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1. Introduction

Let A be an associative algebra over a field K, and denote the product in A by
a -b. One can attach to A a Lie algebra, denoted by A=), by considering the usual
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Lie bracket [a,b] = a-b — b -a on the vector space of A. If the characteristic of K is
different from 2, one may consider the symmetric (or Jordan) product a o b = (1/2)(a -
b+b-a), and this makes the vector space A a Jordan algebra denoted by A) | The well
known Poincaré-Birkhoff-Witt theorem asserts that every Lie algebra is a subalgebra
of some A(™). In the case of Jordan algebras there is no analogue of the PBW theorem.
A Jordan algebra which is a subalgebra of some A(*) is called special, and it is exceptional
otherwise. There exist exceptional Jordan algebras; the “smallest” example being the 27-
dimensional Albert algebra. We shall not need here very many deep facts and results from
the theory of Jordan algebras; the interested readers could find a wealth of information
in the monographs by Jacobson [15], and by McCrimmon [23].

Let X be an infinite countable set, X = {x1,x2,...}, and let A(X) and J(X) stand
for the free associative and for the free Jordan algebra, freely generated over K by the set
X. Thus if A is an arbitrary associative algebra and a; € A then there exists a unique
homomorphism ¢: A(X) — A such that ¢(x;) = a; for every i, and analogously for
J(X) and an arbitrary Jordan algebra J. One can interpret A(X) as the vector space
over K with a basis consisting of all (associative) monomials in the z;, and a product
defined on the monomials by juxtaposition. The elements of A(X) are called polynomials
(associative albeit non-commutative). There is no such transparent description of J(X);
in fact a major open problem is describing a basis of the vector space of J(X). Recall
here that J(X) is exceptional whenever |X| > 2. As in the associative case we shall call
the elements of J(X) polynomials as well.

In this paper we study polynomial identities in Jordan algebras. We recall that f =
f(z1,...,2,) € J(X) is a polynomial identity (or simply an identity) for the Jordan
algebra J whenever f(a1,...,a,) =0 for every a; € J. In other words f lies in the kernel
of each homomorphism ¢: J(X) — J. Likewise one defines identities for associative
algebras. The set of all identities satisfied by a Jordan algebra J is denoted by T'(J), it
is the T-ideal (or verbal ideal) of J. Clearly it is an ideal; moreover it is closed under
endomorphisms. Every ideal T in J(X) which is closed under endomorphisms is the T-
ideal of some Jordan algebra, for example J(X)/T. We direct the interested readers to
the monograph [9], and to the recent one [2]. Although these two books deal mainly with
associative and Lie algebras the notions we need (as well as their proofs) are essentially
the same in the case of Jordan algebras.

A major problem in the theory of algebras with polynomial identities is describing
a basis of the identities satisfied by a given algebra. Recall that a basis of a T-ideal is
a generating set of it as a T-ideal. This problem has been solved in very few cases. In
the associative case the identities of the Grassmann algebra E are known, see [21], and
[20]. The identities of the matrix algebra of order 2 were described in [25] and [8] (in
characteristic 0), and in [18] (over an infinite field of characteristic p # 2). The identities
of the tensor square E® E are also known in characteristic 0, [24]. Adding to this list the
identities of the algebra UT,, (K) of the upper triangular matrices of order n [22] one gets
a more or less complete list of the associative algebras whose identities are known. Recall
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that the identities of My(K) are not known in case K is infinite and of characteristic 2.
The identities of M3(K) even in characteristic 0 are very far from our reach at present.

Turning to Jordan algebras the situation becomes even less clear. Bases of the iden-
tities of the Jordan algebras of a non-degenerate symmetric bilinear form are known,
see [12] for the finite dimensional case in characteristic 0, and [32] for the general case.
In contrast with the associative case, the identities of UT, (K) considered as a Jordan
algebra, are known only when n < 2, [19].

In 1950, W. Specht [27] posed a problem that has shaped a good part of the develop-
ment of PI theory since then. He asked whether the T-ideals of associative PI algebras
over a field of characteristic 0 are finitely generated. Clearly one may ask a similar ques-
tion for varieties of nonassociative algebras: Lie, Jordan, alternative, and so on. One may
also relax the requirement for the characteristic of the field.

In 1970, Vaughan-Lee proved that for Lie algebras in characteristic 2 the answer to
the Specht problem is negative, [33,34]. Drensky extended this result to Lie algebras over
an infinite field of characteristic p > 2, [7].

Around 1985, Kemer developed a sophisticated theory; it gave a classification of the
T-ideals in the free associative algebra in characteristic 0. As a consequence of this theory
Kemer obtained the positive answer to the Specht problem for associative algebras when
char K = 0, see [16,17]. Later on, by employing and adapting the methods developed
by Kemer, similar results were obtained for ample classes of Lie algebras [14], Jordan
algebras [31], alternative algebras [13]. On the other hand, around 2000, it turned out
that in the case of associative algebras over infinite fields of positive characteristic, the
answer to the Specht problem is negative. The first examples of T-ideals that do not
admit finite bases were given simultaneously and independently in [4,10,26].

The Specht problem can be posed in the setting of graded algebras and the corre-
sponding graded identities, algebras with involution, and so on. Concerning associative
PI algebras over a field of characteristic 0, graded by a finite group, the positive solution
to the Specht problem was obtained in [28,1], and in the f.g. associative involutive case
in [29].

