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Abstract: The Dummett logic is a superintuitionistic logic obtai-
ned by adding the linearity axiom to intuitionistic logic. This is
one of the �rst non-classical logics, whose lattice of axiomatic
extensions was completely described. In this paper we investigate
the logic JC obtained via adding the linearity axiom to minimal
logic of Johansson. So JC is a natural paraconsistent analog of the
Dummett logic. We describe the lattice of JC-extensions, prove
that every element of this lattice is �nitely axiomatizable, has the
�nite model property, and is decidable. Finally, we prove that JC
has exactly two pretabular extensions.

Keywords: Dummett's logic, minimal logic, linearity axiom, lat-
tice of extensions, algebraic semantics, j-algebra, opremum, deci-
dability, pretabularity.

The Dummett logic (or G�odel-Dummett logic, or logic of chains) LC is an
important superintuitionistic logic obtained by adding to intuitionistic logic
Int the linearity axiom (p→ q) ∨ (q → p).

In 2003 J. von Plato [20] opened for the logical community that a logical
system equivalent to LC was introduced in the work by T. Skolem written
in 1913 [17]. It is remarkable that this work was written in the setting of
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Schr�oder's algebraic approach, which di�ers essentially from the dominating
Frege-Russel-Hilbert tradition. This di�erence von Plato describes [20, p. 153]
as follows: `Logic is not tied to a strict formal syntax, but studies the relations
between concepts in a direct way. The situation is similar to mathematics in
general, where one usually studies the structures of interest, say arithmetic,
without the mediation of a concrete formal syntax'. The main technical result
of Skolem's work is the discovery of a normal form of formulas. In LC every
formula is equivalent to a disjunction of conjunctions or a conjunction of
disjunctions of formulas of the form (p→ q) or ¬(p→ q), where p and q are
propositional variables.

The rediscovery of LC by M. Dummett was inspired by K. G�odel [6], who
constructed a sequence of matrices to prove the non-tabularity of intuitionis-
tic logic. In 1959 M. Dummett [2] introduced LC as the extension of the
intuitionistic logic via the linearity axiom and proved that LC is complete
w.r.t. the family of matrices introduced in [6].

Later D. Ulrich [19] proved that every LC extension has the �nite model
property. Finally, M. Dunn and R. Meyer [4] have found out all proper
extensions of LC. It turns out that all such extensions are tabular, which
strengthens the results of Ulrich and implies the pretabularity of LC. Notice
that one year later L. Maksimova [9] proved that there are exactly three
pretabular superintuitionistic logics. Naturally, LC is one of such logics.

Recall that a logic is called paraconsistent, if it admits theories that
are contradictory, but however non-trivial. Logics with trivial contradictory
theories are called explosive. Minimal logic J of Johansson [7] can be obtained
from Int via omitting the axiom ex contradictione quodlibet ECQ := ¬p →
(p → q), more exactly, Int = J + ECQ. This is a natural paraconsistent
analog of intuitionistic logic.
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Figure 1. The lattice ELC.

The main object of our investigations is the logic JC obtained by adding
the linearity axiom to J . So JC can be considered as a paraconsistent analog
of the Dummett logic LC. We transfer the results by M. Dunn and R. Meyer
to the logic JC. Except for description of the lattice of JC-extensions we
prove that every such extension is �nitely axiomatizable modulo JC, has
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the �nite model property, and is decidable as a consequence. Finally, we
prove that the logic JC has exactly two pretabular extensions, one of which
coincides with LC.

It should be noted that LC is one of the �rst non-classical logics, whose
lattice of extensions was completely described. Earlier such description was
obtained for the modal logic S5 [16] and for the logic RM [3], an extension of
the relevant logic R with so called mingle-axiom. The lattice ELC of all LC-
extensions is an in�nite descending chain with the least element as presented
at Figure 1. The greatest element Form is the trivial logic consisting of
all formulas, the second element is the classical logic CL, the logic Ln is
determined by the n-element linearly ordered Heyting algebra.

