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PAHI'U IIVIAHAPHOCTU ITOJIVIPVYIIIIOBBIX
MHOTI'OOBPA3N, IIOPO2K/IEHHDBIX
ITOJIVTPVYIIIIAMUT TPETBEI'O ITOPAJIKA.

A.B. COJIOMATUH

IIpedcmasaerno ABTOPOM

Abstract: In this paper, we calculate the planarity rank of the
variety generated by all semigroups of order three and calculate the
planarity ranks of its subvarieties generated by each semigroups of
order three.
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1 Bsegeunne

Wzyuenune moyrpynmn MaabIX TOPSIKOB MOXKET OBITh ITOJIE3HO 110 HECKOJIb-
KUM TPUYUHAM:

1) Ocuoset anre6psr: Lloayrpynnsl SBASTIOTCST OTHOM M3 BaXKHEHIIINX CTPYK-
Typ B asirebpe. OHU NpeCcTaB/sitoT cob0it MHOYKECTBO C 3a/JaHHOM HA HEM ac-
COTIMATUBHOM ONHAPHOI omeparueit. M3yJeHne Momyrpynn IOMOTAeT TOHITh
OCHOBHBIE ajiredpandecKkue CTPYKTYPhI U OIIEPAIHH.

2) Usydenme cpoiicts: Iloayrpynmnbl MajiblX HOPSIKOB MOTYT OBITH II0-
JIE3HBI ISl U3Yy4YEHUS CBOMCTB mOJyrpymil B 1esoMm. OHM MOUYT CJIYKUTH
IpUMepaMu WM KOHTPIPUMEPAME JIJIs PA3JIUYHBIX CBOHCTB U TEOPEM.
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3) Ipunoxkenus: TTosyrpynnbl HAXOAAT NPUMEHEHUE B PA3JIUIHBIX 00J1a-
CTsIX, BKJIHOUAsl TEOPUI KOJUPOBAHUS, TEOPHUI aBTOMATOB U JUCKPETHYIO
MaTeMaTHUKYy.

4) Teoperuueckue UCCaeI0BAHMsT: I3yderne oIy TPyYIIT MaIbIX TOPSIIKOB
MO2KET MIPUBECTH K OTKPBITUIO HOBBIX TEOPETUIECKUX PE3YJIBTATOB B 001aCTH
aJIredphl.

5) O6yuenne u obpazosanue: [Llogyrpynmbl MabIX TOPSITKOB MOTYT OBITH
[0JIe3HBI B 00pa30BaTENIBLHBIX IEJIIX, TOMOrasi CTyJAeHTaM JIydille MOHSTb U
BU3YaJN3UPOBATE aOCTPAKTHBIE ajrebpanieckue KOHIIETTINHN.

BakHO 0TMETHTH, YTO KOHKPETHAS 1e/Ib U3y YeHUs TOJIYTIPYIIT MAJIbIX TI0-
PSIKOB MOYKET 3aBUCETh OT KOHTEKCTa W WHTEPECOB uccjenoBaress. bosee
1n01po6HO B |1] MpUBOAUTCS MOTHBAIIMS U3yYeHUsI TIOJTYTPYII, TaAM XKe TIepe-
IUCIEHBI BCE TTOJIYTPYIIIBI 10 9€TBEPTOTO HOPsi/IKa BKIUnTe bHO. B [2] pas-
BEPHYTO OIUCHIBAIOTCS Oy PYIIIIOBBIE MHOT000Pa3usi, TOPOK IEHHBIE TIOJTY-
rpymnmnaMu Tperbero mnopsaka. Obo3Hauum uepes S, MHOroobpasue, IOpOXK-
JIEBHHOE BCEMU IIOJIyI'DYIIIaMU IOpsijkKa 1. B Hacrodiell craTbe BBIYUCJIEH
paHT MJIaHAPHOCTH MHOTO00PA3Ust S3 W BHIYUCIEHBI PAHTH TLIAHAPHOCTH €ro
MOAMHOT000pa3nii, MOPOKAAEMbBIX KaXK IO U3 MOJIYTPYIIT TPETHETO TIOPSIIKA.

