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Abstract: Schur decomposition is a fundamental and powerful
matrix decomposition tool in linear algebra, which plays a key role
in theoretical studies and practical applications such as eigenvalue
computation. In this paper, by the complex representation form
of a quaternion matrix and its properties, a complex structure-
preserving implicit double-shift QR algorithm is proposed for solving
the Schur decomposition problem of a quaternion matrix. Numerical
examples show that the proposed algorithm obtains a significant
improvement in computational efficiency.
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1 Introduction

In numerical linear algebra, Schur decomposition is a fundamental and
important tool that is widely used in the fields of eigenvalue problems [1],
matrix function computation [2], and system stability analysis [3]. For a
given square matrix, Schur decomposition decomposes it into a product of a
unitary matrix and an upper triangular matrix. The decomposition not only
provides a stable and efficient basis for many numerical algorithms, but has
also become a standard method for solving complex problems in many fields
such as signal processing, control theory [4, 5].

With the increasing demand for scientific computation, the object of study
is no longer limited to real or complex matrices, and the problem of matrix
computation in four dimensional algebra has also received widespread attent-
ion [6, 7, 8, 9], especially the quaternion algebra, as a complex mathematical
structure, has increasingly appeared in the fields of quantum computation,
and image and signal processing [10, 11, 12]. The concept of quaternion was
first introduced by Irish mathematician William Rowan Hamilton in 1843
[13] and is usually expressed in the following form:

q = q1 + q2i + q3j + q4k, i2 = j2 = k2 = ijk = −1, (1.1)

where q1, q2, q3, q4 are real numbers, ij = −ji = k, rmjk = −kj = i, ki =
−ik = j. This non-commutativity (ij ̸= ji) distinguishes quaternions from
complex numbers and gives them special algebraic properties. Quaternions
were originally introduced to solve rotation problems in three-dimensional
space. Unlike Euler angles and rotation matrices, quaternions avoid the
problem of gimbal blocking and are more efficient and stable in computing
rotation problems [14]. These advantages have led to the widespread use of
quaternions in modern computer graphics, robotics, and aerospace engineering
[15, 16, 17].

At the same time, it is due to the structural complexity of quaternions
that makes traditional matrix computation methods difficult to be directly
applied to quaternion matrices, making the study of quaternion matrix algori-
thms more difficult and challenging. So far, the problem of computing the
Schur decomposition and eigenvalues of quaternion matrices mainly includes
the following two methods: the quaternion QR algorithm [18] and the real
(complex) representation method [19, 20, 21]. In the paper [18], Bunse-
Gerstner et al. proposed a double implicit shift QR algorithm for quaternion
matrices, and then Jia et al. [22] established a real structure-preserving
QR algorithm taking into account the properties of the real representation
structure of the quaternion matrices, which transforms the quaternion matrix
computation into real matrix operations, greatly improving the computational
efficiency and reducing the computational cost. The establishment of structure-
preserving algorithms has received extensive attention in the field of quaternion
matrix computation and applications, including Hermtian matrix eigenvalue
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algorithms, singular value decomposition, LU decomposition, QR decomposi-
tion algorithms, etc [23, 24, 25, 26]. Although the above algorithms have
gained some improvement in computational speed compared with the direct
algorithms, the optimization of the algorithms has not yet reached the same
maturity as the real matrix algorithms, and there is still a lot of room for
improvement. In this paper, we further focus on the Schur decomposition
problem of the quaternion matrices, and propose a complex structure-preserv-
ing QR iterative algorithm, which accelerates the convergence of the matrix
decomposition by transforming the quaternion matrices into the complex
matrices and applying the complex structure-preserving implicit double-shift
strategy. Compared with the traditional methods, the proposed algorithm
can significantly improve the computational efficiency while maintaining the
intrinsic structure of the quaternionic matrices and has a simpler form.

The paper is organized as follows. In Section 2, we introduce the definitions
and properties of quaternions to be used in the following. In Section 3, we
investigate the complex structure-preserving Schur decomposition algorithm
based on the double implicit shift QR algorithm. In Section 4, we verify the
effectiveness of the proposed algorithm via numerical examples.

2 Preliminaries

In this section, we will show some definitions and properties that will be
needed below.

Let H, R and C denote the skew field of quaternions, the real and complex
number field, respectively. The conjugate and norm of the a quaternion q =
q1 + q2i + q3j + q4k are defined as q = q1 − q2i − q3j − q4k and ∥q∥ =√
qq =

√
q21 + q22 + q23 + q24, respectively. Re(q) = q1 denotes the real part

of q. The conjugate and conjugate transpose of a quaternion matrix A =
A1 + A2i + A3j + A4k ∈ Hm×n are defined as A = A1 − A2i − A3j − A4k
and AH = AT

1 − AT
2 i − AT

3 j − AT
4 k, respectively. For a quaternion matrix

A ∈ Hn×n, then A is a unitary quaternion matrix if AAH = AHA = In, and
A is a Hermitian quaternion matrix if A = AH .

Lemma 1.1[19] Let A ∈ Hn×n be a quaternion matrix. Then there exists
a unitary quaternion matrix U ∈ Hn×n such that UHAU is upper triangular
matrix.

