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A NEW PROOF FOR PART OF THE NONCROSSED
PRODUCT THEOREM
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Abstract: The first examples of noncrossed product division al-
gebras were given by Amitsur in 1972. His method is based on
two basic steps: (1) If the universal division algebra U(k,n) is a
G-crossed product then every division algebra of degree n over k
should be a G-crossed product; (2) There are two division algebras
over k whose maximal subfields do not have a common Galois
group. In this note, we give a short proof for the second step in
the case where char k { n and p3|n.
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1 Introduction

Let F be a field. An F-central division algebra D is called a crossed
product if it contains a maximal subfield K which is Galois over F. If
Gal(K/F) = G, then D is said to be a G-crossed product. Until 1972, the
existence of a noncrossed product division algebra remained unsolved and
influenced by K&th’s theorem, which says that every division algebra contains
a maximal subfield which is separable over its center, many mathematicians
believed that the answer to this question is negative. Nevertheless, the first
examples of noncrossed products were given by Amitsur in 1972 [1]|. His
examples of noncrossed products are certain universal division algebras which
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are defined as follows: Let k be an infinite field and let X = {:L'Z)‘l <i,7<
n,r > 2} be a set of independent commuting variables. Let k[X] be the

integral domain of polynomials in all $Z(;) with coefficients in k and let k(X))
the field of fractions k[X]. For each r, the standard generic n by n matrices

over k are defined by &) = [33(;)] € M, (F[X]) € M, (F(X)). The F-

1

subalgebra of M, (F (X)) generated by {¢®)|r < n} is called the generic
matrix algebra over k of degree n. We denote this generic algebra by B,,. It
is well-known that B, is a (noncommutative) domain [8, Prop. 20.5], so its
center is an integral domain. We define the universal division algebra over k
of degree n by UD(k,n) = B,, ®g L, where R is the center of B, and L,
is the fraction field of R. Using the theory of Pl-rings, it can be shown that
UD(k,n) is a division algebra of degree n (cf. [8, Prop. 20.8]). The following
theorem is the key result that Amitsur proved in order to show that certain
UD(k,n) are noncrossed products. For a proof of this theorem in its full
generality! see [8, p. 417].

Theorem 1. If UD(k,n) is a G-crossed product, then every division algebra
of degree n whose center contains a subfield isomorphic to k is also a G-
crossed product.

In light of Theorem 1, to prove that UD(k,n) is not a crossed product
it suffices to produce two different examples of division algebras over k
whose maximal subfields do not have a common Galois group. The aim
of this note is to present a simple proof with least possible computations
for this step in the case chark { n and p3|n for some prime p. We note
that this case is the most general case independent of the properties of
k in which it is proved that UD(k,n) is not a crossed product (see [2]).
In our approach we employ Skolem-Noether Theorem and a basic property
of Henselian fields. We emphasize that our method neither leads to a new
insight into the noncrossed product theorem nor enriches the theory of valued
division algebras. This is just a shortcut for proving a well-known theorem
avoiding standard results about the Galois theory of Henselian fields.

First, we recall some preliminaries from the theory of valued division
algebras. Let T' be a totally ordered additive abelian group. Let oo is a
symbol such that v < co and v+ 00 = o0+ 00 = oo for all v € I'. By a
valuation on D we mean a function

v:D —TU{co}
satisfying the following conditions: for all =,y € D
(1) v(z) = oo if and only if z = 0,

(i) v(z +y) = minfv(z), v(y)};
(iil) v(zy) = v(z) +v(y)-

1 his original paper Amitsur only counsiders the case ¥ = Q, the field of rational
numbers.
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To a valuation v on D we associate the following structures: I'p = v(D*),
the value group of D, which is a subgroup of I'. Op = {x € D | v(x) > 0},
which is a subring of D. Op is called the valuation ring of D. It is easy to
observe that Op is a local ring with unique maximal left ideal mp = {x €
D | v(z) > 0}; so mp is a two-side ideal of Op. The quotient division ring
D = Op /mp is called the residue division ring. For any a € D we write
@ for the image of a in D. Clearly, restricting v to F is a valuation on F.
Moreover, it is not hard to show that the inclusion map from F' to D gives
an embedding F — Z(D). Hence D is an F-algebra.

