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PAHI'U IIVIAHAPHOCTU ITOJIVIPVYIIIIOBBIX
MHOTI'OOBPA3N, IIOPO2K/IEHHDBIX
ITOJIVTPVYIIIIAMUT TPETBEI'O ITOPAJIKA.

A.B. COJIOMATUH

IIpedcmasaerno ABTOPOM

Abstract: In this paper, we calculate the planarity rank of the
variety generated by all semigroups of order three and calculate the
planarity ranks of its subvarieties generated by each semigroups of
order three.
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1 Bsegeunne

Wzyuenune moyrpynmn MaabIX TOPSIKOB MOXKET OBITh ITOJIE3HO 110 HECKOJIb-
KUM TPUYUHAM:

1) Ocuoset anre6psr: Lloayrpynnsl SBASTIOTCST OTHOM M3 BaXKHEHIIINX CTPYK-
Typ B asirebpe. OHU NpeCcTaB/sitoT cob0it MHOYKECTBO C 3a/JaHHOM HA HEM ac-
COTIMATUBHOM ONHAPHOI omeparueit. M3yJeHne Momyrpynn IOMOTAeT TOHITh
OCHOBHBIE ajiredpandecKkue CTPYKTYPhI U OIIEPAIHH.

2) Usydenme cpoiicts: Iloayrpynmnbl MajiblX HOPSIKOB MOTYT OBITH II0-
JIE3HBI ISl U3Yy4YEHUS CBOMCTB mOJyrpymil B 1esoMm. OHM MOUYT CJIYKUTH
IpUMepaMu WM KOHTPIPUMEPAME JIJIs PA3JIUYHBIX CBOHCTB U TEOPEM.
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3) Ipunoxkenus: TTosyrpynnbl HAXOAAT NPUMEHEHUE B PA3JIUIHBIX 00J1a-
CTsIX, BKJIHOUAsl TEOPUI KOJUPOBAHUS, TEOPHUI aBTOMATOB U JUCKPETHYIO
MaTeMaTHUKYy.

4) Teoperuueckue UCCaeI0BAHMsT: I3yderne oIy TPyYIIT MaIbIX TOPSIIKOB
MO2KET MIPUBECTH K OTKPBITUIO HOBBIX TEOPETUIECKUX PE3YJIBTATOB B 001aCTH
aJIredphl.

5) O6yuenne u obpazosanue: [Llogyrpynmbl MabIX TOPSITKOB MOTYT OBITH
[0JIe3HBI B 00pa30BaTENIBLHBIX IEJIIX, TOMOrasi CTyJAeHTaM JIydille MOHSTb U
BU3YaJN3UPOBATE aOCTPAKTHBIE ajrebpanieckue KOHIIETTINHN.

BakHO 0TMETHTH, YTO KOHKPETHAS 1e/Ib U3y YeHUs TOJIYTIPYIIT MAJIbIX TI0-
PSIKOB MOYKET 3aBUCETH OT KOHTEKCTA M UHTEPECOB MCCIEOBATENA. 3a/a-
JINMCsI TIEJIBIO TIepednciienusi MEOTooOpas3uit MapTeiHOBa, TO €CTh MHOI000-
pasuii, Jijisi KOTOpBIX rurore3a MapreiHOBa 00 OI'DAHUYEHHOCTH KOHEYHBIX
paHroB miaHaproctu 3uadenuneM 4 Bepua [1|. VI3BecTHO, 9TO TAaKHMH MHO-
roobpa3usgMu CpeJid MPOYUX ABJSIOTCS MHOI00Opa3us KOMMYTATHBHBIX MO-
HOHJIOB |2, Teopema 56/, MOmyIsgpHBIE MHOrOOOpa3us MOJIYTPYIIl [HA PeIeH-
suposannu|. B TO ke BpeMmsi, CYIIECTBYIOT MHOrO0Opa3usi, KOHEYHbIE PAHTT
[JIAHAPHOCTH KOTOPHIX TpeRbIaior 4 [2, reopema 60], Tem mHTEpECHee 0ThIC-
KaHue MHOT00Opa3uti, yaosaeTBopaonmx runore3e Maproinosa. B kagecrse
OCHOBHOTO Pe3yJIbTaTa MPUBEIEM HOBYIO Cepuio MHOT00Opasmii MapTeiHoBa,
gem chopmupyem (pyHAAMEHT TATHHEHINEr0 NCCASNOBAHNS PAHTOB TLIAHAD-
HOCTH TIOJIYITPYIIIOBBIX MHOT00OPa3Mii, MOPOXKIEHHBIX MOTYTPYIITaMU UeT-
BeprToro nopsiika. Bosee nogpobuo B [3] nmpuBogmTCS MOTHBANMS U3yUYeHUS
KOHEUHBIX MTOJIYTPYIII, TaM Ke MEePeUnCIeHbl BCe TOTYTPYIIILI JI0 YeTBEPTO-
0 HOPS/IKA BKJIUNTENLHO. B [4] pazsepHyTo 0nnchIBatoTCst MOy TPYIIIOBHIE
MHOT000pa3usi, TOPOKIEHHBIE MOJYTPYIIaMu TpeTbero nopaakra. Obo3Ha-
auM depe3 S, MHOTO0Opa3ne, MOPOXKIEHHOE BCEMU MOYTPYIINAMEI TOPSIIKA
n. B wHacrosiinedl ¢raTbe BBIYUCIEH PAHT IJIAHAPHOCTH MHOTO00pasust Sz u
BBIYKCJIEHBI PAHTU [JIAHAPHOCTH €10 MOAMHOIN000pasuil, IOPOXK TaeMbIX KaXK-
JIO U3 TOJIYTPYIII TPETHEr0 HOPSJIKA.