Complex representation for a quaternion matrix. For any quaternion
matrix A = A1+A2i+A3j+A4k = A1+A2j ∈ Hm×n, where A1, A2, A3, A4 ∈
Rm×n and A1 = A1 + A2i,A2 = A3 + A4i, its complex representation AC

was defined as follows [27],

AC =

[
A1 A2

−A2 A1

]
∈ C2m×2n. (2.1)

The complex representation matrix have the following properties,

AC = [AC
c , Q

T
mA

C
c ], AC = QT

mA
CQn, (2.2)
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where AC
c =

[
A1 +A2i
−A3 +A4i

]
∈ C2m×n, Qt =

[
0 It

−It 0

]
is a unitary matrix,

It is a unit matrix of order t.
Moreover, for any A,B ∈ Hm×n, D ∈ Hn×p, a ∈ R, then we have

(A+B)C = AC +BC , (AD)C = ACDC , (aA)C = aAC , (AH)C = (AC)H . (2.3)

From the Equation (2.3) above, it is easy to derive that A → AC is
an isomorphic mapping of Hm×n on C2m×2n. For A ∈ Hn×n, then A is a
Hermitian quaternion matrix if and only if AC is a Hermitian matrix.

The Frobenius norm of a quaternion matrix. [28] Let A = A1 +
A2i +A3j +A4k ∈ Hm×n. Then

∥A∥F = ∥AC
c ∥F =

√
∥A1 +A2i∥2F + ∥ −A3 +A4i∥2F . (2.4)

Generalized Givens matrix. Given a quaternion q = q1 + q2i + q3j +
q4k ∈ H, where q1, q2, q3, q4 ∈ R, if q ̸= 0, then its generalized Givens matrix
G1 can be defined as follows

G1 =

[
cosα1 + i× cosα2 cosα3 + i× cosα4

− cosα3 + i× cosα4 cosα1 − i× cosα2

]
=

[
q1 + q2i q3 + q4i

−q3 + q4i q1 − q2i

]
/|q| = qC/|q|,

(2.5)

then GH
1 q

C = qCGH
1 = |q|I2.

Therefore, G1 is the special case of generalized Givens matrix below,

Gl =



Il−1 0 0 0 0 0

0 cosα1 + i× cosα2 0 0 cosα3 + i× cosα4 0

0 0 In−l 0 0 0

0 0 0 Il−1 0 0

0 − cosα3 + i× cosα4 0 0 cosα1 − i× cosα2 0

0 0 0 0 0 In−l

 ∈ C2n×2n. (2.6)

where l = 1, 2, · · · , n, cosα2
1 + cosα2

2 + cosα2
3 + cosα2

4 = 1 with αs ∈
[−π

2 ,
π
2 ), s = 1, 2, 3, 4.

Generalized Householder matrix is the direct sum of two identical n×n
Householder matrices defined as follows,

Hl =

[
In − βννT 0n×n

0n×n In − βννT

]
∈ R2n×2n. (2.7)

where ν ∈ Rn×1 is a Householder vector and its first l − 1 elements are
equal to 0, and β is a scalar satisfying β(βνT ν−2) = 0. Usually, in practical
calculations, in order to reduce the storage space of the computer and increase
the speed of calculations, only ν and β need to be generated instead of Hl.

The algorithm for generating the generalized Givens matrix and the genera-
lized Householder vector is shown below.

Generalized upper Hessenberg matrix. For a complex representation
matrix H ∈ C2n×2n, it is called a generalized Hessenberg matrix if it has the
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Algorithm 1: For two complex numbers g1 and g2, then a 2 × 2
generalized Givens matrix can be generated as follows.
Function G1=QC_Givens(g1, g2)

if g1 = g2 = 0, then

G1 =

[
1 0

0 1

]
;

else

G1 =

[
g1 g2
−g2 g1

]
/
√
g1 × g1 + g2 × g2 ;

end
End

Algorithm 2: For two complex vectors x1, x2 ∈ Cn×1, then the
generalized Householder vector can be generated as follows.
Function [u, β]=QC_House(x1, x2, n)

u1(1 : n, 1 : 2) = [x1, x2]; a = norm([x1;x2]); x = norm([x1(1), x2(1)]);

if x == 0, then
α = a ∗ [1, 0] ;

else
α = −(a/x) ∗ ([x1(1), x2(1)]) ;

end
u1(1, 1 : 2) = u1(1, 1 : 2)− α ;
u =Q_Comp(u1(:, 1), u1(:, 2)); β = 1/(a ∗ (a+ x)) ;

End

following form

H =

[
H1 H2

−H2 H1

]
, (2.8)

where H1 ∈ Cn×n is an upper Hessenberg matrix, H2 ∈ Cn×n is an upper
triangular matrix. Moreover, if all subdiagonal elements of H1 are nonzeros,
H is called an unreduced generalized upper Hessenberg matrix.

Generalized upper triangular matrix. For a complex representation
matrix R ∈ C2n×2n, it is called a generalized upper triangular matrix if it
has the following form

R =

[
R1 R2

−R2 R1

]
, (2.9)

where R1 ∈ Cm×n is upper triangular, R2 ∈ Cm×n is strictly upper triangular.
Moreover, if R1 is also strictly upper triangular, then R is called a generalized
strictly upper triangular matrix.

