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CLASSIFICATION OF 4-DIMENSIONAL
CONFORMALLY FOLIATED LIE GROUPS WITH
MINIMAL LEAVES AND NATURAL ALMOST
HYPER-HERMITIAN STRUCTURE

D.V. AKSYONOV AND N.A. DAURTSEVA

Abstract: Let (G, g) is 4-dimensional Riemannian Lie group

admitting a left-invariant conformal foliation with minimal
leaves of codimension 2. It has natural almost hyper-Hermitian
structure. Authors classify such Lie groups according to the
types of this structure.
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1 Introduction

Conformal foliation with minimal leaves arise in the theory of harmonic
morphisms of Riemannian manifolds onto a surface. Recall that a harmonic
morphism is a smooth mapping of Riemannian manifolds ¢ : (M™,g) —
(N™ h), which preserves the Laplace equation, in the sense that f o ¢ is a
harmonic function (AM f o ¢ = 0) on ¢~ (V) for every function f which is
harmonic in an open set V C N (such that ¢=1(V)).
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It is known (see [1]) that

(1) if m < n, then harmonic morphisms are constant mappings.

(2) if m =n = 2, then a harmonic morphism is a conformal mapping.

(3) if m = n # 2, then a harmonic morphism is a conformal mapping
with constant coefficient of conformality (i.e., a local isometry up to
scaling).

In general, for m > n > 1 a mapping f is a harmonic morphism if and
only if f is both harmonic and weakly conformal. In particular, according to
[2], a submersion ¢ : M™ — N? is a harmonic morphism if and only
if it is horizontally conformal and has minimal leaves. Conversely, for a
conformal foliation F on minimal submanifolds of codimension 2, its local
projections 7 : A — N? are harmonic morphisms. Therefore, manifolds that
admit conformal foliation with minimal leaves represent a distinct geometric
interest.

Moreover, if M is a 4-dimensional Lie group admitting such a foliation,
then a naturally arising left-invariant almost hyper-Hermitian structure is
aligned with the foliation structure on it.

In the paper, the authors have obtained a classification of Lie groups for
which these structures have additional properties, specifically being almost
Kahler, Hermitian or Kéahler structures. The main result of the paper is
classification theorem.

Theorem 1. All possible classes of natural almost hyper-Hermitian structures
on conformally foliated 4-dimensional non-abelian Lie groups with minimal
leaves are listed in the Table 2.

In section 6 the authors give examples of such Lie groups.

2 About conformal foliation of 4-dimensional Lie group

Here we remind basic construction used for 4-dimensional Riemannain Lie
groups (G, g) eqquiped with a 2-dimensional, conformal and left-invariant
foliation F. The above groups have been studied in [3, 4] and other works
by these authors. We will use the same notation that was introduced by the
authors in [3, 4].

Let G be 4-dimensional Lie group with left-invariant Riemannian metric
g, and K is its 2-dimensional subgroup. Let £ and g are Lie algebras of the
groups K and G respectively. Let m be 2-dimensional orthogonal complement
of £ in g with respect to the Riemannian metric g on G. Then ¢ generates left-
invariant integrable distribution V. H is its orthogonal distribution given by
m. Let’s denote by F the foliation of G tangent to V. Following to denotations
of [3, 4], let {X,Y, Z, W} is orthonormal basis on g such that Z, W generates
£ and X,Y generates m as well.

Then the second fundamental form for V is given by

1
BY(U,V) = 5”H(VUV +VyU), (U, V eV)
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and for H

BM(U,V) =

D.V. AKSYONOV AND N.A. DAURTSEVA

1
SV(VuV + V), (UV € H)

In terms of second fundamental forms the foliation F is conformal if there
exists a vector field W such that B" = ¢ ® W. And foliation F has minimal
leaves if trace BY = 0.

Without loss of generality, one can assume that [, Z]

= A\Wand H[X,Y]| =

pX for some A, p € R. Taking into account the requirement for F to be
conformal with minimal leaves, we can derive the structural equations for
the Lie algebras satisfying

7] = W,
Z,X|=aX +pY +21Z +wiW,
Z,Y] = —BX + aY + 207 + waW,

VV,X} =aX +bY + 237 — W,
VV,Y] —bX +aY + 242 — W,

w.
[
[
[
[
Y, X] =rX +60:Z + 0. W,

where the parameters are related by 14 relationships generated by the Jacobi

identity

0 = Aa,
0= Ab,
0= —2z421 + 22329 — 2a61 + rz3,

0= —Az3 — 220+ 248 — z10 + 2301,

0= —MAz4 — 200 + z4a0 + 21b — 230,

0 = N0 — wyz4 + wazs — 2a6s + rwy,

0= —A0y + 221w — 220w71 — 2afs + 1wy,
0 = —woa — w1b — 290 — 216 — ra,

0 = —wob + wra — 298 + z1x + 75,

0= MAz1 —web — 298 — wyia — 210,

0 = z9a + 210 — z4a0 — 238 — ra,

0 = 29b — z1a — 248 + z3a0 + b,

0= Azo — woa — zoax + wib + z1 8.

