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PAHI'U IIVIAHAPHOCTU ITOJIVIPVYIIIIOBBIX
MHOTI'OOBPA3N, IIOPO2K/IEHHDBIX
ITOJIVTPVYIIIIAMUT TPETBEI'O ITOPAJIKA.

A.B. COJIOMATUH

IIpedcmasaerno ABTOPOM

Abstract: In this paper, we calculate the planarity rank of the
variety generated by all semigroups of order three and calculate the
planarity ranks of its subvarieties generated by each semigroups of
order three.
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1 Bsegeunne

Wzyuenune moyrpynmn MaabIX TOPSIKOB MOXKET OBITh ITOJIE3HO 110 HECKOJIb-
KUM TPUYUHAM:

1) Ocuoset anre6psr: Lloayrpynnsl SBASTIOTCST OTHOM M3 BaXKHEHIIINX CTPYK-
Typ B asirebpe. OHU NpeCcTaB/sitoT cob0it MHOYKECTBO C 3a/JaHHOM HA HEM ac-
COTIMATUBHOM ONHAPHOI omeparueit. M3yJeHne Momyrpynn IOMOTAeT TOHITh
OCHOBHBIE ajiredpandecKkue CTPYKTYPhI U OIIEPAIHH.

2) Usydenme cpoiicts: Iloayrpynmnbl MajiblX HOPSIKOB MOTYT OBITH II0-
JIE3HBI ISl U3Yy4YEHUS CBOMCTB mOJyrpymil B 1esoMm. OHM MOUYT CJIYKUTH
IpUMepaMu WM KOHTPIPUMEPAME JIJIs PA3JIUYHBIX CBOHCTB U TEOPEM.
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3) Ipunoxkenus: TTosyrpynnbl HAXOAAT NPUMEHEHUE B PA3JIUIHBIX 00J1a-
CT4X, BKJIIOYad TEOPUID KOAUPOBAHUA, TCOPUIO aBTOMATOB M JAMCKPETHYIO
MaTeMaTHUKYy.

4) Teoperuueckue UCCaeI0BAHMsT: I3yderne oIy TPyYIIT MaIbIX TOPSIIKOB
MO2KET MIPUBECTH K OTKPBITUIO HOBBIX TEOPETUIECKUX PE3YJIBTATOB B 001aCTH
aJIredphl.

5) O6yuenne u obpazosanue: [Llogyrpynmbl MabIX TOPSITKOB MOTYT OBITH
[0JIe3HBI B 00pa30BaTENIBLHBIX IEJIIX, TOMOrasi CTyJAeHTaM JIydille MOHSTb U
BU3YaJN3UPOBATE aOCTPAKTHBIE ajrebpanieckue KOHIIETTINHN.