M. Kracht [8] studied extensions of the constructive Nelson's logic N3
with strong negation. In particlular, he described the lattice of extensions of
the logic N3C = N3+ {(p→ q)∨ (q → p)}, a conservative extension of LC.
As we can see from Figure 2 this lattice is essentially more complicated then
ELC, but still admits an explicit presentation.
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Figure 2. The lattice EN3C.

Later S. Odintsov [12] described the lattice of extesions of the logicN4C =
N4 + {(p → q) ∨ (q → p)}, where N4 is the paraconsistent version of the
constructive Nelson's logic, N3 = N4 + {∼p → (p → q)}. N4C also is a
conservative extension of LC. It turns out that the lattice EN4C has much
more complicated structure as compared to EN3C and we cannot draw a
diagramm presenting explicitly the structure of this lattice. As we will see
the same holds for the lattice of JC-extensions. To explain the nature of such
complications we say a few words on methods that are used to describe the
lattice of extensions of one or another logic. Usually we deal with logics which
can be characterized via varieties of algebras. Every variety is generated
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by its �nitely generated subdirectly irreducible algebras (fsi-algebras). So
�rst we describe the fsi-algebras modelling the logic L we are interested
in. Temporarily we denote this class of algebras as Modfsi(L). Further, we
consider the preorder ⊑ on Modfsi(L) de�ned as follows:

A ⊑ B ⇔ LA ⊆ LB,

where LA denotes the logic of A, i.e. the set of all formulas valid on the
algebra A. Naturally, this preorder is stable under isomorphisms, and factor-
ing out the preorder ⟨Modfsi(L),⊑⟩ w.r.t. the isomorphism relation we obtain
the partial order PfsiL of isomorphism types of fsi-algebras modelling L. It
is clear that for a logic L′ extending L isomorphism types of algebras from
Modfsi(L

′) form a cone (upward closed subset) of PfsiL, and that di�erent
cones correspond to di�erent L-extensions. Usually it is possible to prove
that just de�ned mapping from E(L) to the cone lattice of PfsiL is onto, and
that this is a dual isomorphism of lattices.

The simple structure of ELC is explained by the fact that its partial order
PfsiLC is linear. Due to this reason the lattice of cones of this order is linear
too. The order PfsiN3C consists of two in�nite chains connected one with
the other. In case of N4C⊥ the order PfsiN4C⊥ has an explicite description,
but it is much more complicated, so one can describe EN4C⊥ only as the
lattice dually isomorphic to the cone lattice of PfsiN4C⊥. The same holds
for the logic JC investigated in this article.

Our paper is structured as follows. Section 1 is devoted to preliminary
remarks. In Section 2 we describe the partial order PfsiJC and cones of this
order. Finally, in Section 3 we establish that EJC and the cone lattice of
PfsiJC are dually isomorphic, prove that all elements of EJC are �nitely
axiomatizable and decidable, and �nd out pretabular JC-extensions.

1 Preliminaries

We consider logics de�ned in the propositional language L = {∨,∧,→,⊥}
containing the binary connectives of disjunction, conjunction, implication,
and the absurdity constant. Formulas of this language (L-formulas) are
constructed in a standard way from ⊥ and propositional variables occuring to
a �xed countable set Prop with the help of logical connectives. The negation
connective we consider as an abbreviation, ¬φ := φ → ⊥. The set of all
L-formulas is denoted as FormL. We write φ(p1, . . . , pn) for φ ∈ FormL in
case all propositional variables occuring φ are among p1, . . . , pn.

By a logic L we mean a set of formulas (L ⊆ FormL) closed under the
rules of substitution (SUB) and modus ponens (MP):

(SUB)
φ(p1, . . . , pn)

φ(ψ1, . . . , ψn)
, (MP)

φ φ→ ψ

ψ
,

where φ,ψ,ψ1, . . . , ψn ∈ FormL.
For a logic L, we denote by EL the set of all logics containing L. Set-

theoretical intersection ∩ and the operation +, where L1 + L2 is the least
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logic containing L1 ∪ L2, turn EL to a complete lattice. This follows from
the fact that the intersection of any family of logics is a logic too. We call
EL the lattice of L-extensions. If X ⊆ FormL, then L+X denotes the least
logic in EL containing X.