In the work [3] authors classified all 4-dimensional Riemannain Lie groups
(G, g) eqquiped with a 2-dimensional, conformal and left-invariant foliation
F with minimal leaves. They have got 20 multi-dimensional families of Lie

algebras.
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3 Natural almost hyper-Hermitian structure on
conformally foliated 4-dimensional Lie group

The geometry of these Lie groups allows for the construction of a natural
left-invariant almost hyper-Hermitian structure. Namely, the almost hyper-
Hermitian structure on (G, g), corresponding to the foliation is defined by
the following formulas:

IX=Y,1Z=-W; JX=2ZJY=W; K=1J

It is obvious that all these almost complex structures preserve the metric g.

Four classes of almost Hermitian 4-dimensional manifolds (M, g, J,w) are
possible [5]. It can be almost Kéhler (AK) if dw = 0, Hermitian (Z) if J
is integrable. If dw = 0 and Nijenhuis tensor of J is equal to zero then it
is Kéhler manifolds XC. The fourth class is not of interest as it includes any
almost Hermitian 4-manifold without additional properties.

Lemma 1. [6] If any two of the almost complex structures I, J, K are
integrable, then the third one is integrable as well.

Lemma 2. [7] If any two of the almost Hermitian structures (g,1,wr),
(9,J,wy), (9, K,wg) are almost Kahler, then the third structure is Hermitian.

We will say that an almost hyper-Hermitian structure (g, I, J, K) belongs
to the class (xr,*;,*x) if (G,9,T) € *p, where T = I,J or K, and *
represents one of the classes AK, Z, K. For example, the belonging of the
structure to the class (AK;, AK s, Zk) indicates that dw; = dwy = 0, and
the almost complex structure K is integrable.

Because of Lemmas 1 and 2, it makes sense to single out from all the
4-dimensional Lie groups described above, those for which

1) (9,1,J,K) € (AKX, AK j,Zk), (AK1,Z;7, AKK) or (Z;, AKX, AKK),

2) (gvlv J’K) € (I],IJ,IK),

3) (g, 1,J, K) S (IC[,IJ,IK), (I[, K],IK) or (I],I], ’CK),

4) (9717 J’K) € (ICIJCJ,IK)'

Lemma 3. The necessary and sufficient conditions for almost Kdahler, Hermitian,
Kahler structures (g,T) on G are given in the following table

Proof. The structure (g, T') is almost Kéahler iff the 2-form wp(-,-) = g(T-,)
is closed.
=—gI(—rX —01Z—0.W),Z) —g(I(BX —aY — 202 —wy W), X)
—g((aX +BY + 21 Z +wiW),Y) =0 — 2

Similarly dw;(Y,Z,W) = —z9 4+ 20 = 0, dw;(Z,W,X) = 21 — z1 = 0,
dwr(W, X,Y) = —61 — 2a. Thus, we get conditions (AK;).

Likewise, for dwy: dwj(X,Y,Z) = r — z9 + wy, dwy(Y,Z, W) = «a —
A+ b, dwj(Z, W, X) = —a+ B, dwsj(W,X,Y) = —2z1 + 2z4. So we get
conditions (AK ). For dwg: dwg (X,Y,Z) = wa+ 21, dwg (Y, Z,W) = 5 —a,
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I J K
AK 01 +2a=0 r—zo+w; =0 r+29—23=0
0 —2a=0 A—b—a=0 A—b—a=0
a—pF=0 a—B=0
z1+24=0 z1+we =0

T |2214+24+we=0 r4+29—23=0 r—z+w =0
222—23—w1:0 )\—b+04—92:0 )\—b+05—92:0
a+pB+601=0 a+pB+60,=0

21+ wy =0 z1+24=0
K 014+2a=0 r+29—23=0 0y —2a =0
0 —2a=0 r—zot+w; =0 01 +2a=0
221+ 2z4+wy=0]a—B=0 z1+24=0
229 —23—w1 =0 | A—b—a=0 z1+we =0

TasangA 1. The conditions for the almost Hermitian
structures (g,1), (g,J), (g, K) to belong to the classes ALK,
7K

dwg(Z, W, X)=A—b—a, dwg (W, X,Y) = 23 —r — z9. By dwg = 0 we get
(AKK).

