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INTRODUCED BY D.S. ANIKONOV

Abstract: The problem of inverting the Radon integral transformation
in finite-dimensional Euclidean space is considered. Examples of
application of this transformation in pure and applied mathematics
are given. The relevance of this topic for probing issues is indicated.
It is noted that for the latter direction, it is natural to consider
the sub-integral function as discontinuous. However, the available
inversion formulas are only proven for differentiable functions. Therefore,
the question of obtaining formulas for discontinuous functions arises.
It is set that the required results can be obtained by some modification
of available proofs for smooth functions.

Keywords: Radon transformation, discontinuous functions, probing,
tomography, integral geometry.

1 Introduction

The Radon transformation is defined as integrals of a function over hyperplanes
in n-dimensional Euclidean space. This transformation has been used in
many areas of mathematics. For example, in the theory of hyperbolic differential
equations, it was possible to reduce the dimension of space to two. In this
simple case, it was possible to use explicit representations for solutions
of Cauchy problems. However, such representations were obtained for the
images of the Radon transformation. Therefore, the next stage of the work
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was the question of inverting the transformation. These mathematical aspects
have been investigated, for example, in [1,2]. It is important to keep in mind
that the obtained inversion formulas were proven only for smooth functions.
Another application of the Radon transformation relates to the theory of
probing unknown media with various physical signals. In particular, the
mathematical part of X-ray tomography theory is reduced to the inverse
Radon transformation for n = 2 and n = 3.

Furthermore, the Radon transformation is widely used in seismic exploration,
geophysical mapping, defectoscopy, and environmental monitoring. Some
similar applications are represented in [3 – 14].

It is emphasized that for probing, it is natural to consider the sought
characteristics as discontinuous functions. This is the way to describe inhomogeneous
media consisting of different materials. However, as already mentioned, the
available formulas are proven only for smooth functions.

In the present work a slight modification of available proofs allows to
obtain explicit inversion formulas for discontinuous sub-integral functions.
There are grounds to believe that the application of our formulas will noticeably
expand the possibilities of using corresponding algorithms.

2 Notations, Definitions, and Problem Statement

We will use the following notations. En means an n-dimensional Euclidean
space; e1, . . . , en is the main orthonormal basis in En; points x, y, w in the
space En in a general basis are represented as x = (x1, . . . , xn), y = (y1, . . . , yn),
ω = (ω1, . . . , ωn); Ω denotes the unit sphere in En; ω is an element of the
sphere in En, Ω = {ω : ω ∈ En, |ω|} = 1};Y (ω, p) = {y : y · ω = p},
y ∈ En, ω ∈ Ω, −∞ < p <∞ represents a hyperplane in En; ∂T denotes the
boundary of the set T , T ⊂ En.

Let G be a bounded open set containing pairwise disjoint open sets Gi,
i = 1, . . . , N . Denoting the union of these subsets by G0, we require that
G0 = G. We assume that the boundary of the set G0 has zero measure in
the space En. Define the class of functions F . Function f(y), y ∈ En, belongs
to F , if the following conditions are satisfied: |f(u)− f(v)| ≤ const|u− v|α,
u, v ∈ Gi, 0 < α ≤ 1 and f(y) = 0 for y ∈ En \G, where const is a positive
number, i = 1, . . . , N . Apart from the main basis, we will use spherical angles
ϕ = (ϕ1, . . . , ϕn−1) for representing ω:

ω(ϕ) =
(
ω1(ϕ), . . . , ωn(ϕ)

)
, ϕ1 ∈ [0, 2π), ϕ2, . . . , ϕn−1 ∈ [0, π],

ω1 = sinϕ1 sinϕ2 . . . sinϕn−1

ω2 = cosϕ1 sinϕ2 . . . sinϕn−1

ω3 = cosϕ2 sinϕ3 . . . sinϕn−1

. . .

ωn−1 = cosϕn−2 · sinϕn−1

ωn = cosϕn−1
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In this article integration over Ω is used. Therefore we give the following
definitions.

The integral of the function g(w) over Ω is defined by the equality:∫
Ω
g(ω)dω =

∫ π

0
. . .