Generalized Schur form. For a complex representation matrix T ∈
C2n×2n, it is called a generalized Schur form if it has the following form

T =

[
T1 T2

−T2 T1

]
, (2.10)

where T1 ∈ Cn×n is a quasi-upper triangular matrix, T2 ∈ Cn×n is upper
triangular matrix.
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Proposition 2.1 For a complex representation matrix M ∈ C2n×2n. Then
there exists a unitary complex representation matrix W ∈ C2n×2n such that
WMWH = H is a generalized upper Hessenberg matrix.

Proof. We can prove the proposition by mathematical induction. For
n = 1, the proposition clearly holds. Suppose that for the case 1 ≤ n < s,
there exists unitary complex representation matrix W̃ ∈ C2n×2n such that

W̃MW̃H =

[
H̃1 H̃2

−H̃2 H̃1

]
,

where H̃1 ∈ Cn×n is an upper Hessenberg matrix, H̃2 ∈ Cn×n is upper
triangular matrix. For n = s, denote

M =

[
M1 M2

−M2 M1

]

=



ψ
(1)
11 ψ

(1)
12 ψ

(1)
13 · · · ψ

(1)
1s ψ

(2)
11 ψ

(2)
12 ψ

(2)
13 · · · ψ

(2)
1s

ψ
(1)
21 ψ

(1)
22 ψ

(1)
23 · · · ψ

(1)
2s ψ

(2)
21 ψ

(2)
22 ψ

(2)
23 · · · ψ

(2)
2s

ψ
(1)
31 ψ

(1)
32 ψ

(1)
33 · · · ψ

(1)
3s ψ

(2)
31 ψ

(2)
32 ψ

(2)
33 · · · ψ

(2)
3s

...
...

...
. . .

...
...

...
...

. . .
...

ψ
(1)
s1 ψ

(1)
s2 ψ

(1)
s3 · · · ψ(1)

ss ψ
(2)
s1 ψ

(2)
s2 ψ

(2)
s3 · · · ψ(2)

ss

−ψ(2)
11 −ψ(2)

12 −ψ(2)
13 · · · −ψ(2)

1s ψ
(1)
11 ψ

(1)
12 ψ

(1)
13 · · · ψ

(1)
1s

−ψ(2)
21 −ψ(2)

22 −ψ(2)
23 · · · −ψ(2)

2s ψ
(1)
21 ψ

(1)
22 ψ

(1)
23 · · · ψ

(1)
2s

−ψ(2)
31 −ψ(2)

32 −ψ(2)
33 · · · −ψ(2)

3s ψ
(1)
31 ψ

(1)
32 ψ

(1)
33 · · · ψ

(1)
3s

...
...

...
. . .

...
...

...
...

. . .
...

−ψ(2)
s1 −ψ(2)

s2 −ψ(2)
s3 · · · −ψ(2)

ss ψ
(1)
s1 ψ

(1)
s2 ψ

(1)
s3 · · · ψ

(1)
ss



,

where ψ(1)
uv , ψ

(2)
uv ∈ C and u, v = 1, 2, · · · , s. Then find a series of generalized

Givens matrices G2, G3, · · · , Gs such that

M̆ = Gs · · ·G3G2M(Gs · · ·G3G2)
H

=



ψ
(1)
11 ψ̆

(1)
12 ψ̆

(1)
13 · · · ψ̆

(1)
1s ψ

(2)
11 ψ̆

(2)
12 ψ̆

(2)
13 · · · ψ̆

(2)
1s

r21 ψ̆
(1)
22 ψ̆

(1)
23 · · · ψ̆

(1)
2s 0 ψ̆

(2)
22 ψ̆

(2)
23 · · · ψ̆

(2)
2s

r31 ψ̆
(1)
32 ψ̆

(1)
33 · · · ψ̆

(1)
3s 0 ψ̆

(2)
32 ψ̆

(2)
33 · · · ψ̆

(2)
3s

...
...

...
. . .

...
...

...
...

. . .
...

rs1 ψ̆
(1)
s2 ψ̆

(1)
s3 · · · ψ̆(1)

ss 0 ψ̆
(2)
s2 ψ̆

(2)
s3 · · · ψ̆(2)

ss

−ψ(2)
11 −ψ̆(2)

12 −ψ̆(2)
13 · · · −ψ̆(2)

1s ψ
(1)
11 ψ̆

(1)
12 ψ̆

(1)
13 · · · ψ̆

(1)
1s

0 −ψ̆(2)
22 −ψ̆(2)

23 · · · −ψ̆(2)
2s r21 ψ̆

(1)
22 ψ̆

(1)
23 · · · ψ̆

(1)
2s

0 −ψ̆(2)
32 −ψ̆(2)

33 · · · −ψ̆(2)
3s r31 ψ̆

(1)
32 ψ̆

(1)
33 · · · ψ̆

(1)
3s

...
...

...
. . .

...
...

...
...

. . .
...