2 IlpenBapuresbHBIE CBEAEHUS

[IpaBeiM rpacdom Kamu nosgyrpyitis S oTHOCHTETBHO MHOXKeCTBa X 00pa-
BYIOIIUX €€ 9JIEMEHTOB, WK TpocTo rpadom Kau, HazbiBaeM OpHEHTUPOBAH-
HBIIT MysibTUrpad € TTOMEYeHHBIME pedpaMu, MHOYKECTBO BEDIITUH KOTOPOTO
COBIIAJIAaET ¢ S, a BCSIKAsl €r0 JIyra HAUYNHAETCS B BEPIIIUHE ¢, 3aKAHYUBAETCS B
BepiuHe b U moMeYeHa SJIEMEHTOM I TOTJIA U TOJBKO TOLJA, KOTJA Hal1eTcst
rTakoit x u3 X, uro B nosyrpymme S uMeer MecTo paBeHcTBO ax = b. JleBbrit
rpad Ksu onpesiesisercs aHAJIOMMYHO C TEM JIUITb OTJIUIUEM, 9TO BEPIIUHA
@ COEMHEHA C BEpIIHHON b ayroil, HaUHMHAIOIIECA B BEpIINHE ¢, 3aKAHYIH-
BaloIIeiics B BepiiuHe b u NIOMeYeHHOH 3JIEMEHTOM &, TOT/Ia U TOJbKO TOIJIA,
KOTJIa B TOIYTpyTe S mMeeT MecTO paBeHCTBO xa = b. B cBaszm co cka-
BaHHBIM B ONPEJEJeHNN OCHOBHAsT TPODJIEMa, KOTOPYI0 MPEICTOUT PeIraTh
npu moctpoerun rpagos Kaam momxyrpym, 910 npobiema paBeHCTBa CJIOB,
AJITOPUTMUYECKN HepaspermmMast B o0meM ciaydae. s perenns Bompoca
mranapuoctu rpada Koan momyrpynmer 6ymem paccmarpusarh rpad Konm
OTHOCHUTEJIbHO MUHUMAJIBbHOTO MHOXKECTBA HEPAIJTOZKMMbBIX O6pa3nyH_U/IX I10-
JIYTPYIIBI ¥ TOBOPUTH, 9TO MOJYTPYIINE A0MYCKaeT aanapubiii rpad Komn,
€CJIM CYMIECTBYET TaKOe MUHUMATBLHOE MHOXKECTBO HEPA3JIOKUMBIX 06pazy-
FOIUX, OTHOCUTE/IBHO KOTOPOTO OCHOBA, rpada Kamm apiserca maaHapHbIM
rpadom.

Hanomuuwm, uro ocuosoit SCay (S, X) rpada Ko Cay (S, X) momyrpyn-
I1bI S OTHOCUTE/IbHO MUHUMAJIBHOI'O MHOXKECTBa O6paSyIOH_LI/IX X Ha3bIBacM
OOBIKHOBEHHBIN Tpad, MOJyUEeHHBIN U3 MCXOAHOIO rpada myTéM yaaieHust
METOK, IeTeJIb, OPUEHTAILIMK JIYI' U KPATHLIX pebep.
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CB06OJIHYIO N-TIOPOKIEHHYIO TTOYTPYIIy MHOT00Opasus V Oyiaem 060-
sHauarb Kak I, (V).

HarypansHoe umc/io r Ha3bIBaeM PAHTOM TJIAHAPHOCTH MHOToobOpazus V
nostyrpym, ecan Bee F, (V) cBobomubie B 'V mosyrpynnsl panra n < r
nTaHapHbie (T. e. JOMyCKaloT IaHapHble Tpadbl Kam), a cBobogHAsT B 3TOM
MHOT000pa3uu MOJyrpyIia panra r + 1 He sBagercs aHapHoil. B Takom
ciydae 6ymem tcats 1, (V) = r. Ecau gyis MmHOT006pasust V. Takoro HaTy-
PaJIbHOTO YHCJIA T HE CYIIECTBYET, TO CUMTAEM, UTO MHOrooOpasue V umeer
6eCKOHEHBIII PAHT IJIAHAPHOCTH U muireM 7 (V) = oo.

