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PAHI'U IIVIAHAPHOCTU ITOJIVIPVYIIIIOBBIX
MHOTI'OOBPA3N, IIOPO2K/IEHHDBIX
ITOJIVTPVYIIIIAMUT TPETBEI'O ITOPAJIKA.

A.B. COJIOMATUH

IIpedcmasaerno ABTOPOM

Abstract: In this paper, we calculate the planarity rank of the
variety generated by all semigroups of order three and calculate the
planarity ranks of its subvarieties generated by each semigroups of
order three.
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1 Bsegeunne

Wzyuenune moyrpynmn MaabIX TOPSIKOB MOXKET OBITh ITOJIE3HO 110 HECKOJIb-
KUM TPUYUHAM:

1) Ocuoset anre6psr: Lloayrpynnsl SBASTIOTCST OTHOM M3 BaXKHEHIIINX CTPYK-
Typ B asirebpe. OHU NpeCcTaB/sitoT cob0it MHOYKECTBO C 3a/JaHHOM HA HEM ac-
COTIMATUBHOM ONHAPHOI omeparueit. M3yJeHne Momyrpynn IOMOTAeT TOHITh
OCHOBHBIE ajiredpandecKkue CTPYKTYPhI U OIIEPAIHH.

2) Usydenme cpoiicts: Iloayrpynmnbl MajiblX HOPSIKOB MOTYT OBITH II0-
JIE3HBI ISl U3Yy4YEHUS CBOMCTB mOJyrpymil B 1esoMm. OHM MOUYT CJIYKUTH
IpUMepaMu WM KOHTPIPUMEPAME JIJIs PA3JIUYHBIX CBOHCTB U TEOPEM.
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3) Ipunoxkenus: TTosyrpynnbl HAXOAAT NPUMEHEHUE B PA3JIUIHBIX 00J1a-
CTSIX, BKJIIOYAs TEOPUIO KOJWPOBAHWSA, TEOPUIO ABTOMATOB U JAUCKPETHYIO
MaTeMaTHUKYy.

4) Teoperuueckue UCCaeI0BAHMsT: I3yderne oIy TPyYIIT MaIbIX TOPSIIKOB
MO2KET MIPUBECTH K OTKPBITUIO HOBBIX TEOPETUIECKUX PE3YJIBTATOB B 001aCTH
aJIredphl.

5) O6yuenne u obpazosanue: [Llogyrpynmbl MabIX TOPSITKOB MOTYT OBITH
[0JIe3HBI B 00pa30BaTENIBLHBIX IEJIIX, TOMOrasi CTyJAeHTaM JIydille MOHSTb U
BU3YaJN3UPOBATE aOCTPAKTHBIE ajrebpanieckue KOHIIETTINHN.

BakHO 0TMETHTH, YTO KOHKPETHAS 1e/Ib U3y YeHUs TOJIYTIPYIIT MAJIbIX TI0-
PSIKOB MOYKET 3aBUCETH OT KOHTEKCTA M UHTEPECOB MCCIEOBATENA. 3a/a-
JINMCsI TIEJIBIO TIepednciienusi MEOTooOpas3uit MapTeiHOBa, TO €CTh MHOI000-
pasuii, Jijisi KOTOpBIX rurore3a MapreiHOBa 00 OI'DAHUYEHHOCTH KOHEYHBIX
paHroB mIaHapHoCTH 3HadenueM 4 Bepua |1]|. U3BecTHO, 9TO TAKUME MHOTO-
obpa3usiMi Cpejiu IPOUNX ABJIAIOTCH MHOI00Opas3us KOMMYTATUBHBIX MOHO-
us10B |2, Teopema 56|, Moy IApHBIE MHOT00Opa3us MOJyrpyi |3, Teopema, 7).
B T0 xe Bpewms, cymecTByI0OT MHOTO00OPa3nd, KOHEIHBIE PAHTH TJIAHAPHOCTH
KOTOPBIX TipeBbimiaior 4 [2, Teopema 60], Tem nHTEpECHEE OTHICKAHIE MHOIO-
obpasuit, yaosaerBopsonux runorese Maproinosa. B kauecTBe 0CHOBHOTO
pesysibTaTa TPpUBEAEM HOBYIO cepuio MHOTOOOpasuit MapTeinosa, gem cop-
vupyeMm GYHIAMEHT TAJIHLHENIIEr0 NCCAETOBAHNS PAHTOB TIJIAHAPHOCTH TI0-
JIYTPYIMIOBBIX MHOTO0ODA3Mil, MOPOKACHHBIX TTOIYTPYIIIAMU T€TBEPTOTO TI0-
psizika. Bosee nmoapobuo B [4] npuBosnTCcs MOTHBAINS U3yUeHUS KOHEUHBIX
DOJIYTPYIII, TAM K€ TTePEUnCIEHbI BCE TOJIYTPYIIIEI 10 YeTBEPTOTO MOPIIKA
BKJIOUNTENLHO. B [5] pasBepHyTO ONMCHIBAIOTCS HOJIYyTPYIIOBbIE MHOIOO6-
pasust, TOPOXKIEHHBIE TOJYTPYIIIAMI TPeThero mopsiaka. Obo3HaunM depes
S, MHOrOOOpa3Me, MOPOKIEHHOE BCEMHU MOJYTPYIITAME MOPsAKa 1. B HACTO-
SIITEN CTaThe BBIYMC/ICH PAHT MJIAHAPHOCTH MHOTO0Opa3ust S3 U BBIYUC/IEHBI
PaHrU MJIAHAPHOCTH €ro MOAMHOr000pa3uii, MOPOXKTAEMBIX KAXKIO0H U3 I10-
JIYTPYIII TPETHETO MOPSIKA.