0 −ψ̆(2)
s2 −ψ̆(2)

s3 · · · −ψ̆(2)
ss rs1 ψ̆

(1)
s2 ψ̆

(1)
s3 · · · ψ̆

(1)
ss


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where rt1 =
√

(ψ
(1)
t1 )2 + (ψ

(2)
t1 )2, t = 2, 3, · · · , s. Then we can get a generalized

Householder matrix H ∈ R2s×2s such that
M̂ = H2M̆HT

2

=



ψ
(1)
11 ψ̂

(1)
12 ψ̂

(1)
13 · · · ψ̂

(1)
1s ψ

(2)
11 ψ̂

(2)
12 ψ̂

(2)
13 · · · ψ̂

(2)
1s

r̂21 ψ̂
(1)
22 ψ̂

(1)
23 · · · ψ̂

(1)
2s 0 ψ̂

(2)
22 ψ̂

(2)
23 · · · ψ̂

(2)
2s

0 ψ̂
(1)
32 ψ̂

(1)
33 · · · ψ̂

(1)
3s 0 ψ̂

(2)
32 ψ̂

(2)
33 · · · ψ̂

(2)
3s

...
...

...
. . .

...
...

...
...

. . .
...

0 ψ̂
(1)
s2 ψ̂

(1)
s3 · · · ψ̂(1)

ss 0 ψ̂
(2)
s2 ψ̂

(2)
s3 · · · ψ̂(2)

ss

−ψ(2)
11 −ψ̂(2)

12 −ψ̂(2)
13 · · · −ψ̂(2)

1s ψ
(1)
11 ψ̂

(1)
12 ψ̂

(1)
13 · · · ψ̂

(1)
1s

0 −ψ̂(2)
22 −ψ̂(2)

23 · · · −ψ̂(2)
2s r̂21 ψ̂

(1)
22 ψ̂

(1)
23 · · · ψ̂

(1)
2s

0 −ψ̂(2)
32 −ψ̂(2)

33 · · · −ψ̂(2)
3s 0 ψ̂

(1)
32 ψ̂

(1)
33 · · · ψ̂

(1)
3s

...
...

...
. . .

...
...

...
...

. . .
...

0 −ψ̂(2)
s2 −ψ̂(2)

s3 · · · −ψ̂(2)
ss 0 ψ̂

(1)
s2 ψ̂

(1)
s3 · · · ψ̂

(1)
ss


where r̂21 =

√
r221 + r221 + · · ·+ r2s1. Then the 1st, (s+1)-th rows and columns

of M̂ are deleted to obtain a 2(s − 1) × 2(s − 1) submatrix, which satisfies
the complex representation form. Therefore, the proposition is proved based
on the assumptions. □

Proposition 2.2 For a complex representation matrix M ∈ C2n×2n. Then
there exists a unitary complex representation matrix W ∈ C2n×2n such that
WHM = R ∈ C2n×2n is a generalized upper triangular matrix.

The Proposition 2.2 can be proved in a similar way with Proposition 2.1.
Proposition 2.3 Suppose that M ∈ C2n×2n is a complex representation

matrix. Then there exists a unitary complex representation matrix W ∈
C2n×2n such that WHMW = T ∈ C2n×2n is a generalized Schur form.

The Proposition 2.3 can be proved in a similar way with Proposition 2.1.

3 Complex structure-preserving QR algorithm for Schur
decomposition of quaternion matrices

Based on the properties of complex representation matrices of quaternion
matrices and related definitions provided in the previous section, in this
section we present a QR algorithm based on the complex representation
form for computing the generalized Schur decomposition.

Let M ∈ C2n×2n be complex representation matrix, then a basic complex
representation QR algorithm can be written as

H = VMVH

for s = 1, 2, · · ·
H = WR (QR decomposition)
H = RW

end

(3.1)

where each V,W ∈ C2n×2n is unitary complex representation matrix and
R ∈ C2n×2n is generalized upper triangular matrix. It can be noticed that
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by reducing M to H, then the computation of each subsequent QR iteration
step can be reduced from O(n3) to O(n2). But the problem remains that as
the matrix dimension increases, the convergence of this algorithm is very
slow and uncertain, and may not converge to a satisfactory result after
many iterations. So in order to improve the convergence speed, here we can
introduce the complex conjugate Wilkinson shifts as follows,

H = VMVH

for s = 1, 2, · · ·

Determine the complex Wilkinson shifts k and k.

H− kI = WR (QR decomposition)

H̃ = RW+ kI

H̃− kI = W̃R̃ (QR decomposition)

Ĥ = R̃W̃+ kI

end

(3.2)

Next, if
W̌Ř = (H− kI)(H− kI)

is the Generalized QR decomposition of (H− kI)(H− kI), then we can get
the following result,

Ĥ = (W̌)HHW̌. (3.3)
The strategy is called the Francis double shift strategy. Moreover, since C =
(H − kI)(H − kI) = H2 − 2Re(k)H + |k|2I, the formation of C requires
O(n3) operations. Therefore it is necessary to avoid generating the matrix
C thus less computationally expensive by using a properties of generalized
Hesseberg matrices.