BakHO 0TMETHTH, YTO KOHKPETHAS 1e/Ib U3y YeHUs TOJIYTIPYIIT MAJIbIX TI0-
PSIKOB MOXKeT 3aBHUCETh OT KOHTEKCTa M WHTEpecoB uccienosaresns. Ha 3ape
CTAHOBJIEHUsT TTPOOJIEMATUKH HACTOSIENR CTaThU OBLIO HAKOILJIEHO JOCTATOY-
HO DOJIBITIOE KOJUYECTBO PAa3PO3HEHHBIX [PUMEDPOB IMOJIYIDYII KaK C ILIa-
HapabiME rpadavu Kaju, Tak u ¢ He HOIYCKAONIUMU ILJI0CKY0 VKIAJIKY HU
[IpU KAKOM BBIOOpE MHOXKECTBA 00Pa3yroIuX 3JieMeHTOB. B mouckax myreit u
c110cobOB IIPEOJI0JIEHNS STOM PA3PO3ZHEHHOCTH C IEJbI0 0D0DIIEHIS U CUCTe-
MaTH3AIUN HAWIEHHBIX TPUMEPOB €CTECTBEHHBIM 00Pa30M ObLT OCYIIECTBIIEH
mepexoji K MOJIYTPYIIIOBBIM MHOTOOOPA3UAM, C JAJbLHEHIIINM BBEIUUCICHUEM
¥UX PAHTOB IJIAHAPHOCTHU, XaPAKTEPUIYIONNX MAKCUMAIBLHOE UHUCJIO 00pa3y-
FOIUX, OTHOCATEILHO KOTOPBIX CBOOOMHAS MOJYrPyHna MHOTO0Opa3usa 0-
nyckaer miaHapubix rpad Koau. Jlemo B TOM, 9TO IpuM yBEJWUYEHUN YHUCIA
00pasyoIux yBeIUIUBAIOTCS U ITAHCH HA MOABICHNE TIepecevueHnii pebep B
rpade Ko dopmMupyromeiicss moayrpynms. 333 uMCs TIEIBI0 TIepedncie-
Hug MHOT00Opa3uit MapTeiHOBA, TO €CTH MHOT000Pa3nil, A1 KOTOPBIX THITO-
TE3a MapTI)IHOBa 06 OIrPaHNYICeHHOCTH KOHEYHBIX PAHTOB ILJIAaHAPHOCTW 3HA-
genneM 4 Bepra [1]. Heckonbko sier nocsie popmynupoBanus 910 MUIoTes3sl
BCE ycuns ObLIM HAIIPABJIEHBI HA MOMCKU COOTBETCTBYIOIIETO TOKABATE/Ib-
¢TBa, MOKa y TaganTauBoro maremaruka C.B. 'yceBa He BO3HEMKIA ujes:
a 9TO eCJAW BBIOMPATH CHCTEMBI TOXKIECTB OIPEAESIONINX MHOroobpasus
TAKUM CITOCOOOM, 9TOOBI HEKOTOPBIE M3 TOXKJECTB, TPHUBOISIINE HEIOCPE/I-
CTBEHHO K 3alyTHIBAHUSIM pebep U ToTepe MIaHApHOCTH B rpadax Kaaum
CBODOMIHBIX MOAYTPYHI (POPMUPYEMBIX MHOr000paswii, HAUWHAJIN TeHCTBO-
BaTh KaK HETPUBHUAJbHBIE HE CPA3Y, & JIUIb HAUUHAS C HEKOTOPOTO HAEPE
3aJIAHHOTO YuCaa 0bpasyomux? DTy UL yIaaoch Pa3BUTh aBTOPY /10 bec-
KOHEYHOTO MHOYKECTBA MIPUMEPOB MHOT006pas3nii Jito00ro Hamepé T 3a1aHHOTO
KOHEYHOTO 3HAUEHUS PAHTa MJIAHAPHOCTH, SBJISONINXCS KOHTPIPUMEPAME K
runotese JI.M. MapTeIHOBA, UTO TOJKPENIIO HHTEPEC K OMUCAHUIO KJIACCOB
MHOTr000pazuii MOJYyTPYIIl OTPAHUYEHHOTO paHra IJIaHapHocTH. V3BecTHO,
YTO TAKUMU MHOTOOOPA3USIMU CPEJIH IIPOYUNX SBJSIOTCS MHOr0o6pas3usd KOM-
MYTaTHBHBIX MOHOUJOB |2, Teopema 56|, MOIyIsipHBIE MHOTOOODA3HUS TOJTY-
rpymi |3, Teopema 7]. B T0 ke BpeMsi, CymIecTBYIOT MHOT00Opasusi, KOHETHbIE
paHrH ITAHAPHOCTH KOTOPBIX IpeBHIMaioT 4 |2, reopema 60|, TeM uHTEpecHEE
OoTBICKaHUe MHOroobpaswuii, yioB/jierBopstonux rumoreze MapreiHoBa. B ka-
YeCTBe OCHOBHOT'O Pe3yJibTaTa IIPUBEIEM HOBYIO Cepuio MHOroobpasuii Map-
TBIHOBA, 9eM chopMupyem (PpyHIAMEHT JATHLHEHINEro NCCIeI0BAHNSA PAHTOB
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[JIAHAPHOCTH TIOJIYTPYIIIIOBBIX MHOI000Pa3Uil, MOPOK IEHHBIX IOy DY IIIAMI
gerBepToro nopsjka. Obosnauum 3a s, = sup({rp(var S) < oo : |S| = n})
CYIIpeMyM MHOXKECTBA KOHETHBIX 3HAYEHUI PAHTOB IJIAHAPHOCTH MHOTO00Opa-
37l TOPOKIEHHBIX TOJIYTPYIIIaME TMOPsJIKa n. B pe3yibrare COMOCTaBICHNS
3HaveHnit s3 u s4 ¢ var S, mpu |S| = 3 u |S| = 4, mogBuUTCS BO3MOXKHOCTH
¢hOpMyYIMPOBATEH THIIOTE3Y TIEPEXOa OT Sy K Spy1 s JIIOOOTO HATYPAJIb-
HOrO n. Bosee moapobHO B [4] IpHBOAUTCS MOTHBAINS W3y 9IE€HUST KOHETHBIX
HOJIYTPYII, TaM K& MEePEednc/IeHbl BCe TIOJYIPYIIILI JI0 YeTBEPTOrO MOPSIIKA,
BKJIFOUUTENBHO. B [5] passepHyTO OMMCBHIBAIOTCS MOTYTPYIIOBBIE MHOTO06-
pasus, TOPOXKIEHHbIE MOJYTPYIIaMi TpeThero nopsaka. O0o3HauInM depes
S,, MHOTOOOPAa3Ke, TOPOXKJIEHHOE BCEMHU MOJIYTPYNIIAaMi HOpsaaKa n. B HacTo-
SIIeil CTaThe BBIYUC/IEH PAHT [JIAHAPHOCTH MHOI00Opas3us S3 M BBIYUC/IEHBI
PaHIy IJTAHAPHOCTH €r0 MOJAMHOTO00pa3Hil, MOPOKIAEMBIX KarKJI0# U3 I10-
JIyTPYIIIT TPEeThero MOpsijika. SHaHHe TAKOTO YHCJIOBOTO HHBAPUAHTA ITOJIY-
IPYIIOBOrO MHOT00Opa3usi KaK paHr ILIAHAPHOCTU CIOCOOGCTBYET HOCTPOe-
HUIO IPUHIUNAAJIBHO HOBOW KJIACCH(DUKAIME HOIYIPYIN U UX MHOrooOpa-
3Wit, oNpeends CTPYKTYPHBIE CBOMCTBA W OTHOIIEHWUS MEXKJY SJIeMeHTaMM’
MHOXKECTBA, COCTOAIIETO M3 MHOXKECTB MOJIYTPYIITOBBIX MHOT0O00PA3Nii.

B CUJIy TOTO, YTO 3Ha4YEHWE PaHra MJIAHAPHOCTU MOXKET IMPUHUMATDL JIiO-
60e HaTypaJbHOE HYNCIIO, MOABIAETCA BO3MOXKHOCTH 3aHyMEpOBATH MHOMKE-
CTBa TOJYTPYMIIOBBIX MHOTO00pa3uil OmpeaeeHHbIM 00pa30M WX PAHTAMU
TIJIaHAPHOCTH. PaHee B MaTeMaTHUKe TTOKPBITHE HECHETHBIX MHOXKECTB CHeT-
HbBIM KOJIMYCCTBOM IIOAMHOXKECTB 3aHUMAJINCh TaKHE BbLIAAIOMIHCCA MaTeMa-
tuku, kKak . Kanrop u @. Xaycnopd. KanTop, ocHoBaresn Teopun MHO-
KECTB, 3aHUMAJICA paS6I/IeHI/IeM HECUYETHBIX MHOXKECTB Ha CYHETHOE KOJIM4e-
CTBO NIOJMHOXKECTB HeCYeTHOI MolHocTH B cBoeil padore [6]. B aroit pabore
OH BBE€JI IMOHATHE MOIMHOCTU MHO2KECTB W HCCJE0BAJI PA3JIMYHBIE YDPOBHU
beckoneunocTu. Xaycaopd, OAuH U3 OCHOBOIIOJJIOKHUKOB TOIIOJIOTHN, TAKKE
BHEC 3HAUYUTEIbHbINA BKJIa/J B TEOPHUIO MHO2KECTB 1 HCCJICJOBAHUEC HECUCTHBIX
MHOXKECTB B CBOeH KHure 7], rjie OH pasBuil T€OPUIO MHOXKECTB U TOLOJIO-
TUI0, UCCAETYs CBOMCTBA HECUETHRIX MHOXKECTB U uX paszbuenue. B 1955 romy
ObLIO JOKA3aHO, YTO AJTOPUTMUYECKH HEBO3MOYKHO PACIO3HATH MOYTH BCE
HETPUBHUAJIbHBIE CBOWCTBA IPYIIIBI 10 €€ KOHEYHOMY YHCIIY OMpPeIesIaionmux
cooTHOIeHU (8], 9T0 GBLIO HE3aBUCHMO MOATBEDPXK/ICHO B OoJee TMO3THUX
nccienosanusax [9]. C rex mop, cormacHo Teopeme Ansna—Pabunaa o Hepas-
PENIMMOCTH MapKOBCKUX CBOMCTB TPYII, IIAHAPHOCTH rpados Kamu canra-
eTcst TpYAHO 1yist u3ydenust. IlockosbKy Haaudne mianapaoro rpada Kamun
SIBJISIETCS MAPKOBCKUM CBOMCTBOM, HE CYIIECTBYET aJIOPUTMA, CHOCOBHOIO
OIIPEJIEIUTh TTaHapHOCTL Mpada Kamw 1o 3aaHHoMy IpeIcTaB/IeHUIo TPyYII-
mbl. B Jiydmiem ciaydae MOXKHO ONMUPATLCSA JIMIIL Ha U3BECTHbIE «KaTaJoTh»
mranapHbIX rpynn [10] u 6m3kux K HUM cTpyKTYp [11], a Tak Kak mosryrpyr-
bl ABJISIIOTCST 000BIIEHEeM IPYIII, TO B MOJYTPYINax 3a/ada Hepedrc/IeHnst
maockux rpagos Kau uMeer He MEHBIIYIO CJIOXKHOCTH U COCTABJIEHME «Ka-
TAJOrOBY IJIAHAPHBIX MOJIYTPYIIIT HAIla 3a7a4a.
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2 IlpenBapuresibHBIE CBEAEHUA