2 IlpenBapuresibHBIE CBEAEHUA

IIpaseiv rpadpom Ko mogyrpymnmsl S oTHOCHTETBHO MHOXKeCTBa, X 00pa-
BYIOIUX €€ 3JIeMeHTOB, uin npocto rpadom Kaim, HazbiBaem opueHTHPOBAH-
HBIN MyJbTUTPAQ C TTOMEUYEHHBIMYU pedpaMu, MHOKECTBO BEPIITHH KOTOPOTO
COBIaIaeT ¢ S, a BCSAKAsl €ro Iyra HAUMHAETCS B BEPIIWHE ¢, 3aKAHINBA-
ercda B BepiuHe b m momedeHa sjemMenToM r € X TOrjaa W TOJBKO TOTA,
KOTJ[a B TMOJIyrpymnme S nMeer MecTo paBeHCTBO ax = b. Jleswiit rpad Kou
OTIPEIEJISIETCST AHAJOTUYIHO C TEM JIAIb OTJUIUEM, UTO BEPIIWHA ¢ COEJIH-
HEHA, C BEPIIUHOM b /yroii, HAYMHAIOMIENCS B BEPINUHE ¢, 3aKAHINBAIOIICIH-
Csl B BepIMHE b M TOMEUeHHOHN 3jeMeHTOM T € X, TOrJa W TOJBKO TOT/A,
KOT/Ia B TOayrpytie S mMeeT MecTO PaBeHCTBO xa = b. B cBa3zm co cka-
BaHHBIM B OIPEJEJEHUNA OCHOBHAA 1POD/IEMa, KOTOPYIO IIPEJICTOUT PEIiaTh
npu mocTpoernu rpados Ksam moayrpym, 970 npobaeMa paBeHCTBa CIOB,
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AJITOPUTMUAYECKN HepaspermmMasi B 00meM ciydae. st perenuns Bonpoca
mwianapuoctu rpada Kan momyrpynmnsr Oymem paccmarpuars rpad Kojum
OTHOCHUTENHHO MUHUMAJBHOTO MHOYKECTBA HEPAZIOKUMBIX 00PA3YIOIINX TO-
JIYTPYIIIBI U TOBOPUTH, 9TO TOJYTPYIINA JOTYCKAET TIaHapHbIH rpad Kan,
€CJIU CYTIEeCTBYET TAKOe MUHUMAJIBHOE MHOYKECTBO HEPA3JIOKUMBIX 06pazy-
FOIIX, OTHOCUTETHFHO KOTOPOTo oCcHOBA rpada Kotu siBsieTcs miaHapHBIM
rpadom.

Hamnowmunwm, aro ocuosoit SCay (S, X) rpada Ko Cay (S, X) momyrpyn-
bl S OTHOCUTETbHO MUHUMAJBLHOTO MHO2KeCTBa obpasymommx X Ha3biBaeM
OOBIKHOBEHHBINH I'pady, TMOJIYUYEHHBIH U3 MCXOTHOrO rpada myTéM yiaajeHus
METOK, TeTeIb, OPHEHTAINN YT U OObeINHEeHNeM KpPaTHBIX pebep B OJHO
pebpo, COeMHSIONIEe Te yKe BEPITHHI.

CB060JIHYI0 N-TIOPOKIEHHYIO MOJIYTPYIIy MHOT00Opasusd V Oyiaem o0b6o-
snagaTh Kak F, (V).

HarypasbHoe uuc/io r Ha3bIBaEM PAHIOM MJIAHAPHOCTH MHOroobpazus V
nosryrpymi, ecan Bce [, (V) cBobomusie B 'V mosyrpynnsl panra n < r
nyanapueie (T. e. J0MyCKaoT mianapubie rpadbl Kamm), a ceobognast B 3ToM
MHOTO00Opa3uu TOJYyTPyIiia panra r + 1 He sBasercs TiaHapHoil. B Takom
caydae 6ynem mucars 7 (V) = r. Ecan gy mHoroo6pasust 'V takoro Hary-
PATBHOTO YWCIa T He CYIECTBYET, TO CINTAEM, 9TO MHOTO0Opasne V mMeeT
BecKkoHeUHBIH paHT TIaHapHOCTH U nwmiieM 7 (V) = oo.