Next, similar to the paper [22] it is easy to prove the uniqueness and
the implicit Q theorem of generalized upper Hessenberg matrices. Then the
double implicit shift strategy for simultaneously determining W̌ and Ĥ can
be resolved into the following five steps:

1. Compute the 1 and n+ 1 columns of C ∈ C2n×2n, and save them into
F ∈ C2n×2.

2. Compute a generalized Householder matrix WF ∈ C2n×2n such that

WH
F F = σ[e1, en+1], (3.4)

where each es is the sth column of the identity matrix I, and σ ∈ C.
3. Let HF = WH

F HWF .
4. Reduce HF to a generalized upper Hessenberg form Ĥ using the generali-

zed Householder matrix. Denote the cumulative transformation as W̃.
5. Let W̌ = WF W̃.
The primary computations involve determining the 1st and n+1th columns

of C and reducing HF to a generalized upper Hessenberg form. Since H
already in a generalized upper Hessenberg form, the first calculation can be
performed in O(1) operations, while the second requires O(n2) operations.
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The typical approach to solve the dense nonsymmetric eigenvalue problem
involves first reducing the matrix to upper Hessenberg form, and then iteratively
computing the Schur form using the Francis QR step. Here we demonstrate
how a generalized upper Hessenberg matrix H ∈ C2n×2n can be reduced
into a generalized Schur form T = WHHW using the unitary complex
representation matrix W.

Denote that H =

[
H1 H2

−H2 H1

]
, W =

[
W1 W2

−W2 W1

]
, and T =

[
T1 T2

−T2 T1

]
,

in which H1,H2,W1,W2,T1,T2 ∈ Cn×n.
Firstly, determine the maximum nonnegative integer q and the minimum

nonnegative integer p such that

H1 =

 H11 H12 H13

0 H22 H23

0 0 H33

 p
n− p− q
q

, (3.5)

where H33 is upper quasi-triangular and H22 is unreduced.
Next, if q < n, execute a Francis QR step on the unreduced generalized

upper Hessenberg matrix H22:

H22 = W̌HH22W̌. (3.6)

Let ϵ be the computer accuracy. The generalized Schur form T̂ that is
obtained exhibits the structure described in (2.10) and is unitarily similar to
a complex representation matrix that approximates H, i.e.,

WH(H+ E)W = T̂, (3.7)

where W is a unitary matrix, E is a complex representation matrix with
∥E∥2 ≈ ϵ∥H∥2. The calculated W̃ is almost unitary complex representation
matrix in the sense that W̃HW̃−I2n = F is a complex representation matrix
and ∥F∥2 ≈ ϵ.
Remark 1 A complex representation matrix is uniquely determined by its
two submatrices on the first column block, and vice versa. The structure-
preserving transformation on a complex representation matrix is equivalent
to corresponding transformations on two submatrices on the first column
block.

Then based on the above statement and the properties of the complex
representation matrix of a quaternion matrix, we can develop the complex
structure-preserving implicit double shift quaternion QR algorithm for Schur
decomposition of a quaternion matrix, as outlined in Algorithm 3.

From Algorithm 3, it is clear that the right eigenvalues of the original
quaternion matrix A can be derived from the diagonal elements of the quasi
upper-triangular quaternion matrix T . The eigenvectors of A can be obtained
by computing the eigenvectors of of T , and transforming them back using
the unitary quaternion transformation W . Consequently, the task of finding
the eigenvectors of A is simplified to computing the eigenvectors of T .

The subfunctions to be used are shown in Algorithms 4, 5 and 6 below.
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Algorithm 3: Give an arbitrary quaternion matrix A = A1 +A2j ∈
Hn×n, where A1,A2 ∈ Cn×n. This algorithm provides a method
to find a unitary quaternion matrix W = W1 + W2j and a upper
quasi-triangular matrix T = T1 + T2j such that T =WAWH , where
W1,W2,T1,T2 ∈ Cn×n.
Input: A1, A2. Output: W1, W2 and T1, T2.
Function [W1,W2,T1,T2]=QCSchur(A1,A2)

1. Initialization.
AC

c = [A1;−conj(A2)]; m =size(AC
c , 2) ;

P1 = [eye(m,m); zeros(m,m)]; tol = 1e− 11 ;
2. Generalized Hessenberg reduction;
[P,H] =qCHessenberg(AC

c ) ;
3. Iterative process.
while 1 do

for s = 2 : m do
if norm([H(s, s− 1);H(s+m, s− 1)]) <= tol ∗ (norm([H(s, s);H

(s+m, s)]) + norm([H(s− 1, s− 1);H(s− 1 +m, s− 1)])) then
H([s, s+m], s− 1) = zeros(2, 1);

end
end
[p, q] = find_pq(H(1 : m, 1 : m)) ;
if q==m then

break;
end
[WF,N1] =cReduction(H([p+ 1 : m− q,m+ p+ 1 : 2 ∗m− q], p+ 1 : m− q));
H([p+ 1 : m− q,m+ p+ 1 : 2 ∗m− q], p+ 1 : m− q) = N1;
d = m− p− q ;
WR = Q_Comp(WF (1 : d, 1 : d),−conj(WF (d+ 1 : 2 ∗ d, 1 : d))) ;
P1([p+ 1 : m− q,m+ p+ 1 : 2 ∗m− q], :) = WR ∗ P1([p+ 1 : m− q,m+ p+ 1 :
2 ∗m− q], :);

Z = [H(1 : p, p+ 1 : m− q),−conj(H(m+ 1 : m+ p, p+ 1 : m− q))] ∗WR′;
H([1 : p,m+1 : m+p], p+1 : m−q) = [Z(1 : p, 1 : d);−conj(Z(1 : p, d+1 : 2∗d))];
H([p+ 1 : m− q,m+ p+ 1 : 2 ∗m− q],m− q + 1 : m) = WR ∗H([p+ 1 :

m− q,m+ p+ 1 : 2 ∗m− q],m− q + 1 : m);
end
4. Output results.