According to the Newlander-Nirenberg theorem, for the integrability of
an almost complex structure, it is necessary and sufficient for its Nijenhuis
tensor to be zero.

Let’s calculate the Nijenhuis tensor N;(U,V') for the almost complex
structure I for each pair of basis vectors U,V € g. It is easy to verify that
two out of the six possible equalities hold identically.

Actually,

Ni(X,Y)=[X,) Y|+ I[IX,Y|+ I[X,IY] - [IX,IY]
=[X,Y]-[Y,-X]|+ (Y, Y]+ [X,-X]) =0
Similarly N(Z, W) = 0. Other couples of vectors give equalities:
Ni(X, W) =N(X,-1Z) = — ([X,IZ] + I[IX,IZ] + I[X,I*Z] — [IX,1°Z])
=IN[(X,Z2),
Ni(Y,Z)=N;(X,Z)=—-IN/(X,Z),Ni(Y,W)=N;(IX,-1Z) = Ni(X, Z)
Ni(X,Z)=—-aX = BY — 21 Z —unW + bX — aY — 247 + oW
+I(BX — Y — 297 —woW + aX +bY + 2372 — 11 W)
=(—a+b+a-b)X+(-F—-—a+p+a)Y
+(—z1— 2z —wr—21)Z + (—w1 + 22+ 20 — 23)W
= (=221 — 24 —w9)Z + (229 — 23 — wy)W

We obtain the necessary and sufficient conditions (Z7) for the integrability
of the almost complex structure I.



Likewise for J: N (X Z):NJ(Y W)—OandNJ( W):NJ(X,JY):
_N(X,Y).

NJ(X, Y) = (—r—zg+z3)X+(—w2—21)Y+(91—B—a)Z+(—92+a—b+)\)W

we receive the conditions (Zy).

In case of almost complex structure K we have two trivial equalities
Ng(X,W)=Ngk(Y,Z) =0and Nx(X,Z) = Nx(X,KY) = —KNgk(X,Y),
Ng(Y,-KX) = KNk(X,Y), Ng(Z,W) = Ng(KY, -KX) = —Ng(X,Y).

NK(X, Y) = (—r—1—22—wl)X+(zl+z4)Y+(—01—a—ﬁ)Z—i—(—Hg—i-/\—b—i-a)W

So we get conditions (Zx). We obtain the conditions for Kéhler structures
by combining the criteria for belonging to the classes Z and AK. O

4 The case of two almost Kahler and one Hermitian
structure.

4.1. Structures of class (AK;, AKj,Zk).. Lemma 3 gives restrictions on
parameters for this class

91—{-2&:0
92*20[:0
T =29 — W1
A=a+b

B=a

24 = —Z1

\

4.1.1. Case A =0. The system (Y) for this class is given by

([ —wozs + daa + zi(r—wy1) =0
227 +4a® + 23(r +222) =0
—2az1 + Oé(ZQ + Zg) =0
204Z1 + CL(ZQ +23)=0
221w — 4a? + wi(r — 223) =0
a(z1 +ws2) +2ar =0 (1)
(2’1 —i—’wg) 0
a(ze +wy) + a(z —w2) =0 (1.8)

a(r —z3+23) =0
a(r+2—23)=0

a(z; —ws2) —a(ze +w1) =0 (1.11)
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Let consider the subsystem (1.8), (1.11). If a® + a? # 0 then wy = z; and
wy = —2zo. System (1) is equivalent to

21(3z9 — z3) + 4daa =0
Z% +2a? + 22923 =0
—2az1 + a(22 + 2:3) =0
a(zg + 2z3) =0 (2)

22 -2a2=0 (2.5)
az1 + 2az9 =0

az; =0 (2.7)
a(3z9 —23) =0

Equations (2.5), (2.7) gives us
a=2=0
{23:—22:ia7é0
In this case we get two 1-dimensional subfamilies of nilpotent Lie algebras

as(z2) C gs(e,a,B,b,7), « = b =0, B = —a = *z9, r = 229 (using the
notation specified in [3])

Z, X] = :|:,22Y — Z2W
Z)Y| = F2X + 27
VV,X] = :|:Z2X — ZQZ (A5)