3 OcHOBHOI pe3yJbTaT

IIycTb
N, = <a ‘ a’ = a”+1>

— anepuoagndecKas MOHOIMeHHAs IIOJIyrpyNna mopdaiaKa n,

Y, = {0,1}
— JIBYX3JIEMEHTHAST TIOJIYPEIIeTKA,
C = {0,ab,b}

— MOJTOTYTPyTTa Mo ayrpynel Bpamara By = (a,b | a®> = b? = 0,aba =
= a,bab = b),
L, = {l1,lay.... 0 | zy = x)
— TIOJIYTPYIITA JIEBBIX HYJIEl TOopsIKa 1,
Ly, = <a | a"tl = a>
— TUKJIUYECKas TPYIIIa TOPSIIKA N,
Sl

— 0003HAYAET MOHOUJ, TOJYUIEHHBIH n3 S npucoequHeHNeM HEHTPaIbHOTO
9JIEMEHTA, eCJIU TMOJIyrpynna S He ob6Janata TAKOBBIM, JUO0 — B TTPOTHBHOM
caydae — caMy moayrpymnmy S.

C onmoit cTOpoHBI, MHOrOOOpa3He, TOPOXKIEHHOE TTOIyTrpyIioit S, obo3Ha-
gaeTcd depe3 var S, ¢ Apyroii, — depes var Y obozHauaeTcss MHOTOOOpa3ue
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LOJIyIPYII, 33/laHHOe cucreMoit Toxects L. Torua, caenyst [5, Tabnuna 2|,
OyaemM npuIepKuBaTHCH Takux 0003HadeHuit it 13 MHOr00Opasuil, mopox-
JAEMBIX OJHON 13 18 BO3ZMOXKHBIX MOIYTPYII TPETHEro MOPSAIKa, MPH STOM
B KaUeCTBE MOPOKIAIONMINX TOJYTPYII MHOr0OGpasnii B psaae CIydaes OyayT
B3ATHI 2-3/IeMEHTHDIE TIOJIyTPYIIIIHL:

var Ny = var{zy ~ zt};
var N3 = var{zyz ~ hkt,zy =~ yx};
var No V var Yy = Var{ny R LY, Y R YT}
var Yy = var{z? =~ z, 2y ~ yz};
var C' = Vau"{:cy2 ~ zy, 2y’ ~ y2£132};
var Ly V var Yy = var{z? ~ z, zyz ~ z2y};
var Ny = var{z® ~ 2% 2y ~ yz};
var Ys V var Zy = var{z® ~ z, 2y ~ yz};
var L = var{z? ~ z, zyz ~ 2y};
var Ly V var Ny = var{xyz ~ zy};
var Ly = var{zy ~ z};
var No V var Zy = var{:rQyz R Yz, TY R YT}
var Zz = var{z®y ~ y, zy ~ yx}.
B cBo ouepenn, MHOT0OOpasue, MOPOKAEHHOE BCEMHU HMOTYTPYIIIAMH TI0-
psiKa 3 OIpeIesisieTcs CAeyoMeil cucTeMoii ToxkaecTs |5, Teopema 4.1]:

S3 = var{:cgy ~ 2%y, oy ~ ay?, 2Tyr ~ 2y’ ~ zyx, zyabze ~ ayza,

2 yr ~ zyx?, zyzze ~ 2?yzx, chyxty ~ chayty, chyry ~ chay?,

zyzty ~ x?yty, ryry ~ r’y?}.
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Teopema 1.
rx (var No) = ry (var L%) = rp (var Ly V var No) = r, (var Lg) = o0;
rx (var Lo V var Y3) = 4;
rx (var N3) = (var Na V var Y3) = r, (var Ys) = 1 (var C) = 3;
rr (var Ny) = rr (var Ya V var Zs) = rr (var No V var Zs) = 2;
rr (var Zz) = r (S3) = 1.

Joxasameavcmeo. JlokazareabCTBO OCyIeCTBUM B Tpu dTamna. Ha mepBom
9Talle IIpuBeaeM CCBIJIKM Ha pPaHee AOKA3aHHBbIEC T€OPEMBI, B KOTOPbIX 6bI.HI/I
BBIYUCJICHBI PAaHTU ILJIAHAPHOCTW HEKOTOPBIX M3 PaCCMaTpHUBa€eMbIX MHOI'O-
obpasuii mosiyrpynn. Ha BropoMm 3rame m300pa3uM IJIOCKHAE YKJIAJKU OCHO-
BbI rpada Ky cBoOOHON N-1I0POXKAEHHON Oy IPYIIIBl OCTABIIMXCS MHO-
roobpasuii, Tpu HEKOTOPOM (PUKCUPOBAHHOM N, JIJIST JIOKA3ATEIHCTBA TOTO,
YTO PAHT ITAHAPHOCTH COOTBETCTBYIOIIETO MHOTOOOpA3NsT HE MeHee UeM 1.
Ha Tperbem artame s m0Ka3aTeILCTBA TOTO, UTO PAHT MIAHAPHOCTH MHO-
roobpasusi paBeH n, ykaxkeM B ocHoBe rpada Ksmu csobommoit (n + 1)-
MOPOKIEHHON TIOMYTPYIITEI COOTBETCTBYIONIETO MHOT00GPA3usT oATpad, To-
MeoMopdHBIit oHOMY U3 rpados kpurepust [loaTpsiruna-Kyparosckoro (6],
TO eCTb MOJHOMY rpady TsiToro mopsiaka (K5) Win MOJTHOMY IBYIOJIBHOMY
rpady, cozepzKaleMy 10 TPU BEpIIHHBI B KazK 10 u3 noseit (K33).