2 IlpenBapuresibHBIE CBEAEHUSA

IIpaseiv rpadom Ko mogyrpymnmsl S oTHOCHTETBHO MHOYXKeCTBa, X 00pa-
BYIOIUX €€ 3JIeMeHTOB, min npocto rpadom Kaim, HazbiBaem opueHTHPOBAH-
HBIN MyJbTUTPAd C TTOMEUYEHHBIMY pedpaMu, MHOKECTBO BEPIITHH KOTOPOTO
COBIaIaeT ¢ S, a BCSAKAsl €ro Iyra HAUMHAETCS B BEPIIWHE ¢, 3aKAHINBA-
ercd B BepimuHae b m momedeHa sjemMenToM r € X TOrjaa W TOJBKO TOTA,
KOTJ[a B TMOJIyrpymnme S nMeer MecTo paBeHCTBO ax = b. Jleswiit rpad Kou
OTIPEIEJISIETCST AHAJOTUYIHO C TEM JIAIb OTJUIUEM, UTO BEPIIWHA ¢ COEJIH-
HEHA, C BEPIIUHOM b /yroii, HAYMHAIOMIENCS B BEPINUHE ¢, 3aKAHINBAIOIICIH-
Csl B BepIMHE b M TOMEUeHHOHN 3jeMeHTOM T € X, TOrJa W TOJBKO TOT/A,
KOT/Ia B TOayrpytie S mMeeT MecTO PaBeHCTBO xa = b. B cBa3zm co cka-
BaHHBIM B OIPEJEJEHUNA OCHOBHAA 1POD/IEMa, KOTOPYIO IIPEJICTOUT PEIiaTh
npu mocTpoernu rpados Ksam moayrpym, 970 npobaeMa paBeHCTBa CIOB,
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AJITOPUTMUAYECKN HepaspermmMasi B 00meM ciydae. st perenuns Bonpoca
mwianapuoctu rpada Kan momyrpynmnsr Oymem paccmarpuars rpad Kojum
OTHOCHUTENHHO MUHUMAJBHOTO MHOYKECTBA HEPAZIOKUMBIX 00PA3YIOIINX TO-
JIYTPYIIIBI U TOBOPUTH, 9TO TOJYTPYIINA JOTYCKAET TIaHapHbIH rpad Kan,
€CJIU CYTIEeCTBYET TAKOe MUHUMAJIBHOE MHOYKECTBO HEPA3JIOKUMBIX 06pazy-
FOIIX, OTHOCUTETHFHO KOTOPOTo oCcHOBA rpada Kotu siBsieTcs miaHapHBIM
rpadom.

Hamnowmunwm, aro ocuosoit SCay (S, X) rpada Ko Cay (S, X) momyrpyn-
bl S OTHOCUTETbHO MUHUMAJBLHOTO MHO2KeCTBa obpasymommx X Ha3biBaeM
OOBIKHOBEHHBINH I'pady, TMOJIYUYEHHBIH U3 MCXOTHOrO rpada myTéM yiaajeHus
METOK, TIeTeTh, OPUEHTAIINA JyT W KPATHBIX pebep.

CB060JIHYI0 N-TIOPOKIEHHYIO MOJIYTPYyIIy MHOT00Opasusd V Oyiaem 0b60-
snavgaTh Kak F, (V).

