x B™ nazsiBaercst pebpom nanpasierus i Kyda
B", ecimm BbinoaneHo pasencrso 3 = o + €', IIpu a; = 1 310 pebpo Gynem
Ha3bIBATH ompuyamesvHvim, upu o; = 0 — noaooicumenvtvim; © = 1,...,n.
[Tapa na6opos (a, f) € B™ x B™ nasweiBaercs npocro pebpom Kyba B, ecin
OHa sIBJIsIETCsl peOPOM HAIpaBJIeHus i Jijist HekoToporo i € {1,...n}.
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Yro0bI n36€KaTh U3JIUATHENH IPOMO3IKOCTH Jajiee OyIeM [moJjiaraTh, 9To n
[IPOU3BOJILHOE HO (PUKCUPOBAHHOE.

Yepesz R obo3Haumm MHOXKECTBO Beex pébep kyba B™.

Yepes R, R? u Ri1 0003HAYMM MHOYKECTBO BCeX pEOep HalpaBjeHUS i,
MHOXKECTBO BCEX OTPHUIATE/IFHBIX U BCEX IMOJIOXKUTEJIbHBIX PEOEp HalpaBJiie-
nus ¢ Kyba B™ coorBercrBenno, i = 1,...,n.

Hemnycroe mogmuoxkectso P C B™ x B naswiBaeTcst npamoyzosvHvim nood-
MHOHCECTEOM IeKapToBa KBaapara Kyba B™, eciu P = A X B njis Heko-
topeix A, B C B". [lyis1 KkpaTkocT OyIeM HA3BIBATH €0 NPAMOY20ALHUKOM
PAZMEPHOCTU T WA TIPOCTO MpAmoyzoavhukom. Ilpn sTom MHOXKecTBA A T
B Ha3pIBAIOTCST COOTBETCTBEHHO 8EPMUKAALHOU U 20PU30OHMAALHOT, CMOPO-
HAMU NpAMOyeorvHuKka P; myist mpousBoibHbIXx @« € A m f € B MHOXKeCTBa
{(,7) | v € B} u {(7,B) | v € A} — ero cmpokotli ¢ undexcom o n ero
cmonbuyom ¢ undexcom 3; moagmuoxkectso D C P, KoTopoe ¢ KaxKI0il cTpo-
KOU M KaKJ[bIM CTOJIOIIOM 3TOrO MPsIMOYTOJIbHUKA MMEET POBHO 110 OJIHOMY
00IIEMY JIEMEHTY HA3BIBAETCS €T0 JUA2OHAADIO.

OuesnHo npsamoyroabauk P = A X B Torza m TOJIBKO TOT/Ia UMeeT JTha-
ronasb, Korja |A| = |B|, T. e. KOrja OH SIBJISICTCS K6AIPAMOM.

Yepesz REC™ 00603HaYnM MHOXKECTBO BCEX IMPSIMOYTOJIBHUKOB pa3MepHO-
cru n. dusa npoussosibHOro npsimoyrosibauka P € REC™ uepes REC(P)
0b6o3HaunM MHOXKeCcTBO Beex Takux K € REC™, uro K C P.

[Mpsimoyronsauk P € REC™ naswiBaercs (i, d)-yenmpuposarmoim, ecin
JIJIsT HEKOTOPOI ero auaroHan [ BBITIOHEHO BKIoueHne D C Rff; ¥ Ha3hIBa-
eTCsl UEHMPUPOBAHHbIM, ecau cyinecTBytor Takue i € {1,...,n} ud € {0,1},
yro P gBisiercs (i, d)-1eHTPUPOBAHHBIM.

IIpsmoyronpauk X = B" X B™ Ha3bIBacTCA 24GEHLM NPAMOY20ADHUKOM
PABMEPHOCTNY T UITH TIPOCTO 2AG6HbIM NPAMOY2OALHUKOM.

IIpssmoyronbaHUKY

X={(a,p)eX|a;=1,6=0} u X} ={(a,8) €X | s =0,8 =1}

HAa3BIBAIOTCSI COOTBETCTBEHHO OMPUUAMENLHOT U NOAOHCUMENLHOT KOMNO-
HEHMAMU ¢ HOMEPOM i TJIABHOTO MPSMOYTOJbHUKA X; ¢ = 1,...,n.
Muoxkecrso M C X HazbiBaercs (i, 0)-00H0POOHbIM, €CJIU BBIIOJTHEHO BKJIIO-
genne M C Xf; 1 HA3bIBAETCsI IIPOCTO 00HOPOIHbLM, €CIIA CYIIECTBYIOT TAKIE
ie{l,...,n} ud € {0,1}, auro M sBusiercst (i, d)-OZHOPOIHBIM.
IIpsimoyronbauku Pp, P, € REC™ Ha3bIBAIOTCS 20pU30HMANDHO COCEOHU-
MU, €CJIU BEPTUKAJIbHAsT CTOPOHA P} paBHa BepTUKAJBHON cTOpoHe P 1 BbI-
HOJIHEHO paBeHCTBO Py N P = (); 1 Ha3BIBAIOTCA 6EPMUKAALHO COCEOHUMU,
€CJIM TOPU30HTAIbHAsT CTOPOHA P} paBHa rOPU30HTAJNbHOM cTopoHe Po U BbI-
HOJIHEHO paBeHcTBo P N Py = ().
[psmoyronsuuku Pp, P, € REC™ HasbBaoTcst TpocTo cocednumis, ecim
OHU STBJISTIOTCST JTMOO TOPU3OHTATIBHO, JTHOO BEPTUKATHLHO COCETHUMMU.
OueBumHO I JIOOBIX ABYX COCEIHMX IPSIMOYroJbHUKOB P, P, € REC™
UX 00bEIUHEHUE SBJISETCS IPIMOYTOJILHUKOM, T. €. CIPABEIINBO BKIIIOUCHUE
P, UP, e REC™.
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Topusonmanvrom (6epmurasvorvim) paspesom npsimoyrosbauka P € REC™
HasbiBaeTcst Takas napa { P, P} € REC" ropmsoHTasbHO (BEpPTHKATIBHO)
COCETHUX TPSIMOYTOJILHUKOB, uTo P; U Py = P. Drta nmapa Ha3bIBAETCSA MPO-
CTO Pa3pe3om TIPSIMOYTOJNbHUKA P, eclin oHa sIBJISIETCS JTMOO TOPU30HTAIb-
HBIM JTHO0 BEPTUKATILHBIM €ro pa3pe3oM. [Ipu 3ToM npsimoyroasHuku Py, Po
HA3BIBAIOTCST KOMNOHEHMAMYU COOTBETCTBYIOINIETO paspesa.

Pasbuenuem (koHedHbIM) MHOKECTBA P HasbIBaeTcst, Takoe cemeiicrBo U =
{Q1,...Q} HEIYCTHIX MONAPHO HENEPECEKAIOIIUXCS €ro MOIMHOKECTB, UTO
crpaBe;IuBo paBeHcTBO Q1 U --- U @ = P. Ilogmuoxectsa @1, ... Q) Ha-
BBIBAIOTCS 040KAMU ITOTO PA3OUEHUS.

Pazouenune U upsmoyrosbinka P € REC™ nazesiBaercs npamoyzosvHvim,
€C/Ii BCe €ro OJIOKU SBISIOTCS TTPSIMOYTOTHHITKAM.

Cyorcernuem U|K upsmoyrosnbhoro pasbuenus U npsimoyrosbhuka P €
REC™ ma mpsmoyrompank K C P Ha3bIBAETCS MHOXKECTBO TPSIMOYTOJIbHI-
KOB

UK={QNK|QeU, QNK # 0}

Ecim npu stom mepasencreo Q N K # () cupasemymso mis xkaxkaoro Q € U,
To cyxkenne U|K HasbIBaeTcss cmpozum.

Tunepbaokom mpsimoyrobHOTO paszdbuenust U mpsimoyronbanka P € REC™
HasbpIBaeTcst Takoil npsmoyrobHuK K € REC(P), 4T0 BBIIOIHEHO BKIIIOUE-
e U|K CU.

IIpamoyzorvrvim dpazmenmom WA TIPOCTO GPpazmeHmoMm TTPSIMOYTOTHHO-
ro pazbuenus U npamoyronpauka P € REC™ nasbiBaercs Takoe mojicemeii-
ctBO 010K0B S C U, 9TO MHOXKECTBO UQe g Q fABIsIETCS IIPAMOYTOJILHIKOM.

Yepes H(U) u F(U) ob6o3uaImM MHOKECTBO BCEX I'MIEPOIIOKOB U BCEX IPSi-
MOYTOJIHBIX (DPArMEHTOB TPSIMOYTOJIBHOTO pas3buenust U MpsiMOyTOTbLHIKA
P € REC"™ cooTBercTBenHoO.

Tunepbiiok K € H(U) u upsimoyrosbusiii dparmenr F € F(U), F =
U|K, naspiBaiorcsi coomeemcemeytoujumy, npyr apyry. OUeBuaHo, 9T0 COOT-
BETCTBUE SIBJISIETCST B3ANMHO OTHO3HATHBIM.

OueBuHO caMu OJIOKU HMPSIMOYIOJIBHOIO pasbuenust U sIBISIOTCST €10 I'd-
1epOIoKaMH. DT IUIEPOIOKH HA3LIBAIOTCA daemenmaphoimu. Bee ocrainb-
uble Tunepb/iokn U Ha3BIBAIOTCS COCMa8HMU. KK poMe TOro caM IPSAMOYTOIb-
HUK P siBjisteTcst ruriepOI0KOM. DTOT TUIIEPOJIOK HA3BIBAETCSI 2AG6HbIM U 000~
snavaercs U. Ortudnste or U rutepOoKu U HA3BLIBAIOTCS HE2AGEHHLMU.

B nasbueitiiem npsimoyrosibaoe paszbuenus U npsimoyrosibHuka Poijis
KPATKOCTH Oy/IeM TaKKe Ha3bIBATDH TPOCTO NPAMOY20abHbiM pasbueruem U,
uMest B BUJLY, 9TO U SIBASETCS TPSIMOYTOMBLHBIM PAa3breHneM mpsiMOyTOTbHI-
ka U.

Hpa runepbsioka Py, P, € H(U) upsimoyrosibaoro pasouenust U Oyuem
HA3BIBATD 20PU30OHMAALHO (BEPMUKAALHO) COCEOHUMU, €CIIA TOPU3OHTATIBHO
(BEPTUKAIBHO) COCEIHUMU SIBJISIIOTCST IPSIMOYTOJBHUKN Py, Py; 1 — mpocTo
cocedHUuMU, eCTTH OHU SIBJISTIOTCS JINOO TOPU3OHTAIBLHO JIMOO BEPTUKATIBLHO CO-
CEJTHUMU.



150 K.JI. PBIYKOB

OueBuHO OObeMHEHNE JIIOOLIX JABYX COCEIHUX TuIepbsiokoB P, Py €
H(U) upsimoyrosibHOro pasouenusi U Takxke siBjsiercst runepdsokom U. On
HA3BIBACTCSI UX 20PU3OHMAALHBIM (6EPMUKANLHBLM) coeduneruem, ecan Py u
P, ropusoHTa/IbHO (BEPTUKAJIBHO) COCEHUE; MU IIPOCTO — UX COCOUHEHUEM.

Topusonmanvrvim (6epmukasvroim) paspedom eunepbaora P € H(U) upsi-
MOYTOJIBHOTO pasbuenust U Ha3bIBa€TCs TAKON TOPU3OHTAJBHBIN (BEPTHKAb-
HBIi1) paspes MpsiMOyrobHUKa P, 94T0 €ro KOMIIOHEHTBI SIBJISTIOTCS THIEePHJI0-
kamu U. Kak ropr3oHTaJIbHBII TaK 1 BePTUKAJIBbHBIN pa3pe3 rumepbioka P
Oy/ieM TakyKe HA3BIBATH MMPOCTO Padpe3om 2unepbaoxa P.