1 aran. BeckoHeyHoCTh paHra MJIAHAPHOCTH MHOTO0OPa3us MOJIYTPYIIIL C
HYJIEBBIM yMHOKEHUEM, [TOPOXKTaeMoe Moyrpymmoii Ny, mokasana B |2, Teo-
pema 57|. Tam ke yKazan panr IIaHAPHOCTH MHOTO0Opa3us BeeX abeseBBIX
IPYII 3KCIOHEHTHI TPH, paBHBIA 7 (var Zs) = 1. Jlanee, Tak kak var Ys
SIBJISIETCS. MHOTOOOpa3ueM KOMMYTATUBHBIX MOHOWI0B Tuma (1, 1), To ecTsb
yrnosiersopger Toxaectam 't ~ a! m 2y ~ yx, To 7, (var Y3) = 3
no jaHubIM u3 [2, Teopema 56]. B xome sgokasaresnbcrsa [2, Teopema 63]
HETPYIHO OBLIO yOenuThca B TOM, 9TO ocHOBA Tpada Komm cBobomuON n-
MOPOXKASHHON TOMyTPyInbl MHOT00Opasus var Lo V var Y, 3amaBaemMoro
TOXKECTBOM LYz A TZzY, KOTOpoe B 0603HaueHnsx u3 |2, reopema 63, Puc.3|
umeer suy Ry = Qa, usomopdua obbepunennio n kouuii (n — 1)-MepHoro
Ky6a, mosromy 7 (var Lo V var Ys) = 4. Tak kak var Y3 V var Zg sBsieTcs
MHOT000pa3neM KOMMYTATHBHBIX MOHOUIOB THMA (1, 2), TO €CTh yI0BIETBO-
pser Toxgecteam 1 T2 ~ x' mw 2y ~ yx, T0 7, (Var Yo Vvar Zy) = 2 mo
JAHHBIM 13 |2, Teopema 56].

Ucnone3yst pa3BuThlii B [7]| wHCTpyMeHTapHil, MOXKHO yOEIUTHCA B TOM,
9710 0cHOBa rpaca Ko cBo60H0i MOy Tpy bl MHOT006pasns var L} apmia-
€TCsd AlUKJINIeCKuM rpad oM, TO eCTh JIECOM, CIEI0BATEIBHO, OY/IET ILIaHAD-
Ha, OTHOCHTEJILHO JIIODHOT0 Ync/a CBOOOAHBIM 0Opa3yIOUuX U Ty (var L%) =
= 00. B camoMm fese, KOMUIECTBO 3JTEMEHTOB B N-TOPOXKICHHON CBOGOI-
HOI TOJTYTPyTITe MHOTO0Opas3nd var Li WHIyKTHBHO BLIMUCAgeTCS TIO (hOp-
mMyme n+n(n—1)+nn—-1)n-2)+..+nn-1)-...-3-2+nl =
=3 il ipi=ceT(l+n 1)-1=-1+e- [° Sdt. Buecw T'(z, )
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— BepxHsst HenosHas ramma-dyakiys, npu Re(z) > 0 umeromast uarerpasib-
0o $z2—1