Minimal logic or Johansson's logic J is the least logic containing the
following formulas:

J1. p→ (q → p); J2. (p ∧ q) → p;
J3. (p→ (q → r)) → ((p→ q) → (p→ r)); J4. (p ∧ q) → q;
J5. (p→ q) → ((p→ r) → (p→ (q ∧ r))); J6. p→ (p ∨ q);
J7. (p→ r) → ((q → r) → ((p ∨ q) → r)); J8. q → (p ∨ q).

Now intuitionistic logic Int can be de�ned as Int = J + {⊥ → p}, and
classical logic as CL = Int+ {p ∨ ¬p}.

Put:

JC = J + {(p→ q) ∨ (q → p)}, LC = Int+ {(p→ q) ∨ (q → p)}.
Logic LC is the logic of chains or the Dummett logic. The main object of our
investigations is logic JC, a natural paraconsistent analog of the Dummett
logic.

Now we consider an algebraic semantics for logics from EJ . Algebras we
denote by boldface uppercase letters, the universes of algebras by correspon-
ding italic uppercase letters.

An implicative lattice is an algebra A = ⟨A,∧,∨,→⟩ such that its reduct
⟨A,∧,∨⟩ is a lattice and the operation → satis�es the following equivalence
for all a, b, c ∈ A:

c ≤A a→ b⇔ c ∧ a ≤A b,

where ≤A denotes the lattice ordering of ⟨A,∧,∨⟩. Recall that a ≤A b i�
a ∧ b = a.

It is easy to see that for every a ∈ A, the implication a→ a is the greatest
element of A w.r.t. ≤A. In what follows the greatest element of A we denote
as 1A. The next property of implication readily follows from its de�nition:

a→ b = 1A i� a ≤A b for any a, b ∈ A (1)

It is well known that every implicative lattice is distributive and that
the class Vimp of all implicative lattices is a variety, i.e. this class can be
axiomatized by identities (see, e.g., [14])

An algebra A = ⟨A,∧,∨,→,⊥⟩ is called a j-algebra if its ⊥-free reduct
⟨A,∧,∨,→⟩ is an implicative lattice.

A j-algebra A = ⟨A,∧,∨,→,⊥⟩ is called a Heyting algebra (negative
algebra) if ⊥ is the least (greatest) element of A with respect to ≤A.

Obviously, the class Vj of all j-algebras, the class VH of all Heyting
algebras, and the class Vneg of all negative algebras are varieties too.

Let A be a j-algebra. Every homomorphism v : FormL → A from the
algebra of formulas into A is called an A-valuation. For every formula φ, we
say that φ is true at an A-valuation v and write A, v |= φ if v(φ) = 1A.
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We say that φ is true on A and write A |= φ if A, v |= φ holds for every
A-valuation v.

For a set Γ of formulas, we write A |= Γ and say that A is a model for Γ
if A |= φ for all φ ∈ Γ.

Let K be a class of j-algebras. We write K |= φ if A |= φ for all A ∈ K,
and K |= Γ if K |= φ for all φ ∈ Γ.

For an algebra A, the lattice of its congruences is denoted by Con(A). For
a variety V, we denote by Sub(V) the lattice of its subvarieties. In both cases,
the lattice ordering coincides with the inclusion relation, see [1] for details.
Moreover, it is known that the variety Vj of all j-algebras is congruence-
dustributive, i.e. the lattice Con(A) is distributive for every A ∈ Vj .

Congruences of a j-algebra A are is one-to-one correspondence with �lters
on A. Recall that a non-empty subset F ⊆ A is a �lter on a j-algebra A if
for every a, b ∈ A: (i) a ∈ F and b ∈ F imply a ∧ b ∈ F ; (ii) a ≤A b and
a ∈ F imply b ∈ F . The lattice of all �lters on A we denote F(A). For every
θ ∈ Con(A) and every F ∈ F(A) we put:

Fθ := {a ∈ A | (a, 1A) ∈ θ}, θF := {(a, b) | a→ b, b→ a ∈ F}.
The mapprings θ 7→ Fθ and F 7→ θF are mutually inverse isomorphisms
between Con(A) and F(A).