VV, Y] = :I:ZQY — ZQW
KX] = 222X F 2Z2Z

If a2 + a2 = 0 then

—wWoz3 + 21 (22 — 2w1) =0

22% + 2’3(32’2 — wl) =0
221wy — 'wl(ZQ + ’u)1> =0 (3)

r=29 —w

24 = —2

If wy # 0, then 221 = %:m), hence the first and second equations define

the system
22 — 2wy —ws 21\ _ (0
71”1(?}:_1“1) wa (322 — wy) J\ 23 0

with determinant equals to 3(zy — wl)z. In case of z9 # w; parameters
z1 = z3 = 0. We get a 2-dimensional subfamily of nilpotent Lie algebras
a7(z2, w2) C g7(22, w1, w2, 01, 02), 01 = 2 = 0, w1 = —23 satisfying
Z.X] =~ W, [ZY]=5Z+wW, [WY]=-2uW, [¥.X]=25X
(AT)
and 2-dimensional subfamily of nilpotent Lie algebras ag(z2, we) C gs(z2, 24, wa, r, 01, 02),
z4 =01 =05 =0, r = 2z is given by

(Z,Y] = 202 + waW, [W,Y]=—2W, [V,X]=2nX (A8)
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In case wi = 29, system (3) is equal to

Z1:Z2223:O

z129 +wozz =0 212923 # 0
22+ 2923 =0 — wgzé
21wy — z% =0 Z’?

23 — — 7=

22"

The first line gives 1-dimensional subfamily of nilpotent Lie algebras a;4(wz) C
014(22, 24, w2, 01,02), 22 = 24 = 01 = 6 = 0 with

(Z2,Y] = woW (A14)

The second condition gives subfamily of nilpotent Lie algebras aj1(z1, 22) C

2
4 .
g11(21, 22, 23, w1, 01, 62), 01 = 02 = 0, w1 = 29, 23 = —-L written as

[Z, X] =217 + 2oW

2
Z,Y] = 27 + 2W
21

2
W, X] = —Z—lZ—le (A11)
2
[VV, Y] = —21Z — ZQW
If wy = 0 then the system (3) can be represented as

Z1(22 — 2w1) =0

223 + 23(320 —wy) =0
wi(zo+w1) =0 r=2zy—w

24 = —21

It has following non-zero solutions:

e 21 = z3 = wy; = 0, r = zy corresponds to structure equation (A8)
with wo = 0;

e 21 = 23 =0, w; = —2z9,r = 229 corresponds to structure equation
(A7) with wy = 0;

® 21 = z9 = wy = 0 corresponds to 1-dimensional subfamily of nilpotent
Lie algebras a13(z3) C g13(23, 24, 61,02), 24 = 01 = 02 = 0. In such a
way we obtain

W, X]| = 232 (A13)
4.1.2. Case A # 0. System (Y) is

.
—woz3 —wiz1 +1r21 =0

22% + 22923+ 123 =0

—60? + 221wy — 229wy + Twy =0
a(r+2z)=0

zZ10 = 0

zza =0
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As a =X #0, then zy = 23 =0, r = —29, and wy = 2z from (AK ;). The
third equation of system —6a? — 622 = 0 contradicts to constraint A # 0.

Lie algebras from family a3 are isomorphic to Lie algebras from aiy
when parameter wo of family ay4 is equal to parameter zo on a;3. There
isomorphism keep almost hyper-Hermitian structures. The isomorphism f
is defined by formulas

fX)=Y, f¥)==-X, f(Z2)=W, fW)=-Z

Obviously, that fol =To f, foJ=Jofand foK =Ko f.

4.2. Structures of the class (AK;,Z;, AKk).. If(G,g,1,J,K) € (AK1,Z;, AKK),
then

01+ 2a =0,

0y —2a = 0,
A—b—a=0,
a—p=0,

21 +we =0,
\T+22_Z3:0

4.2.1. Case A =0. System (Y) is

2123 + zqw1 +4aa+1rz; =0
—2z124 + 22923 +4a® +rzz3 =0 (4.2)
alza+23)+alza—21)=0 (

a(zg +23) —afza—21) =0 (4.4
—223 — 2z0w1 — 4a® + 1wy =0

a(r—22+w1) =0
2z1a +a(z2 +w1) =0 (4.8)
a(z1 + Z4) + a(r — 22+ Z3) =0
a(z1+24) =0
2z10 —a(z2 +w1) =0 (4.11)