3 OcHOBHO# pe3yJbTaT

IIycts N, = <a ‘ a" = a”+1> — anepuoAmdecKas MOHOTEHHAs TOIyTPYyT-
na nopsizka n, Yo = {0, 1} — apyxasemenrras nosypemerka, C' = {0, ab, b}
~ TIOATIONMYTPyTTa TOTyTpy sl Bpanara By = (a,b | a? = b? = 0,aba =
= a,bab = b), L, = (l1,l2,...,l, | zy = ) — nomyrpynmna Jesbix HyJeit
OOpsAaKa N, Ly = <a ‘ a"t = a) — muxmmyeckas rpynna nopaaxa n, S
— 0003HaYaeT MOHOWJ, [OJYyYeHHBIH U3 S NpUCOeUHEHHEeM HEeATPAIbHOIO
snemenTa. C OJIHON CTOPOHBI, MHOrOODOpa3ue, MOPOKIEHHOE OJIYIPYIIoil S,
obosHnavaercs uepes var S, ¢ Apyroii, — depe3 var Y 0DO3HAUAETCS MHO-
roobpasue ToJIyTrpyII, 3ajanHoe cucremoii Toxaects 2. Torua, cuemys [2,
Tabsnna 2|, Gyem npugep:KuBaThcs Takux obosnavennit s 13 MHOr006-
paswnif, MOPOXKIAAEMBIX OHON M3 18 BO3MOMXKHBIX TOJYTPYII TPETHEro II0-
psinka: var No = var{zy ~ zt}; var N3 = var{zyz =~ hkt,zy =~ yz};
var No V var Yo = var{z?y ~ xy,zy ~ yx}; var Yo = var{z? =~ z,2y ~
~ yz}; var C = var{zy? ~ xy,2%y? ~ y?2%}; var Ly V var Vs = var{z? ~
~ x,ayz ~ xzy); var Na = var{z® ~ 22 2y ~ yx}; var Yo V var Zy =
= var{z® ~ z, vy ~ yx}; var L} = var{a? ~ z,vyxr ~ xy}; var LyVvar Ny =
= var{zyz ~ xy}; var Ly = var{zy ~ z}; var Ny V var Zo = var{z?yz ~
~ yz,xy ~ yr}; var Zz = var{zy ~ y, vy ~ yr}. B cBoo ouepenn, MHO-
roobpasue, MOPOKIEHHOE BCEMHU IOJYTPYIIAMU MOPSJIKA 3 OIPEIESIeTCs
CIIeIVIONIEH CIUCTEMON TOXKIECTB: S3 = Var{xsy =~ x2y, xys =~ :cyQ, J;7yx =~
~ zyx’ ~ zyx, vyxbie ~ vyzx, 2iyr ~ xyx?, xyrze ~ vlyze, chycty =
~ whxyty, chyxy ~ zhxy?, xyzty ~ 2’yty, zyvy ~ 22y?} |2, Teopema
4.1].

Teopema 1.
rx (var No) =1y (Var L%) = r; (var Ly V var No) = r, (var Lg) = oo;
rx (var Lo V var Ys) = 4;
Tz (var N3) = rp (var Ny V var Ya) = 1 (var Y2) = ry (var C) = 3;
Tr (Var N21) =1y (var Ya V var Zg) = 1 (var No V var Zg) = 2;
rx (var Zs) = r; (S3) = 1.

Zoxazameavcmso. JlokazaTeabCcTBO OCYIIECTBUM B TpH 3Tama. Ha mepBoMm
sTare MPUBEJEM CChLIKM Ha paHee JOKa3aHHBbIE TEOPEMBI, B KOTOPBIX ObLIH
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BBIYUCJICHBI PAHTU ILJIAHAPHOCTW HEKOTOPBIX M3 PaCCMaTPpHUBa€MbIX MHOI'O-
0bpasuii ostyrpyii. Ha Bropom srane, n3006pa3uM MI0CKHE YKJIAJKU OCHO-
BBl Tpada Kau cBoboHOI 1n-TTOPOXKIEHHON TIOJTYTPYIIIBI OCTABITUXCST MHO-
roobpasuii, mpu HEKOTOPOM (DUKCHPOBAHHOM N, JIJIsT JOKA3aTEIbLCTBA TOTO,
YTO PaHT IJIAHAPHOCTU COOTBETCTBYIONMIEro MHOT000pa3us He MeHee UeM 7.
Ha Tperbem sTame, 1j1d 10Ka3aTeIbCTBA TOrO, UYTO PAHT IJIAHAPHOCTH MHO-
roobpasust paBeH n, ykaxkeM B ocHoBe rpada Ksmu csobommoit (n + 1)-
MOPOKJAEHHON MOJYTPYIITBI COOTBETCTBYOIIEr0 MHOT00bpa3ust nojrpad, ro-
MeomopdHublit onaomy n3 rpados [lonrparuna-Kyparoeckoro.