ITpaseiv rpadom Kamu mogyrpymmsl S oTHOCHTETBHO MHOYXKeCTBa, X 00pa-
BYIOIUX €€ 3JIeMeHTOB, uin npocto rpadom Kaim, HazbiBaem opueHTHPOBAH-
HBIN MyJbTUTPAd C TTOMEUYEHHBIMY pedpaMu, MHOKECTBO BEPIITHH KOTOPOTO
COBIAIAET ¢ .S, a BCAKasl €ro Jyra HAUNHAECTCS B BEPIIVHE @, 3AKAHINBAETCS
B BepimHe b 1 mmoMedeHa dmeMenToM © € X TOT/a W TOJBKO TOTaa, KOT/Ia,
B ToJiyrpyiime S mMmeeT MecTo paBeHcTBO ar = b. Jleswrit rpad Ksau ompe-
AeJIdeTCd aHaJIOTUYIHO C TEM JINIIb OTJIUYMeM, 9TO BEPIINHa a COeaAMHECHa C
BEPIIUHOM b Ayroii, HAYMHAOIIEHCS B BEPIIWHE 4, 3aKAHINBAOIICHCT B BEP-
mrHe b U moMedeHHON daeMeHTOoM T € X, TOT/JAa W TOJBKO TOTJA, KOT/A B
noJtyrpyiie S mMeer MecTo paBeHCTBO xa = b. JIjiss KOMMyTaTUBHBIX MOJLY-
IPYIII 9TU IIOHATHA COBIIAAAI0T, a /JAJid HEKOMMYTATUBHBIX BCE YTBEP2KJICHU A
MOJIyIeHHBIE 0 TPaBbixX Tpadax Kaau nBolicTBeHHBIM 00pa30M ¢ TOYHOCTHIO
10 anTunzoMopduzMa hOpMyJIUPYIOTCs O JeBbIX rpadax Kaau mogyrpymm.
Ecan me oroBopero nmoro umke 6yaeM paccMaTpHBATL TpaBbie rpadbl Kaan
nostyrpyni. Ilporece moctpoerus rpada Kaau cBoOOIHON TOMYTPYIITBL JJ1sT
KaxKJ0ro MHOroobpasuda B Teopemax 1 1 2 OCYIIECTBIAETCA O CACAYIOMIEMY
AJICOPUTMY:

(1) Mawunuamm3upoBaTh CIUCOK BepiuH V.S, HATIOTHUE €r0 BCeMU HEPa3-
JIOZKIMBIMHW O6pa3nyH_H/IMI/I 13 UCXOJHOT'0O MHOXKECTBa )(7 1 OYHUCTUTDH
crucox pébep ES;

(2) Hauars ocHOBHOI 1uKI;

(3) Hagars nuks nepebopa npousBeeHuii;

(4) Hna xkaxmoro snementa a € V.S u nig kKaxka0ro sjaevenra © € X:

(a) Ecom ax € VS, To

(i) Ecmm (a,az) ¢ ES, o nobasuts B ES pebpo (a,ax);
(b) Nuaue

(i) Hobasuts azx B VS

(ii) Jobasuts B ES pebpo (a,az);

(5) Komner nukita mepebopa Tpon3BeIeHuil;

(6) Ecmm xonmaectso s1ementos B V.S u E'S He yBeIUTIIOCH, TO BBIXOJT
M3 OCHOBHOTO ITHKJIA;

(7) Komner ocHOBHOTO HUKJIA.

B cBsizu co ckazaHHBIM B OIIpEJe/I€HNN OCHOBHAs IIPODJIEMa, KOTOPYIO
OPEICTOUT perarh npu nocrpoernu rpacdos Keam mosyrpyir, 310 npobiie-
Ma PAaBEHCTBA CJIOB, AJTOPUTMHUYECKY HEpa3permmMmas B obieM caydae. AJi-
COPUTMHUYECKAsST HEPAZPEIIMMOCTD TPOOJIEMbI PABEHCTBA CJIOB JJisi KOHEYHO
OTIpEJIENIEHHBIX TIOMYTPYIN BIEepBhIe OblIa mokasana A.A.Mapkosbim B 1947
roxy [12, Teopema 1]. On mokasas, 4To I HEKOTOPBIX KJIACCOB MOJIYTPYIIIT
U TPYNN HEBO3MOXKHO CO3/ATH aJrOPUTM, KOTODBIH OBl OTpPeesisiy, PABHEI
JUW ABa CJOBA B 9TUX CTPYKTYpax. De3ycioBHO 3TO OTKPBLITHE CTAO BaXK-
HBIM BKJIQJIOM B TEOPUE) BBIYUCIUMOCTH U TEOPHU0 (GOPMATBHBIX S3BIKOB, HO
OpH JOKA3aTeTbCTBE OCHOBHOTO PE3YJILTATa HACTOAIIEH CTAThU aJATOPUTMHU-
YECKON HEPA3PEIINMOCTH He BOSHUKAET, U PEIUThL TPOOJIeMy PABEHCTBA CJIOB



148 J.B. COJIOMATIH

noJIyrpynn yaaercsd U3BE€CTHBIMU AJITOPUTMAMU I1APAMOAYIATAN U JTEMOIAY-
JIAIW TE€PMOB C IPUMEHCHUEM TaKHUX IIPOI'PDaMMHbBIX CPEACTB CIICIHUAJJIbHOI'O
HasHaveHws, Kak Maced u Prover9, qocrynubix B nexoaubix komax [13]. Tak,
HAITPUMED, IS TOTYUEHUsT JOKA3ATEILCTEA PABEHCTRA ab = ac 3JIEMEeHTOB B
CBOGOHON TIOTyTpyIITIe MHOTOOOpA3UsT MOJTYTPYII JEBLIX HYJIEH cpeIcTBaMu
Prover9 moxker 6bITh chOpMUPOBAH 3aIPOC:
formulas(assumptions).(x*y)*z=x*(y*z) x*y=x.end of list.
formulas(goals).x*y=x*z.end of list.