HarypaspHoe uuc/io r Ha3blBaeM PAHIOM IJIAHAPHOCTH MHOroobpazus V
nosryrpymi, ecan Bce [, (V) cBobomubie B 'V mosyrpynnsl panra n < 1
[JTaHapHBIE (T. €. JOIyCKAoT ITaHapHble Tpadbl Kam), a cBobomnast B 3T0M
MHOTO00pa3u TOJYyTPyIiia panra r + 1 He sBAsercs TaHapHoit. B Takom
cayqae 6ynem mucars 7 (V) = r. Ecan jyis muoroo6pasust V. takoro Hary-
PaJIFHOTO YMCJIA T HE CYIIECTBYET, TO CUUTAEM, UYTO MHOT00Opasne V umeer
BecKoHeUHbIH paHT TIaHapHOCTH U nmiieM 7 (V) = oo.

3 OcHOBHOI pe3yJbTaT
IIycTb

N, ={a|a"=a"")

— anepuognYecKast MOHOTEHHAS MOJIYTPYIIA TOPSIKA 1,
Yo = {Oa 1}
— JIBYX3JIEMEHTHAsI TIOJTy PeIneTka,
C ={0,ab,b}
— TMOJOTYTPyTTa Moayrpynel Bpamara By = (a,b | a®> = b? = 0,aba =
= a,bab =b),
L, = (l1,la, ...,y | zy = x)

— TIOJIYTPYTIa JIeBLIX HyJIel mopsika n,

Ly, = <a { a"tl = a>
— IUKJIAYeCKast TPYTIa MOPSIIKa 1,

Sl

— 0003HAYAET MOHOUJ, TOJYUIEHHBIH u3 S npucoequHeHeM HEATPaIbHOTO
DJIEMEHTA.

C oxmoit cTOpOHBI, MHOMOOOpAa3He, TTOPOXKIEHHOE TTOIyTrpyIioit S, obo3Hna-
JaeTcd depe3 var S, ¢ Apyroii, — depes var Y obo3HauaeTcss MHOTOOOpa3ue
HOJIYTPYIII, 3ajlanHoe cucreMoil Toxaects Y. Torma, caenys [4, Tabauma 2],



PAHTU IIJIAHAPHOCTU TTOJIVIPYIIITIOBBIX MHOTOOBPA3UMN 147

OyaemM npuIepKuBaTHCH TakKux 0003HaueHui i 13 MHOr00Opasuii, mopox-
AaeMbIX OJIHOM U3 18 BO3MOXKHBIX HOJIYTPYIII TPETHETO MOPSIKA!

var Ny = var{zy ~ zt};
var N3 = var{zyz ~ hkt,zy ~ yx};
var Ny V var Yo = V&I‘{HJQZ/ R Ty, Y R YT}
var Yo = var{z? ~ z, ry ~ yx};
var C' = var{zy?® ~ zy, 2y ~ y?2?};
var Lo V var Yy = var{z? ~ z, zyz ~ z2y};
var Ny = var{z® ~ 22, vy ~ yz};
var Yo V var Zg = Var{a:3 R T, Ty R YT
var Ly = var{z? ~ z, ryz ~ ry};
var Ly V var Ny = var{zyz =~ zy};
var Ly = var{zy ~ z};
var Ny V var Zy = Var{m2yz R Yz, Y R YT}
var Zs = var{z3y ~ y, zy ~ yx}.
B cBo ouepenn, MHOr00Opasue, MOPOKAEHHOE BCEMHU HOIYTPYIIIaMH 10~

psiKa 3 OIpeIesIsieTcs Caeyomeit cucreMoii ToxkaecTs |4, Teopema 4.1]:

S3 = var{xgy ~ 2%y, oy ~ ay?, 2Tyr ~ ey’ &~ zyx, zyabzr ~ ayze,

22yx ~ zyz?, zyrze ~ 2lyzz, chysty ~ chayty, thyzy ~ chay?,

zyzty ~ x?yty, ryzy ~ r’y?}.
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Teopema 1.
rx (var No) = ry (var L;) = rp (var Ly V var No) = rr (var Lg) = oc;
rx (var Lo V var Y3) = 4;
rx (var N3) = 1 (var N V var Y3) = r; (var Ys) = 1 (var C) = 3;
rr (var Ny) = rr (var Ya V var Zs) = rr (var No V var Zs) = 2;
rr (var Zz) = r (S3) = 1.