1 sran. BeckoHeuHOCTH paHra IJIAHAPHOCTH MHOT00Opa3us MMOJIYTPYIIT
¢ HYJIeBBIM YMHOYKEHWEM, MOPOXKIaeMoe moJyrpynmoii Na, mokasana B |3,
Teopema 57|. Tam ke yKazaH paHr ITAHADHOCTH MHOT00Opasusi BeexX abe-
JIEBBIX TPYIIT SKCIOHEHTHI TPHU, paBHBLL 7, (var Z3) = 1. lanee, Tak Kak
var Yy gBJisieTcss MHOrooOpasneM KOMMYTaTHBHBIX MoHou0B Tuma (1, 1), To
Tz (var Y2) = 3 mo mamusiv u3 |3, Teopema 56|. B xoze noxasarenscrsa |3,
Teopema 63| me TpyaHO 6BLIO yOEIUTHCS B TOM, 94TO OCHOBa rpada Kaomm
CBOOOTHON N-TTOPOXKAEHHONW MOMYyTPYINBl MHOT00Opasus var Lo V var Yo,
33/1aBACMOTO TOXKIECTBOM Ry = (o B obozmauenmsix u3 |3, Teopema 63,
Puc.3], uzomopdua obbepnuennto n komuit (n — 1)-mepHoro Ky6a, mosromy
rz(var Lo Vvar Ya) = 4. Tak kak var Ya V var Zg sBJg€TCsl MHOT0OOOpas3u-
eM KOMMYTaTHBHbIX MOHOW0B Tuna (1, 2), To rp (var Yo V var Zs) = 2 no
nanusiM 13 |3, Teopema 56].

Ncnonbays passutslii B [4] nHCTpyMeHTapHii MOKHO yHeUTHCS B TOM, 94TO
ocroBa rpada Kamm cBoboHO TOTyTpyTTiEl MEOTOOOpasust var L} ssiser-
Csl AIUKINIeCKUM TpadoM, TO €CTh JIECOM, CAeI0BATEILHO, OYAeT ILIaHap-
Ha, OTHOCHUTEIBHO JTI0HOT0 4Ync/ia, CBOOOAHBIM 0OPa3yIONUX U T'x (Var L%) =
= 00. B camom geme, KOIWIECTBO JEMEHTOB B N-TIOPOXKIEHHONW CBODOOI-
HOfi TIOJIyTpyTIITe MHOr0OOpasus var L wHaykTusHO BHIUmCAsIETCS 110 (HOP-
myse n+n(n—1)4+nn—-1)n-2)+..+nn-1)-...-3-2+nl =
=il ipi=el(l+n, 1)-1=-1+ ef” %dt U CKJI3IbIBAETCS
U3 CJAeAYIONINX CJAAraeMbIX: TEPBBIE 1 3JEMEHTOB 3T0 00pasyroIme, CJI0Ba
AAUHBI 1, KOTOpBIE MOXKHO PACTIONIOXKWTH Ha (-ypOBHE JIEPEBHEB JI€CA, BHI-
OpaB UX B KQUECTBE KOPHEBBIX BEPIITHH; C KAXKIBIM U3 N 00Pa3yIONINX B CHITY
ToxecTs Hasucroro Habopa {r? ~ x, ryr ~ 1y} cMexmo o (n— 1) BepmmH,
CJIOBA, JITMHBL 2, KOTOPBIE PACIIOJIOKATCA Ha 1-ypOBHE JI€PEBBER, 9T0 (POPMU-
pyer ciaraemoe n(n — 1); n Tak majsee, HA KAXKJIOM IIOCIEAYIONIEM YDOBHE
KaXKJIOTO JIePeBa Y KaXKJIOH BEPIIUHBI PACIOIATAETCS JIOYEPHUX BEPIINH HA,
€JINHUITY MEHbIIEe, YeM ObLJIO OTOMKOB Ha npeibiiayiinem yposue. [Ipu sTom,
BANUKJINBAHUS MEXKIYy VPOBHEH W CKJIEWBAHUS PA3HBIX BEPININH HA OHOM
YPOBHE WMCKJIFOUEHBI, TaK KAK TOXKJIECTBA, BBHITIOJHSIEMBIE B paccMaTpUBae-
MOM MHOT006pa3uu, MOTYT YKOPAUMBATEL CJIOBA JWUINb HA, OJAUH CUMBOJI, CTO-
AUl B Havasie cyioBa. B 6eckoHeUHOCTH paHTa TJIaHAPHOCTH MHOTO0Dpa3ust
var Lo V var Ng MOXKHO yOeauThcs aHaJIOTHYHBIM criocoboMm. OCHOBa Tpa-
da Kaau coboanoit monyrpynnsl MuOTO0Opa3us var Lo V var No aBiisiercs
AIIKJITIECKIM TPpacoM, TO eCTh JIECOM, B KOTopoM n+n? = n(n+1) sepomn
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n 00PA3YIOIIIX U3 KOTOPBIX PACIOJIOKEHBI Ha (-yPOBHE JIEPEBBHEB, a KAXK 1A
u3 BepinH (-ypOBHH COEJIMHEHA C 7 BUCAYMMU BEPIIMHAMU 1-ypOBH, SB-
JISTIOIIAMUCS CJIOBAMU JIIMHBI 2, CJIEOBATEIBHO, I'yr (var Lo V var Np) = oo.
Hakomnertr, 6ecKOHEIHOCTb PAHTa IAHAPHOCTH MHOT00OOPA3Mst MOTYTPYIII Jie-
BBIX HyJeil r, (var Lg) = oo ymoMmstHyTa mpu jgokasarenscrse |3, Teopema
63].