Topusonmanvrvim (6EpPMUKAALHOIM) DAZPEZOM NPAMOY20ABHO020 Pa3bUe-
nus U Ha30BEM J1I060M TOPU30HTATBHBIN (BEPTUKAIBHBII) paspes [JIaBHOIO
rutepO.JIoKa U sroro MIPSIMOYTOJIBHOTO pa30ueHumst.

Yepes Cp(P,U) u Cy(P,U) 0603Ha4nM COOTBETCTBEHHO MHOXKECTBO BCEX
TOPU30HTAJIBHBIX W MHOXKECTBO BCEX BEPTUKAJBLHBIX pa3pe3oB rumepbiioka P
psAMOyTroJibHOrO paszbuenus U.

Yepes Cp(U) u C,(U) 0603HaUNM COOTBETCTBEHHO MHOXKECTBO BCEX TOPH-
SO0HTaJIbHBIX M MHOXKECTBO BCEX BEPTUKAJIbHBIX Pa3pPE30B IPAMOYTOJILHOI'O
paszouenust U.

T'untepbsioxk P npsamoyrosibHoro pasbuenus U HA3BIBACTCA 20pU3OHMAAL-
no (eepmuranvro) pazdesumvim, ecim Cy(P,U) # 0 (eciun Cy(P,U) # 0); B
IPOTHBHOM CJIydae OH HA3bIBAETCS 20PU3OHMAALHO (6EPMUKANDHO) HEPa3Ie-
AUMBLM.

TlMuniep6stok mpsiMoyro/ibHOTO pas3bueHust U Ha3BIBAETCS pa30esumbiMm, €CTTN
OH JINOO NOPU3OHTAJIBHO JTUOO BEPTUKAJIBHO PA3JIE/INM; B IPOTUBHOM CJIydae
OH HA3BLIBAETCS HEPA30eAUMbBIM.

[IpsimoyronbHOE pasbueHne HA3LIBAETCS PA30EAUMbIM, €CII KaXKIbIi ero
COCTABHOM rUNIEPOJIOK SABJIAETCS PA3JICTUMbBIM.

[IpsimoyronbHOE pas3bueHne Ha3bIBACTCS 00HOPOJHbIM, €CIIA KarKJIbIil ero
OJIOK SIBJISIETCST OJHOPOHBIM MHOYKECTBOM.

I1- pasbueruem Ha3BIBAETCST TAKOE TPSIMOYTOBHOE Pa3bueHue, KOTOPOe sB-
JISIETCST OTHOBPEMEHHO OJTHOPOJIHBIM M Pa3JIe/INMbBIM.

[I-pazbuenne Ha3BIBAETCST COBEPULEHHDBLM, ECITH KAXKIBIH €ro BJIOK SBJISET-
Cs1 TIEHTPUPOBAHHBIM TIPSIMOYTOJTEHUKOM.

Pasmeprocmuio 1l-pazbuennst Ha30BEM pa3MepHOCTH €r0 TVIABHOTO THUITEP-
6J10KA.

Yepes 11" obozratnM MHOKeCTBO Beex II-pas3buenuit pasmepHOCTH 7.

Kaace N(U) nopoocdaemoiz 11-pasbuenuem U € 11" dopmya onpemennm,
onMpasiCh Ha CJIejlyiolee JI0Ka3aHHoe B [7]| yTBepKjeHue.

JIemma 1. Jlas mobozo npamoyeosvnura ® € REC™ cyorcenue U|P mo-
6020 ezo Il-pasbuenus U na ar060t npamoyeorvrux P C O asasemesa 11-
pasbueruem P.

Cdopmynupyem ungaykruaoe onpeneserne kiaacca N(U).
a) IIpu |U| = 1 xmacc dopmyn N(U) cocTonr u3 Bcex TAKNX JATEPATIOB
:1:?, YTO €JMHCTBEHHBIH 6JIOK () 9T0r0 pasbuenus siBisteTcs (1, §)-0IHOPOIHBIM
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MHOXKecTBOM. pyrumu ciaosamu, jjist [I-pasouennst Buga U = {Q} o onpe-
JEJIeHUIO CIIPABEJINBO PABEHCTBO

NU) ={2% | Q C X%, ie{l,...,n},6€{0,1}}.

6) Ilycrb m > 1 u kiacce dopmyn N(U) oupenenén pis seex U € 1"
mornoctu |U| < m — 1. Oupegenum ero jyisi ipousBosibHoro 1l-paszduenust
U € II" momnocru |U| = m.

B cuy siemmbl 1 1t KayK10ro ropu3oHTabHOrO paspesa { Py, Pa} aro-
ro II-pazbuenust cOOTBETCTBYIOIIME ero runepbaokam P u P npsiMOyToJIb-
uble dparmentsl U|P; u U|P, ssasitorest [I-pasouenusivu. ITosromy crpa-
BeyuBbl BRiodenuss U| Py € 11", U| P, € 11" u 04eBUIHO BBIIOJIHEHBI HEpa-
serctBa |U|P1| < m — 1, |U|Py] < m — 1. CieroBaresbHO s KaXKJ0T0
{P1, P} € C,(U) onpenenensr knaccst popmyt N(U|Py) u N(U|P) a, 3ua-
YUT, ONPEJIEJIEHbl U KJIacChl (POPMYJT

E)JZV(U, P, Pg) = ‘)?(U|P1)v‘ﬁ(U|P2) u m\/(U, PQ,Pl) = ‘II(U\PQ)\/‘IK(U\Pl)

U1 Touno TakxKe JIs KaxKJ0ro BepTHKajbHOro paspesa {Pp, P} € C,(U)
onpegesienbl Kiacesl hopmyn N(U|Py) u M(U|Pz) a, 3HAYUT, ONPEJIEICHb 1
KJIacChl (hOpMYyJT

m/\(U, Py, PQ) = sﬁ(U|P1)/\’ﬁ(U|P2) nu f)ﬁ/\(U, P, Pl) = ‘ﬁ(U\PZ)/\‘ﬁ(U\Pl)
ITosToMy ompeieeHbl KJIacchl (DOPMYJT

W)= | (U PLP) UM, P, PY)),
{P1,P>2}€Cr(U)

NA(U) = U (O P, P) UMAU, Py, P)).
{P1,P2}€C,(U)

Knace dopmyn M(U) onpesesisiercs paBeHCTBOM
NU) =Ny (U) UNAU).

IIpedcmasaeruem opmyav, F € I HasbiBaeTcst Jr0boe Takoe 11-pasbuenue
U € 11", uro BeimosiHeno Briouenue F € N(U).

BaMeTHM, 9TO 3TO OIpeJeIeHne B CHIy TeopeMbl 17 crarbu |7] sxBuBa-
JIGHTHO OIIPEJICJICHUIO IIPE/ICTaBIeHust (DOPMYIIbI, IIPUBEJeHHOMY B [ 7).

Cosepwennvim npedcmasaeruem gopmyasos F € N HasbiBaercs Jiodboe Ta-
koe mpejcrapjenne U atoit ¢popmysibl, uro U siBisiercst coBepieHHbIM 11-
paszbueHneM.

IIpedemasaenuem gopmyasve F € N na npamoyeosvruxe P € REC™ na-
3BIBaETC JiIoboe Takoe mpejcrasiaenne U stoit dpopmynsl, uto U sBisiercs
II-pazbuenunem P.

Cobemeennvim npamoyzosvrukom HeTpuBraibaoit (f # const) GyseBoii
dbynxmun f masesaercs npamoyrosauk fH(0) x f71(1).

OCHOBHBIM Pe3YILTATOM HACTOSIIEH CTATHY SIBJISIETCST CIIEAYIONAs Teope-
Ma.
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Teopema 1. Jlaa a06020 ueaozo n > 1 u wmobwx O C Z C {1,....,n} u
d € {0,1} gopmyaa F € N mozda u moavko mozda npunadiescum Kiaccy
IP)5Z, K0200 0HQ UMEEM, COBEPULEHHOE NPEJCMABAEHUE HAE CODCMEEHHOM NPA-
MOY20NVHUKE PYHKUUL fg(:rl, ceyTp).

3 O HeKOTOPBIX CyKEHUAX COBepHIeHHbIX |[-pa3buenwnii

Yepes <I>§Z 0003HaYNM COOCTBEHHBIH MPSIMOYTOJIBHUK JINHEHHONH Oy/IeBoil
dyHKIIET fg(:vl, .oy Zpn), mayers N§ = {a € B" | Picy i = 0}

O4eBHIHO CIIpaBeUIHBO paBeHcTBO $Y, = N‘;@ X N‘sz

Cdopmynupyem onpeae/ieHns JUHEHHOIO MHOXKECTBa U ero JuHeinoro I1-
pasbuenus [8].

IIpamoyronsuuk L € REC™ HasbiBaeTcs AUMHEUHbLM MHOHCECMEOM WA
IIPOCTO AUHETHLM NPAMOY20AbHUKOM, €CJIH cyImecTByeT Takoe k, 1 < k < n,
U Takue Ipe mocjenoparesnbaoctd J = Ji,...,Jp u A = 01,...,0, 9TO
{1,...,n} 21 D Jo,...,D k. D0, 81,...,0 € {0,1} u BoIONHEHO paBeH-
crBo L = @‘}11 n---N CID(}’Z . HocneposarenpuocTu J u A HA3LIBAIOTCS COOTBET-
CTBEHHO HUIICHET U 8ePITHEL TAPAKMEPUCTNUNECKUMU NOCAEI0BAMENOHOCTIL-
Mmu mmHeiinoro muoxkecrsa L. Ilocienunit snement J mocjemoBaTebHOCTH
J Ha3BIBAETCS MHOHCECTNEOM 00DA3YHULUT, TIOCTETHUNA SJIEMEHT ) ITOCJIEI0-
BaTeJbHOCTH A — noka3amesem, IUCa0 k — MOUHOCTVHBIM PAH20M JIAHEHAHOTO
MHOXKecTBa L.

Herpyaao mokasars (mcmosib3yst mpocTeiinime coodpaskeHus U3 0baacTu
PEIIeHUs] CUCTeM JIMHEHBIX YPABHEHNUI ), 4TO JIIsl JTIOOBIX BBIIIEYKA3aHHBIX k,
J 1 A cupaBenmBo HEPABEHCTBO @fsfl n-- ﬂ@i’z # () (a, 3HAUUT, U BKITIOYEHHE

@fsfl N---N CIJZ’Z € REC"); u uro s moboro jmHeiiHOrO MHOMXKecTBa L €
REC™ ero HmXHssI U BEpXHsAsI XapaKTEPUCTUYECKUE TOCIIEI0BATEIHLHOCTH
OIIpeJIeJIEHBI OJTHO3HATHO.

JIuHeiiHoe MHOKECTBO HA3BIBAETCS AAEMEHMAPHbLM, E€CJTU MOIIHOCTH MHO-
JKeCTBa ero obpasyronmx pasHa 1.

st npousBosibHBIX Tesibix p u k, 1 < p < k, u 060ro Habopa MHOKECTB
Ji,...,Jy €{1,...,n} mocrenoBareabHOCTS J1, .. ., J), OyneM Ha3BIBATH HA-
YaA0M TIOCTIEIOBATEIBHOCTH J1, ..., Ji; TOUHO Tak¥Ke JjIs JIIoboro Habopa
uncen 01,...,0; € {0,1} mocienoBarenbHocTh 61, ... ,0, OyleM Ha3LIBATDL
HAYAAOM TTOCTIEOBATEILHOCTH 01, . . . , O.

Jluneitnoe muoxkecrso M € REC™ HasbiBaeTcst cob6cmeeHHbim AUHETHDBIM
NOOMHONCECMBOM AuHetno20 muoscecmea L € REC™, eciin HUKHsIS XapaK-
TEPUCTUIECKAST TIOCTIEIOBATEIBHOCTE L SIBJISIETCS HAYAJIOM HIKHEH XapakTe-
PUCTHYIECKON TOCTEeOBATENBHOCTH M, M BEpPXHsISI XapAKTEPUCTUICCKAsT TO-
CTIEIOBATENIBHOCTD L SIBJISIETCST HAYAJIOM BepXHEH XapaKTepUCTHIeCKON Mmo-
caenosareabaocTu M.