Let F be a field equipped with a valuation v. The valued field F' (or the
valuation v) is called Henselian if v has a unique extension to each field L
algebraic over F. So, it is clear that every finite extension of a Henselian field
is Henselian. For f = Y"1 (a; X" € Op[X], we write f =Y. @, X' € F[X]
and f’ for the formal derivative of f. One can observe that Henselian fields
have the following property: for each f € Op[X], if there is a ¢ € F with
f(c) = 0 but F(c) # 0, then there is a unique a € Op with f(a) =0 and
a = c (see [4, Th. 4.1.3]).

One of the most important features of a Henselian field F' that will be used
in our proof is that if char F' { n, then 1+mp is n-divisible, i.e., (1+mp)? =
1 4+ mp. To see this, take any a € 1 + mp. Let f = X" —a € Op[X]. Its
image in F[X]is f = X" —1. But 1 is a simple root of f since char F' { n. As
F is Henselian, f has a root b € Op with b = 1. That is b" = a, as desired.

The following lemma is a known fact. However, for convenience of the
reader, we provide a proof for it.

Lemma 2. Let D be a central F-division algebra of index n. Lel v be a
valuation on D such that the restriction of v to F' is Henselian. if char F'{n
then in 1 +mp each element has a unique n-th root.

Proof. At first, we note that if char D > 0 then char F = char D and if
char D = 0 then either char F' = 0 or char F' > 0. In any case, we have
char D { n.

Let a € 14+mp and Let K = F'(a). According to what we mentioned above,
the restriction of v to K is Henselian because K/F is a finite extension. On
the other hand, it is clear that @ € 1 + mg. So, by the argument in the last
paragraph, a has a n-th root in K, hence in D. It remains to show that this
root is unique. Let there are g,h € mp such that (1+¢)" =a = (1+h)"
and g # h. Then, we have

n(g—h):zn;G) (b — 7).

Set t = g — h. Therefore, we can rewrite the above equation as follows

n

nt=3y (7;) (W — (t+ h)). (1)

J=2
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But it is clear that v(¢) > 0. So v (—t?) = v (¢?) = v (t). Likewise
v(th) > v(t) and v(ht) > v(t). Hence v(h®—(t+h)?) = ( t2—th ht) > v(t).
Similarly, it can be concluded that v(h/ — (t + h)?) > v(t) for all j > 3. So
we have

n
n : _

v ) (R = (t+h)) | > (). 2
> (1) -y ) > o0 @)
7j=2

On the other hand, since char D { n, n is invertible in Op. Therefore, v(n) =
0, and we have as a result v(nt) = v(n) + v(t) = v(t). Thus, from (1) and
(2) it follows that v(t) > v(t), which is a contradiction. O

In what follows, we recall a certain class of division algebras which are
a special case of Mal’cev-Neumann construction (see [6, §14]). Let k be an
arbitrary field and let nq,...,n, be integers (not necessarily distinct) with
n; > 2 for all 4. let

n=ny...n, and m=lem(ny,...,n;).

Assume that k contains a primitive m-th root of unity (,,, and let ¢,, =

m/ " for all i = 1,...,7; 50 (,, is a primitive n;-th root of unity. Let
1, yl, ey Ty Y bE 27’ 1ndependent indeterminates over k. Consider the ring
of iterated Laurent series k((z1))((y1)) - - . ((zr))((yr)) with the multiplication
defined by the following rules:

ria = ax;, yia=ay; forack

Ly = TjTi,  YilYj = YjYi (3)

iy = yjr; for i #j

TilYi = Cn,Yili-
One can observe that with relations defined in (3), k((z1))((y1))..-((x))((yr))
is a division algebra of index mn and its center is F =
E((2P) (i) - (@) ((yrr)) (ct. [5, p. 100]). We denote this division
algebra by Ao, (k;n1, ..., n,). Recall that nonzero elements of Ay, (k;n1, ..., n;)
are formal series

f = Z a(ilajlwwirvjr)xily{l tee xfj‘y‘zr’ a(il,jl,...,ir,jr) 6 k (4)
(i17"'7i7’l)
where supp(f) = {(i1,J1,---s8r Jr)lag, j1,.irj,) 7# O} is a well-ordered
subset of the abelian group EB?LlZ ordered by the right-to-left lexicographic
ordering. It can be easily seen that the map

v(f) =minsupp(f) for 0# f € Ao (k;ni,...,n,)

is a valuation on Ag;.(k;n1, ..., n,) with value group L a, (kimy,...n,) = @, Z.
It is also a known fact that the restriction of v to the center is Henselian
with value group I'r = &]_; (mZ & n;Z).