2 stam. [Lmockas ykiaka ocaoBel rpada Kanu 3-nmopoxkieaHoii cBobo1HOi
HOJIyTpyMIiel MHOTOOOpasus var Ny = var{xyz ~ hkt,xy ~ yx} npencranie-
uHa Ha Puc.l cnesa. Ilnockas yxiajsika ocHoBsl rpada Kanm 3-nopoxpentoit
cBOGOTHOM TIOTYTPY I MEOT006pasus var NoVvar Ya = var{z?y ~ xy, vy ~
~ yx} mpencrasieHa Ha Puc.2 ciesa. Iliockast ykiiaka ocaoBsl rpada Kamm
3-TIOPOZK IeHHOI CBOGOIHOI TIOMYTPY LI MEOT006pasns var C = var{zy? ~
~ xy,r%y? ~ y*x?} mpencrasinena ma Puc.3 ciesa. [Laockas ykmaaka oc-
HOBBI rpada Kasu 2-mopoxk1eHHoi cBOOOIHOIM TIOJIYTPYIIITbl MHOTOOOPa3ust
var N} = var{z® ~ 22, 2y ~ yx} npencrapiena wa Puc.4 ciesa. [Liockas
YKJIaJiKa OCHOBBI rpada Kaju 2-nopoxk qeHHoi cBOOOMHOM T0OJIyTPYIIIbI MHO-
roo6pazust var No V var Zy = var{zr?yz ~ yz,xy ~ yr} npejcrapiena Ha
Puc.5 ceBa. 3aMeTHM TIOMYTHO, 9TO W3 TOKIECTR CUCTeMbl {12yz ~ yz, 1y ~
~ YT} BHITEKAeT TOXIECTBO T2 A Y2, KOTOPOE HCIOTH3yeTCs TP MTOCTPOSHNH]
ocrossl Tpacda Kamm ma Puc.5. B camowm mere, y? ~ 22y? ~ y%a? ~ 2.

3 sram. Iloarpad ocuorwr rpacda Koau 4-nmopoxgentoit cBoOOAHON TOITY-
rpynnbsl MHOTOOOpasus var Ny = var{zyz ~ hkt,zy ~ yx} upejacrapien
ua Puc.1 cnpasa. [loarpad ocuosser rpada Kamm 4-mopox tennoit cBOOOIHOI
noTyTpy sl MEOT00Gpasust var NV var Yo = var{z?y ~ zy, vy ~ yx} npes-
crasyien na Puc.2 cupasa. [loarpad ocuoswbr rpada Kamu 4-mopoxmennoit
cBOGOJHOM TOTYTPYTITIBl MHOTOOBpaszus var C' = var{zy? ~ zy, 2%y? ~ y*2?}
npeacrasiex Ha Puc.3 cupasa. Ilogarpad ocuossl rpada Kanu 3-moposx erHoi
CBOGOJHOM TIOJTYTPYIITBI MHOTOOOpasust var Ny = var{z? ~ 22, zy ~ yx}
upezcrasie ua Puc.4 cupasa. Ilonrpad ocrossi rpada Kasiu 3-niopoxk rennoii
cBOGO O 101y TPy LIl MHOrO0Opasus var No\/var Zy = var{z?yz ~ yz, vy ~
~ yx} npexacrasien Ha Puc.5 cmpasa. Iloarpad ocuoswl rpada Kamm 2-
MOPOXKIEHHON CBOOOIHON MOJYTPYyNNnbl MHOT00Opasus Ss MpeicTaB/JeH Ha
Puc.6.