Q = Q_Comp(P1(1 : m, 1 : m),−conj(P1(m+ 1 : 2 ∗m, 1 : m))) ∗ P ;
W1 = Q(1 : m, :); W2 = −conj(Q(m+ 1 : 2 ∗m, :)) ;
T1 = H(1 : m, :); T2 = −conj(H(m+ 1 : 2 ∗m, :)) ;

End

4 Numerical experiments

Example 4.1 For the quaternion matrix

A =


0.8621 0.8967 0.5524 0.1832 0.4597
0.1619 0.2005 0.6417 0.0069 0.3559
0.9732 0.2579 0.9828 0.6645 0.5541
0.7322 0.7375 0.8317 0.5272 0.2285
0.6764 0.9324 0.0787 0.3904 0.4319

 +


0.4836 0.4318 0.8066 0.0253 0.8028
0.1207 0.3015 0.2131 0.0910 0.0497
0.6370 0.6584 0.8935 0.1505 0.5464
0.9317 0.6497 0.2957 0.8747 0.4829
0.0415 0.9517 0.3039 0.8246 0.4917

 i

+


0.4294 0.5004 0.0085 0.5511 0.1035
0.9474 0.3589 0.0471 0.3049 0.9541
0.1531 0.7213 0.3535 0.3583 0.9990
0.3783 0.5637 0.2810 0.9391 0.0561
0.4302 0.2802 0.5650 0.3715 0.4380

 j +


0.0765 0.6257 0.8342 0.1879 0.1084
0.9629 0.0520 0.3362 0.0943 0.7749
0.9860 0.6856 0.1057 0.9640 0.0625
0.7642 0.8900 0.6393 0.5275 0.9438
0.5208 0.3602 0.4540 0.6674 0.2406

 k,

compute the Schur decomposition of the A.
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Algorithm 4: Give an arbitrary quaternion matrix A ∈ Hn×n. This
algorithm provides a method to find a unitary quaternion matrix
P ∈ Hn×n and a upper Hessenberg quaternion matrix H ∈ Hn×n

such that H = PAPH .
Input: the first column block AC

c of AC . Output: the first column
block PC

c of PC and the first column block HC
c of HC .

Function [PC
c , HC

c ]=qCHessenberg(AC
c )

1. Initialization.
B = AC

c ; n =size(B, 2) ;
D = [eye(n, n); zeros(n, n)] ;

2. Cyclic process;
for t = 1 : n− 2 do

s = t+ 1 ;
if norm([B(s : n, t);B((n+ s) : (2 ∗ n), t)]) > 0 then

[u, β] = QC_House(B(s : n, t),−conj(B(n+ s : 2 ∗ n, t)), n− s+ 1) ;
B([s : n, s+ n : 2 ∗ n], t : n) = B([s : n, s+ n : 2 ∗ n], t : n)− (β ∗ u)∗
(u′ ∗B([s : n, s+ n : 2 ∗ n], t : n));
D([s : n, s+ n : 2 ∗ n], 1 : n) = D([s : n, s+ n : 2 ∗ n], 1 : n)− (β ∗ u)∗
(u′ ∗D([s : n, s+ n : 2 ∗ n], 1 : n)) ;

end
Z(1 : n, [s : n, s+ n : 2 ∗ n]) = [B(1 : n, s : n),−conj(B(1 + n : 2 ∗ n, s : n))] ;
Z(1 : n, [s : n, s+ n : 2 ∗ n]) = Z(1 : n, [s : n, s+ n : 2 ∗ n])−Z(1 : n, [s : n, s+ n :
2 ∗ n]) ∗ u ∗ (β ∗ u′);

B([1 : n, 1 + n : 2 ∗ n], s : n) = [Z(1 : n, s : n);−conj(Z(1 : n, s+ n : 2 ∗ n))];
end
3. Output results.

PC
c = D; HC

c = B;
End

It is easy to use Algorithm 3 directly to obtain A =WHTW , where

W =


−0.3921 − 0.0024i −0.2783 − 0.0766i −0.5304 − 0.0346i −0.5300 + 0.0476i −0.4031 + 0.0187i
−0.2667 + 0.1236i 0.4369 − 0.1003i 0.0209 − 0.3437i 0.0306 + 0.2485i −0.0287 + 0.1186i
−0.0952 + 0.1853i −0.5139 − 0.1436i 0.3182 − 0.1253i −0.1520 + 0.1378i 0.3772 − 0.0901i
0.2735 + 0.0554i −0.0071 − 0.3814i 0.1364 + 0.2204i 0.1609 + 0.0016i −0.5333 − 0.0529i
0.1947 − 0.4635i 0.2291 + 0.0103i 0.0362 + 0.3825i −0.2566 + 0.1769i 0.0461 − 0.1416i