For a logic L ∈ EJ and for a variety V ∈ Sub(Vj), we put

V (L) := {A| A ∈ Vj and A ⊨ L}; LV := {φ | V |= φ}.
For an arbitrary class of j-algebras K, we also put LK = {φ | K |= φ}. If a
logic L ∈ EJ is such that L = LK we say that L is complete w.r.t. K. For a
j-algebra A, we write LA instead of L{A} and call LA the logic of A.

Since the fact that a formula φ is true on a j-algebraA is equivalent to the
validity of the identity φ = p → p on A, we have V (L) ∈ Sub(Vj) for every
L ∈ EJ . It is known also that LV ∈ EJ for every V ∈ Sub(Vj). Moreover,
the following statement holds, see, e.g. [13].

Theorem 1. The mappings L 7→ V (L) and V 7→ LV are mutually inverse
dual isomorphisms 1 between lattices EJ and Sub(Vj). In particular, for every
L0 ∈ EJ and V0 ∈ Vj we have

L(V (L0)) = L0 and V (L(V0)) = V0.

This statement implies, in particular, that φ ∈ J i� φ is true on every
j-algebra. Since ⊥ → p is true on A i� ⊥ is the least element of A w.r.t. ≤A

we obtain that V (Int) = VH and L(VH) = Int. Naturally, the restriction
of L 7→ V (L) to EInt is a dual isomorphism between EInt and Sub(VH).
Similarly, the restriction of L 7→ V (L) to EL0 for every L0 ∈ EJ is a dual
isomorphism between EL0 and Sub(V (L0)).

Let us recall an important fact from universal algebra. Every variety V of
algebras is generated by the family Vfsi of its �nitely generated subdirectly

1By a dual isomorphism between lattices A and B we mean an isomorphism between
A and Bop, where Bop is the lattice with the same universe as B and reversed order.
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irreducible algebras (fsi-algebras). For a de�nition of subdirectly irreducible
algebra the reader may consult [1]. For our goals it will be enough to give a
characterization of subdirectly irreducible j-algebras.

An element ∗A of a j-algebra A is called an opremum of A if ∗A ̸= 1A
and b ≤ ∗A for every b ∈ A di�erent from 1A.

Theorem 2. (see, e.g. [15]) A j-algebra A is subdirectly irreducible if and
only if there is an opremum ∗A in A.

We de�ne the preorder on (Vj)fsi as follows: A ⊑ B i� LA ⊆ LB for
A,B ∈ (Vj)fsi. The well known Jonsson Theorem (see [1]) provides a useful
characterization of this preorder. This theorem says that in a congruence
distributive variety, all subdirectly irreducible elements of the subvariety
generated by the class K of algebras belong to HSUp(K).2 If an algebra A is
�nite, then HSUp({A}) = HS({A}). The variety of j-algebras is congruence
distributive, therefore, for any �nite A, B ∈ (Vj)fsi we have

A ⊑ B ⇔ LA ⊆ LB ⇔ B ∈ HS({A}).

2 Isomorphism types of algebras from (V (JC))fsi

As it follows from Theorem 1 the lattice EJC is dually isomorphic to
the lattice Sub(V (JC)). So it would be enough to decribe the lattice of
subvarieties of the variety V (JC) consisting of all JC-models.

First we describe fsi-algebras from the variety V (JC). The next statement
is an immediate generalization of the characterization of fsi-algebras from
V (LC) obtained in [4].

Proposition 1. Let A be a j-algebra. Then A ∈ (V (JC))fsi if and only if
A is �nite and linearly ordered.

Proof. First we assume that A is �nite and linearly ordered j-algebra. Since
A is �nite it is �nitely generated. Finiteness of A implies that every non-
unit element lies under some maximal non-unit element. The linearity of
A implies that there is only one maximal non-unit element, which is an
opremum of A. Thus, A is an fsi-algebra. It follows immediately from (1)
that (p→ q)∨ (q → p) is true on a linearly ordered j-algebra. Consequently,
A ∈ (V (JC))fsi.

Now we assume that A ∈ (V (JC))fsi. If a ̸≤A b and b ̸≤A a for some
a, b ∈ A, then we have (a → b) ∨ (b → a) ≤ ∗A by (1), which con�icts with
A |= (p→ q) ∨ (q → p). Thus, A is linearly ordered.