W 6yner mosyueH OTBET MPUMEPHO CIETYIONIEr0 COMEPIKAHIA: PABEHCTBO
BBIMTOJTHEHO, TAK KaK

1. x * y = x * z; 1OKa3LIBAEMOE PABEHCTBO
. x ¥y = x; ucxognoe
.cl *e3 1= cl * ¢2; upeanoaoKuIu MPOTUBHOE
.cl !=cl * ¢2; upumenuiu 2 K 3
. cl = cl; npumennan 2 x 4

6. [osnyunau nporuBopeuune B 5. Cjiefi0BaTe/IbHO, HAIIE IPEJIIOIOKEHIE
Hesepro. UTo 1 TPebOBAIOCH TOKA3ATE.

[TomrpITRE aBTOMATHTECKOTO TIONCKA 0O0OCHOBAHWST HEPABEHCTBA MOXKET CITO-
cOOCTBOBATH AHAJOTHIHBIN 3ampoc B Maced, 3amyIeHHbIil mapaiIeTbHbIM
MTOTOKOM.

Jlns perernsa Bompoca taanapuoctu rpada Kemm momyrpymnmbr Hymzem
paccmarpusaTh rpad Kamm oTHOCHTEIHEHO MUHIMAIBHOTO MHOYKECTBA HEPA3-
JIOXKMMBIX 06Pa3yIONINX MOJYyT'PYIIIl U TOBOPUTE, YTO ITOJIYIPYIIIA JIOIYCKa-
er wranapubiit Tpad Koau, ecam cymecTByeT Takoe MUHUMAJIBHOE MHOIKE-
CTBO HEPABTOKUMBIX 00PAYIONINK, OTHOCATEIBHO KOTOPOTO OCHOBA rpada
Komn asngerca mmanapubiM rpadom. Takoit moaxos onpaBmaH moToOMYy, UTO
MUHUMAJIbHOE MHOXKECTBO HEPA3JIOKUMBIX 00PA3YIOININX ITPUCY TCTBYET B JTIO-
O0M MHOM MHOXKeCTBE OOPa3yIOIUX aHAJIU3UPYEMOM 110JIyI'PYIIIIbI.

Hanomuum, uro ocuosoit SCay (S, X) rpada Konn Cay (S, X) nmomyrpyn-
11bI S OTHOCUTE/IbHO MUHUMAJIBbHOI'O MHOXKECTBa O6paByIOH_LI/IX X Ha3blBacM
OOBIKHOBEHHBINH Tpad, TOJYUEHHBIN U3 MCXOTHOTO Tpada MyTéM yAaTeHus
METOK, TETEIh, OPUEHTAINN YT U OObEeJINHEHNEM KpPAaTHBIX pebep B OJIHO
pebpo, COeMHSIONIEe Te 3Ke BEPITHHI.

CB060/IHYI0 N-TTOPOKICHHYIO TOIYTPYITy MHOT00Opasusd V 6yiaem ob6o-
snavaTh Kak F, (V).

HarypambHoe 9uco 7 HA3BIBAEM PAHTOM ILIAHAPHOCTH MHOT00Opasus V
noJIyrpymni, kak 6euto onpezenerno B [1], ecom Bee F,(V) cBobGonubie B V
HOJIyTPYIIEL para n < 7 IJIAHAPHBIE (T. €. JOMYCKAKT IIaHADHBIE TIpa-
Boie rpadbl Kosm), a cBoboHast B 9TOM MHOT00Opa3ny MOJYIPYIIa PaHTa
r + 1 He gBisercs miaxHapHoit. B takoM ciayuae 6ygaem nucars v (V) = 7.
Ecau gna muOTO0Opasusa V. Takoro HATYpaJbHOTO YHUCIA T HE CYNIECTBYET,
TO cunTaeM, 4To MHOroobpasue V nMeer HeCKOHEUHBIN PAaHT ILJIAHAPHOCTH U
nuteM 7, (V) = oo.

QU =~ W N
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3 OcHOBHOI pe3yJsbTaT

IIycrs
N, = <a ‘ a" = a”+1>

— allepuo/inyecKasl MOHOT'€HHAd IOJyrpyla nopsaaKa n,

Yo = {Oa 1}
— JIBYX3JIEMEHTHAsI TOJTyPEIeTKa,
C = {0, ab, b}

— MOANOIYTPYIMa MOayrpymmnsl Bpanara By = (a,b | a®> = b?> = 0,aba =
= a,bab = b),
L, = {li,la,....0n | zy = x)
— IOJIYIPYIIa J€BbIX HyJleil IopaaKa 7,
Ly = <a { a"tl = a>
— IUKJIAYIECKAsT TPYIIA TOPSIKa 7,
Sl
— 0003HAYAET MOHOWI, MOJYUEHHBIH w3 S MpUCOeTUHEHNeM HEeATPaTbHOTO
9JIEMEHTA, eCJIU ToJIyTpynna S He 00J1a/1a/1a TAKOBBIM, JTUO0 — B TTPOTHBHOM
caydae — caMy moJyrpyrmmny S.

C oot CTOPOHBI, MHOTO0Opa3He, TIOPOXKIEHHOE TIOMyTpyIoit S, 0bo3Ha-
gaeTcss uepes var S, ¢ apyroii, — depe3 var Y 0b603HAUAETCS MHOTOODpas3ne
HOJIyTPYIIN, 33/laHHOe cucTeMoit Toxects L. Torna, caemys [5, Tabauna 2|,
OyzmeM mpumepKUBaATHCA TaKux 0bo3HaueHuit 1ia 13 MHOr00Opasmii, mopox-
JaeMbIx oHON W3 18 BO3MOXKHBIX TOJYTPYIIT TPETHETO TMOPAIKa, IPU ITOM
B KaUeCTBE MOPOXKTAIOMINX TOJIYTPYIIT MHOT00Opa3uii B psijie CIydaes OyiayT
B34THI 2—3.}IeMeHTHbIe TTOJIYI'DYTIIBI:

var Ny = var{zy = z2t};
var N3 = var{zyz ~ hkt,zy ~ yx};
var No V var Yy = Var{ny R XY, TY R YT}
var Yo = var{z? ~ x, 2y ~ yz};
var C = Var{ng RS :cy,x2y2 ~ y2$2}§
var Lo V var Yy = Var{x2 T, ryz A xzyl;
var Ny = var{z® ~ 22, zy ~ yx};

var Ya V var Zy = var{z® ~ z, 2y ~ yr};
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var L = var{z? ~ z, vyz ~ zy};
var Ly V var Ny = var{zyz ~ zy};
var Ly = var{zy ~ z};
var No \V var Zo = var{zyz ~ yz, xy ~ yz};

var Zs = var{z>y ~ y, zy ~ yx}.