CobcrBennoe JIMHeHOe IOJMHOXKECTBO jmHeiinoro muoxkecrsa L € REC™
HA3BIBACTCS AAEMEHMAPHDIM, €JTH OHO SIBJISICTCS SJIEMEHTAPHBIM JTTHEHHBIM
MHOYKECTBOM.
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II-pazbuenne nuneitnoro muoxkecrsa L € REC™ nasbiBaercs: aunetinvim,
€CJIN KaXKJIplii ero OJIOK sIBJISIETCsT 3JIEMEHTAPHBIM COOCTBEHHBIM JIMHEHHBIM
[TOJIMHOXKECTBOM L.

Cdopmynupyem onpesesenue uzomopdusma Il-pazduennii |7].

JBa npsimoyrosibabix dparmenta lI-pazouenust U € 11" mazbiBaroTcs 20-
PUOHMAALHO (BEPMUKAABHO) COCEOHUMU, €CJI TOPH3OHTATBHO (BEPTHKAIb-
HO) COCEJIHUMU SIBJISIFOTCSI COOTBETCTBYIOIIUE STUM (hparMeHTaM MuiepOIoK
sroro II-pazbuenusi.

[Tpsimoyrombaelit hparment S € F(U) Ha3bIBaCTCS 20pU30HMAAbHbIM (6Ep-
MUKAADHOIM) COCOUHENUEM NPAMOY2040HUT Ppaemernmos S1, Sy € F(U),
ecau cooTBeTcTByOMU bparmenty S runepbsiok II-pazdouenuss U sBisier-
Csl TOPU3OHTAJIBHBIM (BEPTUKAJIBHBIM) COeIMHEeHNeM ruiep6aokos sroro [1-
pa3buenusi, COOTBETCTBYIONUX (pparmentam S1, So.

Iycrs U, T € II", |U| = |T| u 1 — B3aUMHO OJIHO3HAYHOE OTOOparKeHUe
II-pazbuenus U ua Il-pazbuenue T'.

Mpr TOBOpUM, 9TO OTODPaIKEHUE (L COTPaHAem c80UCmMeo nodcemeticma
ObIMD NPAMOY20ALHUMY  HPAZMEHMAMY, €CTH IS JTIOOOTO ITOICeMeCTBa
S C U wu ero obpaza pu(S) n3 skmouenust S € F(U) cuenyer BKiodeHnune
w(S) € F(T).

[To onpeenieHnio OTOOPAKEHNUE (L COTPAHAEM, COCOUHACMOCTND NPAMOY2OND-
HOT PPazMenmos, eCJii OHO, BO-TIEPBBIX, COXPAHSIET CBOWCTBO IOJCEMENCTB
OBITH MPSIMOYTOJIBHBIMU (DpArMEeHTaMU; BO-BTOPBIX, sl JIFOOBIX S, S1, Sy €
F(U) cupaBeyinBo yTBepzKieHne: ecyu pparMeHT S siBIseTCsl TOPU30HTAb-
HBIM coejmHeHneM ¢gparmeHToB S u So, To dhparment p(S) sBisiercs: ropu-
30HTAJIBHBIM coe/iuHeHneM dbparvenTos ((S1) u p(S2), u, eciu dparment S
SIBJISIETCsT BEPTUKAJBHBIM COeJIMHEeHnEeM (hparMeHToB S u So, TO (pparmMenT
w(S) siBistercst BepTUKAIBHBIM coeuaenneM gparmenToB ((S1) u p(S2).

ITo ompeneenuio oTOOparXKeHUE [ COXParAem 00HOPOIHOCMb OA0KO08, €C-
s Kagkoro 6sroka Q € U upm gobbix ¢ € {1,...,n}, 6 € {0,1} u3s
srmouenns Q C X9 cuenyer srmouenne p(Q) C X9,

Hoayuzomoppusmom 1l-pazbuenust U € 11" ua [I-pazdouenne T € 11" na-
3bIBAETCS TAKOEe B3AUMHO OJHO3Ha4UHOE oTobpakenue u : U — T gro p
COXPAaHSIET COEIUHSIEMOCTh PSIMOYTOJIBHBIX (DPATMEHTOB U COXPAHSIET OHO-
POHOCTDB BJIOKOB.

Hszomopgpusmom 1l-pazdouenus U € 11" ua Il-pasdouenune T € 11" naszbiBa-
ercst Taxoif mosryusomopdusM p: U — T, uro obparHoe orobpaskerue [~ !
siBjisieTcsi osiyn3oMmopdusmom 1 ua U.

[I-pazouenuss U, T € II"™ Ha3BIBAIOTCSH U3OMOPHHBIMU, €CIIA CYIIECTBYET
nzomopdusm [I-pazduenus U na Il-pazbuenue T

Yepes <I>5J11"?]22 0003HAYNM JIMHEHHBIN TPSIMOYTOJIBHUK C HUXKHEH XapaKTe-
pHCTI/IquKoﬂnocneﬂ‘OBaTeﬂbHOCTbIo J1, Jo 1 BepxHell XapaKTepUCTUIECKON
[IOCJIEJOBATEILHOCTBIO 01, 02.

01,02 __ F01 P 01,02 02
Ouesuano giast A P 5N P J, CIIPABEJJINBO BK/IIOYCHNE P Ji co T
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Teopema 2. Jlas 1106020 yenoeo n > 2 u mobvix maxur Z,1 C {1,... ,n},
wmo Z O I D 0, npu mobwx 5,0 € {0,1} cnpasedausv, caedyrowue dsa
Ymeeparcoenus.:

1) cyorcenue U|(I>%STI 2106020 cosepuernozo Il-pasbuenus U npamoyzonv-

o,0
ag
nuxa ®7 na npamoyzorvrux P 7.1 ABAACTCA usomopdrvim U cosepuiertvim

5,0 .
II-pasbueruem <I>Z7],

é

2) dasa mobozo cosepwennozo 1l-pasbuenus V- npamoyeoronura @ Z’ffl cy-

weemeyem eduncmeennoe cosepuennoe Il-pasbuenue U npamoyzosvruxa
4,0

g ) P
@7 maxoe, wmo U|®," = V.
Joxasameavcmeo. Jlokarxkem miepBoe yTBEpPXKIEeHUE TeOPEeMbl 2.

IIycts U — upoussosbHOe coBepiiennoe lI-pazdbuenne mpsiMoyrobHUKA

é
9. Yepes V obosnadum cyxenue U na npsmoyroasauk 7%, B [8] yera-
b

HOBJIEHA CIIPABEJIMBOCTD CJIELYIOIETO YTBEPKICHUSI.

Jlemma 2. Il-pasbuenue aunetinozo npamoyzorvruxa L € REC™ mozda u
MONBKO M0206 ABAAEMNCA COBEPULEHHBIM, K020 OHO ABAACNCA NUHETHBIM.

IIo nemme 2 u3 cosepmennoctn U cnexyer ero auHeitHOCTE. [loaToMmy sio-
6oit 6510k U siBiisieTcs 3j1eMEHTApHBIM COOCTBEHHBIM JIMHEHHBIM OJIMHOXKE-
CTBOM IIPAMOYTOJIbHUKa PF.

Jlemma 3. Jlas mobozo 6aoxa QQ € U nepecevenue QQ N q)%(’} ABAAEMCA dNE-
MEHMAPHBM COOCTNGEHHBIM NUHETHDLM TLOOMHONCECTNEOM ,’prﬂMoyZO./L’bHu’Kia
<I>‘SZUI Huotcnasn u eeprnan rapaxmepucmureckue nocacdosamenbHocmu 3mo-
20 NUHETIHO20 NOOMHONCECTNEA NOAYUAOMCA U3 COOMBEMCMEYVULUT TAPAK-
MmepuCmuYeckur nociedosamenvrocmedi () nocpedcmeom dobasieHUA K HUM
6 KAUEeCMEE NEPEHIL INCMEHMOE COOMBEMCMEEHHO Z U 0.

Hoxazameavcmeso. Ilycrs () — npousBosibubiil 6510k U. U3 nuneiinocru U
CJIeIyeT, 9To () 9TO 3JIeMEeHTaPHBIN JTMHEHHBIN TPAMOYTOIbLHUK, a I 1 o — mep-
BBI€ 3JICMEHTEBI €I'0 COOTBETCTBEHHO HI2KHEI 1 BepXHel XapaKTePUCTUICCKUX
nocsietoBarenbuocteil. [losromy us Briovenus Z D I caemyer, 4TO MHOXKe-
CTBO CD‘} N Q TakKe sIBJISETCS JIEMEHTAPHBIM JIMTHEHHBIM IIPSIMOYTOJIbHUKOM,
a TIOCTIeNOBATELHOCTH Z, I U §,0 SBJSIOTCS HaYaJaMU €0 COOTBETCTBEH-
HO HUXKHEH M BepxHeill XapaKTePUCTUYECKUX II0CJIEI0BATEILHOCTEH. DTO 110
OIIPEEJICHUIO O3HAYAEeT, 9TO <I>5Z N Q sIBJIsIETCST 9JIEMEHTAPHBIM COOCTBEHHBIM

JIMHENTHBIM TIOJMHOYKECTBOM JIMHEITHOTO HPSIMOYT'OJIbHUKA @‘SZZ Kpowme To-
'O OYEBU/THO HUXKHHAS U BEPXHsid XapaKTepUCTUUIECKHE TI0CTIeJ0BATEIbHOCTH
CID‘SZ N Q) TOJy9IaroTCsT U3 COOTBETCTBYIONMINX XAPAKTEPUCTHIECKUX TOCTIE0-
BaTeJIbHOCTEN () TOCPeICTBOM JT00ABIEHUST K HUM B KadeCTBE MEPBBIX 3JIe-
MEHTOB COOTBETCTBEHHO Z U §. OCTajioch 3aMEeTUTh, UTO B CUJIY BKJIIOUEHUS

Q@ C @9 cupaBenIMBO PaBEHCTBO Qﬁ@%fr] = (IJ‘SZDQ. Jlemma 3 nokazana. [

é
JIemma 4. Cyorcenue V= U|P Z’UI asaaemcea cogepuenhvim 11-pasbueruem

4,0
NPAMOY20AbHUKA (PZ I
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Joxaszameavcmeo. I3 nemm 1, 3 cnemyer, uro V sasaserca nuneiinbiv 11-
)

paszbueHneM npsiMoyroabHuka P ZJI TloaToMy B crty JIEMMBI 2 OHO SIBJISIETCST
)

ero copepireHHbIM [I-pazbuennem. Jlemma 4 moxkazaHa. [l

[Tokazkem, aro II-pazbuenuss U u V uzomopdHbI.

d
Jlemma 5. Cyorcerue V = U|<I>Z’UI ABAAECMNCA CMPOLUM.
bl
1)
Hoxasameavcmeo. Ilo nemme 3 Bee nepeceuenust QN®L%, Q € U, sBusorcs
K
JINHEHHBIMU TIpsiMOyTOJIbHUKaMu. [losromy st sro6oro ) € U cripaBe ijinBo

HepaBeHCTBO () N @%UI # (). Jlemma 5 JoKazaHa. O

Onpenenum orobpazkenue 4 : U — V' cliemyonuM TpaBUaIoM:
J,
wQ) =Qnadl,, Qel.

Jlemma 6. Omobpasicerue p: U — V' asasemca noayudomoppusmom 11-
pasouernus U na ll-pasbuerue V.

Jlokazamenvecmeso. B [7| ycranoBiiena crpaBeyInBOCTD CJIEYIONIETO YTBEP-
2KJIEHUS.