Let X be a �nite set generating A. We just proved that A is linearly
ordered. Consequently, a ∨ b, a ∧ b ∈ {a, b} for a, b ∈ A. Further, notice
that a → b ∈ {1A, b}. If a ≤A b, then a → b = 1A by (1). If b ≨A a, then

2For a class of algebras K, the class of all homomorphic images of algebras from K is
denoted as H(K), the class of all subalgebras of algebras from K as S(K), �nally, the class
of all ultraproducts of algebras from K is denoted as Up(K).
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a → b = b. Indeed, a ∧ b = b and a ∧ c ≩ b for c ≩ b. Thus, except for
generators A may contain only ⊥ and 1A. Consequently, A is �nite.

□

In the last proof we established the following.

Corollary 1. Let A be a linearly ordered j-algebra. The implication act on
A as follows:

a→ b =

{
1A, a ≤A b;

b, otherwise.
(2)

Moreover, if {⊥A, 1A} ⊆ X ⊆ |A|, then X is the universe of a subalgebra
of A.

From Proposition 1 we conclude that up to isomorphism every element of
(V (JC))fsi is determined by the number of its elements and by the interpreta-
tion of ⊥ in this �nite linear order. Thus, we may code isomorphism types
of algebras from (V (JC))fsi by pairs of positive natural numbers. We say
that A ∈ (V (JC))fsi is of type (m,n), and write tp(A) = (m,n), if m is the
number of elements greater or equal to ⊥, and n is the number of elements
of A, which are smaller or equal to ⊥.

Now we are ready to describe the preordering ⊑ on (V (JC))fsi. Recall that
A ⊑ B i� LA ⊆ LB i� B ∈ HS({A}) for fsi-algebras A and B.

Proposition 2. Let A,B ∈ (V (JC))fsi, tp(A) = (m,n), and tp(B) = (k, l).
The following equivalence holds:

A ⊑ B ⇔ k ≤ m and l ≤ n.

Proof. If B ∈ HS({A}), then obviously k ≤ m and l ≤ n.
Assume that k ≤ m and l ≤ n and prove the inverse implication. Assume

additionally that 1A ̸= ⊥A and 1B ̸= ⊥B. By Corollary 1 arbitrary subset
X of |A| containing 1A and ⊥A is the universe of a subalgebra of A. This
immediately implies that A has a subalgebra isomorphic to B, i.e., B ∈
S({A}). The same holds if 1A = ⊥A and 1B = ⊥B.

It remains to consider the case 1A ̸= ⊥A and 1B = ⊥B, whenB ̸∈ S({A}).
Put F = {a | ⊥A ≤A a} and A′ := A/F . It follows easily from (2) that
[a]F = F for a ∈ F and [a]F = {a} for a ̸∈ F . Thus, tp(A′) = (1, n) and by
the above argument B ∈ S(A′). From A′ ∈ H(A) we conclude A ⊑ B.

□

Put N+ = {1, 2, 3, ...} and P = ⟨(N+)2,⪯⟩, where (m,n) ⪯ (k, l) i� k ≤ m
and l ≤ n. It is clear that ⪯ is a partial order on the set of pairs of positive
natural numbers. The stucture of this ordering is presented on the following
diagramm.
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Figure 3.

Recall that a subset X ⊆ (N+)2 is a cone (upward closed set) w.r.t. ⪯ if
for every a ∈ X and b ∈ (N+)2 such that a ⪯ b we have b ∈ X. The set of all
cones w.r.t. ⪯ form a lattice with the inclusion relation as its lattice order.
We denote this lattice Up(P).

For L ∈ EJC put tp(L) := {tp(A) | A ∈ (V (L))fsi}. From the just
obtained characterization of ⊑ we infer the next fact.

Corollary 2. For every L ∈ EJC we have tp(L) ∈ Up(P). Moreover, the
mapping tp : EJC → Up(P) is one-to-one and order reversing.