noe npeacrasnenne ['(z,z) = [
MEHTOB B N-TIOPOYKIEHHON CBOOOIHOHN MOJIyTpyIie MHOTOOOpa3ud var L% 3
CTIENYIOINX CJAATAEMBIX: TIEPBBIE N eAWHUIT 3TO 0OPABYIONINE, CIOBA JTIHHEL
1, KOTOpBIE MOYXKHO PACIOIOKUTL HA (-ypoBHE HAepeBLEB Jieca, BHIOPAB X B
KadeCTBE KOPHEBBIX BEPIMUH; C KAXKIBIM U3 71 00PA3yIONINX B CUIY TOXKIECTB
basucuoro mabopa {z? ~ x,ryr ~ Yy} cmexwo mo (n — 1) BepmmH, co-
Ba JJIMHBI 2, KOTOPBIE PACTIONOKATCA Ha 1-ypOBHE 1epeBbes, 310 hopMHUpPYeT
cnaraemoe n (n — 1); m Tak manee, Ha KazxkKJ0OM MOCTIEAYIOMEM yPOBHE KazK 10~
ro JepeBa y KarKJI0H BePINIUHBI PACIONATACTCA JOYCPHAX BEPIIUH HA, € JTUHUITY
MEHbIIe, 4eM ObLIO MOTOMKOB Ha HpembiayineM yposue. IIpm aTom, 3anmk-
JINBAHWA ME2KJTY ypOBHeﬁ " CKJIEMBaHWY PA3HBIX BEPIIWH Ha OJHOM YPOBHE
HNCKJIIOYCHDBI, TaK KaK TO2KJCCTBa, BBITIOJIHAEMbIE B PaCCMAaTPUBACMOM MHOI'O-
obpasuu, MmoryT popmMupoBaTh PEOPA AU MEXKTY TAKUMU HATUHATOIITUMUACS
Ha OJWH M TOT K€ CHMBOJI CJIOBAMU u, v, 910 |length(u) — length(v)| < 1,
TO €CTh JJIMHA WX OTIMYaeTcs He 6ojee 1eM Ha OnUH CUMBOJI. B Geckoned-
HOCTH PAaHTa MJaHAPHOCTH MHOT00Opasms var Lo V var No MOXKHO yOenuThb-
¢ aHAJIOTHIHBIM criocobom. OcuoBa rpada Kanm cBobogHON MOSIYTDYIIIEL
MHOTO0Opazust var Lo V var Na sgBisieTcs anmukjandeckKkuM rpadomM, TO eCTb
7ecoM, B KOTOpoM n + n? = n(n + 1) BepmmE n 06pa3ylommxX n3 KOTOPHIX
pacrojioxkenbl Ha (-ypoBHE JepeBbeB, a KaK/1as u3 pepiinH (-ypoBHs COeJu-
HEHA C N BUCHYUMU BEPITUHAMU 1-YPOBHS, SIBJISIONIMMUCS CJIOBAMU JIJIHHBI
2, cienoBaTesbHO, T (var Lo V var Ng) = oo. Hakoner, 6ecKOHETHOCTD paH-
ra IAHAPHOCTH MHOTOOOpAasnst TMOJYTPYIII JIEBBIX HyJel 1y (var Lg) = 0o
YIOMSIHYTa TPU JTOKA3aTeIbCTBE |2, Teopema 63].

2 sran. ILmockas ykirajika ocHoBbl rpada Kanu 3-nopoxkieHHoi cBo6o 1HOI
noJiyrpyInel MEOroo6pasus var N3 = var{zyz &~ hkt, ry ~ yx} npejcrasie-
Ha Ha Puc.l cnesa. Ilnockas yxiajika ocHoBsl rpada Kasu 3-mopoxpentoit
cBOGOJTHOM TTOTY TPy TITHI MAOTO0Opasws var NoVvar Ya = var{z?y ~ xy, vy ~
~ yx } npejacrapiaena Ha Puc.2 ciesa. [linockas ykiaaska ocrossl rpada Kaun
3-TIOPOYK IEHHOT CBOBOIHOM TIOMYTPYMITHI MEOTOOOpasus var C = var{zy? ~
~ xy,v%y? ~ y*x?} mpeacrasnena ma Puc.3 ciesa. [lnockas ykmaka oc-
vOBBI Tpada Komu 2-nopoxkaentoii cBOBOIHON MOMYTPYIITBl MHOTO0Opa3MsT
var N} = var{z® ~ 22 2y ~ yx} npencrasiena wa Puc.4 cresa. [lnockas
ykJaaka ocHOBEI rpada Kamu 2-mopox gernoit cBOOOMHON Oy TPYIITBI MHO-
roobpazust var No V var Zg = var{zr?yz ~ yz,xy ~ yr} npejcrasieHa Ha
Puc.5 ceBa. 3aMeTHM TIOMYTHO, 9TO W3 TOXKIECTE CUCTeMbl {12yz & Yz, 1y ~
~ YT} BHITEKAET TOXKIECTBO T2 A Y2, KOTOPOE HCIOTb3yeTCs TTPH MOCTPOSHIH
ocuosbl Tpacda Kasm na Puc.5. B camom zene, y? ~ 2%y? ~ y?2? ~ 22