Jlemma 7. Jlas aobozo Il-pasbuernus U arobozo npamoyzosvhura ® € REC™
cnpasedauso ymeeporcdenue: ecau cysrcenue U na npamoyzoronurx P C O sae6-
aaemea cmpozum, mo 3adannoe pasencmeom pu(Q) = Q NP, Q € U, omob-

paoicenue 2 U — U|P asasemea nosyuzomoppusmom U na 11-pasbuerue
U|P.

Jlemma 6 siBastercs ciencTBueM jgeMmM 5 u 7. Jlemma 6 mokasaHa. [l

Paccmorpum obpaTHoe K i orobpaskenne btV — U.

st Ipous3BOILHOrO JinHeinoro upsimoyroiabauka M € REC™ momaoct-
Horo pamra k > 2 depes MY oGosnaunm imHeiiHbI IPSIMOYTOIbLHIK, HIZK-
Hesl U BEPXHSAS XapPaKTEPUCTUIECKUE IMOCIEI0BATEIHLHOCTH KOTOPOTO TOJIY-
YeHBI U3 COOTBETCTBYIONINX XapPAaKTEPUCTUUIECKUX ITOcaeoBaTe bHocTell M
ITOCPEJICTBOM BBLIUEPKUBAHUS TEPBBIX JIEMEHTOB.

Jlemma 8. 3nauenue omobpasicerus (="

myne

1V — U onpedeasemcsa no gop-

p M) =MD, MevV.
,ZZO?CGSam&/L’bCTTLGO. ﬂeMMa 8 ABJIdeTcd CJIeACTBHUEM JIEMMbI 3 D

Caencreue 1. Cnpasedruco pasencmeo U = {MM) | M € V'}.

Yepes ‘I}(@%UI) 1 P(PT) 0603HAINM MHOKECTBO BCEX HOJMHOXKECTB IIPsi-

570 o
MOyronbHuKoB @7, n ¢ coorBeTcTBEHHO.
b

1

Yrobbl J0Ka3aTh, YTO OTOOparKeHHe L~ = TaKKe HOJIyU30MOPPU3M, IO-

CTPOMM HECKOJIBKO OoJiee IHPOKOoe oToOpaxkenue A : 23(@‘;0]) — P(P]), n

1

IIOKazKeM, 9TO ,u_ ABJIAETCHA €ro CyzKeHuem Ha V.
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Bribepem npoussosbroe @ € Z\ 1, n s kaxxoro (a, 3) € (ID(;UI OTIPEICJIAM
upsmoyrosbauk T'((a, 5)) € REC" ciemyromum paBeHCTBOM:

T((o, 8)) = {o,a + €'} x {8, 5+ e}
IIpensioxkenune 1. /lasn awbozo (o, ) € @‘;:71 CNPABECAUBO BKANOUYEHUE
T((a, B)) € 27.

Zoxaszameavcmeo. I3 paBencTsa @%U] = <I>‘5Z N ®7 caeayer (o, ) € 9.
ITosTomy « € N‘If@l7 B € N9. Bnauut, uz i € Z \ I cieayer a + €' € N‘}@l n
B +e" € N7. Orcioza cieyer

T((a, ) = {a,a + €'} x {B,8+ €'} C NJ®' x N7 = 7.
[Ipennoxenne 1 moKa3aHo. O

IIpennoxenune 2. Jlaa mobwx (o, ), (p,7y) € @‘;:’I us (o, B) # (p,7y) cae-
dyem
T((e, £)) N T((p,7)) = 0-

Zloxazameavcmeo. JlocTaTOUHO MMOKA3aTh, UTO JTUOO BEPTUKAJIbHBIE JIHOO TO-
pH30OHTaIbHBIE CTOPOHBI npsiMoyroabHukoB T((a, B)) u T((p,7y)) He mepece-
KAIOTCH.

IIycts a # p. Torna oueBnmno o+ €' # p+e'. Kpome Toro u3 BKoueHuit
a,p € N‘SZGBl ﬂN?@l uic€ Z\I cienyer a+el,p+elc N‘; ﬁN‘I’@l. [Tosromy
a+e #pup+ e # a. 3HaunT, CupaBeIInBO PABCHCTBO

{a,a+e}n{p,p+e}=0.

T. €. BePTUKaJIbHbIE CTOPOHBI BbINMICYKA3aHHBIX NPAMOYTI'OJIBHUKOB HE II€pe-
CEKAIOTCS.

B ciiyuae 5 # - 10 aHAJIOIUYIHON MPUYINHE UX TOPU30HTAIBHBIE CTOPOHBI
He Tepecekatorcsd. [Ipeqmoxenne 2 10Ka3aHO. [l

Orobpaxkenne A : ‘B(@‘;UI) — P(P]) oupenesnm CIemyOMUMI PABEH-
CTBaMMU:

AM)= | T((a,B), MC o}, M#0;  A®)=0.
(a,8)eM

Jlemma 9. Jlas a106020 cobecmeennozo aunetinozo nodmmooicecmsa M au-

HeUH020 NPAMOY20AbHUKG @%‘TI cnpasedauso pasercmeo A(M) = M @,

Zoxasameavcmeso. Ilycts M — npou3BobHOE COOCTBEHHOE JIMHEHHOE IO
é

MHO2KECTBO IPAMOYTOIbHUKA P Z’UI, " nycrtb Ji,...,Jp 1 T,..., Tk — COOTBET-
9

CTBEHHO €r0 HUXKHSISI U BEPXHsIsT XapPaKTEPUCTHIECKUE TTOCIIeI0BATELHOCTH.

Torma mo ompemeseHnIo NMeeM
J1=2, Jo=1, 11 =6 1 =o0,
) 1
M=3,n2ne®}n...nd%, MY =07nd%n.. . N2TY}.
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Buauur, st jioboro («, ) € M u3 Brinovennit I O J3 D ... D Jg, 1 € Z\ 1
u ouesnnoro sriodenns M C M) crenyer

. . ) .
{o,a+e'} CNJFINNEIN ANT® o {8, B+e’} C NFANTN...ANTE.

[TosTomy

T((, 8)) = {a,a+ e’} x {B,8+ e}
C (NJPIANTE N ANTESY) x (Ng AN N ANT)
=d7NPT N..NOT =MD,

Dro o3Hauaer cupaseuBocTh BKodenust A(M) C M @,

Joxaxem obparnoe Briodenue A(M) D MW, s sroro pacemorpim
werbipe nmoamuokectsa A2 = MM N (NY x NZ), ¢1,ca € {0,1}, nps-
moyrosrnka M. B cuny ouesnmnoro pasencrsa M) = 400y A0 y
AMOUALL nocrarouno nokazars yernipe Brimodenns A(M) D A2 ¢y, g €
{0,1}.

Bamernm, uro M = MM N <I>5Z = A% Bes orpanmueHns oGIHOCTH
canraem § = 0, 7. e. M = A0, Jlna mo6oro (o, 8) € M 1o omnpeenenuio
upsimoyrossuuka T'((a, 8)) cupasemuso srmodenue T((«, 8)) 3 (a, ). 1o
O3HAYAET CIPaBe/IMBOCTDL BKtouernsa A(M) D ALY,

Paccmorpum mpomssosbaoe (a, ) € A%’ u nmycrs v = a + €. Torma
oueBHIHO BLIIOIHEHO BKodyenue (v, ) € AYY = M. Ilo onpenesenuio nps-
moyrombauka T((7, 8)) cnpasemymso sxmouenne T((7y, 3)) > (v + e, 3). B
cuny pasenctsa (v + ef, 3) = (a, ) 2T0 o3HAUAET CIPaBEIHBOCTD BKJIIOUC-
uus A(M) D A%O,

Ocrapmmecs: pa prmodennsa A(M) D A% u A(M) D AY! prmonmnens
10 aHAJOIMYHBIM HpuunHaM. Jlemma 9 mokazaHa. O

1

Jlemma 10. Omobpasicenue = : V. — U asagemca cyoiceruem omoopa-

otcernua A wa I-pasbuernue V.
Zoxasameavcmeo. Jlemma 10 sBiistercst ceacTBreM JjiemMM 8 u 9. ([l

Jlemma 11. Omobpasicernue A obaadaem caedyrowumu ceoticmeamu:

1) daa mobvix dsyx mmoorcecme My, My C @%:7[ us M1y N My = 0 caedyem
A(My) N A(My) = 0

2) dasn mobvix deyxr mmootcecme My, My C @‘;Z CNPABEIAUBO PABEHCMEO
A(Ml U MQ) = A(Ml) U A(Mg),

3) das mobozo npamoyzorvruka M C @%ﬁ’l ez0 obpaz N(M) maxorce as-
AACMCA NPAMOYLONOHUKOM;

4) 0as M06Wx 08YT 20PU3OHMANBHO COCEOHUT NPAMOY20abHUK06 My, Moy C
@%ﬁ’l npamoyzonvruru A(M1) u A(Ma) makorce asaaomea 20pu30HMAABHO
coCeOHUMU, U OAA N00BIT 08YT BEPMUKAALHO COCEOHUT NPAMOY20NbHUKOG
My, My C @%Z npamoyeorvruru A(My) u A(Msa) makorce asasomes eep-
MUKAABHO COCCOHUMU.

5) dna aobozo M C CD%Z cnpasedauso pasencmeo A(M) N (I)%jTI =M.
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Hoxazamesvcmeo. CrpaBelyinBoCTb JieMMBbI 11 09eBUIHBIM 00pA30M CJIeTy-
eT u3 onpejeenns orobpaxkenuss A u npeoxenuit 1, 2. U

JIemma 12. Omobpasicerue =t : V. — U asaaemcs noayusomophusmom
1I-pasbuerus V na I1-pasbuerue U.

Joxasameavemeo. B ey nemmbr 10 orobpazkenue p ! aBjseTcs cyKeHnenm

orobpaxkenusi A Ha II-paszbuenue V. [Tostomy B cuity cpopMyIUpOBAHHBIX B
nemme 11 cpoiicts 1, 2 orobpazkenusi A oTobpaskenue p~ ! coxpansier cBoii-
CTBO TOJICEMENCTB OBITH MPSAMOYTONBHBIMU bparMenTamu. U cienoBaresbHo
B CUJIy CBOWCTB 3, 4 U3 TOIi yKe JIEeMMBI OHO COXPAHSIET COE/IMHSIEMOCTD IPsi-
MOYTOJIbHBIX (DPArMEHTOB.

ITokazkeM, uTO £~ ! CoXpaHsSeT OZHOPOIHOCTL 6710KOB. s 3TOro pac-
CMOTPUM IIPOU3BOJIBLHBIN 3JIEMEHTAPHBIN JIMHEHHBIN MPAMOYToJbHUK M =
<I>§11 Nn...N @G’Z . ITo ompejiesiennto jiy1st HEro BLINOJIHEHO PaBeHCTBO |Jy| = 1.
[Iycrs Ji = {j}. OueBugno cupasemyuso Briodenne M C @5’; = X;k. ITo-
9TOMY NPAMOYToJabHUK M siBisiercs (j, Tk )-oqHOpoaHbIM. Kpome Toro oue-
BuyiHO M siBsisiercsi (j, Ty )-IleHTPUPOBAHHBIM, T. €. JJIsl HEKOTOPOIi ero jiua-
ronaan D cupaBennmnso BrioueHne D C RJT-’“. OueBnaHO TAKXKe ISl JIF0OOro
pebpa (a,3) € RI* cymecrsytor enuncrsennsie i € {1,...,n} n d € {0,1}
JIUISi KOTOPBIX BBIOJIHEHO BKJIOuYeHue (q,3) € Xf, 9TUMU § U § SIBJISIIOT-
Csl COOTBETCTBEHHO j U Tg. llosromy mms M cymnecTBYIOT eIMHCTBEHHBIE
i€{l,...,n}uéd € {0,1} st koropwIx BITOHEHO BKMouenue M C X? (.
e. mist Kotopbix M siBisiercst (i, d)-oguoposubiM). [pu k& > 2 1o ke camoe
cipaseymso 1 it M (D). B cuity meMMbl 8 9T0 1 03HAYAET, 4TO 0TOOPAKEHHE
p~! coxpansier onHopoaHOCTE 610KOB. Jlemma 12 nokazama. O
Jlemma 13. Omobpasicerue p asasemcs udomoppusamom Il-pazbuenus U
na Il-pazbuenue V.