Proof. From Proposition 2 we obtain tp(L) ∈ Up(P) for L ∈ EJC. According
to Theorem 1 the mapping L 7→ V (L) is order reversing, consequently, tp is
order reversing too. Finally, if L1 ̸= L2, then (V (L1))fsi ̸= (V (L2))fsi. This
fact implies that tp is one-to-one. □

In other words, for every JC-extension L the set of types of fsi-algebras
modelling L form a cone w.r.t. ⪯. In what follows we prove that every cone
from Up(P) can be realized as tp(L) for some JC-extension L. But �rst we
obtain more explicit decription of cones from Up(P).

For (m,n) ∈ (N+)2 we denote by (m,n) ↑ the principal cone generated by
(m,n), i.e.,

(m,n) ↑:= {(k, l) | (m,n) ⪯ (k, l)} = {(k, l) | k ≤ m, l ≤ n}.

Every principal cone (m,n) ↑ is �nite as it follows from its de�nition. For
a proper cone X ∈ Up(P), i.e., such cone that ∅ ̸= X ̸= (N+)2, we de�ne
two natural numbers r(X) and l(X) as follows: r(X) is the greatest natural
number such that (m, r(X)) ∈ X for all m ∈ N+, and there is n ∈ N+ such
that (n, r(X)+1) ̸∈ X. The number l(X) is de�ned is a dual way, this is the
greatest natural number such that (l(X),m) ∈ X for all m ∈ N+, and there
is n ∈ N+ such that (l(X) + 1, n) ̸∈ X.

It can be easily seen that natural numbers l(X) and r(X) are well de�ned
for every proper cone X. Moreover, r(X) = 0 i� (m, 1) ̸∈ X for some m, and
l(X) = 0 i� (1, n) ̸∈ X for some n.
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Now we associate with every proper coneX ∈ Up(P) two subconesW r(X)
and W l(X):

W r(X) := {(m,n) | n ≤ r(X)} and W l(X) := {(m,n) | m ≤ l(X)}.

Obviously,W r(X) = ∅ i� r(X) = 0, andW l(X) = ∅ i� l(X) = 0. Moreover,
if one of these subcones is not empty, then it is in�nite.

Now we are ready to describe cones from Up(P).

Proposition 3. Every proper cone X ∈ Up(P) is the union of conesW r(X),
W l(X), and of �nite number of principal cones.

Proof. By de�nition of r(X) and l(X) there are m and n such that

{(m, r(X) + 1), (l(X) + 1, n)} ∩X = ∅.

Notice that in this case

X \ (W l(X) ∪W r(X)) ⊆ (m,n) ↑ .

Indeed, assume that (s, t) is such that l(X) + 1 ≤ s, r(X) + 1 ≤ t, and
(s, t) ̸∈ (m,n) ↑. In this case either m < s, or n < t. If m < s, then
(s, t) ⪯ (m, r(X) + 1), and so (s, t) ̸∈ X. If n < t, then again (s, t) ̸∈ X in
view of (s, t) ⪯ (l(X) + 1, n).

Let (u1, v1), . . . (un, vn) be all elements of X ∩ (m,n) ↑ minimal w.r.t. ⪯.
Then

X =W l(X) ∪W r(X) ∪ (u1, v1) ↑ ∪ . . . ∪ (un, vn) ↑ .
□

3 The dual isomorphism of lattices EJC and Up(P)

We just noticed that the mapping tp assigning to a JC-extension L the
cone of isomorphism types of algebras from (V (L))fsi is one-to-one and order
reversing. Now we prove that tp is a dual lattice isomorphism between
EJC and Up(P). To this end given a cone X ∈ Up(P) we provide an
axiomatization for a logic L ∈ EJC such that tp(L) = X.

For n ∈ N+, we de�ne the following formula with propositional variables
from the list p1, . . . , pn:

τn := p1 ∨ (p1 → p2) ∨ · · · ∨ (pn−1 → pn).

Lemma 1. Let A be a �nite linearly ordered j-algebra. Then the following
equivalence holds:

A |= τn ⇔ |A| ≤ n.

Proof. Let v be an arbitrary A-valuation. It follows easily from (2) that
A, v ̸|= τn i�

1A ≩ v(p1) ≩ v(p2) ≩ · · · ≩ v(pn).