3 sramn. Iloarpad ocuoswr rpacda Konu 4-nopoxaennoit cBobomHON m10TY-
rpynnsl MEHOT00Opasus var Ny = var{zyz ~ hkt,xy ~ yr} npeiacrasien
ua Puc.1 cupasa. [loarpad ocuossr rpada Kajm 4-mmopoxktennoit cBo601HOI
IOJTYTPYHIEI MHOTOOGpasus var NV var Ys = var{z?y ~ zy, ry ~ yr} npex-
crapiaen Ha Puc.2 cupasa. Iloarpad ocroswr rpacda Kamu 4-mopoxaenHoit

dt. CKIaIBIBAETCA KOJIUMIECTBO 3JIe-
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¢BOGOHOI O/ TyrPyIIIbl MEOrOOGpasus var C' = var{zy? ~ zy, 2%y ~ y>x?}
upegcrasies va Puc.3 cupasa. [loarpad ocaosel rpada Kosn 3-iopoxpen-
Ot CBOGOHOIT TIOTYTPYTITHT MHOT00Opasms var Ny = var{z?® ~ 22, vy ~ yr}
npejcrabaer Ha Puc.4 copasa. [loarpad ocuoss rpada Kann 3-mopoxaen-
HOI CBOGOIHOI TTONYTpyHIBl MHOrooGpasus var Ny V var Zs = var{z?yz ~
yz,xy ~ yx} upeacrasien va Puc.5 copasa. I[logarpad ocroser rpada Kamu

2-TIOpOK IeHHOHN cBODOIHOI MOJIYTPYIIbI MHOT0ODpasus S3 peICTaBIeH Ha
Puc.6.

C

ab

Puc. 1. Tlrockas ykaagka rpada
SCay(Fs(var N3),{a,b,c}) n nonrpad rpada
SCay(Fy(var N3),{a,b,c,d}), romeomopdmusiit rpady K33

N
PN

ab ac ad

Puc. 2. Tlnockas ykaagka rpada
SCay(Fs(var Ny V var Ys),{a,b,c}) u nogrpad
rpada SCay(Fy(var No V var V), {a, b, c,d}),
romeomopdubit rpady K33

Puc. 3. Tlrockas ykaagka rpada
SCay(Fs(var C),{a,b,c}) n nogrpad rpada
SCay(Fy(var C),{a,b,c,d}), romeomopdusiii rpady Ks
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Puc. 4. Tlnockas yxragka rpacda SCay(Fy(var N3),{a,b})
u nogrpad rpada SCay(Fs(var N}), {a,b,c}),
romeoMopdubIil rpady K33

a a a3 b
o e be
@ ‘
a3 ab a? ac
Puc. 5. Tlnockas ykaagka rpada
SCay(Fy(var Ny V var Zsg),{a,b}) u nogrpad rpada

SCay(Fs(var Ny V var Zg),{a,b,c}),
romeomopdubit rpady K33

a®b? a’b aba

Puc. 6. Tloarpad rpada SCay(F»(S3),{a,b}),
romeomopurlit rpady K33

Yto u TpeboBaIOCH TOKA3ATD. U

Tak Kak B HCXOJHOM CITUCKE TOJYTPYIIIBI TPEACTABIEHBl ¢ TOYHOCTHIO
110 aHTHI30MOopdu3Ma (TPAHCIIOHUPOBAHNST TabJIUIBI YMHOXKEHNUsT ), TO Pac-
CMOTPHUM TeIEPb BOIPOC TLJIAHAPHOCTH JieBbIX rpados Kaau Tex ke moJy-
rpyuin. Torga 6yaer yareHo MHOTOOOpa3ue NOJIyIPYII TPABbIX HYJIEH U Apy-
IHe OCTABIINECST HE PACCMOTPEHHBIMEA MHOT00ODA3HSI.

Hnst Beskoit mosyrpynmnel S depes S 0003HAUNM IBOWCTBEHHYIO TOJY-
rpytmy, antunzomopduyo noayrpymrme S. To ecTh Takyio, 9TO CyIeCTByeT
OuekTHBHOE oTODpaxkenue ¢ : S — S| YyAOBIETBOPLAIOIIEE TOXK/ECTBY AHTH-

%
romomopdusma Vz,y € S : ¢ (zy) = ¢(y)p(x). dcno, aro S = (5).
B wacruocru, Ly, = (l1,lo,...,l, | zy = y) = R, — TOJyTpyIIa IpaBbIX
oyJieil Iop4aaka n.
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Teopema 2.

T (Var ﬁg) = 00;

Tr (Var fg) = 4;
) (Var F V var ?) =Tr (Var <Y_'2) =
( <(7> =7r; (var f V var <}7>

. ( ?) var $7 v var 55) = 1y ( f) -
=, (var E V var E) =7, (Var ?VQ V var <Z_2) =2
Tr <var Z,) =g <§3) =1

Hoxasameavemeo. B mepByto ouepens OTMETHM, YTO [IJIsi BEIYUCTEHUS DaH-
ra IJIAHAPHOCTH MHOT000Pa3usi, COCTOSINEr0 U3 TOJYTIPYII JTBONCTBEHHBIX K
[OJIyTPYIIIaM HEKOTOPOTO MHOT000Opa3usi, MOXKHO BMeCTO 1paBoro rpada Ks-
Jin cTpouTh JieBbiit rpad Kajmm cBoboHON MOMYyrPyIINBl HCXOTHOT'O MHOI000-
pasus MOCJe0BATEBHO YBeJIUIUBaA KOJTUUECTBO 00PA3yIOINUX 3JEMEHTOB.
[IpunuMas BO BHMMaHHE TOT (PAKT, 9TO B KOMMYTATHBHOM CIydae JI€BDLIH