IIpencrasnenubivu 13 MHOr00Opa3ugMu UCYEPIILIBAIOTCS BCE MHOT000OPa-
3Us, IOPOXK/IEHHbIE TOJYTIPYIIIAMUA TPETHErO MOPsiIKa ¢ TOYHOCTHIO J0 U30-
Mopduama niu anrTunzomopdusma. B cBoio ouepeib, MHOrOOOpas3ue, IOpoxK-
JIEHHOE BCEMM TIOJIYT'PYTITAMU TIOPSIJIKA 3 ONPEJIEIsieTCs Cieayomei cucre-
Mot Toxkgects [5, Teopema 4.1]:

S3 = Var{azsy ~ 22y, 2y ~ 2y?, a:7y1: ~ :cy:c7 ~ zyz, ryxzx ~ zyze,

22yr ~ zyx?, zyzze ~ 2?yzx, chyxty ~ chayty, chyry ~ chay?,

zyxty ~ 22yty, yry ~ :U2y2}.
Teopema 1.
rr (var No) = (var Ly) = rr (var Ly V var Na) = rr (var La) = oo;
rx (var Lo V var Ya) = 4;
rx (var N3) = 1 (var N V var Y3) = r; (var Ys) = 7 (var C) = 3;
rr (var Ny) = rr (var Yo V var Zs) = rr (var No V var Zs) = 2;
re (var Zs) =rg (S3) = 1.

Joxasamesavcmeo. JlokazareabCTBO OCYIECTBUM B Tpu dTama. Ha mepBom
9Talle IIpuBeaAeM CCBIJIKK Ha pPaHee AOKA3aHHBbIEC TE€OPEMBI, B KOTOPbBIX 6bI.HI/I
BBIYUCJICHBI PAHTHU ILJIAHAPHOCTW HEKOTOPBIX M3 PaCCMaTPpHUBa€eMbIX MHOI'O-
obpaszwmit mosryrpymn. Ha Bropom stame m300pasum maoCKue yKI3IKH OCHO-
BbI rpada Ky cBobOHON N-1I0POKAEHHON MOy IPYIIIBI OCTABIIIMXCS MHO-
roobpasuii, Tpu HEKOTOPOM (DUKCHUPOBAHHOM 7, JJIsT JOKA3aTEIBLCTBA TOTO,
YUTO PaHT IJIAHAPHOCTU COOTBETCTBYIONIEr0 MHOT000pa3us He MeHee UeM 7.
Ha tperbem 3Tame s J0Ka3aTenbCTBa TOTO, UTO PAHT MJIAHAPHOCTA MHO-
roobpasusi paBeH n, ykaxkeM B ocHoBe rpada Ksmu csobommoit (n + 1)-
MOPOKJAEHHON MOJYTPYIITBI COOTBETCTBYOIIEr0 MHOT00bpasus mnoarpad, ro-
MeoMopdHBIit 0HOMY 13 Tpados Kputepus [lorTpsirura- Kyparosckoro [14],
TO eCTb MOJHOMY rpady TsiToro mopsiaka (Ks) Win TMOJTHOMY IBYIOJIBHOMY
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rpady, cojepxkaleMy 110 TpU BEPLIUHLL B Kaxka0il uz goseit (K3 3). Same-
TUM, 4TO B CJiy4dae CBO60,Z[HOI>‘I 1OJIyIrpynibl HaM A0CTATOYHO PaCCMATPUBATDH
TOBKO ofuH Tpad Ksmu, Tak Kak yKazsIBaeMBIH MOArpad BOSHUKAET B OC-
HOBe Kaxk10T0 rpada Kamm B cuiry Toro, 9ro TOT CTPOUTCS OTHOCHTEIBLHO
MHUHAMAJLHOTO MHOYKECTBA, HEPASTOKUMBIX 00PA3YIONUX, MTPUCYTCTBYOIINX
B JIIOGOM JIPYTOM MHOYKECTBE 00Pa3yIONINX SJEMEHTOB TOJYTPYIIIHL.

1 stan. BeckoHeuHOCTH paHTa MIAHAPHOCTH MHOTO00pa3Ws TMOJYTPYIIT ¢
HYJIEBBIM yMHOKEHHUEM, TOPOXKIaeMoe MOoIyrpymmoii Ny, mokasana B |2, Teo-
pema 57|. Tam ke ykazaH paHr IIAaHAPHOCTH MHOTO0Opa3us BeeX abesieBbIX
PPy 3KCIOHEHTHI TPHU, paBHBIA 7 (var Zs) = 1. anee, Tak kak var Ys
SIBJISIETCST MHOTOOBpa3ueM KOMMYTATUBHBIX MOHOUI0B Tuna (1, 1), To ecTsb
ynosiersopsger Toxgectam 't ~ x! m 2y ~ yx, To 7, (var Y3) = 3
0 JaHHBIM #3 |2, Teopema 56|. B xome gokasarenbcrBa |2, Teopema 63|
HETPYAHO ObLIO yOenuTbcsd B TOM, 9TO ocHOBa rpada Kasiu cobomnoit n-
MOPOXKJEHHON ITIOJIYIPYIITbl MHOTOOOpa3ust var Lo V var Ys, 3ajaBaemMoro
TOXKJIECTBOM TYZz R TZY, KOTOpoe B obo3HadeHUAX U3 |2, Teopema 63, Puc.3|
umeer Bug Ry = Qa, msomopdua obbeaunennio n komuit (n — 1)-MepHOTO
Ky6a, mosromy 7 (var Lo V var Ys) = 4. Tak kak var Y3 V var Zgy asasiercs
MHOT000pa3MeM KOMMYTATUBHBIX MOHOMIOB Tuna (1, 2), TO eCTh yj10BI€TBO-
psier Toxzpecrsam 12 ~ x' w2y ~ yr, 10 1, (var Yo Vvar Zg) = 2 no
JlaHHBIM U3 |2, Teopema 56].