Zoxazamesavcmeo. JlokazaresbCTBO OCylecTBUM B Tpu dTaa. Ha mepBom
9Talle IIpuBeaeM CCBIJIKKM Ha pPaHee AOKA3aHHBbIC T€OPEMBbI, B KOTOPbIX 6bI.HI/I
BBIYUCJICHBI PAaHT'U ILJIAHAPHOCTU HEKOTOPBLIX M3 PaCCMaTpHUBa€eMbIX MHOI'O-
obpasnii mosyrpynmn. Ha Bropom sTame, n306pa3uM MI0CKNE YKIAIKU OCHO-
BbI Tpada Kau cBoboaHOI 1n-TTOPOXKIEHHON TIOJTYTPYIIBI OCTABITUXCST MHO-
roobpasuii, mpu HEKOTOPOM (DUKCUPOBAHHOM N, JIJIsT JOKA3aTEIbCTBA TOTO,
YTO PaHD IJIAHAPHOCTU COOTBETCTBYIONIEro MHOT000pasns He MeHee UeM n.
Ha tperbem sTamne, 1jd 10Ka3aTeIbCTBA TOrO, YTO PAHT IJIAHAPHOCTH MHO-
roobpasust paBeH n, ykaxkeMm B ocHoBe rpada Ksmu csobommoit (n + 1)-
MOPOKIEHHON TIOMYTPYIIEI COOTBETCTBYIONIETO MHOT00GPA3usT oATpad, To-
MeoMopdHBIit oHOMY U3 rpados kpurepus [lonTpsiruna-Kyparosckoro [5],
TO eCTb MOJHOMY rpady TsiToro mopsiaka (K5) Win TOJTHOMY JIBYIOJIBHOMY
rpady, cozepzKaleMy 10 TPU BEpIIHHBI B KazK 10 u3 noseit (K33).

1 sran. BeckoHeyHOCTh paHra [JIAHAPHOCTU MHOTO00OPa3us MOJIYTPYIIIL C
HYJIEBBIM yMHOKEHHUEM, [TOPOXKTaeMoe MoIyrpymoit Ny, moka3ana B |2, Teo-
pema 57|. Tam ke ykazaH panr IIaHAPHOCTH MHOTO0Opa3us BeeX abeseBBIX
IPYII 3KCIOHEHTHI TPH, paBHBIA 7 (var Zs) = 1. Jlanee, Tak kak var Ys
STBJIIETCA MHOTOOGPA3MeM KOMMYTATHBHBIX MOHOWIOB Trna (1, 1), To ecTsh
yaosnersopster Toxaectam 't ~ a! w2y ~ yx, To 7, (var Y3) = 3
no jaHubIM u3 |2, Teopema 56]. B xome sokasarenbcrBa [2, Teopema 63]
He TPpyOHO OBLIO ybemuThes B TOM, 9TO ocHOBa rpada Koau cobommoir n-
TOPOXKAEHHOM Oy TPy Bl MHOTO0Opasus var LoVvar Ys, 3a1aBaemMoro Tox-
JIECTBOM LYz A T2y, KOTOpoe B 0603HaueHusX u3 |2, reopema 63, Puc.3| nve-
et Bua Re = Q, m30MopdHa 06beamHenno n Kommit (n — 1)-Meproro Kyba,
nosromy 7. (var Lo V var Ys) = 4. Tak kak var Yo V var Zg sIBJIS€TCS MHO-
roobpasueM KOMMYTATHBHBIX MOHOUIOB Tuma (1, 2), TO ecTh yI0BIETBOPSIET
Toxgectam ' 72 ~ 2! u xy ~ yx, 10 71 (Var Yo V var Zg) = 2 10 JaHHBIM
u3 [2, Teopema 56).

