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TROPICAL WEIL’S RECIPROCITY LAW AND WEIL’S
PAIRING

N. KALININ“ AND M. MAGIN

AnHoTanus. The Weil reciprocity law asserts that given two meromorphic
functions f, g on a compact complex curve, the product of the values of

f over the roots and poles of g is equal to the product of the values of

g over the roots and poles of f. We state and prove a tropical version
of this reciprocity; the tropical ideas lead to yet another transparent
“combinatorial” proof of the classical Weil reciprocity law. Then, we
construct a tropical Weil pairing on the set of divisors of degree zero.

Communicated by 777

1 Weil’s reciprocity law

The first known formulation of Weil’s reciprocity law is contained in André Weil’s
letter to Emil Artin on 10 July 1942, [28, p. 291|. In this letter, Weil explains his
definition of a pairing [27] on the classes of divisors of finite order. This reciprocity
law was used as an ingredient in that construction; Weil did not even have a separate
statement for it in [27].

Let us formulate this reciprocity law over C. Let f be a meromorphic function
on a Riemann surface S. Then, in a small neighborhood of a point p, choose a local
parameter z, then the function f can be expanded as

f(2) = apz® + a1 2" 4 ... ag #0.
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The smallest degree £ in this expansion does not depend on the choice of a local
parameter. It is called the order of the function f at the point p and denoted by
ord, f = k.

Theorem 1 ([28]). Let f,g be non-zero meromorphic functions on the compact
Riemann surface S with no common zeros or poles. Then

I1 r@)ortze = I 9=/

peS peS

The products in this theorem are well-defined since a meromorphic function can
have only a finite number of zeros and poles on a compact Riemann surface. Weil’s
reciprocity law may be thought of a generalization of Vieta’s theorem because in
the case S = CP', f(2) = 2,9(2) = Y_j_o axz" the product [ ¢ f(p)° 9 is equal
to ag/anp.

It is not difficult to extend this theorem for the case of any two non-zero meromorphic
functions on S, even for f and g having common zeroes or poles. For two meromorphic
functions f, g on a compact Riemann surface S we can define Weil’s symbol [f, g],

as m
an

£y = (—1)™ -2
m

where f(2) = a2 + ..., g(2) = bp2z™ + ... ,an # 0,b,, # 0 are expansions of f

and ¢ in a small neighbourhood of the point p € S. Again, [f, g], does not depend

on a choice of a local parameter z. Then, Weil’s reciprocity law can be rewritten as

a product formula
H [f7 g]p = 1

peS
History. Weil’s proof of this reciprocity law is reminiscent of the famous Menelaus’
and Carnot’s theorems. Menelaus’ (70-140 CE) theorem states that given a triangle
ABC and a line [ crossing lines AB, BC, AC in points C’, A’, B’ one has
AC'| |BA| OB
7B [AC] TBA]
Lazare Carnot’s (1753-1823) theorem states that given a triangle ABC and a
conic crossing AB, BC, AC in points C1, C4, A}, Ay, By, B} one has

|ACY| - |ACY| |BAY|-|BAY| |CBY|ICBY
|C1B|-|C3B|  |AC]-|AC|  |BiA|- By Al

A similar statement can be made for any degree d curve crossing each of the lines
AB, BC, AC in exactly d points. The proof amounts to parameterizing each of the
lines AB, BC, AC in such a way that |AC]|- |ACY|-...|AC| becomes the product
of the roots of a polynomial in one variable (the restriction of the equation of the
curve on the line AB) and thus Vieta’s theorem can be used several times, then a
simple comparison of results concludes the proof. See more details about Menelaus’
and Carnot’s theorems in [21].

Weil’s proof of its reciprocity law follows the same line of arguments, for he
considered a curve C' in CP! x CP! given by the image of S > 2 +— (f(z2),g(z)) and
intersected C with four coordinate lines of CP! x CP!. Interestingly, one can state
the converse of this reciprocity, which gives necessary and sufficient conditions for
the existence of an algebraic curve in a toric surface with given intersection with
boundary divisors [12].




146 N. KALININ AND M. MAGIN

This reciprocity law turned out to be fundamental and has many generalizations
in number theory; see [23], Chapter 3, and further development in [6]. It may be
proven analytically, e.g., [8, pp. 242-243]|, [22], or topologically, e.g., [11]. Belinson
mentioned that a generalization of this reciprocity law was the initial point of his
famous work [3] on Belinson—Deligne cohomology theory; see also Deligne’s work
[7].

Weil’s pairing is used in cryptography; see [20]. There are generalizations of this
pairing for graphs and tropical curves, under the name of the monodromy pairing
or Grotendieck’s pairing, see [15], [1], [24], [4].