Ucnonssys passurslii B [15] uHCTpYMeEHTADHii, MOXKHO YOEIUTHCS B TOM,
aTo octosa rpaca Kamm cBo6oiH0i# oIy Tpy sl MEOTOOGpasus var L aBis-
eTCs AIMKJINIECKUM TPadOM, TO €CTh JIECOM, CIeTOBATEILHO, OYIeT TIaHap-
Ha, OTHOCHTEJILHO JIIODOT0 YHC/Ia CBOOOIHBIM OOpa3yIOINuX U Ty (Var L%) =
= 00. B camom mene, KOIUYIECTBO 3JIEMEHTOB B N-TMOPOKICHHON €BOGOI-
HOM TOJTYTPyTITTe MHOTOOOpas3ns var Li MHIyKTHBHO BLIYHCAgETCS TIO (hOp-
myme n+n(n—1)+nn—-1)n-2)+..+nn—-1)-...-3-2+nl =
=X e ipi=eT(+n 1)-1=—1+e- [ £ dt. 3necy (2, )
— BepxHssl HemoHast ramMa-byHKkiws, npu Re(z) > 0 nMmerorast HHTErpasib-

oo ¢2—1
noe mnpezcrasienue I'(z,z) = [
MEHTOB B N-TIOPOZKIEHHOI CBOBOHOM ToTyTpyIe MEOT00Opasus var Li m3
CIIEJYIOIIMX CJIATaeMbIX: ITEPBBIE 71 €UHUI] 9TO 00PA3YIOIIKe, CJIOBA JJTHHBI
1, KoTOpBIE MOXKHO PaCIOI0KUTH HA (-ypOBHE JEPEBLEB Jieca, BHIOPAB ux B
Ka4veCTBE KOPHEBBIX BEPIIUH; C KAXK/IBIM U3 N 00Pa3yIONINX B CUJIY TOXKIECTB
6asucuoro natopa {z? ~ z,xyr ~ vy} cmexuo no (n — 1) Bepmun, cio-
Ba JJIMHBI 2, KOTOPBIE PACIIONOKATCI HA 1-YPOBHE JepeBbER, 3T0 (GOPMUPYET
ciaraemoe n (n — 1); u Tak majee, Ha KazxKJIOM MOCTIEYIONEM YPOBHE KarK 10
ro JepeBa y KayK 0 BEePITHHBI PACTIONATAETCS JOUEPHUX BEPITHH HA ¢UHATLY
MEHBIIe, YeM OBLI0 MOTOMKOB Ha TpeabayineM yposme. [Ipm srom, zanmk-
JIMBAHUST MEXKJY YPOBHEH M CKJIEHBAHUST PA3HBIX BEPIIWH HA OJHOM YPOBHE
HCKTIOUEHBI, TAK KaK TOXKIECTBA, BHITOJHIEMBIE B PACCMATPUBAEMOM MHOTO-
obpasum, MOTYT (DOPMUPOBATH PEOPA JIUIITH MEXKTY TAKUMHU HATHHAIOTTMECST
Ha OJMH M TOT K€ CHMBOJI CJIOBaMU u, v, 910 |length(u) — length(v)| < 1,

dt. CKIaapIBaeTcss KOJMYECTBO JJIe-
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TO €CTh JI/IMHA UX OT/IMYaercd He 0ojiee 9eM Ha OJuH CUMBOJI. B Oeckoned-
HOCTH PaHra [JIAHAPHOCTH MHOro06pasusi var Lo V var Ny MoxkHO yOenuTh-
¢ aHAJOTHIHBIM crocoboMm. OcuoBa rpada Kanm cBobomHON MOMYTPYIITED
MHOTO0Opazust var Lo V var Na gBjsieTcs anmukandeckuM rpadomM, TO eCTb
7ecoM, B KOTOpoM 1 + n? = n(n + 1) Bepmme n 06pa3ylommxX m3 KOTOPHIX
pacrnojioxkenbl Ha (-ypoBHE JepeBbeB, a Kak/1as u3 pepiinnt 0-ypoBHs coeu-
HEHA C N BUCHYUMU BEPITUHAMU 1-YpPOBHS, SIBISIONMIUMUCS CJIOBAMU JIJTHHBI
2, ciemoBaTesibHO, T (var Lo V var Na) = oo. Hakoner, 6ecKOHETHOCTD paH-
ra TUIAHAPHOCTH MHOT00OpAasmst TMOJYTPYII JEBbIX HyJel 1y (var Lg) = 0o
YIOMSIHYTa TIPH JIOKA3aTeIbCTBe |2, Teopema 63].

2 sran. ILnockas ykiraika ocHoBbl rpada Kanu 3-nopoxkieHHoil cBobo1HOI
HOJTyTpymiel MHOTOOOpasus var Ny = var{xyz ~ hkt,xy ~ yx} npencranie-
uHa Ha Puc.l cnesa. Ilnockas yxiajika ocHoBsl rpada Kanun 3-mopoxienHoit
cBOGOTHOI TTOTYTPYIITEI MEOT006pasus var NoVvar Ya = var{z?y ~ xy, vy ~
~ yx } upejacrasiaena na Puc.2 cinesa. [lnockas yriajka ocaossl rpada Kain
3-TOPOZKIEHHOI CBOGOIHOI TIOMYTPYHILI MEOT006pasns var C = var{zy? ~
~ xy, v%y? ~ y*x?} mpeacramnena ma Puc.3 ciesa. Iliockas ykmaaka oc-
vOBBI Tpada Kamu 2-nmopoxkaentoit cBOBOIHON MOTYTPYIITE MHOTO0ODA3MsT
var N} = var{z® ~ 22 2y ~ yx} npencrasaena wa Puc.4 cresa. [liockas
ykJaaka ocHOBEI rpada Kamu 2-mopox gernoit cBOOOMHON Oy TPYITBI MHO-
roobpazust var No V var Zy = var{zr?yz ~ yz,xy ~ yr} npejcrapieHa Ha
Puc.5 ceBa. 3aMeTHM TIOMYTHO, 9TO W3 TOKIECTE CUCTeMbl {12yz = yz, 1y ~
~ YT} BHITEKAeT TOXIECTBO T2 A Y2, KOTOPOE HCIOTb3yeTCs TTPH MOCTPOSHNH
ocroBsl rpada Kamu ma Puc.5. B camowm mere, y? ~ x2y? ~ y?2? ~ 2.