Let’s consider subsystems (4.3), (4.4) and (4.8), (4.11). If a®> + a? # 0, then
21 =24 =0, wg = 23 = —29, r = 2z3, and a = 0 from (4.2). Therefore,
system (4) is equivalent to

422 —40* =0

and gives two 1-dimensional subfamilies b5(z3) C g5(a, a,8,b,7), a = %23,
b= Fz3, r =223, a= =0 with
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7, X] =tz X + z3W

Z,Y] = +z3Y — 237

W, X] = Fz3Y + 237 (B5)
W,Y] = 423X + 23W

Y, X] = 223X £ 223W

If a® + a? = 0, then (4) is equivalent to
wizg +21(r+23) =0
—222 4wy (r —229) =0 (5)
—2z124 + 23(r 4+ 229) = 0,

One can repeat reasoning similar to that for system (3) and obtain the
following Lie algebras:

e 2-dimensional subfamily of nilpotent Lie algebras bg(z2, z4) C gs(22, 24, wa, 7,01, 62),

01 =0=wy=0,17r=—2
(Z,Y] = 207
(W,Y] = 247 — 2oW (BY)
IV, X] = —2 X
e 2-dimensional subfamily of nilpotent Lie algebras bg (22, z4) C g9(22, 23, 24, 01, 02),
0 =02=0, z3 = —29
12,Y] = 27
(W, X] = —22
(W,Y] = 24Z — 2oW (B9)
[V, X] = —220X

e 1-dimensional subfamily of nilpotent Lie algebras bi4(z4) C g14(22, 24, w2, 01, 62),
22=w2=91=92:0
W,Y] = 247 (B14)
e 2-dimensional subfamily of nilpotent Lie algebras b1 (21, 22) C g11(21, 22, 23.w1, 61, 02),
A1

01 ="02=0, z3 =29, w1 = -

2
z

(Z,X] =227 - W
22

[Z, Y] == ZQZ - 21W
[VV, X] == ZQZ - 2’1W (Bll)

Z2
W,Y] =227 — %W
21
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e 1-dimensional subfamily of nilpotent Lie algebras bya(w1) C g12(23, w1, we, 61, 02),
w1:w2:91:92:0
2, X] = W (B12)

Lie algebras of family bjs(w;) are isomorphic to Lie algebras of bi4(24) in
case the parameter w; in family bio is equal to parameter z4 on by4. Given
isomorphism preserves almost hyper-Hermitian structures. Isomorphism f
is defined by formulas

fX)==Y, f¥)=X, [f(Z2)=-W, fW)=2,

and fol =Tof, foJ=Jof, foK = Ko f. There is isomorphism
between Lie algebras g1 € a14(w2) and go € bya(w1), w1 = we given by

f : (glvgalevK) — (92797[7_K7 J)? f(X) = _Y7f(Y) :Xuf’V :ld’V

There is isomorphism between Lie algebras g1 € ag(z,w2) and go €
bg(—z2, —wsz)given by

f : (gla.ng?JaK) — (927.9’]3 _Ka‘])a f(Z) = W/’f(W) = _Z7f|7'l :Zd|7-l

There is isomorphism between Lie algebras g1 € ay(z2,w2) and go €
bg(22,w2) given by

I (91797I7J7K) — (92797—[7 _K7J)7 f(Z) = VV;f(W) = _Z7f|7'l = _Zd|H
4.2.2. Case A # 0. System (Y) can be written in following form

w124 + 21(r + 23)

—2z124 + 23(1 + 222)

—6a? — 227 + wy (r — 222)
a(r+2z2)=0

ziao = zza = zqa = 0

0
0
0

Asa=A#0,then 21 = 23 = 24 =0, r = —29, 29 # 0, wy # 0. Therefore
(Y) consists in only one condition

—6a2 — 32’21111 =0

which gives us 2-dimensional subfamily of nilpotent Lie algebras by(A, z2) C

94(A, 22, w1, W), wy =0, wy = —%:
(W, Z] = A\W
[Z,X] = AX — QZA;W
[Z,Y] =AY + 207 (B4)
W,Y] = —2W
IV, X] = —2X + 20W
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4.3. Structures of the class (Z;, AKX ;, ACk).. For those structures Lemma
3 gives conditions