Zloxazameavcmeo. Jlemma 12 siBasiercst ciiegcTBueM jgeMm 6 n 12. O

IlepBoe yTBep:KIeHME TEOPEMBI 2 ABJIsAETCA ciieicTBreM jgemM 4 n 13.

JlokaxkeM BTOpOE yTBEp:K/IEHUE TEOPEMBI 2.

IIycts V' — mpousBosbHOe coBepiieHHoe lI-paszbueHune mpsmMoyroJibHUKA
(ID‘;Z. ITo jtemme 2 OHO siBJIsIETCsI JIMHEHHBIM, T. €. JIIODOW ero OJIOK SBJIsieT-

" é
Cs QJIEMEHTAaPHBbIM COOCTBEHHBIM JIMHEAHBIM IIOAMHO2KEeCTBOM (I)Z’UI Ulepe3 S

obozmasumy cemeiictBo npsvoyromsrnkos { M) | M € V}. Ogesnano see
IPSIMOYTOJIBHUKY U3 S sIBJISTFOTCST 3JIEMEHTaPHBIMU COOCTBEHHBIMU JIMHEHBI-
MU IIOIMHOYKECTBAMHU IPAMOYTojibHuKa PF.

JlemMma 14. Ecau cyuecmeyem cosepuiernoe 11-pazbuernue U npamoyeons-
é
nuxa ®7 maxoe, wmo U|<I>Z’UI =V, mo ono eduncmeenno.
b

Hoxazamenvemeo. B cuny ciencreus 1 gyis takoro 1I-paszbuenus U 1o/mKHO
ObITH BhITIOJTHEHO paBencTBo U = S. Jlemma 14 nokazaHa. U



O CBOUCTBE OJHOI'O KJIACCA ®OPMV.JI 159

Jlemma 15. Cemeticmeo npamoyzorvruros S asasemces cosepuerroim 11-
ag
pasbuenuem npamoyzorvrura OF.

Loxazameavemeo. TlokaxkeM, 9To S sIBJISI€TCS TPSIMOYTOJbHBIM pa3bueHneM
é

upsivoyrossauka ®F. Ouesunno |9| = 4|9%%| u aust moGoro M € V cupa-
9

BemBo pasercrso |[M M| = 4|M|. CiemoBaTebHO CIPaBeIIHBO PABEHCTBO
’5 6
YolQl= Y MW=y dlM| = 4875 | = 8],
Qes MeVv MeVv

[TosTomy jT0oCTATOYHO MOKA3ATH, UTO MPSIMOYTOJLHUKHI ceMeficTBa S TIOMapHO
HE TTepPeceKaroTCsl.

[Ipeanooskum poTuBHOE: 11 1BYX pazmuaubix M, K € V cupasenso
nepasencreo MMNKM £ (). Beibepem mpoussosnoe (o, 3) € MMWAKM »
moboe i € Z\ 1. Yepes T 0603Ha4MM TIPAMOYTOIBLHUK {a, ate'} x {3, B+e'}.
Torna u3 srimovenus @ € Z \ I cienyer T C MO N KD, Orciona B cuy
pasercts M = &, "MW u K = &, N KW crenyer TN (M N K) # 0.
1o nporusopeunt pasencrsy M N K = (). 3naunT, Hale mpeanosoxkenue
HEBEPHO UM MPSIMOYTOJILHUKU ceMeficTBa S TOmapHoO He MepeceKaroTCs.

Yepes A : V — S obozmaunm 3amanmnoe mpasuiom A(M) = M) pzamimo
oHO3HATHOE oTOOpaxkenue V ua S. B cuny nemmbr 9 orobpakenune A sBJisi-
ercst cyxkenmneMm orobpakerust A ma V. Ilosromy B cuty cpoiicrea 5 oTobpa-
werus A st moboro QQ € S cripaseymaBo pasencTBo A~ HQ) = Q N @%UI.

[TokaxkeM, 9TO TPSAMOYTOIBHOE pasdbuenne S ABISTETCS PA3IETUMbBIM. H7yCTb
P — npousBoabHbIil cocTtaBHoil rumepbsok S. Yepes F' obo3HaUImMM COOT-
BETCTBYIONNI eMy TpsIMOYyTOJIbHBIN (bparment S, depes C' — mepecedenne
PN CIJ?’%, gepes E — cemeitctso 6mok0B {A"HQ) | Q € F} paséuenus V.
Tora 3 paBeHCTBA

c=rney=J@ney) =@

Qer QEF

creayer C' # (), 1. e. C aBisgercs NpsMOYTOJIbHUKOM U 00Jjiee TOro — TH-
nepbsiokoM Il-pazbuenus V. Ilostomy B cuiy cpoitcts 1, 2 otobparkenust A
CIIPaBE/JIUBLI PABEHCTBA

Ao =AlUrxr@|=Je=r

QeF QEF

Orciona B cuity csoiicts 1, 2, 3, 4 orobpaykenuss A U3 paz3aeMMOCTH T'H-
nepbisioka C' II-pazbuenus V' cieyer pa3faeuMocTsb rutepOioka P ipsMo-
YTOJIBHOTO pasbueHus S.

[Tokazkem, uTo npsiMoyrosibHOE pa3buenue S sBJsieTCs OHOPOTHBIM. Kak
yKe OBLIO OTMEYEHO, JIIO0H OJI0K S SBJISIETCS 3JEMEHTAPHBIM COOCTBEH-
HBIM JIMHEHHBIM MOJMHOXKECTBOM IpAMOyTosbHuKa $7. 910 3HaUUT, YTO OH
SIBJISIETCST HEKOTOPDBIM 9JIEMEHTAPHBIM JIMHEHHBIM MPSIMOYTOJbHUKOM M =
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o7 N <I>}11 N...N <I>§’;c Ilosromy B cuny Bxmaouenus M C @5’; U PaBEHCTBa
@5’; = X;’“, j € Jj, OH SIBJISIETCS OJHOPOJIHBIM.

B cuity pazzienumocTu u 0JJHOPOHOCTH IPSAMOYTOJIbHOE pasbuenue S mpsi-
MOYTOJIbHUKA <I>5Z siyisteTcst ero [I-pazbmennemM. A MOCKOIBKY KasKIbIi 6JIOK
S dABJISIETCs JIEMEHTAPHBIM COOCTBEHHBIM JIMHEHHBIM IOJIMHOXKECTBOM IIPsi-
moyrosbauka ®9, sro II-pazbuenue sBisiercsd JUHERHBIM. 3HAYUT, IO JIEMME
2 0HO sIBJsIETCS COBEpPIIeHHBIM. JlemMa 15 mokaszana. O

Bropoe yTBep:KieHme TeopeMbl 2 sBJSETCS ciencTBueM JeMm 14 m 15.
Teopema 2 mokazaHa. [l

4 Jloka3aTeJIbCTBO HEOOXOAMMOIO YCJIOBUS TeopeMbl 1

Tloxaxkem, aro Jiobas dopmyna F € ]P"sZ MMeeT COBEPIIeHHOE IIPEeICTaB-

Jlenre Ha COOCTBEHHOM MIPSIMOYTOJIbHUKE (DYHKITHN fg(xl, .oy Ty). Hokaza-
TeJILCTBO TPOBEJEM HHAYKIHei 1o |Z|.
ITpu |Z]| = 1 no onpeneseHnio KJacca IP"SZ dopmyna F € }P’5Z SIBJTSIETCST

0IHOOYKBEHHOI (hopMyJIOit xf, i € Z. B atom ciiydae it cOOCTBEHHOTO

[IPSIMOYTOJIbHUKA, <I>5Z byHKIMN fg CIIpaBeInBO paBeHcTBO PY, = X?. Ye-
pe3 U 0603HaIMM COCTOSIIIEE U3 €IMHCTBEHHOTO O/I0KA Xf II-pazbuenue npsi-
MOYT'OJIbHUKA <I>5Z. Torna no omnpeesienuto mopoxkaemoro 1l-pazouenunem U
kacca dopmyn N(U) crpasenuso srmouenne z2 € M(U). Dro oznaua-
et, uro U sBisieTcst npejicraBienneM F'. A TOCKONBKY €IMHCTBEHHBIH GJI0K
X? [I-pas6uenust U siByisiercst (i, §)-IEHTPUPOBAHHBIM IIPSIMOYTOJBHUKOM, U
ABJIACTCA COBEPHICHHBIM IITPEICTAaBJICHIEM F Ha MIPpAMOYTOJIbHUKE <I>5Z

[Iycrs m > 1. peanonoxum, aro npu 1 < |Z| < m — 1 mobas dopmyiia
u3 Kracca P mMeer coBepirienHoe IpeJICTAaBIeH e Ha IPAMOYTOTLHIKe $Y.
[TokazkeM, 4TO TOI/IA TO YKe caMoe CIIPaBeJInBO U 1pu |Z| = m.

[ycts |Z] = m nu F — upousBosibHas Gopmyna u3 ]P"sZ. ITo ompenere-
HUIO KJ1acca (GopMyJr }P’% s F'ocymecTByeT Takoe OTJIUYHOE OT / HEIy-
CTO€e TOJMHOXKeCTBO | MHOXKeCTBa /Z, 4TO CIpaBeJUBO BKIodeHue F' €
PO(I,Z\ I)UPS(I,Z \ I). Muosxecrso Z \ I oboznaqum uepes J. Tora
OYEBH/IHO BbInosHeHb! HepasencTsa [[| <m —1u [J| <m — 1.

Pacemorpum coryuait F € PL (1, J). Coyuait F € P4 (I,J) a Taxske ciyaan
FeP)(I,J)u F ePY(I,J) paccMaTpuBaioTcs: aHATOTHHIHO.

ITo onpenenenuio Kracca dbopmyn PL(1,.J) ans dopmymst F € PL(I,.)
CYIIECTBYIOT Takue 4eTbipe hOPMYJIbI FIO € ]P’?, F} ePL F 11 € IP’}, F? e P9,
aro F Il-sksusaientna dopmyie F' = (FY A FY) Vv (F} A F9)).

B [7] ycranoBiena cipaBeiIiBOCTD CJIC/IYIOIIErO Yy TBEPK ICHUSI.

JIemma 16. Jlas ao6ozo 11-pasbuenus U € 11" waace gopmya N(U) sa-
MEHYM omuocumenvro 1l-axeusasenmmocmu.

B cuny nemmbr 16 mo6oe npeacrasnenue dbopmyasl F/ saBiagerca npes-
crayiennem (opmyisl F. TlosToMy g0cTaTouno nokasarhb, uro F/ numeer co-
BEPIIIEHHOE IIPEJICTaBIEHNE Ha IPAMOYTOJIbLHUKE <I>1Z.
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[To mpeamookeHNI0 MHAYKIUK yKa3aHHbIE (DOPMYJIbl F 0, Fl F}, F; O mnre-
IOT COBEPIIIeHHbIE IIPEICTABICHUSA Ha, HpSIMOyI‘OHbHI/IKaX oY 7 oL L d) J co-
orBercTBenno. O6o3Ha4nM ux depes U? Iz Ul 7> Ut Iz U9 j coorsercTBenHo. Torma
10 OTIPEJICJIEHUIO TIPEeJICTaBIeHsT (POPMYJI CIIPABE I TUBBI BKJIIOUEHU ST

FlenU)), Flenud), Fenwh, Fenu) 1)
U 110 TeopeMe 2 CyKeHUs
Uy =UPeyS, Uy, =Uj®;,, Uy =Uildy, U5 =Uje,"
ATUX Hpe,ILCTaBHeHI/IfI Ha IIPAMOYTOJIbHUKHN COOTBETCTBEHHO
o =0,Nd), Ty =0yNd), by =0LN0 B0 =d,Nd

SIBJIAIOTCHA N30MOPMHBIME UM COBepIeHHbIMEU 1I-pa3bueHusiMu 3TUX IPsSMO-
YTOJIbHIKOB.