Thus, A ̸|= τn i� A contains at least n+ 1 di�erent elements. □
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Let A be a j-algebra. Put

A⊥ := {b ∈ A | b ≥A ⊥A } and A⊥ := {b ∈ A | b ≤A ⊥A }.
For a, b ∈ A⊥, we put a→⊥ b = (a→ b) ∧ ⊥A.

It is obvious that the set A⊥ is closed under the operations of A and that
A⊥ = ⟨A⊥,∧,∨,→,⊥⟩ is a Heyting algebra. The set A⊥ is closed under ∨,
∧, →⊥, and A⊥ = ⟨A⊥,∧,∨,→⊥,⊥⟩ is a negative algebra.

Moreover, it is known [13, Prop. 4.2.3] that for every formula ϕ(p1, · · · , pn)
the following holds:

A |= ϕ(p1 ∨ ⊥, · · · , pn ∨ ⊥) ⇔ A⊥ |= ϕ(p1, · · · , pn);
A |= ⊥ → ϕ(p1, · · · , pn) ⇔ A⊥ |= ϕ(p1, · · · , pn).

We will use these equivalences and Lemma 1 to establish the following facts.

Proposition 4. Let m,n ∈ N+, A ∈ (V (JC))fsi, and X ∈ Up(P). Then the
following equivalences hold:

(1) tp(A) ∈ (m,n) ↑ i� A |= τm(p1 ∨ ⊥, . . . , pm ∨ ⊥) and A |= ⊥ → τn;
(2) tp(A) ∈W r(X) i� A |= ⊥ → τr(X);

(3) tp(A) ∈W l(X) i� A |= τl(X)(p1 ∨ ⊥, . . . , pl(X) ∨ ⊥).

Proof. To prove Item 1 recall that tp(A) ∈ (m,n) ↑ means exactly that
|A⊥| ≤ m and |A⊥| ≤ n. The latter is equivalent by Lemma 1 to A⊥ |= τm
and A⊥ |= τn, i.e., A |= τm(p1 ∨ ⊥, . . . , pm ∨ ⊥) and A |= ⊥ → τn.

Items 2 and 3 follow in a similar way from the observations that tp(A) ∈
W r(X) i� |A⊥| ≤ r(X), and that tp(A) ∈W l(X) i� |A⊥| ≤ l(X).

□

Theorem 3. The mapping tp : EJC → Up(P) is a dual lattice isomorphism
between EJC and Up(P).

Proof. Since an order isomorphism of two lattices is also a lattice isomorphism
and we know that tp : EJC → Up(P) is a one-to-one and order reversing
mapping, it will be enough to prove that tp maps EJC onto Up(P).

Take an arbitrary cone X ∈ Up(P). According to Proposition 3 it can be
represented as

X =W l(X) ∪W r(X) ∪ (u1, v1) ↑ ∪ . . . ∪ (un, vn) ↑,
for some u1, v1, . . . , un, vn ∈ N+. Put

Ll(X) = JC + {τl(X)(p1 ∨ ⊥, . . . , pl(X) ∨ ⊥)}, Lr(X) = JC + {⊥ → τr(X)},
Lui,vi = JC + {τui(p1 ∨ ⊥, . . . , pui ∨ ⊥),⊥ → τvi}, i = 1, . . . , n.

Proposition 4 implies that

tp(Ll(X)) =W l(X), tp(Lr(X)) =W r(X), tp(Lui,vi) = (ui, vi) ↑, i = 1, . . . , n.

Since L 7→ V (L), L ∈ EJC, is a dual lattice isomorphism, we have V (L1∩
L2) = V (L1) + V (L2) and

(V (L1))fsi ∪ (V (L2))fsi ⊆ (V (L1 ∩ L2))fsi.
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To prove the inverse inclusion, and so the equality