To snnphfy our notations, for each o = (i1, J1,-.-,%r,Jr), the monomial

xlf y{l ...xiryl" is denoted by z®. Using this notation, we can rewrite (4) in
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the form
f= E A, T
ap<ag<...

where supp(f) = {a1, ag, ...} and a,, # 0. In particular, we have

ker(v) = {ap + Z Uo; % aq,; € k* for all i} = k* (1 4+mp) (5)
O<ai<ag<...
where D = Ag,.(k;nq,...,n.).
Now, we are ready for the following proposition.

Proposition 3. Let D = Ay (k;nq,...,n,). Let K be a mazimal subfield of
D which is Galois over F. Let H = Np«(K*), the normalizer of K* in D*.
Then there is a diagram of group homomorphisms

l——=H/F*(HN(1+wmp)) — &', (Zn, ® ZLy,) (6)

|

Gal(K/F)

|

1

with exact row and column. In particular, both H/F* (H N (1+mp)) and
Gal(K/F) are abelian.

Proof. The map © : H — I'p/T'r = @,_, (Zn, ® Zy,) induced by the
valuation v has kernel H N F* ker(v). But F* ker(v) = F* (1 +mp) by (5).
Hence, ker(v) = HNF* (1 +mp) = F* (H N (1 +mp)). This shows that the
row of (6) is exact.

For the column of (6), first let 6 : H — Gal(K/F) be the map h — 0
where 0}, : a — h~'ah for all @ € K. By the Skolem-Noether Theorem [3,
p. 39|, 6 is surjective. Also, ker(f) = Cy(K™), the centralizer of K* in H.
Since K is a maximal subfield of D, Cy(K*) = K*. Hence, 0 induces an
isomorphism H/K* = Gal(K/F). Now take any h € H N (1 +mp). Then,
as |[H/K*| = | Gal(K/F)| = n (recall that n = ny...n, is the index of D),
one has A" € K*N (1 +mp) = 1+ mg. Because K is Henselian, A" has a
n-th root in 1 + mg which is h itself, as this root is unique in 1 + mp by
Lemma 2. So h € K. Therefore, ker(v) = F*(HN (1 4+ mp)) C K* = ker(6).
Hence, 6 induces a well-defined map H/ker(v) — Gal(K/F), and this map
is surjective as @ is surjective. Thus, the column of (6) is well-defined and
exact. ]

Theorem 4. If chark { n and p3|n for some prime p, then UD(k,n) is
noncrossed product.

Proof. On the contrary, suppose that UD(k,n) is a G-crossed product for a
group G of order n. Let n = p;...p, where p; is prime for ¢ = 1,...,r
(note that these prime numbers are not necessarily distinct). Let Dy =
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Ao (k(Cn);p1s- -, pr) and Dy = Ag(k((n);n). By Theorem 1, D is a G-
crossed product. Hence, by Proposition 3, G is abelian and each element of
G is of prime order. Therefore G = ©7_,Z,, because |G| = n. But p3|n.
So we must have rank(G) > 3. Using Theorem 1 again shows that Dj is a
G-crossed product. Now, the exact diagram (6) gives

rank(G) < rank (H/F*(HN(1+mp))) < rank (Z, ® Z,) = 2.

This contradiction shows that UD(k,n) is not a crossed product. O

We point out that what Amitsure proved about the maximal subfields
of Ag.(k;ni,...,n,) is more than what was done in the above. In fact, he
showed that if k is algebraically closed and n; are prime for all 1 <4 < r, then
all maximal subfields of Ay, (k;n1,...,n,) are Galois extensions of its center
with Galois group isomorphic to ®;_;Z,,. He obtained the Galois group
information by some clever but mysterious calculations using certain integer-
valued triangular matrices. His method, along with the Platonov’s reduced
K-theory, became a source of inspiration for others to develop the theory of
valued division algebras. In |7], in an attempt to provide an elementary proof
for the above results, the author presents a proof without using Henselian
property of the fields of iterated Laurent series for the case n = p™ where p
is a prime and m > 3.
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