Tlokaxkem, uro obbemuuenne U = U é(l) U U g U U U U J srux II-
pa30ueHuil 1 ecTb COBEPIINEHHOE IPEJICTABICHHUE d)opMyﬂbl F' na npsmo-
YIOJIbHUKE <I>1Z.

Cuauasta mokazkem, ato U siBjisiercst coBepiiieHHbIM 11-pa3buenuem <I>1Z.

.T[eMMa 17 IIpamoyzorvruru oL Z, I udy Z J MaKHce Kax U NPAMOY20AbHUKY,
<I> <I> J ABAAIOMCA 20pu30Hma/L’bH0 cocedrumu. Ipu smom ux obsedu-
nenua ® Z, U oL Z, g u <D U o Z, J ABAANOMCA 6EPMUKANOGHO COCEOHUMU NPA-

MOY2ONOHUKGMU. O6aedunenue (<I>ZIU<I>Z J) (@ZIUQZ J) nocaednux 06y

NPAMOYLOALHUKOG ecTnb NPAMOY2ovHuK DL, .
Zoxaszameavcmeo. V3 onpernesiennst TpsaMOyTrOJILHIKOB <I>201 u @;{] ciiegyer
¢y =(NZNND) x (NZNN)) n @z, = (NG ANG) x (NZ NN}).
U3 rimovenust Z O I u pasencrBa J = Z \ I cienyer
N% NN} :N%mNO, (N, AN N (N, NNY) = 0.

1,1
[TosToMy TPSIMOYTOJIBHUKN oL Z, I’ 7.j ABJISIOTCA TOPU30HTATIBHO COCEHNU-

mu. Kpome Toro B cuity pasencrsa (N, N N9) U (N, N N%) = N} s ux
00beIMHEHNs] CIIPABEJINBO PABEHCTBO

055U Py, = (N NNj) x N

. 1,1 1,0

ITo ananornunoil npu4auHe npsMoyrobHukn @, u ®.°) TakxKe sBIAIOTCA
b b

TOPU3OHTAJIHLHO COCETHUMHU U I UX O0bEeIUHEHUs] CIIPABEJINBO PABEHCTBO

0 0 1
o0 U, = (NG NNY) x N,
I/IB 9TUX PaBEHCTB U OYE€BU/IHBIX PaBCHCTB

(NZONDN(NZNNp) =0,  (NZNNj)U(NzNNp) =Ny
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CJIEIY€eT, 9TO IPAMOYTOJIbHUKHA @;01 U @21‘] ud> Z I UdL Z J SIBJISIIOTCSI BEPTHU-
KAJIbHO COCEJIHUMU U CIPABEJINBO PABEHCTBO
1,0 1,1 1,1 1,0y _ O 1 _ &l
(CI)Z,I U cI)Z,J) U (‘I)ZJ U (I)Z,J) =Nz x Nz =o3.
Jlemma 17 mokazana. U

B [7] ycranoBieHa crpaBeyIMBOCTD CJIEJLYIOIIETO OUEBH/IHOTO YTBEPIK/Ie-
HU.

Jlemma 18. Ecau npamoyzosvhukyu Pr, Po € REC™ asastomea cocednumu,
mo das mobozo Il-pasbuenus Uy nepsozo u arobo20 11-pasbuenus Uy 6mopozo
npamoyzoavhukra ur obsedunenue Uy U Uy asasemces 1l-pasbuenuem npamo-
yeoavrura Py U Py, Ecau amu npamoy2oivHUKY ABAAIOMCA 20PU3OHTNANOHO
cocedrnumu, mo cnpasedauso skaovenue N(U) V N(V) C NU U V); ec-
AU OHU ABAANOMCA BEPMUKANOLHO COCEIHUMU, MO CNPABEJAUBO BKAOUEHUE
NU)ANV)TNRUUYV).

N3 sgemm 17, 18 cirenyer, uro obbeaunenus U é(} uU é}, U L Y U J SIB-
sisttorcest [I-pa3bueHnssMu psiMOyTOJIBHUKOB CIJE’OI U <I>121J u oL Z, 7 U oL Z, J coor-
BETCTBEHHO, a o0beunenue U = U é(} uU é}, uU é} ulU é?, — II-pazbuenuem
IPSIMOYTOJTbHUAKA, <IDIZ. Kpowme Toro m3 cosepmrennoctu Il-pasbuennii U;(},

U éb, Ué’}, U é?] CJIEyeT, ITO BCEe UX OJIOKU SBJISIOTCS IEHTPUPOBAHHBIMU
) ;
npsimoyrosbaukamu. [Tosromy Bece 6s10ku 1I-pazdouenus U aBisioTcs eHTPU-
pOBaHHBIME HpsiMOyTOJbHUKaMU. CrietoBaTeibHO U sIBJISIETCST COBEPITIEHHBIM
II-pazbuenuem IpsSMOYyTOIbHUKA <I>12.
Teneps mokazkeM, uro [I-pazdouenue U gpisercsa npeacraBiienrneM popMy-
abt F'. B [7] ycranoB/iena crpaseyIuBOCTb CJICIYIONIErO Y TBEPIK ICHUSL.

JlemMma 19. Jlas awbweix deyx usomopprvx I1-pasbuenuti V,U € II™ cnpa-
sedauso pasercmeo N(V) = N(U).

B cuny sremmbr 19 cipaBeinBbl paBeHCTBA
N(Uz7) = NUP), RUZY) = NUJ), R(UZT) = NP, RUZG) = NRUY).
U3 Bkovennii (1), sTux pasercts u jemm 16, 17, 18 ciemyer
F' = (FD ARV (F} A FS) € (SU(UP) AR(UD) V (U AR(UY))
= (M) Amuh) v (g Anwy))
CNUZTUUZH)VRUZ; VUL
CNUZ VU5 VUZ VUG CNU).

Bruiouenne F' € 9M(U) no onpejenenuto u o3Hadaet, 9ro U sBISETCS IPeI-
crapiaennem gopmyasl F/. Cuayqait F € IP’lv (I,J) paccMorpe.
Heobxomumoe ycaoBue TeopeMsl 1 JOKa3aHO.
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5 Jloka3aTeJbCTBO JOCTATOYHOIO YCJIOBUSI T€OpeMbI 1

Jns nokaszarenbeTBa HMOTPEOYIOTCS MOHATHST IIPOCTOrO JABOWHOTO paspe-
3a Il-pazbuenust u ero marpuisl. [losromy cuagasa chopmyIupyeM IpuBe-
JIEHHBIE B [8] ompejiesieHus: STUX [OHATHUI U HEKOTOPbIE CBSI3aHHBIE C HUMU
YTBEP2KIACHUI.

Lsotinwvim pazpesom npsimoyroibinka P € REC™ HasbiBaeTcst Takast der-
Bépka npsimoyrossaukos C' = {C1, Co, Cs,Cy} C REC(P), uro st HEKOTO-
poro Beprukasibaoro paspesa A = {A;, A2} n HEKOTOPOro ropU30HTAIBLHO-
ro paspesa B = {Bj, Ba} 9T0r0 npsMOyroJibHUKa CIIPABE/JINBO PABEHCTBO
C ={A1NB;,A1NBy, AsN By, AN Bs}. ITpu 510M paspessl A u B HasbiBa-
I0TCSI Pasdpedamu, nopostcdaouwumu dsotinoti paspes C; a nBoitHoit paspes C' —
nopostcoénnvim paspesamu A n B. Bxomsmue B C' TpsIMOYTOJIBHUKY HA3bIBA-
I0TCsT KOMNoHeHmamu JBoHOTo paspesa C. CocTaBiieHHAsT U3 €M0 KOMIIOHEHT
MaTpHIa

M(C) = AiNBy AiNBy
( )_ < AsN By AsN By )

HasbIBaeTCsd mampuuet dsotinozo paspesa C.

OueBuaO M1t J1E060TO JIBOiHOTO paspesa C mpsimoyroibanka P € REC™
CyIIEeCTBYeT eJIMHCTBEHHBIN mopoxkaarommii C' BepTUKAJIBHBIN paspe3 A u
eJIMHCTBEHHBI MopoxKgarimuii C' TOpU30HTAIBHBIN pa3pe3 B 9Toro mpsiMo-
YTOJIbHUKA.

Samernm, 4TO JFOOBIE J[BE PA3JIMYHBIE KOMIIOHEHTHI JBOIHOrO paspesa C
TOTJIA U TOJILKO TOTJIA SBJISIOTCS TOPU30HTAJILHO COCEIHUMU MIPSMOYTOJIbLHU-
KaMU, KOIJa OHU HAXOIATCS B OIHON CTPOKe, U TOT/A W TOJIbKO TOTA SB-
JISTIOTCSI BEPTUKAJIBHO COCETHUMHU IIPSIMOYTOJIbHUKAME, KOT [ OHU HAXOJISITCSI
B ogHOoM crosibne marpursl M(C). Tlpu sT10M 00beinHeHE HAXOJISIIUXCST B
onHol crpoke KoMmioHeHT C' ecTh KOMIIOHEHTa ITOpoxK gaomiero C' BepTUKaIb-
HOTO paspesa A, u o0beInHenne HAXONAIIUXCI B OIHOM CTOJIOIE KOMIIOHEHT
C' ectb KOMIOHEHTa mopozkgatontero C' TOpu30HTaIbHOIO pa3pesa B.

3aMeTUM TaKxKe, 9TO MaTpPHIa JIBOIHOrO paspesa olpejeseHa He OIHO-
suagHo. O4ueBuIHO J1I0Oasl IIEPECTAHOBKA €€ CTPOK M CTOJIONOB IIPUBOIUT K
MaTpHIe, KOTOpasl TaK:Ke sIBJISIeTCsI MaTPHUIIEl TOro Ke JBOWHOIO pa3pesa.
N n106ble 1Be MATPUIBI OJHOIO W TOrO »Ke JIBOMHOIO pa3pe3a OTINYAIOT-
Csl TOJIBKO II€PECTAHOBKOW CTPOK M CTOJIOIOB. B 9TOM CMbICe paBeHCTBO
M(C) = M osmauaer, uro M 5TO oJHA U3 UYETHIPEX BO3MOXKHBIX MATPUI
asoitnoro paspesa C. Kaxkayro u3 9Tux 9eTbIpéx MaTpuil OyeM Ha3bIBATD
TaKKe KoHkpemtot MaTpurieit jgsoiinoro paspesa C.

Jsotinvim paspesom eunepbaoka P € H(U) 1l-pasbuenus U € 11" naspr-
BaeTCs TaKOU MBOUHON paspe3 MpAMOYTOJbLHUKA P, 9TO Bce ero KOMIIOHEHTHI
aBsiorcs runepbaokamu [I-pazbuenns U.

Lsotinvim pazpesom Il-pasbuenus U € 11" maswpiBaercs 0001 IBOIHOM
pa3pe3 IJIaBHOIO IUIepO/IoKa U storo II-pazbuenmusi.

O4eBUIHO BEPTUKAJILHBIN W TOPU30HTAJILHBIN pPa3pe3bl, MOPOXKIAIOIIIE
JBOIHOM pa3pe3 rumepO/IoKa sIBJISIOTCS COOTBETCTBEHHO BEPTUKAJIBHBIM U
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TOPU30HTAJIBHBIM pa3pe3aMu 3TOro IuiepO/ioKa. A BEPTUKAJIBHBIN U TOpU-
BOHTAJIBHBINA pa3pesbl, MOPOXKIaroue JBoiHo# paspes [I-pasbuernus sBJis-
IOTCSI COOTBETCTBEHHO BEPTUKAJIBLHBIM U TOPU3OHTAIBLHBIM Pa3pe3aMy 3TOTO
II-pazbuenmusi.