3 sram. Iloarpad ocuoswr rpada Koau 4-nmopoxaertoit cBoOOAHON TOTY-
rpynusl MHOTOOOpasus var Ny = var{zyz ~ hkt,zy ~ yx} upejacrapiexn
ua Puc.1 cupasa. [loarpad ocuossr rpada Kamm 4-mopoxrennoit cBoOOIHOM
nostyrpymisl MEOroo6pasus var NoVvar Y = var{z?y ~ zy, ry ~ yr} npex-
crasyien Ha Puc.2 cupasa. [loarpad ocuoswbl rpada Kamu 4-nopoxaennoit
¢BOGOHOI O/ TyrPyIiibl MEOrOOGpaszus var C' = var{zy? ~ zy, 2%y ~ y?x?}
npeacrabaer Ha Puc.3 copasa. [loarpad ocuosw rpada Kann 3-mopoxen-
Ot CBOGOHOIT TIOTyTPYTITHT MEOT000pasms var Ny = var{z? ~ 22, zy ~ yr}
npejcrabiaeH Ha Puc.4 cnpasa. [loarpad ocuossl rpada Kann 3-mopoxen-
HOI CBOGOIHOI TTONYTpyHIEl MHOrooGpasus var Ny V var Zs = var{z?yz ~
yz,xy ~ yx} upeacrasiaen va Puc.5 copasa. Ilogarpad ocroser rpada Kamu
2-TIopOK IeHHOM cBOOOIHOI MOJIYTPYIIbI MHOT0ODpasus S3 peICTaB/IeH Ha
Puc.6.

Yro u TpeboBasioch JOKA3ATH. (]

Tax Kak B WCXOIHOM CITUCKE TOJYTPYIIBLI TPEACTABIEHBI C TOTHOCTHIO
710 anTHI30MOopdu3Ma (TPAHCIIOHUPOBAHUST TabJIUIBI YMHOXKEHNUsT ), TO Pac-
CMOTPHUM TEIEPb BOIPOC TLJIAHAPHOCTH JieBbIX rpados Kaau Tex ke moJy-
rpymi. Torga 6yaer yareno MHOTOOOpa3ue NOJYTPYII TPABBIX HYJIEH U APy-
rU€ OCTABIINECS HE PACCMOTPEHHBIMU MHOI00OpA3HSI.
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e N
M& abadd
P(Zc. 1. TLnockas yxmanka rpada

SCay(Fs(var N3),{a,b,c}) n nonrpad rpada
SCay(Fs(var N3),{a,b,c,d}), romeomopdustit rpady K3 3

a a? b

Nt
ANt

ab ac ad

Puc. 2. Tlnockas ykaamgka rpada
SCay(Fs(var Ny V var Ys),{a,b,c}) u nogrpad
rpada SCay(Fy(var No V var V), {a, b, c,d}),
romeomopdubit rpady K33

Puc. 3. Ilnockas ykiaanka rpada
SCay(F3(var C),{a,b,c}) n moarpad rpada
SCay(Fy(var C),{a,b,c,d}), romeomopdusiii rpady Ks

%
Hns Beakoit momyrpynmsl S depe3 S 0003HAYNUM JBOMCTBEHHYIO TOJTY-
rpytmy, antunszomopduyo noayrpymme S. To ecTh Takyio, 9TO CyIeCTByeT

ObuekTUBHOE oTODpaxkenue ¢ : S — S, YIOBAETBOPLAIONIEE TOXKIECTBY aHTH-

%
romomopdusma Vz,y € S : ¢ (zy) = ¢(y)p(x). dcno, aro S = (5).
B wacruocru, Ly, = (l1,lo,...,l, | zy = y) = R, — TWOJyTpyIa IMpaBbIX
oyJieil mopaaka n.
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Puc. 4. Tlnockas yxragka rpacda SCay(Fy(var N3),{a,b})
u nogrpad rpada SCay(Fs(var N}), {a,b,c}),
romeoMopdubIil rpady K33

a a a3 b
az A ab bc
@ ’
a3 ab a? ac
Puc. 5. Ilnockas ykiaanka rpada
SCay(Fs(var No V var Zs),{a,b}) n moarpad rpada
SCay(Fs(var No V var Zsa),{a,b,c}),
romeoMopdHbIil rpady K33

2 212
azba22 a‘b
a“b“a

ab? a?b aba

Puc. 6. Iloarpad rpada SCay(F»(S3),{a,b}),
romeoMopdubIil Tpady K33

Teopema 2.

T (var ﬁz) = 00;
Tr (var E) = 4,
T (var ﬁg) =7g (var Fg V var E) =Ty <var <Y—'2) =
=7rs <var 5) =7 <Var E V var Yg) = 3;
Tr (V&I‘ ]@) =Tz (Var <172 V var %) =g <var IE) =
=1, (var E V var ﬁg) =Tr (Var Fg V var %) = 2;
Tr <Var %) =7Tr <§3) =1.
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Joxazamesavcmeo. B nepByro ouepesib OTMETUM, 9TO JIjIs BEIYUC/ICHAS PaH-
ra IaHaPHOCTH MHOT000pa3Ms, COCTOLAIIEr0 U3 MOJIyTPYIIIl JIBOMCTBEHHBIX K
MOJIyTPYIIIIaM HEKOTOPOTO MHOTO0OPAa3ust, MOYKHO BMeCTO paBoro rpada K-
Jin CTPOuTH JieBbiit Tpad Kamu cBobogHON MOMYyrpyINBl HCXOTHOTO MHOT000-
pasus MOCTeI0BATEBHO YBeJINIUBasA KOJTHUECTBO 00PA3YIOINIUX 3JEMEHTOB.
IIpunnMas BO BHUMaHHE TOT ((HaKT, 9TO B KOMMYTATHBHOM CIydae JI€BHIH

rpad Kosu coBnagaer ¢ mpaBbiM, Cpa3y IPUXOIUM K BBIBOIY: T (Var E) =
=1y (var Ny) = 00; 7 (Var ﬁg) =1y (var N3) =3; r; (Var E V var %) =
= ry (var Ny Vvar Ys) = 3; (Var %) = ry (var Y2) = 3; rp (Var E) =
= r, (Var NQI) =2, r; (Var <}72 V var %) = rp(var Yo Vvar Zg) = 2;
T (Var ﬁz V var %) = ry(var Ny Vvar Zo) = 2; T (Var Z) =

= ry (var Z3) = 1, — TaK Kak Ie€pPednC/geHHbIe MHOrO0Opa3us KOMMYTATHE-
Hbl. 3aMeruM, K TakoMy xKe pe3yJbTaTy MOXKHO IIPUIITH eCjiyd [epernucarhb
BCE CJIOBA MMEIOIIMXCA TOXKJIECTB B 0OPATHON II0CIEI0BATEIBHOCTH OYKB 1
CTPOUTDL Tpasbie Tpadbl Ko ¢cBoGOIHBIX TOMIYTPYII OMPEIeIseMbIX TOTY-
YUBIIAMUCA TOKIECTBAME MHOTOOOpa3Mil.