Ucnone3yst pa3suThiii B [6] mHCTpYMeHTApUil MOKHO YOEIUTHCA B TOM, ITO
ocrosa rpada Ksmm cBobosHoit ToyTpy el MEOT000pasust var Ll asiser-
csl AUKJIMYIECKUM TI'padoM, TO €CTh JIECOM, CJIEJIOBATEIbHO, OyIeT ILIaHap-
Ha, OTHOCHTEJILHO JIIOHOT0 YnC/a CBOOOAHBIM 0Opa3yIoNUuX U Ty (Var L%) =
= 00. B camom pnese, KoamuecTBO 3JIEMEHTOB B N-MOPOXKIEHHONH CBOOO/I-
HOM TOJTYTPyTIITe MHOT00Opas3usa var Li WHAyKTHBHO BhIaucageTcs 1o hop-
myme n+n(n—1)+nn—-1)n-2)+..+nn-1)-...-3-2+nl =
=", H?:n—iHj =el'(l4+n, 1)—1=—-1+ efloo te—jdt U CKJIAJBIBAETCS
M3 CAEAYIONINX CJAAraeMbIX: TIEPBbIE N 3JIEMEHTOB 3T0 00pa3yroliue, CJI0Ba
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JyuHbI 1, KOTOPBIE MOXKHO PACIIOIOXKUTD Ha (-yPOBHE JIepPEBbEB Jieca, BHIOPaB
MX B KQUECTBE KOPHEBBIX BEPIIWH; C KAXKbIM U3 1 00pa3yIONUX B CUILY TOXK-
necTs GasucHoro Habopa {x? ~ x, xyr ~ Ty} cMexHo 10 (n—1) BeprmuH, c1o-
Ba JJIUHBI 2, KOTOPhIE PACTIOJIOKATCS Ha 1-yPOBHE IepEBBEB, 9TO (OPMUPYET
ciaraemoe n (n — 1); u Tak majee, Ha KazxKJOM MOCTEIYIONEM YPOBHE KarK10-
ro JiepeBa y KaxkJIoil BepIInHBI PACIOJIATaETCs JOUEPHUX BEPIITUH HA €JTUHUITLY
MeHbIIle, YeM OBbLIO MOTOMKOB Ha TpejbIyineM yposae. llpm aTom, 3anmk-
JINBAHUS] MEXKJIy YPOBHEH M CKJIEMBAHUS PA3HBIX BEPIIWH Ha OJHOM YPOBHE
HCKJTIOUEHB], TaK KaK TOXK/IECTBA, BBITIOJIHIEMBIE B DPACCMATPUBAEMOM MHOTO-
obpazuu, MoryT OpMUPOBATE PEOPA JIUIITH MEYKY TAKUMU HAYUHAIOIIUMIUACS
Ha OJMH M TOT K€ CHMBOJI CJIOBaMU u, v, 910 |length(u) — length(v)| < 1,
TO €CThb JJIMHA UX OTJIMYaeTcsd He Hojiee 4eM Ha OJUH cuMBOJI. B Geckoned-
HOCTH PaHra njaHapHocTu MHOroobpasus var Lo V var No MOXKHO yOeauThb-
cst aHaJoTUYHBIM criocobom. OcuoBa rpada Konm cBobOgHON MOJIYTDPYIIIIEL
MHOrooOpazust var Lo V var Na sgBiisercd anukjindeckuM rpadom, TO eCTb
7ecoM, B KOTopoM 1 + n? = n(n + 1) Bepmma n 06pa3yionmxX n3 KOTOPBIX
pacrosiokenbl Ha (-ypoBHE HepeBbeB, a Kakaas n3 sepiinH (-ypoBHS coeIn-
HEHa C N BUCAYUMU BEPIIUHAMN l—ypOBHH, ABJIAIOIMNMMUCA CJI0OBAMM JTJIMHBI
2, cienoBaTenbHo, 1 (var La V var Na) = oo. Hakoner, 6eCKOHETHOCTD paH-
ra MaaHAPHOCTH MHOTOOOpa3us MOJIYTPYII JEeBbIX HyJel 1. (var Lo) = oo
YIOMSHYTa [PHU J0Ka3aTeabeTse |2, reopema 63).

2 sramn. [lnockasa yrimaaka ocaoBsl rpada Kamu 3-mopox nerHoit cBOOO HO
nostyrpymnsl MEOroo6pasus var N3 = var{zyz ~ hkt, ry ~ yx} npejcrasie-
ua wa Puc.1 cnesa. Ilnockaa yxknanka ocuossl rpada Kaan 3-mopox mennoit
cBOGOJTHOM TTOTY TPy TITHI MEOTO0Opasus var NoVvar Ya = var{z?y ~ xy, vy ~
~ yx} upejacrapiaena Ha Puc.2 cinesa. [linockas ykiajka ocaosbl rpada Kann
3-TIOPOK IEHHO CBOBOHOM TTOTyTpy bl MEOTOOOpasus var C = var{zy? ~
~ xy, v%y? ~ y*x?} upencrasiena ma Puc.3 ciesa. Ilnockas ykiaaaka oc-
voBbI rpada Kamu 2-nopoxkenno#t cBOOOIHON MOIyTrPYyIITbl MHOTO0Opa3ust
var Ny = var{z? ~ 22, 2y ~ yx} upexcrasiena na Puc.4 ciesa. [Lnockas
VKJIaJIKa OCHOBBI rpada Kayu 2-mopoxk AeHHolH CBOOOMHON TTOTYTPYIITBI MHO-
roo6pasus var No V var Zy = var{z?yz ~ yz,xy ~ yr} OpeicTapieHa Ha
Puc.5 caeBa. 3aMeTHM TOMYTHO, UTO U3 TOXKIECTB CHCTeMbl {x2yz ~ yz, 1y ~
~ Yz} BHITEKAeT TOXKIECTBO T2 & Y2, KOTOPOEe HCHOIL3YeTCs TIPH MOCTPOSHIH
ocuosbl Tpacda Kam ma Puc.5. B camom nene, y? ~ 2%y? ~ y22? ~ 2.