∫ π

0

∫ 2π

0
g(ω(ϕ)) sinϕ2 (sinϕ3)2 . . . (sinϕn−1)n−2 dϕ1 . . . dϕn−1

We say that a subset Ω0 of the sphere Ω is a set of measure zero if the
projection of Ω0 onto the hyperplane yn = 0 is a set of zero measure in En−1.

Let f(y) be a function defined for y ∈ En, which is integrable in En. The
Radon transform is defined by the equality:

[Rf ](ω, p) =
∫

y·ω=p

f(y)dyσ, (2.1)

where the right-hand side contains a surface integral over the hyperplane
Y (w, p). Using Fubini’s theorem for any ω ∈ Ω, we have:

∫
G
f(y)dy =

+∞∫
−∞

∫
y·ω=p

f(y)dyσdp =

+∞∫
−∞

[Rf ](w, p)dp (2.2)

In the following, we will assume that f ∈ F .
Similarly to identity (2.2), for any continuous function ψ(s), s ∈ (0,∞),

we write the equalities:

∫
G
f(y)ψ

(
(y − x) · w

)
dy =

∞∫
−∞

∫
(y−x)·ω=p

f(y)ψ(p)dyσdp =

+∞∫
−∞

ψ(p)[Rf ](ω, p+ x · ω)dp

(2.3)

The following problem is investigated in this work:
Problem: Given the function [Rf ](ω, p) for ω ∈ Ω, p ∈ (−∞,+∞), find

f(y), y ∈ En\∂G0, where f ∈ F .

3 The case of odd n in the Radon transform inversion
problem (n = 2m + 1)

Here, we will need the following identities, as provided, for example, in
[2]. ∫

Ω

|ξ · ω|dω = β1,n(ξ), ξ ∈ En, (3.1)

β1,n =
2
√
πn−1

Γ
(
n+1

2

)
(∆x)

n−1
2 |y − x |= β2,n| y − x|2−n , n > 3, (3.2)
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β2,n =
2nΓ(1.5)Γ

(
n+1

2

)
Γ
(
n
2

)
(2− n)π

(−1)
n−1

2 ,

∆x

∫
G

f(y)
|y − x|n−2

dy = β3,nf(x), x ∈ En\∂G0, n > 3 (3.3)

β3,n =
(2− n)

√
πn · 2

Γ
(
n
2

) .

Note that these identities hold true for both even and odd n.

Theorem 1. If f ∈ F , n = 2m + 1, m = 1, . . ., then for all x ∈ En\∂G0,
the equality holds:

βn · f(x) = (∆x)
n+1

2

∫
Ω

+∞∫
−∞

|p|[Rf ](ω, p+ x · ω)dpdω, βn 6= 0 (1)

Доказательство. Consider the function

U1(x) =
∫
Ω

∫
G

f(y)|(y − x) · ω|dydw, x ∈ En\∂G0 (3.5)

Using the identities (2.3) for the function ψ(s) = s, s ∈ (0,+∞), we obtain

U1(x) =
∫
Ω

∞∫
−∞

|p|[Rf ](ω, p+ x · ω)dpdω (3.6)

Now, let’s transform U1(x) in a different way. Changing the order of
integration in the right-hand side of equality (3.5) and considering the identity
(3.1), we can write

U1(x) = β1,n

∫
G

f(y)|y − x|dy.

Next, we apply the operator (∆x)
n−1

2 to this equality. Using identity (3.2),
we derive the property

(∆x)
n−1

2 U1(x) = β1,n · β2,n

∫
G

f(y)
|y − x|n−2

dy (3.7)

Now, applying the operator ∆x to both sides of the latter equality and
using property (3.3), we obtain

(∆x)
n+1

2 U1(x) = β1,n · β2,n · β3,nf(x) (3.8)

In (3.8), let βn = β1,n · β2,n · β3,n, and represent the function U1(x) using
expression (3.6). As a result, we obtain equality (3.4). The theorem is proven.