e
HokazkeM, 4TO T (Var C’) = rp(var C') = 3. B camowm zese, mmiockast

yKJIaJKa OCHOBbI jieBoro rpada Ksmu nonyrpynnsr Fi(var C) upepcras-
ngena Ha Puc.7, a romeomopdnsril rpady K33 moarpad B OCHOBe JIeBOTO
rpada Kanu momyrpynnsr Fy(var C'), uzomopdroro npasomy rpady Kamu

A7-3emenTHON nBOMCTBeHHON noxyrpymnner Fy(var C'), cocromt u3 cemy-
IOIIUX [OIAPHO HE IepeceKalolluXcsd MaplIpyTOB MexK/ly BeplIdHaMKU MHO-
wects {a,a?,b} u {ca,ba,da}: a—ca; a—ba; a—da; a® — ca; a® —ba; a® — da;
b—cb—acb—bc—c—ac—aca—ca; b—ab—aba—ba; b—db— adb—bd —d—
— ad — ada — da.

Puc. 7. Tliockast ykaaKka oCHOBBI jieBoro rpada Kam
nostyrpytnel Fz(var C')
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JoxaxkeM Tenepn, 4ToO Ty (Var E V var E) =1y (var Ly Vvar Yy) — 1 =

= 3. B camowm jiesie, mirockas yKJaJjika OCHOBBI JieBoro rpada Kamu moayrpy-
usl F3(var Lo Vvar Ys) npezacrasiena na Puc.8, a romeomopdustii rpady K3 3
noarpad B ocaoBe Jsiesoro rpada Kamm monyrpynner Fy(var Lo Vvar Ys), u3o-
MopdHOTOo npaBomy rpady Kaan 32-ssieMeHTHON ABOMCTBEHHOM TOJIYTDY B
Fy(var Lo V var Y3), cocronT m3 cJejyomux MOMapHO He TePeceKaronnx-
Csl MApIIPYTOB MEX/y BepiuHamu MHOX)ecTB {ab, ba,bca} n {ca, cba,dba}:
ab—b—cb—bc—c—ac—ca; ab— cba; ab— dba; ba — a — ca; ba — cba; ba — dba;
bca — ca; bca — cba; bea — deba — cdba — dba.

Puc. 8. Ilnockas ykiajika ocHOBBI JieBoro rpada Kaan
nosyrpytmel Fy(var Lo V var Ys)

%
AHajiormyHbIM  00pa3oM  JIOKaXkKeM M PaBeHCTBa,  Tj (Var L%) =

=7 (Var E V var ﬁg) = 2. B camom gese, maockag yKJIAIKA OCHOB JIEBBIX

rpacdos Ksmm momyrpymmer Fy(var L) w momyrpynmsr Fy(var La V var Na)
npejcrasieHa Ha Puc.9, a romeomopdnerit rpady K33 nmoarpad B ocHOBe
nesoro rpada Kamm moayrpynmer Fy(var L), msomopduroro mpasomy rpady

Kamu 15-snemenTHOl JBoiicTBenHOM nomyrpymmel Fy(var L)), cocrour m3
CTCMYIONIMX TIOTIAPHO HE MEPECEKATOTINXCI MAPIIPYTOB MEXK/Ty BEPITHHAMHI
muoxkects {ca, cab, cba} u {ba, ca,acb}: ca —a — ba; ca — bca; ca —ac—c—
—bc—cb—ach; cab—ab—ba; cab—bca; cab— acb; cba—ba; cba—bca; cba—ach. B
CBOIO 0vepesb, romeoMopdHslil rpady K3 3 noarpad B ocHOBe jeBoro rpada
Koy mosryrpymmer Fy(var Lo Vvar Na), nzomopduoro mpasomy rpady Kamu

12-stemenTHO# pBOMCTBEHHON TTOTyTpyIEl F3(var LoV var Na), cocrout n3
CJIeIYIONIMX TIOTIAPHO HE MEPECEKAIOMXCA MAPIIPYTOB MEXKY BEPITUHAMUI
muoxects {a,ab, act u {a? ba,ca}: a — a?; a — ba; a — ca; ab — a?; ab — ba;
ab — ca; ac — a?; ac — ba; ac — ca.

Tor dakr, 4T0 paHr MAAHAPHOCTA MHOI000Pa3us MOAYTIPYIII HPABbIX HY-
Jieli paBeH YeThIpeM M3BeCTeH NaBHO |2, Teopema 63|. Ocraercss 3aMeTuTh,

910 MHOTOOGOpasne S3 CaMOIBOCTBEHHO, TOITOMY Ty (§3) =7 (S3) = 1.
Yro u TpeboBasoCch JOKA3ATH. (|
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a b ba

b2

ba ab a 4b

Puc. 9. Tlnockas ykaamgka
ocHoB JjieBoro rpada Kaum nomyrpynn
Fy(var L}) [cnesa] m Fy(var Ly V var No) [cnipasal

Caencrsue 1. Pane naaraphocmu mMH02006pa3UA NOPOAHCIECHHO20 NOAY2PYN-
NAMU MPEMBE2O NOPAIKG AUOO HE NPESHIULGEM, 4, AUbO DecKoneueH, 8 NOCAEO-
HEM CAYUGE MO MHO2000pa3UE NPUHAOAEHCUIN MHOHCECTNEY:

{var Na,var Ly,var Ly V var No, var L%}

4 3akJjrodyeHue

Pesynbrarel craTbu BuepBbie GBI MIPEICTABIEHBI HA MEXK/IYHAPOIHON Ha-
yuHOl KoHpepeHinn «KoMOMHATOPHO-BBIYUCIUTEBHBIE METObl aareOph
u jorukuy», 15 urosg - 19 urosns, 2024, Owmck, Poccug, nposonumoit 8 Owm-
ckom HayuroM rearpe CO PAH u nocsmenmoit mamatu B.A. Pomambkosa,
paHee MCCJIE0BABIIETO PErYIgPHbIE 3aMOIeHus I0ckocTu rpadavu Ko
rpynn [16], a moromy aBrop Guarogapen BceM ydacTHUKAM KOH(EpeHInn 32
TIJIOJOTBOPHBIE O6CYH{ZL€HHH " pereH3eHTaM 3a KOHCTPYKTUBHBIC 3aME€YaHNA.
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