A—b—a=0
a—p=0
21+24=0
z1+w2 =0 (6)
r—z+w =0
r+2z0—23=0

4.3.1. Case A =0. System (Y) for this class is

( —2a001 +3z17r =0
222 — 2a01 + z3(r +229) =0
—2z1a+ azg + 23) =0

2a0y + 3z17m =0

—22% — 2ay + w1(7“ — 222) =0 (7)
ar =0
ar =0

\ 2z10 — a(ze +wy) =0

Let a® + a2 # 0 then 7 = 0 and w; = 23 = 23. System (7) is equivalent to

0491:0

a02:0
Z%—FZ%—CLHl:O <:>Z1222:91:92:0

2+ 25 +ab, =0

z1a — azg =0

and gives 2-dimensional subfamily of nilpotent Lie algebras ¢i0(c, a) C gi0(, a, 5,0),

a=p,b=—-a
[Z,X] =aX +aY
[Z,Y] = —aX +aY
W, X]=aX —aY (C10)
(W) Y] =aX +aY

If a® + a? = 0, then system (7) with restrictions (6) is equivalent to

rz1 =0

222 + 2z3(r +222) = 0

=227 +wy(r — 222) =0
b=pB=0 < r=z1=zm=z3=z4=w; =wy =0

zZ4 =Wy = —21

r = 29 + w1

r=23— 29

(8)
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and gives 2-dimensional subfamily of nilpotent Lie algebras ¢14(61,62) C
914(227 24, W2, 01792)a 22 = 24 = W2 = 0:

Y, X] = 0.7 + 0, (C14)

4.3.2. Case A # 0. System (Y) together with (8):

,

=201 +3z17r=0
227 + 23(r +222) =0

)\91—32’17“:0

—3M03 — 222 +wy(r —222) =0
Zl)\:Z;g)\:O

A=b+«

a=f

T=2Z290 —W1] = 23 — 29

Therefore z; = 23 =0, r = —2z9, 1 = 0 and

3\ + 6232 = 0

So we have 2-dimensional subfamily of nilpotent Lie algebras c4(\, z2) C
94(A, 22, w1, wa), wy = 0, w; = 225 given by

(W, Z] = \W
[Z,X] = AX + 220W
(Z,Y] =AY + 222 (C4)
[ ] = —ZQW
223
[Y, X] *ZQX — T

5 Hypercomplex structures

Structures of the class (Z;,Z;,Zk) are called hypercomplex. A complete
classification of left-invariant hypercomplex structures on compact Lie groups
was obtained by D. Joyce [8]. In dimension 4 only the groups T#, U(1) x
SU(2), U(1) x SO(3) are compact and hypercomplex. Our groups are not

necessary compact.

Lemma 3 gives restrictions on parameters for this class:

)\—b-l-Oé—@Q:O

a+pB+6,=0
z1+24=0
z1+wy =0

r4+2z29—23=0

r—za+w; =0
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5.1. Case A =0. The system (Y) for this class:

—2a001 +3rz; =0
—2a6y — 3rz1 =0
222 — 2a01 + z3(r +229) =0
—22% — 2ay + w1(7“ — 222) =0
2191 — ZQb + 230 = 0

—z2101 — 2o+ w1b=0 ()
2100 + z0a + 238 =0
—2192 — ZQB —wi1a = 0
z1(a+b) — 238 + wia =0
z1(a — B) — zza —w b =0
—z1(a—B) + z3(a+b) =0
z1(a+b)+wi(a—pB)=0

Adding lines 3rd and 4th, 5th and 6th, 7th and 8th, we obtain, respectively,
three relationships:

—2ab01 — 20y + 6rz9 = 0
rla—0b)=0 (10)
rla+p8)=0

Let 7 = 0, then w; = z3 = 29 and the part of system (9) is

2 —aby +25=0

2 +aby+25=0

2101 +22(Oé—b) = O
2102 + z2(a + B) =
z1(a — B) — z(a+b) =
z1(a+0b)+ z(a— B) =

(11)

\

If 22 + 22 # 0, then B =a, b = —a. As af; — afy equals to 2(z3 + 23) # 0
it provides a pair of equalities z; = z5 = 0 which leads to contradiction.
If 22 + 23 = 0, then for i = 1,2

aGi =0
{CLH,‘ = 0,

ea’?+a?2#0 = 6 =0y =0. We get 2-dimensional subfamily of
nilpotent Lie algebras 910(c, a) C gi0(, a, 5,b) with
[Z,X] =aX —aY
[Z,Y] =aX +aY
(W, X]=aX +aY
W, Y] = —aX +aY (D10)

This system gives two cases.

ed’?+a’>=0 = 0 = —p and fy = —b. We get 2-dimensional
subfamily of nilpotent Lie algebras 015(8,b) C g18(5,b, 23, 24, 01, 62)
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given by
[Z,X]|=pY
[Z7 Y] = —pX
W, X]| =bY (D18)
W,Y] = ~bX
[

Y, X = —BZ — bW

If r 22 0 then b = a and 8 = —a. This implies 8] =03 =0 and 29 = 23 =0
which contradicts the condition r # 0.