2 Tropical Weil’s reciprocity law

Tropical curves are topological graphs with a metric on the edges. Tropical
curves were defined by Mikhalkin in [17] and appeared there as degenerations of
algebraic curves, similar in spirit to Viro’s patchworking technique [26]. In that
case, tropical curves may have edges of infinite length, certain enhancements such
as genus function, they may be immersed into plane or space, etc.; see [18, 5| for
thorough expositions. Similarities between metric graphs and algebraic curves were
also observed in other contexts; see [16, 1]. For the purpose of this article, we assume
the following simplified definition.

Definition 1. A tropical curve I' is a connected metric graph with a finite number
of vertices and edges.

Definition 2. A tropical meromorphic function on a tropical curve I' is a piece-wise
linear (with integer slope) continuous function on T'.

Definition 3. The order ord, f of a tropical meromorphic function f at a point
p on a tropical curve I' is the sum of outgoing slopes of f around p. If p is a one-
valent vertex, then there is only one direction from p, and the (integer) slope of f
in this direction is the order of f at p. If p belongs to the interior of an edge, then
we take the sum of two slopes of [ (there are two directions emanating from p). If
p is a vertex of I' and ey, ..., e be the edges of I' adjacent to p then

k
ord, f = Zordp (fle,) - (1)
j=1

We say that the tropical meromorphic function f has a pole of multiplicity m
xz € T'if ord, f = —m and zero of multiplicity k in x € T if ord, f = k. The divisor
(f) of a tropical meromorphic function is the formal sum > . p-ord, f.

Example 1. Consider a tropical meromorphic function f(x) = max(x, 3)+max(z, 2)—
max(z,1) on [0,7]. We have orda f = ordz f = 1, ord; f = ord; f = —1 and
ord, f =0 for all other x € [0,7].
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7,,

m |

1 2 3 7
In tropical geometry, multiplication is replaced with addition, so a tropical analog
of Theorem 1 is the following theorem.

Theorem 2 (Tropical Weil’s reciprocity law). Let T be a tropical curve and f, g be
two tropical meromorphic functions on I'. Then

Z f(z)-ord, g = Zg(x) -ord, f. (2)

xzel xzel
Proof. First, we prove the tropical reciprocity law for I' = e where e is a metric
segment [0, L]. Denote by

{z1,. .. 2}, 11 <20 <., < @y

the set of poles and zeroes of f and g (i.e. the union of supports of their divisors).
Let k; be a slope of f on a segment [z;,x;11], ¢; be a slope of g on a segment
[2i, zi11]. Then the formula ) .. f(z)-ord. g = > .. 9(x)-ord, f is equivalent to

@)Y i) F (@)~ f(22) = Frg() 4> (ki1 )g(:) o 9(n).
i=2 =2

3)

The left side and the right side, correspondingly, are

n—1 n—1

2; Gi(f(zi) — f(@is1)) and z; ki(g(zi) — g(ziy1))-
As f and g are piece-wise linear, we have k; = L= g, — alrin)ale),
o
Z G(F () — flais)) = Z M) 298 (1) - feav) @
and - -
Z k(o) — glaien) = fj(g(xi) e )

from what we obtain that the equality (3) holds.
Let T be an arbitrary tropical curve. Denote the set of edges of T by E(T") =

{e1,...,em}.
Using the formula in Definition 3 we obtain
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Zg(x)ordz f= Z Z g(x)-ord(fle,) = Z Z f(z)-ordz(gle,) = Z f(z)-ord; g,

zel’ Jj=1z€e; j=1z€e; xel
(6)

as for every edge e; we have ZIEEJ g(x) -ord(fle,) = Zmeej f(z) - ord.(gle, )
(]

Definition 4. Let f and g be two tropical meromorphic functions on a tropical
curve I'. Tropical Weil’s symbol of f,g at the point p € ' is

[f,9], & ord, g - f(p) — ord, f - g(p).

As in the complex algebraic geometry case, we can rewrite Theorem 2 like a
product formula.

Theorem 3 (Tropical Weil’s reciprocity law). Let T' be a compact tropical curve
and f,g be two meromorphic functions on I'. Then we have

S Ifrgle = 0. ()

zel

Classical Weil’s symbol depends on functions f and g skew-symmetrically and is
multiplicative in each argument (see for example [11, p. 86]). Tropical Weil’s symbol
has similar properties. One can prove the following theorem by direct computation.