a a®

ac ch \“/ I;d
N

b b ac
Puc. 1. Tlnockas yknagka rpada
SCay(Fs(var N3),{a,b,c}) u moarpad rpacda
SCay(Fs(var N3),{a,b,c,d}), romeomopdustit rpady K33

Yro u TpeboBasoch JOKA3ATH. (|
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a a? b

ol
PN

ab ac ad

Puc. 2. Tlnockas ykaagka rpada
SCay(Fs(var Ny V var Y2),{a,b,c}) u nogrpad
rpada SCay(Fy(var No V var Y), {a, b, c,d}),
romeomopdubit rpady K33

Puc. 3. Tlnockas yknagka rpada
SCay(Fs(var C),{a,b,c}) n nogrpad rpada
SCay(Fy(var C),{a,b,c,d}), romeomopduniii rpady Ks

Puc. 4. Ilnockas ykramka rpacda SCay(Fy(var Ni),{a,b})
u noprpad rpada SCay(F3(var N;), {a,b,c}),
romeomopduelit rpady K33

Taxk KaKk B MCXOAHOM CITCKE TOMYTPYIIIBI TIPEICTABICHB ¢ TOTHOCTHIO
710 anTur30Mopdu3ma (TPAHCIOHMPOBAHUSA TAOJIUIBl YMHOXKEHUS ), TO PAC-
CMOTPHUM TelepPb BOLPOC IiaHapHocTu Jiesblx rpados Kaju rex ke mosy-
rpyui. Torja Oyjer yureno MHOrooOpa3ue HoJyIpylIill HPaBbIX HYyJIER 1 JApy-
r're OCTABINNECS He PACCMOTDPEHHBIMU MHOT0OO0DA3HSI.

Hnst Beskoit mostyrpynnet S depe3 S 0003HAUUM JBOMCTBEHHYIO IOJIY-
rpynmny, antuuzoMopduyio noayrpynmne S. To ecTs Takyo, YTO CyIIECTBYeT

OuekTHBHOE oTOOpaxkenue ¢ : S — S, YIOBAETBOPSIONIEE TOXKIECTBY aHTH-

romMomopdmama Vo, y € S : ¢ (zy) = ¢(y)e(x). dcno, aro S = (<§)
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a a a3 b
az A ab be
@ ‘
a3 ab a? ac
Puc. 5. Tlnockas ykaagka rpada
SCay(Fy(var Ny V var Zsg),{a,b}) u nogrpad rpada

SCay(Fs(var No V var Zs),{a,b,c}),
romeomopuelit rpady K33

a®bh? a’b aba

Puc. 6. Tloarpad rpada SCay(F»(Ss3),{a,b}),
romeomopdubit rpady K33

B wacrtmoctn, fn = (l1,l2,...,ln | xzy = y) = R, — nosyrpymuia mpasbix
HyJIel IOPAKa 1.
Teopema 2.
- (Var ﬁg) = o0;
- (Var E) = 4;
(Var ﬁd> (Var F V var ?) =Tr (var Z) =

6) = 1y (var By vvar £5) = 3
re (var N ) = e (var $5vvar 22 =, (var f) _

=Tr (var E V var ﬁg) =Tr (Var ﬁg V var Z) =
Tr <Var Z,) =Tr (g) =1.