3 sram. Iloarpad ocuoewr rpacda Kanu 4-nopoxkiennoit cBob6oaHOMN 110JTY-
rpymmnel MHOTOOOpa3ust var Ny = var{zyz ~ hkt,xy ~ yzr} upeacrabiex
ua Puc.1 crpasa. [loarpad ocuosel rpada Ko 4-mmopoxk gennoit cobonHoit
TOJTYyTPYHIEI MHOToOGpasus var NV var Yo = var{z?y ~ zy, ry ~ yr} npex-
crapjen Ha Puc.2 cupasa. lloarpad ocroswr rpacda Kamu 4-nopoxpenHoit
cBOGOTHOM MOTYTPYTIIEl MHOTOO6pasus var C' = var{zy? ~ zy, 2%y ~ y?2?}
npejicraBier Ha Puc.d cupasa. Iloarpad ocuossl rpada Kanu 3-nopoxien-
HOIt CBOGOHOIT TIOTyTPYTITHI MEHOT00Opasus var N = var{z? ~ 22, vy ~ yr}
npejicrasier na Puc.4 cupasa. Iloarpad ocuossl rpada Kanu 3-nopoxien-
HO#t CBOBOTHON TOTYTpyMIThl MHEOT0OGpasnst var Ny V var Zs = var{x?yz ~
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yz,xy =~ yx} npeacrasiaen va Puc.5 cupasa. ITogrpad ocnosbr rpada Kaau
2-TIOPOKJIEHHON CBODOHOI MOIYTPYIIIBI MHONOODpa3us S3 1IPeJCTABJIEH HA

Puc.6.

zﬁx

Puc. 1. Tlnockas ykaagka rpada
SCay(Fs(var N3),{a,b,c}) n nonrpad rpada
SCay(Fs(var N3),{a,b,c,d}), romeomopdustit rpady K33

Puc. 2. Ilnockas ykiaanka rpada
SCay(Fs(var Ny V var Y2),{a,b,c}) n moarpacd
rpada SCay(Fy(var No V var Y), {a, b, c,d}),
romeoMopdHbIil Tpady K33

Puc. 3. Tlnockas yknagka rpada
SCay(Fs(var C),{a,b,c}) n nogrpad rpada
SCay(Fy(var C),{a,b,c,d}), romeomopduniii rpady Ks

Yro u TpeboBasoch JOKA3ATH. (|
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Puc. 4. Tlnockas yxragka rpacda SCay(Fy(var N3),{a,b})
u nogrpad rpada SCay(Fs(var N}), {a,b,c}),
romeoMopdubIil rpady K33

a a a3 b
A2 be
@ ‘
a3 ab a? ac
Puc. 5. Tlnockas ykaagka rpada
SCay(Fy(var Ny V var Zsg),{a,b}) n nogrpad rpada

SCay(Fs(var Ny V var Zg),{a,b,c}),
romeomopdubit rpady K33

a? azba2 5 a?b?
a“b‘a

a®h? a’b aba

Puc. 6. Tloarpad rpada SCay(F»(S3),{a,b}),
romeomopuelit rpady K33

Tak Kak B HCXOJIHOM CITUCKE MOJIYI'DYIIIBl IIPEJICTABJIEHBl C TOYHOCTHIO
710 anTHI30MOopdu3Ma, (TPAHCIIOHNPOBAHUS TAOJUIBI YMHOXKEHNUS ), TO Pac-
CMOTPHUM TEIEPb BOIPOC ILJIAHAPHOCTH JieBbIX rpadoB Kaau Tex ke mosty-
rpyun. Torga 6y/er yureHo MHOTOOOpa3ue NoJIyIpyIl IPaBbIX HYJIel U Apy-
rue OCTABIINECS HE PACCMOTPEHHBIMU MHOr00Opa3us.