(V (L1 ∩ L2))fsi = (V (L1))fsi ∪ (V (L2))fsi (3)

for logics �nitely axiomatizable modulo JC we need the following results.
S. Miura [10] noticed that an intersection of two superintuitionistic logics

can be axiomatized by repeatedless disjunctions of theirs axioms. This result
can be easily generalized to extensions of minimal logic [13, Prop. 2.1.5]. More
exactly, a repeatedless disjunction of formulas φ(p1, . . . , pn) and ψ(p1, . . . , pm)
is a formula φ∨ψ := φ(p1, . . . , pn) ∨ ψ(pn+1, . . . , pn+m). Further, if L ∈ EJ ,
L1 = L+ {φi | i ∈ I1}, and L2 = L+ {ψj | j ∈ I2}, then

L1 ∩ L2 = L+ {φi∨ψj | i ∈ I1, j ∈ I2}.
In particular, if L1 = JC+{φ(p1, . . . , pn)} and L2 = JC+{ψ(p1, . . . , pm)},

then L1 ∩L2 = JC + {φ∨ψ}. Take a linerly ordered fsi-algebra A such that
A ̸∈ (V (L1))fsi ∪ (V (L2))fsi, i.e.

v1(φ(p1, . . . , pn)) ≤ ∗A and v2(ψ(p1, . . . , pm)) ≤ ∗A
for some A-valuations v1 and v2. Let v(pi) = v1(pi) for i = 1, . . . , n and
v(pn+i) = v2(pi) for i = 1, . . . ,m. Then we have v(φ∨ψ) ≤ ∗A, and so
A ̸∈ (V (L1 ∩ L2))fsi. We have thus proved (3) for �nitely axiomatizable
JC-extensions.

The just obtained result implies that for an arbitrary cone X ∈ Up(P) we
have tp(L) = X, where

L = Ll(X) ∩ Lr(X) ∩ Lu1,v1 ∩ . . . ∩ Lun,vn . (4)

□

Proposition 5. Every logic from EJC is �nitely axiomatizable, has the �nite
model property, and is decidable.

Proof. Every logic L ∈ EJC is �nitely axiomatizable modulo JC according
to (4).

Every L ∈ EJC has the �nite model property due to the fact that L is
complete w.r.t. the family of its fsi-models, which are all �nite according to
Proposition 1.

Finally, for every L ∈ EJC its set of fsi-models is decidable. Indeed, we
noticed that up to isomorphism fsi-models of JC can be coded by pairs
of natural numbers. According to Corollary 2 and Proposition 3 for every
L ∈ EJC, the family (V (L))fsi is coded by a �nite union of sets having one
of the following forms

{(k, l) | k ≤ n}, {(k, l) | l ≤ m}, {(k, l) | k ≤ r, l ≤ s}.
Thus, every L ∈ EJC is complete w.r.t. to a decidable set of �nite algebras.
Consequently, L is decidable according to the well known Harrop Theorem
saying that a logic with enumerable set of theorems, which is complete w.r.t.
to an enumerable set of �nite models, is decidable.

□
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Finally, we describe pretabular JC-extensions. Recall that a logic L ∈ EJ
is tabular if L = LA for some �nite j-algebra A. We call a logic L ∈ EJ
pretabular if L is not tabular, but every its proper extension is.

Proposition 6. The lattice EJC contains exactly two pretabular logics: the
Dummett logic LC and NegC = JC + {⊥}.

Proof. If L = LA, then V (L) = V ({A}). If additionally we assume that A
is �nite, then (V (L))fsi ⊆ HS({A}) by Jonsson's lemma. The �niteness of A
implies that (V (L))fsi is �nite up to isomorphism. Thus, tabular logics from
EJC are such logics L that the cone tp(L) is �nite. Respectively, pretabular
logics from EJC are such logics L that the cone tp(L) is in�nite, but every
proper subcone of tp(L) is �nite. It is enough to have a look at Figure 3 to
understand that there are only two such cones in Up(P):

C1 = {(n, 1) | n ∈ N+} and C2 = {(1, n) | n ∈ N+}.

The cone C1 contains exactly isomorphism types of algebras that have no
elements lying strictly under ⊥, i.e. tp(A) ∈ C1 if and only if A is a �nite
linear Heyting algebra. Thus, tp(LC) = C1. On the other hand, tp(A) ∈ C2

i� ⊥ is the greatest element of A. Clearly, such algebras are distinguished in
(V (JC))fsi with the help of formula ⊥, and we have tp(NegC) = C2.

□
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