Proposition 1. Tropical Weils symbol satisfies the following properties:

(1) The Tropical Weil symbol depends on functions f, g skew-symmetrically (in
tropical sense): [f, gle = —[g, flz-

(2) The Tropical Weil symbol is additive in each argument, i.e., for any triplet
of non-zero tropical meromorphic functions f,g, o and a point x € I':

[f +¢,9le = [f, gle + [0, 9], [0+ gle = [f, le +[f, 9la- (8)

Remark 1. It is not difficult to extend the definition of the tropical Weil symbol to
the case of tropical curves with edges of infinite lengths.

One can prove the tropical Weil reciprocity law with tropical modifications and
tropical momentum map; see [10], Chapter 3. The tropical momentum map is a
tropical version of Menelaus’ and Carnot’s theorems; see [19]. This way of proving
the tropical Weil reciprocity law boils down to mapping a tropical curve to a
planar tropical plane (using two meromorphic functions on it) and then expressing
> wer f(x) -ord, g via the coefficients of the equation of the planar tropical curve.
This approach is a tropical version of Khovanskii’s approach [12] to the intersection
of planar curves with divisors at infinity. It is an interesting problem how to
detropicalize (i.e. find a complex version) of a generalized tropical momentum map
(as it is defined in [10] Chapter 3, p.80) to get multidimensional version of Parshin
symbols, as in [13], but for higher codimension.

Note that we did not use in the proof that the slopes of our functions are
integers. Consider continuous piece-wise linear functions on a tropical curve I with
no restrictions on slopes. Call such functions tropical quasi-meromorphic functions.
The notion of the divisor of such a function is defined as for the tropical meromorphic
function. Thus, we obtain the following theorem.
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Theorem 4 (Tropical Weil’s reciprocity law for tropical harmonic functions). Let
T' be a tropical curve and f,g be two tropical quasi-meromorphic functions on T.
Then

> f@)-ordyg =Y g(x)-ord, f. 9)

zel zel

2.1. Combinatorial proof of Weil’s reciprocity law. In this section we give
a proof of the classical Weil’s reciprocity law (Theorem 1), based on tropical ideas.
One can briefly summarize the idea of the proof of Theorem 2 as follows. Cut the
tropical curve into edges, prove the statement for the restriction of the functions
on each edge, and check that the condition of the theorem preserves gluing, which
is equivalent to the Definition 3.

A tropical curve can be seen as a limit of a family of complex algebraic curves.
We can imagine that during this degeneration, the cylinders of the Riemann surface
S shrink to the edges of the tropical curve I' (Figure 1).

FiG. 1. A Riemann surface S shrinks to the tropical curve I'.

To simplify the notation in further computations, assume the following notation.

Definition 5. On a compact surface S (possibly with a non-empty boundary) for
two nonzero meromorphic functions f, g with disjoint divisors, define Weil’s product

as
T e

def zeS

zE€S

WP(f,g,5)

Remark 2. Weil’s reciprocity law is equivalent to WP(f,g,S) = 1 for a compact
Riemann surface S without boundary.

So, one can try to “combinatorially” prove Weil’s reciprocity law by cutting the
Riemann surface S into cylinders, computing Weil’s product separately for each
cylinder, and then gluing everything back together.

In the following lemma, we show that Weil’s product for a cylinder may not be
equal to 1 (since it is not closed), but the correction looks quite nice.
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Lemma 1. Let f,g be meromorphic functions on a cylinder C = {z € C | Ry <
z < Ro} with disjoint divisors (f) and (g) with supports supp(f) = {ai1,...,an}
and supp(g) = {b1,...,bm}. Let So and Sy be the cylinder’s external and internal
boundary circles C. Then

©(S2)
WP(f,q,C) = , 10
(1.9.0)= 53 (10)
where
(5) = (f.9.5) =exp | 5 [1os )
Pwi) = ¢\, g9,9i) = €Xp o Ogg .
S
Proof. First note that
WP(f,g,C) =exp [ > log f(b;)-ordy, g — Y logg(a;)-orda, f |, (12)
j=1 i=1

so we need to compute the right-hand side. Using the residue theorem, we obtain
that

d - d -
log f—g = 2mi Zlog f(bj)-ordy, g = B, / logg7f = 2mi Zlogg(ai)-ordai g=A
g - -
a(U B (b)) =t (U Be(a:)) =t
(13)

Consider the manifold C. = C — |J B:(a;) — J B:(b;). As the form i—f A % is

non-singular on C., we have fc % A d?g = 0. So, from the Stokes formula, we get

1 d
€xp 9 / log f e
i g

l—exp | 2 [T 99 oC (14)

wmi) 7y 1
4 exp (51 (B )

O

Since log is multivalued, we would instead write the exponents of integrals, and
thus, the numbers above are well-defined. From the Lemma 1, we see that Weil’s
product over a cylinder may not be equal to 1, but the correction that comes out
depends only on the integral of some meromorphic form over the boundary circles.