5.2. Case A # 0. Let A # 0, then system (Y) is:

20+ 3rz1 =0
227 + 23(r + 222) =0
—zs(A—a)—z16=0
21 A—a) — 236 =0
—AB—=3rz1 =0 (12.5)
—( A+ a)(A+2a) — 222 +wi(r —222) =0 (12.6)
—azg —2186=0
za—w1 =0
21 A —a) — 20 =0
zia—z3f =0 (12.10)
218+ 230 =0 (12.11)
zoA—a)+216=0

If 22+ 22 # 0, then from subsystem (12.10), (12.11) we have o = 3 = 0. This
implies z; = 22 = 23 = 0. Those conditions together with (12.6) contradict
to A # 0. Therefore 2?2 + z% =0 and r = —zy, w1 = 229. Equation (12.5)
implies § = 0, and system (Y) is simplified to:

(A4 o)\ +2a) +623 =0
zo(A—a)=0

If 23 # 0 then a = X and 6a® + 622 = 0, and we come to a contradiction
with @ = A = 0. If 2o = 0 then we get two families:

e A = —q gives 1-dimensional subfamily of nilpotent Lie algebras
02(A) C g2(A, e, B, w1, w2):
(W, Z] = AW
[Z,X] = —AX (D2)
[Z,Y] =-)\Y
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e A = —2q gives l-dimensional subfamily of nilpotent Lie algebras
03(04) C 93(0176,71)1,1/}2,92), 02 = —q, /8 = w1 = w2 = 0:

6 Examples
1. G =R x H3(R), where R is additive group of real numbers and

1 b d
H3(R) = 01 ¢ ||becdeR
0 01

is Heisenberg group. Operation * on this group is

(a,b,c,d)* (a0, c,d)=(a+ad ,b+b,c+,d+d +bc)

Let
010 0 0 0 0 0 1
p=(o o o], g=(0o 0 1|; R=[0 0 0
000 0 0 0 0 0 0
is basis of Lie algebra h3(R), with structure equations [P, Q] = R, [P, R] =

[Q, R] = 0.

If foliation F corresponds to some commutative subalgebra ¢ C h3(R),
t = (P,R) or £t = (Q, R) then natural almost hyper-Hermitian structure is
(AKX, AK ;, k) or (AK,Z;, AKK). If foliation F corresponds to commutative
subalgebra ¢ = (U, R) C g, where U is left invariant vector field tangent to
first multiplier, then the structure is (Z;, AK ;, AK k).

2. G = R* x R3, where R* is multiplicative group of real numbers, R? is
additive group. Group operation on G is

(a,b,c,d) x (a', b, c,d) = (ad’,ab) +b,a” ¢ + c,ad + d)

Let P = (1,0,0,0), Q = (0,1,0,0), R = (0,0,1,0), S = (0,0,0,1) is basis of
corresponding Lie algebra. Then [Q, P] = —Q, [R,P] =R, [S, P] = —5S.

If foliation F corresponds to commutative subalgebra ¢ C R3, £ = (S, R)
or ¢ = (@, R) then the natural almost hyper-Hermitian structure on this
group is (AK, AK;,Zk) or (AK1,Z;, AKK) (example for ag and bg). If
foliation F corresponds to commutative subalgebra ¢ = (P, S) C g, then the
structure is (Z7, AK j, AKk) (example for c4).

3. Lie algebra from family 93 with A = 1 correspond to Lie group G =
R* x R3, with group operation

(a,b,c,d) x (a',0,c,d") = (ad’,al/ + b,ac’ + c,ad + d)
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This group is named a group of dilations. It consists of all homotheties,
translations and their compositions on R3. In matrix form

a 0 0 b

0 a 0 ¢

[CL, ba ¢, d] - 0 0 a d

0 0 0 1
a 0 0 b
. . 0 a 00

Foliation F is defined by subgroup K = 00 a 0 . Natural

0 0 01

almost hyper-Hermitian structure, corresponding to this foliation is hypercomplex.
4. G = (R* x R) x R2. Group operation on G is

(a,b,c,d) % (a' b, c,d) = (ad’,a®V + b,a” ¢ + ¢,ad + d — bc)

Let Y = (1,0,0,0), X = (0,1,0,0), Z = (0,0,1,0), W = (0,0,0,1) is basis
of corresponding Lie algebra. Then [V, X| =2X, [Z,Y] = Z, [W,Y]| = -W,
Z,X]=-W.