Jns Begkoit mosyrpynmnet S depe3 S 0bo3HAUMM TBOWCTBEHHYIO IMOJY-
rpynmy, antunzomopduyio moayrpymnme S. To ecTh Takyio, ITO CyIIeCTBYeT
O6uekTHBHOE oToDpaxkenue ¢ : S — S, YIOBIETBOPLAOIIEE TOXZECTBY BHTH-

F
romomopdusma Va,y € S : ¢ (zy) = ¢(y)e(x). dcho, aro S = (.5).
B wacruocru, Ly, = (l1,l2,...,l, | zy = y) = R, — mosyrpyIia IpaBbIX
HyJieil IopdaiaKa 1.

Teopema 2.

Tr (Var ﬁg) = o0;
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e (var L) =4
e (s 55) = 1o (s S v $7) = (o 5) =
=y (var ©) =1y (var Ly vvar 13) = 3;
o (o ) = s v ) e (v 1) -
1o (v T3 v ) = (e v 55) = 2
Tr (var Z) =Tz <§3) =1.

Hoxaszameavcmeso. B 1iepByto ouepenp OTMETHM, YTO JIJIsi BEIYUCTEHUS DaH-
ra IJIAHAPHOCTH MHOT000Pa3usi, COCTOSINEr0 U3 TOJYTIPYII IBOMCTBEHHBIX K
[OJIyTPYIIIAM HEKOTOPOTO MHOT000pa3usi, MOXKHO BMeCTO rpaBoro rpada K-
Jin cTpouTh JjieBbiit rpad Kajm cBo6oHON MOy Py bl HCXOTHOT'O MHOI000-
pasus IOCJE0BATEBHO YBeJIUIUBAA KOJTUYECTBO 00PA3yIONUX 3JEeMEHTOB.
[lpunumas BO BHMMaHHE TOT (PAKT, 9TO B KOMMYTATHBHOM CIydae JI€BLIH

rpad Kasiu coBnagaer ¢ mpaBbiM, cpa3y OIPUXOIUM K BBLIBOILY: T'r (var ﬁg) =
=g (var Ny) = 00; 7 (var ﬁg) =1y (var N3) = 3; (Var FQ V var §72) =
= rp (var Ny Vvar Ys) = 3; rp (Var g) =rp(var Vo) = 3; (Var ﬁ%) =
= r; (Var N21) =2, 1 <Var E V var Z) = rg(var Y Vvar Zy) = 2,
Tr (Var ﬁz V var Z) = rq(var Ny Vvar Zy) = 2 Tr (var Z) =

= ry (var Z3) = 1, — TaKk Kak IepedncaeHHble MHOr00Opa3us KOMMYTATHB-
HbI. 3aMETHM, K TAKOMY K€ PEe3YJIbTAaTy MOXKHO HMPUUTH eCju NeperucaTh
BCE CJIOBA MMEIOIIUXCS TOXKJECTB B 00PATHON IMOCje10BaTebHOCTH OYKB 1
CTpOUTH Mpasbie Tpadbl Kajiu cBOOOIHBIX MOJYTPYIII ONPEIETSIEMbIX Oy~
YUBIIUMUCS TOXK/IECTBAMU MHOTO00OPa3Ui.

e
Hoxaxem, aro r, (var C') = r, (var C) = 3. B camom nesne, miockast

yKJIaJKa OCHOBBEI jieBoro rpada Ksmm moayrpynmer Fi(var C) mpesgcras-
ngena Ha Puc.7, a romeomopdusrii rpady K33 moarpad B OCHOBe JIeBOIO
rpada Ksnu mosmyrpynner Fy(var C), uzomopduoro npasomy rpady Kamu

47-3;eMeHTHOM nBOlicTBeHHON mosyrpymnel Fy(var C'), cocrout u3 ciemy-
FOIIX TIOTIAPHO HE TIEPECEKAOIAXCS MapIIPYTOB MEXKIAY BEPIIUHAMUA MHO-
xecTs {a,a?,b} u {ca,ba,da}: a— ca; a—ba; a—da; a® — ca; a® —ba; a® — da;
b—cb—acb—bc—c—ac—aca—ca; b—ab—aba—ba; b—db— adb—bd—d—
—ad — ada — da.