(var ﬁg

=Tr |V

Q
=

rpad Kasmn coBnagaer ¢ mpaBbiM, cpa3y TIPUXOIUM K BBLIBOLY: T'r (var ﬁg) =
= rp (var Ny) = 00; 7 (var ﬁg) =rp (var N3) = 3; r <Var ﬁg V var Z) =
= rp (var Ny Vvar Ys) = 3; rp (Var ?2) =rp(var Ya) = 3; (Var ]V%) =
= r, (var N21) =2 rr (var ? V var g) = rg(var Yo Vvar Zy) = 2;
T (Var Fg V var Zg) = rqx(var Ny Vvar Z) = 2 T (var Z) =

= rp (var Z3) = 1, — Tak Kak MepedrcIeHHble MHOTOOOPa3nst KOMMYTATHB-

bI. 3aMETHM, K TAKOMY K€ PEe3YJIbTATy MOXKHO MPUNTH eCju NeperucaTh
BCE CJIOBA MMEIOIIUXCS TOXKJECTB B 00pAaTHON IMOcjenoBaTebHOCTH OYKB 1
CTPOUTH MpaBbie Tpadbl Ko cBOOOIHBIX MOJYTPYIII ONPEIETSEMBIX Oy~
YUBIIUMUCS TOXKJIECTBAMU MHOTO00ODa3uit.

HokaxkeMm, 4910 7, (var C> = rp(var C') = 3. B camom zeje, TIocKast

yKJIaJKa OCHOBBEI jieBoro rpada Komm moayrpynmer Fi(var C) mpesgcras-
jgena Ha Puc.7, a romeomopdnsriit rpady K33 moarpad B OCHOBE JIEBOTO
rpada Kanu mosyrpynnsr Fy(var C), uzomopdroro npasomy rpady Kamu

47-3;1eMeHTHOM nBOlicTBeHHON mosyrpynnel Fy(var C'), cocrout u3 ciemy-
FOIUX TIOTIAPHO HE TIEPECEKAIOIIXCST MapIIPYTOB MEKIAY BEPIIMHAMUA MHO-
xects {a,a?,b} u {ca,ba,da}: a— ca; a—ba; a—da; a® — ca; a® —ba; a® — da;
b—cb—acb—bc—c—ac—aca—ca; b—ab—aba—ba; b—db— adb—bd—d—
— ad — ada — da.
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aba

Puc. 7. Tlnockaa ykaamaka oCHOBBI jieBoro rpada Kam
noryrpynnel Fs(var C)

JokakeM Tenepb, 9To Ty (Var E V var %) =71y (var Ly Vvar Yy) — 1 =

= 3. B camowm jiesie, mirockas yKJajika OCHOBHBI JieBoro rpada Kasu mosyrpy-
et Fy(var Lo Vvar Ys) mpencrasnena wa Puc.8, a romeomopdmsiii rpady K3 3
nogrpad B ocrose seoro rpada Ksm noayrpynnst Fy(var Lo Vvar Ya), u3o-
mopduoro mpasomy rpady Kaam 32-smemenTHOM ABOMICTBEHHOM MOy TPy B
Fy(var Lo V var Y3), coCTOUT U3 CJIEAYIONMX MONAPHO HE TE€PECEKAFONIX-
Csl MApIIPYTOB MeXKJy BeprmHamu MHOxkecTs {ab, ba,bca} n {ca,cba,dba}:
ab—b—cb—bc—c—ac—ca; ab— cba; ab— dba; ba — a — ca; ba — cba; ba — dba;
bca — ca; bea — cba; bea — deba — cdba — dba.

Puc. 8. Ilnockas ykiajka ocHOBEI Jieoro rpada Kaan
noayrpymnel Fy(var Lo V var Ys)

%
AHaJjloruyHbIM  00pa3oM  JIOKaXKeM M PaBEHCTBa, Ty (Var L%) =

=7z (var E V var ﬁg) = 2. B camom aene, maockas yKJIaJAKa OCHOB JIEBBIX

rpacdos Kamm momyrpymmer Fy(var L) u momyrpynmsr Fp(var La V var Na)