[Mpsimoyronbauku Py, P» € REC™ nasbiBatorcst 2opusonmanvho (6epmus-
KaADHO) CMENCHDBLMU, €CIIN BEPTUKAJIbHBIE (TOPU30HTAIBHBIE) UX CTOPOHBI
UMEIOT HEMmyCToe MepecevueHue.

Tl'unepbioku P, K € H(U) Il-pasouenust U € 11" naswpiBatorcs 63aummo
NPOCMBLMU, €CTH JINOO OHU SIBJISTIOTCS TOPU3OHTAIHLHO COCETHUME ¥ JTIOOBIE
aBa 6sioka Q € P u T C K sroro Il-pa3buenus sIBIIOTCS TOPU30HTAJIBHO
CMEXKHBIMU TPSIMOYTOJILHUKAMI; JTHOO OHU SIBJISTIOTCSI BEPTHKAJIBHO COCE/I-
HuMu 1 J1i00bie aBa 610ka () € P u T C K storo Il-pazbuenus siBistroTcst
BEPTUKAJILHO CMEKHBIMUA TPSIMOYTOJTHLHUKAMI.

JBoiinoit paspes rumepbsioka Il-pazbuenusa U € 11" mazbiBaercs npo-
cMbiM, ecii JTIOOBbIe JIBe COCEMHNEe KOMITOHEHTHI 9TOTO pa3pesa sSBIISTIOTCS
B3aMMHO TpOoCcThiMu Tunepbiokamu 1I-pasouenns U.

JBoiinoit paspes Il-pazbuenus U € 11" masbiBaeTcs npocmoim, eCium OH
SIBJISIETCST TIPOCTBIM JIBOMHBIM pPas3pe3oM TJIABHOTO THUITEPHIOKA U sroro II-
paz3bueHwmsl.

Jnsg npousBosibabix [I-paszdouenuss U € II™ u ero nsoiinoro paspeza C
ompeiesuM mopozxaaeMblie mvu Kiaccesl dopmyrt Ly (U, C) u LA (U, C). Husa
9TOTO CHAYAJA JJI TPOU3BOILHON KOHKPETHONW MATPUIIHI

My Mo
M — ) ) ,
< My Mo >

JBoitHOTO paspesa C onpesenum kiaaccel hbopmyit Ly (U, C, M) u L (U, C, M)
CJIE/IYIOIIMMU PABEHCTBAMMU:

Ly(U,C, M) = (N(U|My,1) AN(U|Map))V(N(U|Mi2) AN(U|Ma2)),
LA(U,C, M) = (MU M) VR(U| My 2))A(N(U|Mzp) VR(U[Maz)).

Kak yzke ObL10 0TMeueHo, obas Apyras KOHKpeTHasd Marpuna M’ nsoii-
noro paspesa C oramgaiorcs or M TOJBKO IEPEeCTAHOBKON CTPOK M CTOJIO-
noB. [losromy mrobasi dbopmyna uz kmacca Ly (U,C, M) Il-sksusanentaa
Hekoropoit dopmyse uz kiacca Ly (U, C, M'). NI naobopor sobas dopmy-
na u3 kiaacca Ly (U, C, M') TI-skBuBajieHTHA HEKOTOPOI (hopMyIie U3 Kiacca
Ly(U,C, M). CrenoBaTesibHO CIPABE/IINBO PABEHCTBO

Ly (U,C, M) = Ly (U, C, M.

N TouHO Tak:Ke IO TOil K€ MPUINHE CIIPABEIINBO PABEHCTBO

LA(U,C, M) =LA(U,C, M").

D1u paBeHCTBa 0OOCHOBBIBAIOT KOPPEKTHOCTE ornpeiesierns Kinaccos Ly (U, C)
u LA (U,C) crenytonmvu paBeHCTBAMU:

L\/(U,C):L\/(U,C,M) " ]L/\(U,C):L/\<U,C,M)
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Teopema 3. FEcau ll-pazbuenue U € 11" umeem npocmoti deotinot padpe3
C, mo dasa xaacca noposcdaemoir U dopmys cnpagediuso paseHcmeso

N(U) = Ly (U,C) ULA(U, C). (2)

Zoxaszameavcmeo. Teopema 3 onupaercs Ha CIEIyIONIAE OYEBUJIHBIE CBOM-
CTBa 3aMBIKAHUI KJIACCOB (DOPMYII.

Ilpenanoxenne 3. Jlas mobvix mpéx xaaccos gopmya N, Ny, No C I us
pasencmea N = N1 U Ny caedyem pasencmeo N = N1 U No.

IIpennoxkenne 4. Jlas aobvix deyx xaaccos dopmys N1, No C N cnpaseod-
ausvt paserncmea N1V No = NoV N1 u Ny A No = No A Nj.

Ilpensoxxenune 5. /Jlaa awobvix mpéx xaaccos dopmys N, N1, No C I us
pasercmea N = N1 V No caedyem pasencmeo N = Ny V Ns.

Kpome Toro s j10Ka3aTeabcTBa TeopeMbl 3 MOTPeOYIOTCs 1B JIeMMDL.
Canenyromas eMMa JJoKazaHa B [7).

JIemma 20. /Jlaa ao6ozo 1l-pasbuerua Vo€ 11" kaace gopmya N(V') asan-
eMeA 3aMERYMBILM omuocumenvho Il-sxeusarenmmuocmu.

JlemMma 21. /Jlaa awobozo 1l-pasbuenun Y € II™ cnpasedauso ymeepoicde-
nue: ecau Y umeem eepmukanvhoi paspes A = {A1, A}, xomnonermo
KOMOPO20 ABAANMCA 63AUMHO NPOCMBIMU 2unepbrokamu Y , Mo 0AA KAGCCa
nopooscdaemui Y Gopmys cnpasedisuso pasercmeo

N(Y) = N(Y A7) A N(Y [ Ay).

Loxazameavcmeo. 3aMeTuM, 9TO U3 B3aUMHOI IIPOCTOTHI IUIepO/IOKOB Aj
1 Ay 09eBHIHLIM 00pa30M CJIEAYET OTCYTCTBHE MOPU3OHTAILHBIX PA3pE30B
y II-pasbuenus Y. CrenoBarenspno mo onpenesreHnio Kiacca dhopmya Ny (V)
cupaseymBo paseHctso Iy (V) = (). Buauut, 1o onpeenenuio kiacca Gop-
Myt N(Y) cupaBeinBO paBEHCTBO

NY) =Ny (Y)UNA(Y) =NA(Y).
[Tosromy 1o onpesnesnennto Kiaaccos dhopmys Na(Y) u MA (U, A1, Az) uveem
’)?(Y) = m/\(Y) D) m/\(U, Aq, Ag) = ‘ﬁ(Y|A1) A ’ﬁ(Y\Ag)

Orciona B crty stemmsnt 20 coreyer Brimodenne (YY) D (Y| A1) A N(Y | Ag).
O6parnoe Brmouenue N(Y) C N(Y|A1) AN(Y|Az) nokarkeMm unmyKImeit
1o |C,(Y)], 7. e. mo unciay BeprukajabHbIX paspe3os [I-paszbuenus Y.
[Tycrs |Cy(Y)| = 1. Torma o siemme 20, 110 orpe/ieieHIIO Kiacca hopMyt
MNA(Y), no upeiozxkenno 3, o onpeesennto KiaaccoB popmysn M (Y, Ay, As),
MA(Y, A2, A1) 1 110 TIpETIOKEHUIO 4 nMeeM

R(Y) =TV = T (V)
= m/\(Y, Al, Ag) U m/\(Y, AQ, Al) = gﬁ/\(}/, Al, Ag) U f)ﬁ/\(Y, AQ,Al)
= ‘)‘((Y|A1) A W(Y’AQ) U m(Y‘Ag) A ‘JI(Y|A1) = ‘ﬁ(Y]Al) A m(Y‘Ag)
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[Tycrs m > 1 u gusa moboro Il-paséuenust Y € II" upu |Cy(Y)| < m
yTBep:Kaenue jeMmbl 21 yke jgokazano. Jlokaxkem ero Jijisi IpOU3BOJILHOIO
II-paz6uenus Y € II" upu |C,(Y)| =m + 1.

Pacemorpum nipoussosibhyto dopmyiny F uz ximacca N(Y) = NA(Y). Tlo
onpegesennto N (Y') cymecrsyer rakoil Beprukaibhblii pazpes P = { P, Py}
[I-pasouenus Y, uro F' € MA(Y, P1, P»). BosMoxKHBI Tpu citydast:

1) P=A,

2) ofHa M3 KOMIIOHEHT pa3pe3a P cOIepKUT OJIHY U3 KOMIIOHEHT pa3pe3a
Au P # A,

3) Kazk1asi KOMIIOHEHTa pa3pe3a P nmeer HelycToe rmepecedeHme ¢ KayK 1o
KOMIIOHEHTOI paspesa A.

Ecim P = A, 10 no onpegenennio kiaaccoB M (Y, Ay, Az), MA(Y, Az, A1)
U 110 TPEJIOKEHNIO 4 nMeeM

F e S)j’t/\(}/; P17P2) c m/\<Y7 A17A2) U DJz/\(}fa A27A1)

C NV AL) ARV ] Az) UR(Y[Az) AR(VIAL) = (Y [A) A (Y| Az).

Yto 1 TpeboBaIOCh JOKA3aTh.

Pacemorpum Bropoii cayuaii. [To onpenenennto kinacca IMa (Y, Py, Py) st
dbopmysbr F' cymecrsytor takue dopmyisl Fy € (Y |P) u Fy € N(Y|P),
gro F' = (Fy A F3). Bes orpannuenus obuiaocty nosaraem Pp D Aj. Yepes
T obozHaUUM IPsIMOYTOABHUK P N As. Torma oueBuiHO apa MpsiMOyroJib-
uukoB { Ay, T} siBiisiercst BepTuKaIbHBIM paspe3oM 1I-pasbuenns Y = Y|Py,
a KOMIOHEHTHl A1 u Th 3TOro paspesa siBISIOTCS B3AUMHO IIPOCTBIME THIIED-
6aokamu Y. Kpome Toro ouemjgno cupasemmso HepaBeHcTBO |Cy(Y1)| <
|Cy(Y)| — 1 = m. CiesoBaresbHO 110 IPEIIOTIOKEHNIO UHJLYKIUU CIIPABE/I-

o Brimoderne MN(Y1) C N(Y1| A1) ADN(Y1|T2). BHauut, B CHILy OYEBUIHBIX
pasenctB Y1|A; = Y|A; u Y1|Te = Y|T> niusa dopmynsr Fy cymecrBytor Ta-
kue opmyisl F € M(Y|A1) u Fy € N(Y |Ty), uro Fy Il-sxBuBasenTHa dhop-
myite (F{ A F}). Tlosromy dbopmyrna F' = (Fy A Fy) Il-skBuBasientaa dopmyiie
F' = ((F{ N F}) A Fy). Orciona B cuity Il-sksusasientaoctu (opmyn F/ n
F" = (F{ A\ (Fj \ F)) cnenyer II-skBuBanentaocts dopmyn F u F”.

OueBniHO apa NpAMOYTroabHUKOB {Th, Po} sIBIISIETCS BEPTUKATIBHBIM Pa3-
pesom runepbioka Ag II-pasbuenust Y. A, 3HaunT, 9ra napa nmpsMoyroJbHI-
KOB sIBJISIETCSI U BEPTUKAJIBHBIM pa3pe3oM lI-pasbuenust Yo = Y|As. [TosTo-
My n3 Briodennit Fy € N(Y|Tz), F» € N(Y|P,) u 04eBUAHBIX PABEHCTB
Y’TQ = Y2|T2, Y‘PQ = }/Q‘P27 }/2|A2 = Y‘AQ ciaenyer

(F5 A Fa) € WY |To) AN(Y | P2) = N(Ya[T2) A N(Ya| )
= Mp(Y2, T2, P2) C N(Y2|A2) = N(Y|Az).