JokaxkeM Temnepb, 4TO 7y (Var E V var %) =1 (var Ly Vvar Ys) — 1 =

= 3. B camowm jiete, mmockas yK1aika OCHOBBI JieBoro rpada Kasiu mosyrpyt-
usl F3(var Lo Vvar Ys) npezacrasiena na Puc.8, a romeomopdustit rpady K3 3
noxarpad B ocaose Jsiesoro rpada Kamm monyrpynner Fy(var Lo Vvar Ys), u3o-
MopdHOTO npaBoMy rpady Kaan 32-ssieMeHTHO!N ABOMCTBEHHOM IOy TP B
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aba

Puc. 7. Tlnockaa ykaamaka oCHOBBI jieBoro rpada Kam
noryrpynnel Fs(var C)

Fy(var E V var E), COCTOUT W3 CJAETYIONINX TOTMApPHO He MePeceKaronInx-
Csl MapIIPYTOB MKy BepiuHamu MuOx)ecTB {ab,ba,beca} u {ca,cba,dba}:
ab—b—cb—bc—c—ac—ca; ab— cba; ab— dba; ba — a — ca; ba — cba; ba — dba;
bca — ca; bea — cba; bea — deba — cdba — dba.

Puc. 8. Tlnockas ykaagka oCHOBBI jieBoro rpada Kam
nostyrpyunsl Fy(var Lo V var Ys)

(_
AHasOrHYHBIM  06pa30M  JIOKaXKeM W PaBEHCTBA  Tp (var L%) =

=T (Var fg V var ﬁg) = 2. B camomM Jieste, mockast YKIaJKa OCHOB JIEBBIX

rpacdos Kamu momyrpymmer Fy(var L) u momyrpynmsr Fp(var La V var Na)

npejcrasiaena Ha Puc.9, a romeomopdmurrit rpacdy K33 noarpad B ocHOBe

nesoro rpada Kamm momyrpynmer Fi(var L), msomopdroro mpasomy rpady
F

Kammu 15-3nementroit aBoiicTBeHHON mOTyrpymmsl Fi(var L%), COCTOUT W3
CJIEYIONIUX TIOMAPHO HE TEPECEKAIOITUXCS MapPIIPYTOB MEXKJY BEPIIUHAMEI
muOXKecTB {ca, cab, cba} u {ba, ca,ach}: ca —a—ba; ca — bca; ca —ac—c —
—bc—cb—ach; cab—ab—ba; cab—bca; cab—acb; cba—ba; cba—bca; cba—ach. B
CBOIO 0vepesib, romeoMopdublil rpady K3 3 noarpad B ocHOBe jieBoro rpada
Ksmu mosyrpymmsr Fs(var L Vvar Na), nzomopduoro npasomy rpady Kamu
12-3;1emeHTHO# nBOCTBEHHOM TTOTYyTpyIIBl F3(var Lo V var Na), cocrout us3
CITIEYIONMIUX TIOMAPHO HE TIEPECEKAIOITUXCS MapPIIPYTOB MEXKJY BEPIITHHAMEI
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2

muoxects {a,ab,ac} u {a?, ba,ca}: a — a®; a — ba; a — ca; ab — a?; ab — ba;

ab — ca; ac — a?; ac — ba; ac — ca.

a b ba 2

ba ab a 4b

Puc. 9. Tlnockas ykaamgka
ocHoB jieBoro rpada Kasm nosyrpynn
Fy(var L}) [cnesa] m Fy(var Ly V var No) [ciipasal

Tor dakT, 4T0 paHr MIAHAPHOCTA MHOTO00PA3UA MOIYTPYIN MPABLIX HY-
Jlefl paBeH 4eTbIpeM u3BecTeH jaaBHO [2, Teopema 63]. Ocraercs 3amerurs,

9TO0 MHOTOOOpasue S3 CaMOBORCTBEHHO, MOITOMY 7' (§3) =7 (S3) = 1.
Yto 1 TpebOBATIOCH JTOKA3ATH. U

Caencrsue 1. Pane naanaprocmu MH020060a3UA NOPOAHCIEHHO20 NOAY2PYN-
NAMU MPEMBELO NOPAIKG AUOO HE NPESHIULGEM, 4, AUbO DecKoHeueH, 8 NOCAEO-
HEM CAYUGE MO MHO2000pa3UE NPUHAOAEHCUN MHOHCECTNEY:

{var Ng,var Lo, var Ly V var Ny, var L%}

4 3akJirmwoueHue

PezynwraTe! crarsu nporin anpobaruio Ha koudepennnu « Komburaropao-
BBIYUC/IUTEIbHBIE METO/IbI aareOpnl u jgoruku», 15 wioaa - 19 wmioyra, 2024,
Owmck, Poccus, nposomumoit 8 Omckom wayurom nearpe CO PAH u mo-
cBamenHoi namsaTu B.A. PoMaHbkOBa, paHee MCCIE0BABIIET0 PEryJIsiDHBIE
3aMOIIeHus TI0cKoCTH rpadavu Kam rpymm [7].
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