+


−0.0138 − 0.0123i −0.0011 + 0.1496i 0.0015 + 0.0236i −0.0349 + 0.0806i 0.0009 + 0.0582i
0.0079 − 0.3681i 0.3245 − 0.0283i 0.2469 + 0.2842i −0.2395 − 0.0770i −0.2078 − 0.1631i
0.2419 − 0.1186i 0.0207 + 0.1658i 0.1085 − 0.0155i −0.2998 − 0.1719i −0.0367 + 0.3593i
0.1024 + 0.0896i 0.1171 + 0.1816i 0.0591 − 0.0034i −0.4692 − 0.0957i 0.2959 − 0.1036i
0.0397 − 0.3965i −0.1425 + 0.0974i 0.2756 − 0.1827i −0.1066 + 0.2405i −0.1593 + 0.1877i

 j,

and

T =


2.6657 + 2.9423i 0.3434 − 0.8901i 0.2048 + 0.2734i −0.1514 − 0.1726i −0.0536 − 0.4066i
−0.0000 − 0.0000i −0.1391 + 0.2405i 0.2938 − 0.3686i −0.0747 − 0.1565i −0.2591 − 0.2836i
0.0000 + 0.0000i 0.0000 + 0.0000i −0.7233 − 0.6771i −0.0088 − 0.2895i 0.3881 − 0.3714i
−0.0000 + 0.0000i 0.0000 − 0.0000i 0.0000 + 0.0000i 0.7659 + 0.2399i −0.2968 − 0.2463i
−0.0000 + 0.0000i −0.0000 − 0.0000i 0.0000 + 0.0000i 0.0000 + 0.0000i 0.4351 − 0.3476i



+


1.2817 + 2.4709i 0.7231 − 0.5986i 0.1772 + 0.6150i 0.0172 + 0.5724i −0.3119 − 0.7626i
−0.0000 − 0.0000i −1.1064 − 0.6983i −0.2718 + 0.2405i −0.0094 + 0.5388i −0.3022 − 0.2913i
−0.0000 + 0.0000i −0.0000 + 0.0000i −0.1704 − 0.6244i 0.3088 + 0.5204i 0.0510 − 0.0732i
−0.0000 − 0.0000i −0.0000 + 0.0000i −0.0000 + 0.0000i 0.0936 + 0.0316i −0.3419 − 0.4700i
−0.0000 − 0.0000i 0.0000 − 0.0000i −0.0000 + 0.0000i −0.0000 + 0.0000i −0.2314 − 0.0230i

 j.

and the corresponding computational error is

∥AWH −WHT∥F ≈ 9.0751× 10−15.
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Algorithm 5: Give an arbitrary complex Hessenberg matrix H ∈
Cn×n. This algorithm provides a method to find the maximum
nonnegative integer q and the minimum nonnegative integer p of H,
where H has the form of (3.5). Input: H . Output: p and q.
Function [p, q]=find_pq(H)

1. Initialization.
n = size(H, 1); q = 0; s = n ;

2. Cyclic process.
while 1 do

if s == 2 then
q = q + 2;
break;

end
if s == 1 then

q = q + 1 ;
break;

end
if H(s, s− 1) == 0 then

q = q + 1 ;
s = s− 1;
continue;

end
if H(s− 1, s− 2) == 0 then

q = q + 2;
s = s− 2;
continue;

end
break;

end
if q == n then

p = 0;
return;

end
temp=1;

for t = n− q : −1 : 2 do
if H(t, t− 1) == 0 then

break;
else

temp=temp+1;
end

end
p = n−temp−q;

3. Output results.
p; q;

End

Example 4.2 For the quaternion matrix A = A1 + A2i + A3j + A4k ∈
Hm×n created by the function rand in Matlab, where At = rand(m,n), t =
1, 2, 3, 4, when n = 40 : 40 : 800, perform the Schur decomposition of A by
proposed Algorithm 3 and the real structure-preserving QR algorithm [22],
respectively. The CPU times and computational errors by the two algorithms



156 ZHENWEI GUO

are shown in Fig. 1, where C_QR_Algorithm denotes proposed Algorithm 3
and R_QR_Algorithm denotes the real structure-preserving algorithm, and
the computational error used is ∥AWH −WHT∥F . All these computations
are performed on an Intel i7-13700K @ 3.40 GHz/32 GB computer using
Matlab 2018b.
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Fig.1 Time required and computational error of performing Schur
decomposition for A.

It is clear from Figure 1 that our proposed new algorithm is clearly faster
than the algorithm of the paper [22] in terms of computational speed, and
in particular, our algorithm takes about 50 seconds less than that of the
algorithm of [22] when n = 800. Moreover, the computational errors of the
two algorithms remain almost the same, thus also proving the effectiveness
of Algorithm 3.

5 Conclusions

In this paper, a complex structure-preserving QR double implicit shift
iterative algorithm is proposed for Schur decomposition of quaternion matrices
via the complex representation matrix of quaternion matrices, and also this is
a standard method for computing the eigenvalue problem of dense quaternion
matrices, which takes into account the connection between quaternion matrices
and their complex representation matrices. Numerical experimental results
also verify the effectiveness of the algorithm proposed in this paper. The
study in this paper not only provides a new method for Schur decomposition
of quaternion matrices, but also provides an important tool for solving quater-
nion problems in practical applications.
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Algorithm 6: Give an unreduced upper Hessenberg quaternion
matrix A ∈ Hn×n. This algorithm gives a unitary transformation
by performing Francis QR iterations for A such that N = WAWH ,
where N ∈ Hn×n is a new reduced upper Hessenberg quaternion
matrix.
Input: the first column block AC

c of AC . Output: the first column
block WC

c of WC , the first column block NC
c of NC .