�
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Remark 1. It is worth clarifying that the presented proof is analogous to
a segment of the proof of the inversion formula in [2]. In our notation, the
formula in [2] takes the form

2(2πi)n−1f(x) = (∆x)
n−1

2

∫
Ω

[Rf ](ω, x · ω)dω. (3.9)

Now let’s compare formulas (3.4) and (3.9). We can see that equality
(3.9) contains one less integral than equality (3.4). The power of the Laplace
operator in (3.9) is also smaller than in (3.4). In other words, finding the
function f(x) using (3.9) is a simpler operation than a similar deduction
using (3.4). However, equality (3.9) is proven for smooth functions, while
equality (3.4) holds true for discontinuous functions as well. Thus, it can be
said that formulas (3.4) and (3.9) have their own merits and drawbacks.

4 Inversion of the Radon transform for even n (n = 2m)

Here we will use the following identities [2].∫
Ω

ln |(y − x) · ω|dω = γ1,n(ln |y − x|+ γ0,n), x, y ∈ En, ω ∈ Ω, (4.1)

γ1,n =
2
√
πn

Γ
(
n
2

) , γ0,n 6= 0,

(∆x)
n−2

2 ln |y − x| = γ2,n|y − x|2−n, (4.2)

γ2,n =
2n−2Γ2

(
n
2

)
2− n

(−1)
n−2

2 , n > 3, x, y ∈ En,

∆x

∫
G

f(y) ln |y − x|dy = 2πf(x), x ∈ En\∂G0, n = 2. (4.3)

Theorem 2. If f ∈ F , n = 2m, m = 1, . . ., then for all x ∈ En\∂G0, the
equality holds:

γn · f(x) = (∆x)
n
2

∫
Ω

+∞∫
−∞

ln |p|[Rf ](ω, p+ x · ω)dpdω, γn 6= 0. (4.4)

Доказательство. We define the function:

U2(x) =
∫
G

∫
Ω

f(y) ln |(y − x) · ω|dωdy, x ∈ En\∂G0 (4.5)

We change the order of integration in the right-hand side of the last
equality and use identities (2.3) with ψ(s) = ln s. Then we obtain:
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U2(x) =
∫
Ω

∫
G

f(y) ln |(y − x) · ω|dydω =
∫
Ω

∞∫
−∞

ln |p|[Rf ](ω, p+ x · ω)dpdω

(4.6)

For the same function U2(x), we give another representation. We transform
the inner integral in equality (4.5) using identity (4.1):

U2(x) =
∫
G

f(y) (γ1,n ln |y − x|+ γ0,n) dy (4.7)

Next, the cases n = 2 and n > 2 are considered separately. For n > 2
we apply the operator (∆x)

n−2
2 to equality (4.7) and using identity (4.2), we

obtain

(∆x)
n−2

2 U2(x) = γ1,n · γ2,n

∫
G

f(y)
|y − x|n−2

dy (4.8)

From here, using identity (3.3), we derive

(∆x)
n
2 U2(x) = γ1,n · γ2,n · γ3,nf(x), γ3,n = β3,n. (4.9)

Let’s denote γn = γ1,n · γ2,n · γ3,n and compare equalities (4.9) and (4.6).
As a result, we obtain the identity (4.4).

Now, let n = 2. Applying the operator ∆x to (4.7) and using identity
(4.3), we write:

∆xU2(x) = γ1,2 · 2πf(x) (4.10)
Let’s denote γ1,2 · 2π = γ2 and compare (4.10) and (4.6). As a result,

we obtain the equality (4.4) for the particular case n = 2. The theorem is
proven. �

Remark 2. For even n, the classical inversion formula takes the form:

(2πi)nf(x) = (∆x)
n−2

2

∫
Ω

∞∫
−∞

ln |p− x · ω| ∂
2

∂p2
[Rf ](ω, p)dpdw (4.11)

Let’s compare the inversion formulas (4.4) and (4.11). Each of them involves
the same order of integration and differentiation. However, to derive the
equality (4.11), it is necessary to assume that the function f(y) has continuous
and bounded derivatives up to second order. For formula (4.4), it is sufficient
to require that f(y) is piecewise continuous in the Holder sense. Hence, we
can conclude that formula (4.4) is more valuable for applications than (4.11).

The work was carried out within the framework of the state task of the
SB RAS (project FWNF-2022-0009).
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