The natural almost hyper-Hermitian structure on this group is (AK;, AK 7, Zx)
or (AK;,Z;, AKk) (example for a7 and by).

5. Let us construct an example for a Lie algebra from the family cq.
Mapping f:

X' — aX +aY V' —aX +aY

Va2 +a?’ Va2 + a?
aZ +aW _, —aZ+aW
Va2 +a?’ va? +a?
is automorphism of Lie algebra with almost hyper-Hermitian structure. Now
structural equations in case o + a® = 1 are:

I:Z/7X/] — X/, I:Z/7 Y/] — Y'/7 [W/,X/] — _}/'/7 [W/’ Y/] — X/

7' =

The corresponding Lie group is G = R* x E(2), where F(2) is the group of
affine transformations of R? which preserve the Euclidean metric

E(2):{<Vg {):WeO(Q),T:(Z;)}

Group operation on G is defined by formula:

SO0 D)l )0 D)8 )

Basis of corresponding Lie algebra is

Z'=[1,0],W' = |0,

SO = O
o O
o O O



161
1 000
0o ||, v=1o,l 0 o0 1
000 000

For different values of parameters a, « in this example X', Y’ is orthonormal
basis of m oriented as X, Y and the natural almost hyper-Hermitian structure
on this group is (Z7, AK s, AK k). If orthonormal basis X', Y” is oriented in
the opposite way then natural structure on this group is hypercomplex and
this example corresponds to case 01g.

6. If 5 =1, b= 0 for Lie algebra from family 915(3, b), then corresponding
Lie group is U(1) x SO(3) or U(1) x SU(2). Foliation F here is fiber bundle
78t x 8% — S w(u,v) = m(v), where m; : S — S? is projection of

Hopf bundle.

7 Classification

To finish classification we remark, that any class with some Kéhler structure
is just realized on abelian Lie algebra. All classes of natural almost hyper-
Hermitian structures on conformally foliated 4-dimensional non-abelian Lie
groups with minimal leaves are represented in the Table 2.

Class

List of families of the Lie algebras

(AK, AK 1, Tk)

as(z2) C gs(a,a,B,b,1), a =b=0, 8 =—a=*tz9, 7 =229
ar(z2,w2) C g7(22, w1, wa,01,02), 6h =02 =0, w1 = —22, 22 # 0
ag(2z2,w2) C gs(22, 24, wa,7,01,02), 24 = 01 =02 =0, 7 = 22, 22 # 0
a11(21, 22) C g11(21, 22, 23, w1, 01, 02), 01 = 02 = 0, w1 = 23, 23 = — 2L
ar4(wa) C g14(22, 24, w2,01,02), 20 = 24 =01 = 03 =0

(AK1,Z;, AKK)

54()\,,22) C g4()\,22,w1,w2), W9 = 0, wp = —%

55(23) C 95(a7a7ﬁab7’r)7 a = :l:Zg, b= Fz3, T = 2253, a = ﬁ =0

bg(22,24) C gs(22, 24, w2,7,01,02), 61 =02 =wy =0, r = —2
bo(22,24) C go(22, 23,24,01,02), 01 =02 =0, 23 = —2 .
b11(21,22) C g11(21, 22, 23.w1, 01,02), 01 = O3 = 0, 23 = 29, w1 = — 2L

2
bia(wi) C gi2(23, wi,we,01,02), w1 =wy =601 =6 =0

(Z1, AK ;, AK k)

C4()\,Z2) C 94()\,Z2,w1,WQ), wy = 0, wy = 229
ClO(aaa) - 910(04,(1, B) b)v a = 67 b=—a
c14(01,02) C g14(22, 24, w2,01,02), 20 =24 = w2 =0

(I],IJ,IK)

02()\) C 92()\,04,5,71)1,102), a= -\, ﬂ =w;=wy=0
03(0&) C gg(a,ﬁ,wl,wgﬁg), 0y = —qQ, ﬁ =w;=wy =0
Dlo(a,a) - glo(a,a,ﬁ,b), B8=b=0
018(8,b) C g10(B,b, 23, 24,01,02), 01 = =B, 6o = —b, 23 = 24 = 0

TapmunA 2. Classes of natural almost hyper-Hermitian
structures on conformally foliated 4-dimensional non-abelian
Lie groups with minimal leaves
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