Function [WC
c , NC

c ] =cReduction(AC
c )

1. Initialization.
H = AC

c ; n = size(H, 2); m = n− 1; WC
c = [eye(n); zeros(n)] ;

σ = min(eig(qComplexp(H(m : n,m : n),−conj(H(m+ n : 2 ∗ n,m : n))))) ;
s = 2 ∗ real(σ); t = (norm(σ))2 ;
HR = qComplexp(H(1 : n, :),−conj(H(n+ 1 : 2 ∗ n, :))) ;
F = HR([1 : 3, n+ 1 : n+ 3], :) ∗HR(:, 1)− s ∗HR([1 : 3, n+ 1 :

n+ 3], 1) + t ∗ [1; zeros(5, 1)];

2. Cyclic process.
for k = 1 : n− 2 do

[u, β] = QC_House(F (1 : 3),−conj(F (4 : 6)), 3);
q = max(1, k − 1);
H([k : k + 2, n+ k : n+ k + 2], q : n) = H([k : k + 2, n+ k : n+ k + 2], q :

n)− β ∗ u ∗ (u′ ∗H([k : k + 2, n+ k : n+ k + 2], q : n));
WC

c ([k : k + 2, n+ k : n+ k + 2], 1 : n) = WC
c ([k : k + 2, n+ k : n+ k + 2], 1 :

n)− β ∗ u ∗ (u′ ∗WC
c ([k : k + 2, n+ k : n+ k + 2], 1 : n));

r = min(k + 3, n);
Z(1 : r, [k : k + 2, n+ k : n+ k + 2]) = [H(1 : r, k : k + 2),−conj(H(1 + n :
r + n, k : k + 2))];

Z(1 : r, [k : k + 2, n+ k : n+ k + 2]) = Z(1 : r, [k : k + 2, n+ k :

n+ k + 2])− Z(1 : r, [k : k + 2, n+ k : n+ k + 2]) ∗ u ∗ (β ∗ u′);
H([1 : r, n+ 1 : n+ r], k : k + 2) = [Z(1 : r, k : k + 2);−conj(Z(1 : r, n+ k :

n+ k + 2))];
if k < n− 2 then

F = H([k + 1 : k + 3, n+ k + 1 : n+ k + 3], k);
end

end
[u1, β1] = QC_House(H(n− 1 : n, n− 2),−conj(H(2 ∗ n− 1 : 2 ∗ n, n− 2)), 2) ;
H([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 : n) = H([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 :

n)− β1 ∗ u1 ∗ (u1′ ∗H([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 : n)) ;
ZZ(1 : n, [n− 1 : n, 2 ∗ n− 1 : 2 ∗ n]) = [H(1 : n, n− 1 : n),−conj(H(n+ 1 :
2 ∗ n, n− 1 : n))];

ZZ(1 : n, [n− 1 : n, 2 ∗ n− 1 : 2 ∗ n]) = ZZ(1 : n, [n− 1 : n, 2 ∗ n− 1 : 2 ∗ n])−ZZ(1 :
n, [n− 1 : n, 2 ∗ n− 1 : 2 ∗ n]) ∗ u1 ∗ (β1 ∗ u1′) ;

H([1 : n, n+1 : 2∗n], n−1 : n) = [ZZ(1 : n, n−1 : n);−conj(ZZ(1 : n, 2∗n−1 : 2∗n))];
WC

c ([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 : n) = WC
c ([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 :

n)− β1 ∗ u1 ∗ (u1′ ∗WC
c ([n− 1 : n, 2 ∗ n− 1 : 2 ∗ n], 1 : n));

[u2, β2] = QC_House(H(n, n− 1),−conj(H(2 ∗ n, n− 1)), 1);
H([n, 2 ∗ n], 1 : n) = H([n, 2 ∗ n], 1 : n)− β2 ∗ u2 ∗ (u2′ ∗H([n, 2 ∗ n], 1 : n));
ZZZ(1 : n, [n, 2 ∗ n]) = [H(1 : n, n),−conj(H(n+ 1 : 2 ∗ n, n))];
ZZZ(1 : n, [n, 2 ∗ n]) = ZZZ(1 : n, [n, 2 ∗ n])− ZZZ(1 : n, [n, 2 ∗ n]) ∗ u2 ∗ (β2 ∗ u2′);
H([1 : n, n+ 1 : 2 ∗ n], n) = [ZZZ(1 : n, n);−conj(ZZZ(1 : n, 2 ∗ n))];
WC

c ([n, 2 ∗ n], 1 : n) = WC
c ([n, 2 ∗ n], 1 : n)− β2 ∗ u2 ∗ (u2′ ∗WC

c ([n, 2 ∗ n], 1 : n));
3. Output results.

WC
c ; NC

c = H;
End
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