npejcrasiena Ha Puc.9, a romeomopdnerit rpady K33 noarpad B ocHOBe

nesoro rpada Kam momyrpynmer F3(var L), msomopdroro mpasomy rpady
(_

Kamm 15-3nementHoit aBoiicTBeHHON mOJTyrpymsl Fi(var L%), COCTOUT W3
CITIEYIONMIUX TIOMAPHO HE TIEPECEKAIOITUXCS MapPIIPYTOB MEXKJY BEPIITHHAMEI
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muoxkects {ca, cab, cba} u {ba, ca,acb}: ca —a— ba; ca — bca; ca —ac—c—
—bc—cb—ach; cab—ab—ba; cab—bca; cab— acb; cba—ba; cba—bca; cba—ach. B
CBOIO 0Uepesb, romeoMopdHblil rpady K3 3 noarpad B ocHOBe jeBoro rpada
Koy mosryrpymmsr Fs(var Lo Vvar Na), nzomopduoro nmpasomy rpady Kamu
12-sremenTHO# pBOMCTBEHHON TTOTyTpyIbl F3(var Lo V var Na), cocrout n3
CIIEJIYIOIIMX TIOMIAPHO HE TIEPECEKAIOINTUXCS MaPIIPYTOB MEMXKJY BEPIITHHAMEI
muOMecTB {a,ab,ac} u {a?, ba,ca}: a — a?; a — ba; a — ca; ab — a®; ab — ba;
ab — ca; ac — a?; ac — ba; ac — ca.

a b ba

bZ

ba ab a 4b

Puc. 9. Ilnockasa ykiaagka
ocHOB JieBoro rpada Ksmm noxyrpymm
Fy(var LY) [cnesa] m Fy(var Ly V var No) [ciipaBal

Tor dakT, 4T0 paHr MIAHAPHOCTA MHOT000PA3Usd MOAYTPYIII HPABLIX HY-
Jiefl paBeH 4erblpeM u3BecTeH jaaBHO [2, reopema 63]. Ocraercs 3amerurs,

910 MHOTOOOpasne Sg CaMOIBOWCTBEHHO, TOITOMY T'r <§3) =7 (S3) = 1.

Yto u TpeboBaIOCH JOKA3ATD.

Caencrsue 1. Pane naanaprocmu mH02006063UsA NOPOAHCIEHHO20 NOAY2PYN-
NAMU MPEMBELO NOPAIKG AUOO HE NPESHIULGEM, 4, AUOO DeCcKOHeueH, 8 NOCAEO-
HEM CAYUGE IMO MHO2000PA3UE NPUHAOAEHCUN MHOICECTNEY:

{var Na,var Ly,var Ly V var No, var L%}

4 3akJjroueHue

Pesyabrarsl cTaThu BrepBbie OBLIN TPEICTABICHBI HA MEXK IYHAPOIHON Ha-
yanoit koudepenrnn « KoMOUHATOPHO-BBIIUCTUTEIHHBIE METOIBI AJre0phI
u jorukuy, 15 urona - 19 wrons, 2024, Owmck, Poccus, nposomumoit 8 Owm-
ckoMm HayuroM 1ieaTpe CO PAH u noceamennoit mamsaru B.A. Pomanbkosa,
pamee MCCIeTOBABIIETO PETYIIPHBIE 3AMOITEHNS TI0CKOCTH Tpadavu Kamn
rpyuu [8], a noromy aBrop 6sarojapeH BceM ydacTHUKaM KOHQEPEHIMN 32
[LJIOIOTBOPHBIE OOCY K IEHUST ¥ PEIEH3EHTAM 33, KOHCTPYKTUBHbBIE 3aMEUYaHUS.

References

[1] L.M. Martynov, New problems of algebra and logic. Anniversary 900th meeting of
the seminar, Omsk algebraic seminar, November 12, 2015. — URL: https://www.
mathnet.ru/php/seminars.phtml?presentid=12900 (date of access: 21.08.2024). —
Access mode: for registered users.


https://www.mathnet.ru/php/seminars.phtml?presentid=12900
https://www.mathnet.ru/php/seminars.phtml?presentid=12900

PAHTU IIJIAHAPHOCTU TTOJIVIPYIIITIOBBIX MHOTOOBPA3UMN 155

[2] D.V. Solomatin, Researches of semigroups with planar Cayley graphs: results and
problems, Prikladnaya Diskretnaya Matematika, 54 (2021), 5-57.

[3] D.V. Solomatin, Planarity ranks of modular varieties of semigroups, arXiv:2501.12930
[math.RA]

[4] M. Petrich, Introduction to Semigroups, Merrill, Columbus, 1973.

[5] Y. Luo, W. Zhang, On the variety generated by all semigroups of order three, Journal
of Algebra, 334 (2011), 1-30.

[6] K. Kuratowski, Sur le probléme des courbes gauches en topologie, Fund. Math., 15
(1930), 271-283.

[7] A.L. Makariev, On semigroups of idempotents with acyclic Cayley graphs, Mathematics
and computer science: science and education: interuniversity collection of scientific
papers. Omsk: Omsk State Pedagogical University Publishing House, 6 (2007), 26-34.

[8] V.A. Roman’kov, Zh.T. Belenkova, Regular Cayley graphs, Siberian mat. magazine.
Deposited in VINITI, 802-B97 (1997), 1-37.

DENIS VLADIMIROVICH SOLOMATIN
OwmsK STATE PEDAGOGICAL UNIVERSITY,
14, NABEREZHNAYA TUKHACHEVSKOGO,
644099, Omsk, Russia

Email address: denis_2001j0bk.ru



	Введение
	Предварительные сведения
	Основной результат
	Заключение