Hoxaszameavemeo. B mepByto ouepens OTMETUM, UTO [IJIsT BEIYUCTICHUS DaH-
ra IJIAHAPHOCTH MHOTO00Pa3usi, COCTOSINEr0 U3 TOIYyTPYII TBOMCTBEHHBIX K
OJIyTPYIIIaM HEKOTOPOTO MHOT000Opa3usi, MOYKHO BMeCTO paBoro rpada Ks-
Jin cTpouTh JieBblit Tpad Kamu cBobogHON MOTyrpyInbl HCXOTHOTO MHOT000-
pasus MOCTIeI0BATEBHO YBeJIUIUBAA KOJHUECTBO 00Pa3yIOIUX 3JEMEHTOB.
[IpunnMas BO BHMMaHHE TOT (PaKT, 9TO B KOMMYTATHBHOM CIydae JI€BLIH

=Tr | Vi

&
=
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rpad Kasmn coBnagaer ¢ mpaBbiM, cpa3y OIPUXOIUM K BBLIBOILY: T'r (var ﬁg) =
=1y (var Ny) = 00; 7 (var m) =rp (var N3) = 3; (Var ﬁg V var Z) =
= rp (var Ny Vvar Ys) = 3; rp (Var <}72> =rp(var Yo) = 3; (Var ]@) =
= r; (var N21) =2, 1 <var E V var %) = rg(var Yo Vvar Zy) = 2;
Tr (Var ﬁg V var %) = rqx(var Ny Vvar Zy) = 2; Tr (Var Zg) =

= rp(var Zz) = 1, — Tak Kak [OEpeUnucIeHHbIE MHOTOOOPa3ust KOMMYTATHB-
HBI. 3aMETHM, K TAKOMY K€ PEe3YJIbTAaTy MOXKHO HMPUUTH eCju NeperncaTh
BCE CJIOBA MMEIOIIUXCS TOXKJECTB B 00paTHON ImocjenoBaTeqbHOCTH OYKB 1
CTPOUTH MpaBbie Tpadbl Kajin cBOOOIHBIX MOJIYTPYIII ONPEIETSEMbIX Oy~
YUBIIUMUCS TOXKJIECTBAMU MHOTO00Da3uit.

e
Hoxaxem, aro r, (var C') = r (var C) = 3. B camom nene, miockas

yKJIaJKa OCHOBBI jieBoro rpada Ksmm moayrpynmer Fi(var C) mpesgcras-
ngena Ha Puc.7, a romeomopdusrii rpady K33 moarpad B OCHOBE JIeBOTO
rpada Ksnu momyrpynner Fy(var C), uzomopduoro npasomy rpady Kamu

47-3;1eMeHTHOM nBOlicTBeHHON mosyrpynnel Fy(var C'), cocrout u3 ciemy-
FOIUX TIOTIAPHO HE TTEPECEKAIOIIXCST MapIIPYTOB MEXKAY BEPIINHAMUA MHO-
xects {a,a?,b} u {ca,ba,da}: a— ca; a—ba; a—da; a® — ca; a® —ba; a® — da;
b—cb—acb—bc—c—ac—aca—ca; b—ab—aba—ba; b—db— adb—bd—d—
—ad — ada — da.

Puc. 7. Tlnockas ykaamka oCHOBBI jieBoro rpada Kam
nosyrpyunel Fz(var C')

JokazkeM Tenepb, 4To Ty (Var fg V var <Y_'2> =ry(var Ly Vvar Yy) — 1 =

= 3. B camowm perne, miockas yKJaa Ka 0CHOBBI 1eBoro rpada Kaau momryrpym-
ust F5(var Lo Vvar Ys) npeacrasiena na Puc.8, a romeomopdustii rpady K3 3
noarpad B ocaose siesoro rpada Ksmm nonyrpynner Fy(var Lo Vvar Y3), uso-
mopduoro npasomy rpady Keam 32-smemenTtHo 1BOCTBEHHOM Oy TDYIIIIBI
Fy(var Lo V var Y3), COCTOUT U3 CJIEAYIONIMX TOMAPHO HE TE€PECEKAFOITIX-
cs1 MapIIPyTOB MeKJy BepInHaMu MHOXKecTB {ab, ba,bca} u {ca,cba,dba}:
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ab—b—cb—bc—c—ac— ca; ab— cba; ab— dba; ba — a — ca; ba — cba; ba — dba;
bca — ca; bea — cba; bea — deba — cdba — dba.