We are ready to provide an alternative proof of Weil’s reciprocity.

Alternative proof of the theorem 1. Let us cut the Riemann surface S into pair-of-
pants and then cut every pair-of-pants into three cylinders (see Figure 2). Since the
surface is closed, when we glue all the pieces, factors coming from the boundary
circles telescopically cancel, and we obtain that Weil’s product over S equals 1. For
the case of a sphere (i.e., a surface of genus g = 0), we need to cut it into two disks

and a cylinder, and the same cancelation happens.
O

Beilinson functionals. Let a be a point and v be loop in a Riemann surface
C, which passes through «. Define Beilinson functionals ([11] and [2])

o= (o) ( [ rox oy~ 1oxgte) [ o)) e <z
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Fia. 2. Cutting the Riemann surface S into the cylinders.

[, 9:7] = exp[2mi - c(f, 9)(7)]-
Our integral ¢(S) from Lemma 1 is similar to Beilinson’s integral. If v is a small

loop around p then [f, g], = [f, 9,7

3 Tropical Weil pairing

Let f be a tropical meromorphic function on a tropical curve I'. The formal
sum (f) = >_ cpord, f - p is called the divisor of f. The sum of the coefficients
of a divisor D is called the degree of D. Note that the degree of (f) is zero since
ZpGF ord, = 0. However, given a divisor D of degree zero, it is not always possible
to find a tropical meromorphic function f such that D = (f), but if such a function
exists, it is unique up to an additive constant.

Consider continuous piece-wise linear functions on I' with no restrictions on
slopes. Call such functions tropical quasi-meromorphic functions. The notion of the
order ord, f and the divisor ) p-ord, f of such a function f is defined as for the
tropical meromorphic function. But now, given any divisor (with real coefficients)
D of degree zero, one can always find a unique (up to an additive constant) tropical
quasi-meromorphic function f such that D = (f).

Theorem 5. Let D =Y. q; - p; be a divisor (on a tropical curve I') of degree zero
with real coefficients q;. Then, there exists a unique (up to an additive constant)
tropical quasi-meromorphic function f such that D = (f).

Proof. Uniqueness follows from the fact that a function f with ord, f =0 for all p
must be equal everywhere to its maximal value.

Let us consider I' as an electric circuit: at each point p; € supp D place an electric
charge ¢; and let the resistance on a segment [a,b] C I" be equal to the length of
the segment. The total charge equals the degree of D, i.e., zero. This electric circuit
uniquely defines currents on all edges.

Then, construct a continuous piece-wise function f with a slope at p € I equal to
the electric current at p. The function f represents the electric potential. Kirchhoff’s
first law gives us that for every p; € supp D we have ) I; = ord,, f where I; are
electric currents around p, so ord,, f = ¢; and (f) = D.

In the hydraulic analogy (water in pipes, no gravitation, pipes correspond to
tropical edges), the function f represents the pressure, and the lengths of the edges
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of the tropical curve correspond to the areas of the sections of pipes (note that in
the hydraulic analogy, the lengths of pipes are irrelevant). The flow rate (liters per
second) corresponds to the current in this analogy. O

Definition 6. Let T' be a tropical curve and Dy = Y71 aipi, D2 = 377" bjq; be
two divisors of degree zero on T'. The tropical Weil pairing TW (D1, D) is defined
as follows. Find tropical harmonic functions fi, fo such that (f1) = D1, (f2) = Da.
Then

TW(Dy,Da) =Y aifa(pi) = Y _bifilg;)-
i=1 =1

Note that the second equality in the definition follows from the tropical Weil
reciprocity law, so the tropical Weil pairing is well-defined.

What could be the classical version of the tropical Weil pairing? Following G.
Mikhalkin’s suggestion, we can do the following:

Given a divisor D = Y | anp,, of degree zero on a Riemann surface S, we can
define a unique real-normalized meromorphic differential w whose all periods are
real and the residue at p; is equal to a; for ¢ = 1,...,n. Such differentials were
introduced in [9] and then used in [14]. Choose any point zy € S. Then, the real
part of the function f(z) = 1 f; w does not depend on the path of the integration
and so is well defined.

The classical version of the tropical Weil’s pairing between D and a divisor D’
of degree zero will be the sum of the values of Ref over D’. This also corresponds
to the adelic pairing on differentials of the second kind as in [25], p. 387.

It would be interesting to study the tropical Weil pairing for divisors with
restrictions on the slopes of the corresponding tropical quasi-meromorphic functions.
Divisors of finite order correspond to rational slopes. However, we can consider
slopes from a given (real) number field.
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