Buaunt, uz F] € N(Y|A1) caenyer srmovenne F” € N(Y A1) A N(Y|As).
3 sroro Brimodenns u II-sksusasentnoctu dopmyn F u F” cnenyer F €
N(Y|A1) AN(Y|Az). Uro u TpeboBaIoch 10Ka3aTh.

Tperuit cirydail paccMaTpuBaeTCst aHAJIOrHIHO BropoMy. Jlemma 21 noka-
3aHa. U
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Tenepr onmpasich Ha npepjoxkenus: 3, 4, 5 u gemmbr 20 u 21 goKakem
TeopeMy 3.
B cuny jmemmbr 20 m npenjioykeHust 3 U3 BBIIOJHEHHOTO IO OIPE/IEIEHIIO

kitacca dopmys N(U) pasercrsa N(U) = Ny (U) UNA(U) caeayer
NU) =NU) =Ny (U) UNAU).

[TosTomy 9TOGBI T0KA3aTH PABEHCTBO (2), JOCTATOYHO J0KA3ATh CJIEYIOIIIe
JIBa paBEHCTBA:

okazkem nepBoe u3 paBeHCTB (3).

Yepes A = {A1, A} u B = {Bj, By} 0603Ha4uM HOPOXKIAIOLIHE TPOCTOM
nBoitnoit pazpe3 C' COOTBETCTBEHHO BEPTUKAJILHLII M FOPU30HTAJILHBLA pas3-
pesbl II-pasouenus U. Torma mo onpeieseHnio MaTpuleil JBOMHOIO paspesa
C aBnsercsa MaTpuna

M= M171 MLQ . Ai1NB; AiNBy
o M271 MQ’Q o AsNB; AsNBs

W3 B3aMMHOM IPOCTOTBI cOCeIHNX KOMIIOHEHT C' O9eBHIHBIM 06pasoM Ciie-
myeT, uTo A 1 B FBJIAIOTCA eIUHCTBEHHBIMI COOTBETCTBEHHO BEPTUKAILHBIM
1 FOPHU3OHTAJIBHBIM paspe3amu II-paszbuenns U. CaemoBaTesbHO O OIpee-
nenuto Kiacca dopmya Ny (U) cnpaseyimBo paBeHCTBO

m\/(U) - m\/(U, Bl, BQ) U S.TIV(U, BQ, Bl)

B cuny nipejyiozkenus 4 u3 BBIOJHEHHBIX 110 OIPEJIEIEHUIO KJIACCOB (DOPMYII

My (U, By, B2) u M\, (U, By, By) paBeHcrs
My(U, By, Bz) = N(U|By) vV N(U|Bz), (4)
My (U, Bz, B1) = N(U|Bz) VN(U|B1).
caenyer pasencrso My (U, By, Ba) = My (U, Ba, B1). Otciona B cuity mnpej-
JIOXKEeHUSI 3 cyemayeT

m\/(U) = m\/(U, By, BQ) U m\/(U, By, Bl) = m\/(U, By, Bg). (5)

O4eBHUIHO CTOMAIINE B IEPBOM U BTOPOM CTOJIOIAX MATPHUILl M maphl mpsi-
moyrosbaukoB {A; N By, Ao N By} u {A; N By, A2 N By} siBasiiorcst BepTu-
KaJbHBIMI paspesamu II-pasz6uennii coorsercrBenno U|By u U|Bg, 1 KoMm-
[TOHEHTBHI TUX PA3PE30B SBJIAIOTCS B3ANMHO ITPOCTBIMU THIEPOJIOKAMHI ITUX
II-pazbuenwuii. ITosTomy B cuy jgemmbr 21 cripaBeJIMBBI PABEHCTBA

NU|B1) = (MU|M1,1) AN(U|May)), (6)
N(U|Bz) = (N(U|Mi2) AR(U|Maz2)). (7)

ITo oupenenennto kiaccos dopmyn Ly (U,C, M) u Ly (U,C) cupasemiusbt
paBeHCTBa

(‘)T(U]Ml,l) AN m(U‘MQ’l))\/(g“U‘MLz) AN m(U’Mgg)): ]L\/(U, C, M), (8)
L (0, C, M) = Ly (U, C). ()
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U3 pasencts (5), (4), (6), (7), (8), (9) u upemnoxenus: 5 cieayer

N (U) = My (U, By, By) = N(U|B1) vV N(U|Bz)

= (MU|IM11) AN(U|Ma,1)) V (N(U|My2) AU Maz))
=Ly(U,C, M) =1Ly (U,C)

ITepBoe u3 pasencts (3) mokasano. Bropoe mokaspiBaercs anagorndso. Teo-
pema 3 mokasaHa. O

B [8] ycraHOB/I€HA ClIpaBEINBOCTD CJIE/IYIOIIETO Y TBEPIK ICHNUSL.

JIlemma 22. Jhoboe cosepuiennoe I1-pasbuenue 1106020 He A6AA0OULL20CA IN€-
MEHMAPHBIM AUHeTH020 npamoyzororura L € REC™ umeem eduncmeertoitl
dsotinoti padpes. On asasemcea npocmum. Cyuecmsyem makoe pasddbuerue
{I, J} wmmoorcecmea obpasyrowuz npamoyzorvruka L, wmo mampuya

< LN®Y LNnaP! )
) 1

LN®, LNo!

ABAACNCA MAMPUUET 9Mo20 J60TH020 Pa3pesa.

Temnepnb, ncnonb3ysd TeopeMy 3 U JeMMy 22, TOKayKeM TOCTATOTHOEe YCJIO-
BU€e TeopeMbl 1. A UMEHHO TIOKaYKeM, UTO JIJTsT JTIOO0H UMEIOTIE COBEPITEHHOe
IpeJICTaBIeHne Ha COOCTBEHHOM IPSIMOYTOJbHUKE (DYHKIINH fg(xl, ceeyTy)
dopmysier F' € 91 cupaBeyinBo BKJOUeHUe F' € JP’(SZ. JlokazaTeabCcTBO MpPO-
BeJIEM HHJLyKInei mo |Z|.

ITpu |Z| = 1 ayist cOBCTBEHHOrO MPSIMOYTOJILHUKA, <I>‘SZ byHKIUMI fg crpa-
BEJIJINBO PaBEHCTBO @‘; = Xf7 i € Z. OueBUIHO Xf COJIEPYKUT TOJIBKO T€
pébpa kyba B", koTOpble NpUHAJIEKAT MHOXKECTBY Rf. N upu srom R?
SIBJISIETCSI JTUATOHAJIBIO 9TOTO MPSIMOYTOJIbHUKA. [losTOMY CyIecTByer euH-
creerHoe copepientoe II-pasbuerune W storo npsimoyrosbauka. OHO cOCTO-
uT U3 euHCTBeHHOrO 6710Ka X?. Ciieslosarennuo Muoxectso N(W) cocrour
13 eINHCTBEHHON popMynl ' = xf. Bxiouenne F' € IP"SZ JIJIsT 9TOH (DOPMYJIBI
CIIPABEJJIUBO 110 OIPEIEJICHAI0 KJiacca (hopMyII ]P"SZ, Z = {i}.

[Mycre m > 1. Ilpennonoxum, aro npu 1 < |[Z] < m — 1 gua ao60ii
UMeEIONIEN COBEPIIIEHHOE MPEJCTABICHUE HA ITPSIMOYTOJbHIKE @‘; dopmyJibl
F € N cupase o BKIouenue F' € IP"sz. [Toxazkem, 9TO TOra TO K€ CaMOe
crpaBeJIuBO U 1IpH |Z| = m.

[Mycre |Z] = m u F € 9 — npousBoJibHAsT UMEIOIIAsi COBEPIIEHHOE MPEJI-
CTaBJIEHUE HA TPSIMOYTOJIbHUKE <I>(SZ dopmysta. dTo npejpcraBieHue 0603Ha~
qnm uepe3 W. Ilo onpenenenuto W siBjisiercst coBepitnieHHbIM 11-paszbuexuem
<I>‘5Z u cupase o Briouenue F € M(W). U3z nemmbr 22 caenyer, uro I1-
pasouenune W nmeer eMHCTBEHHBIH J1BOitHOI pa3pe3. Obozunaunm ero C'. I1o
TOI 2Ke jieMMe 22 OH SBJISIeTCS MPOCTBIM. JHAYUT, 110 TeopeMe 3 U3 BKJIIOUe-
aust F' € M(W) cnenyer F € Ly (W, C) ULA(W,C).

Pacemorpum cayuait F' € Ly (W, C). Cayuait F' € LA (W, C) pacemarpu-
BAaETCs aHAJIOTMIHO.
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[Mycrs {I,J} Takoe cymecrByoree 1o Jjiemme 22 pasbreHne MHOXKECTBA
Z obpasyiomux npsMoyrosbanka ., aro Marpuia

50 801
M:<M1’1 M1,2>:<<I>‘SZQ<I>? @%ﬂ@éj@l): Q7 %7

J
M1 Mso <I>‘SZ N @g @‘} N &l @‘;i] (1)2,11

sIBJIIETCsT MaTpuIleil jBoitHoro paspesa C. Torma 1o ompejeeHnio Kjacca
dbopmya Ly (W, C) dopmyna F II-sxksuBasenTHa HekoTopoii dopmyse F' u3
kmacca Ly (W, C, M). Tlostomy u B cuy Toro, aro xmacc dopmyn P za-
MKHYT OTHOCUTEJIbHO 1_[—SKBI/IBa,.HeHTHOCTI/I7 JJId JOKa3aTeJIbCTBa BKJ/IIOYCHMA
Fe IP"SZ JIOCTATOYHO JI0Ka3aTh BKJodenue /€ IP)‘SZ. JlokaxkeM ero.

Yepes V;’?, Vg:}, Vzazg, Vg’}] 0003HAYNM CyXKEHUSI COOTBETCTBEHHO
5,0 5,1 5,0 5,1
W|<I>ZJ, I/V|<I>ZJ7 W|<I)ZJ, W|(I)Z,J

copeprirennoro ll-paszouenuss W Ha siBisifoniuecst sjeMeHTaMu MaTpuiibl M
50 161 100 46,1

IPSMOYTOJIbHUKU COOTBeTCTBeHHO P, @7 @77 ¢ . TlocKoIbKy 3J1e-
I b ) b

MeHTbl MaTputibl M sBisioTcs runepbsiokamu W, Bce 9TH CyKEHUsT SIBJIsI-

10TCsI coBepieHubiME [I-pazdbueHussMu cOOTBETCTBYIOIMIUX IPIMOYTOJILHUKOB.

CremoBaTebHO IO TEOpEMe 2 CYIIECTBYIOT M30MOPQHDBIE UM COBEPITIEHHBIE

II-pazbuenust cOOTBETCTBEHHO U?, U 11, Uf}, U} MIPsIMOYTOIbHUKOB COOTBET-

CTBEHHO <I>(}, CID}, o9 (I’ﬁ. 3Ha4nT, 1o Jiemme 19 crpaBeIuBbl paBEeHCTBA
6, 6, é, 6,
(V) = R(UD), (V) = NUL), RVRY) =NUY), N(Vy)) = RU).

Kpowme Toro B cuity sepasercts 1 < [I| <mu 1 < |J| < m — 1 no upexno-
JIOYKEHUIO WHLyKIIUU CIPABEJIUBbI BKIIOYEHUST

NUY) CPY, NUT) CP;, MUY CPY, N(UJ) C P

Orcroma o onpegenennio Kiaacca dopmyin Ly (W, C, M) u xiaccos dopmyst
PLY,(1,J), P} cremyer

F' e Ly(W,C, M) = (M(U|M1,1) AU | Mz,1))V (U | Mi,2) NR(U | Ma,2) )
= MV ARV (VR A(VY)))
(MUY AUV (MUY AN(UY))
C (PY APY) v (PSP AP} = PLY(1,J) C Y,

Brmouenune F’' € IP"SZ nokasaHo. /locTaTowuHoe ycioBue TeopeMbl 1 mOKa3aHo.
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