Puc. 8. Ilnockas ykiajika ocHOBBI JieBoro rpada Kaan
nosyrpymmel Fy(var Lo V var Ys)

%
AmnajsornaupiM  06pa3oM  TOKaXKeM W PABEHCTBA T (var L%) =

=Tz (Var E V var ﬁg) = 2. B camowm gese, maockasd yKJIaIKA OCHOB JIEBBIX

rpacbos Kaymu noyrpymme Fy(var L)) w omyrpynmsr Fp(var Lo V var Np)
upejcrasiena Ha Puc.9, a romeomopdusniil rpady K33 noarpad B ocHOBe
nesoro rpada Ko momyrpynmsr Fi(var L), msomopdmroro mpasomy rpady

Ko 15-3memenTHoft mBoficTBenHON momyrpymmbr Fi(var L), coctout m3
CIIEJIYIOIIMX TIOMIAPHO HE TIEPECEKAIOINTUXCS MaPIIPYTOB MEMXKY BEPITHHAMEI
muOKecTB {ca, cab, cba} u {ba, ca,acb}: ca —a— ba; ca — bca; ca — ac — ¢ —
—bc—cb—ach; cab—ab—ba; cab—bca; cab—acb; cba—ba; cba—bca; cba—ach. B
CBOIO 09epesh, romeomopdnslii rpady K3 3 moarpad B ocHOBe JieBoro rpada
Koy mosryrpynmer F(var Lo Vvar Na), nuzomopduoro npasomy rpady Kaau
12-s1emenTHO JBOficTBEHHOM TosTyrpytbl Fi(var Lo V var Na), coctout n3s
CIIEJIYIOIIMX TIOTIAPHO HE TIEPECEKAIOINTUXCS MapPIIPYTOB MEXKY BEPITHHAMEI
mHOMKeCTB {a,ab, ac} w {a?, ba,ca}: a — a?; a — ba; a — ca; ab — a®; ab — ba;
ab — ca; ac — a*; ac — ba; ac — ca.

bZ

ba ab a 4b

Puc. 9. Ilnockasa ykiaamka
ocHOB JieBoro rpada Ksmm noxyrpymm
Fy(var LY) [cnesa] m Fy(var Ly V var No) [ciipasal

Tot daxT, 4To paHT MIAHAPHOCTH MHOTO0Opa3Us MOJIYIPYIIN TPABBIX HY-
Jieli paBeH deThipeM m3BecTeH maBHO [3, Teopema 63]. Ocraercs 3aMeTuTh,
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9TO T (§3> = 7 (S3) = 1 nmoromy, uro romeomopduslii rpady K33 mox-
rpad B ocHOBe JieBoro rpada Ko moxyrpymmer Fo(S3), nzomopdHOro mpa-

oMy rpady Ksnu gpoiicreennoit mogyrpynmer Fh(var S3), COCTOMT aHAJIO-
TUYHO TPEICTABIEHHOMY Ha Puc.6 U3 cegyonmx  momapHo He Mepeceka-
IONMUXCS  MApIIPYTOB MeXKIy BepIImHAME MHOXKecTB {a?, aba?,b’a’} u
{b%a3,ba?, aba}: a® — a® —ba® — b?a®; a® — ba?; a® — a — ba — aba; aba® — ba?;
aba® — ba?; aba® — aba; b%a® — ab’a® — ab’a® — b?a?; b%a® — ba?; b*a?® — aba.

Yro u TpeboBasoCch JOKA3ATH. U

Caencrsue 1. Pane naanaprocmu MHo2006pa3UA NOPOAHCICHHO20 NOAYLPYN-
NaMU MPembezo nopadra Aubo He NPesuuaem 4, subo beckoneuen, 6 nocied-
HEM CAYHGE FTO MH02000DA3UEC NPUHAOAEAHCUTN, MHOHCECTNEY:

{var Ny, var Ly, var Ly V var Nj,var L%}

4 3akJjroudyeHue

PesynpraTsl crarbn nporin anpobaruio Ha KoHdepennnu « Komburaropao-
BBIYUC/IUTETbHBIE METO/bI aaredpbl U jorukus», 15 urosd - 19 urosns, 2024,
Owmck, Poccus, mposomnmoit 8 OmckoM mayumom tentpe CO PAH u mo-
cBammentoi maMaru B.A. PomanbkoBa, pamee UCCIETOBABIIETO PETYIISPHBIE
samorernst Tockoctn rpadgamu Kaan rpymm [5].
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