In this paper we study ideals of identities of Jordan algebras. We deal with the iden-
tities of the Jordan algebra UJs = UJy(K), over an arbitrary field of characteristic
different from 2. Let us recall that the identities of U.J5, in characteristic 0, were de-
scribed in [19]. Also in characteristic 0, in [6] it was proved that the T-ideal of U.J,
satisfies the Specht property. In other words, every T-ideal in J(X) that contains T(U Jz)
is finitely generated as T-ideal. More generally, the graded polynomial identities for U J,
were described in [5,19], and its Specht property in [6] when the field has characteris-
tic 0.

Here we exhibit a basis for the T-ideal T'(U.J2) over an arbitrary field (finite or infi-
nite) of characteristic different from 2. This gives a new proof of the main theorem of
[6]. Moreover, we prove that in case K is an infinite field, T'(UJ2) satisfies the Specht

property.
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The methods we employ are combinatorial ones. We consider the case of finite and of
infinite base field K separately, as the proofs in each case are rather different. Finally
we make use of the technique of partially well-ordered sets [11] in order to deduce the
Specht property.

2. Preliminaries

Throughout this paper, unless otherwise stated, K is a field (finite or infinite) with
char(K) # 2. Let UT,, = UT,(K) be the n X n upper triangular matrix algebra over
K. The usual matrix multiplication - in UT,, makes it an associative algebra. Denote by
UlJ, = UJ,(K) the vector space UT,, with the symmetric (or Jordan) product o given
by

uov=(1/2)(u-v+v-u)

where u, v € UT,,. Then UJ, becomes a Jordan algebra. We recall that in this paper we
are dealing with linear Jordan algebras, and that is why we need a field of characteristic
different from 2.

Let e;; be the matrix unit in UJ, whose (i, j)th entry equals 1 and all remaining
entries equal 0. We denote

l=-e11+ew, a=e; —exn, and b=ejn.
Note that {1, a,b} is a basis for the vector space UJ,
aoca=1 and aob=bob=0.

For convenience, if u, v € UJs we will write v ov = uv.

Let X = {x1,22,...} be an infinite countable set of variables. We denote by J(X) the
free Jordan algebra, freely generated by X, over K. If f1, fo, ..., fn € J(X), we use the
following convention:

fifeoo o fo = Filfor - fn) (1)

That is if no inner parentheses are given in a Jordan product it is understood to be
right-normed. Moreover, (f1, fa2, f3) stands for the associator, that is,

(f1, f2, f3) = (frf2) f3 — f1(faf3).

One defines the set Q of the long associators in J(X) as follows. It is the least subset of
J(X) such that for every fi1, fo, f3 € X UQ one has (f1, f2, f3) € Q. When dealing with
long associators, we shall omit the inner parentheses when these are left-normed, that is



D.J. Gongalves et al. / Journal of Algebra 593 (2022) 477-506 481

(f1, f2s f3s fas ooy ) = ((f1, f2s £3), fay -5 )

when n is odd. Moreover, if z;,,2;,,%i,...,2;,, € X and n > 3 is odd, then
(Tiys Tigy Tig, - - -, X4, ) is called regular associator.
Note that
(w,v,u) = —(u,v,w) and (v,u,w)= (u,v,w)— (u,w,v). (2)

If W C J(X), we denote by (W) the T-ideal of J(X) generated by W. We recall that
an ideal I of J(X) is a T-ideal if it is closed under all endomorphisms of J(X). It is well
known that [ is a T-ideal if and only if it coincides with the ideal of all identities of some
Jordan algebra over K.

If f € J(X) we denote by deg f its degree. If w € X is a variable (that is a free
generator of J(X)) we denote by deg,, f the degree of f with respect to the variable w.
By using the same argument as in [9, Proposition 4.2.3] we have the following:

Proposition 2.1. Let K be a field (finite or infinite) of char(K) # 2 and with | K| elements.
Let f € J(X), we X, deg,, f = dy, and

where f is the homogeneous component of f with deg,, f@ =i. If d,, < |K| then

<f>T = <f(0)7f(1)7"'7f(dw)>T-

Let K[z1,...,x,] be the free associative and commutative algebra, freely generated
by x1, ..., x,, over K. It is the usual polynomial algebra in the variables x1, ..., x,.
The next lemma is a consequence of [9, Proposition 4.2.3].

Lemma 2.2. Let K be a field (finite or infinite) such that |K| > q. Given [ €
Klxy,...,z,], write

q—1 qg—1
d d
f(xl,...,mn): Z Z >‘(d1 7777 dn)xll---xn",

d1=0 dy,=0

where >\(d17'--7dn) € K. If f(al,'~~,an) =0 fOT every choice Of A1, ..., Qp e K then
Ndy,ondy) =0 for all (dy, ..., dy).

We will use the next lemma in the last section of this paper.
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Lemma 2.3. If p is a prime number and 1 < m < n, then the multinomial coefficients

pt =1
a = 0 (mod
<pm - 17p’",-~-,p’",pm“,~-~,pm“7--.,p"17---7p"1> #0 (modp)
p—1 factors p—1 factors p—1 factors
and
- P —0 (mod
ﬁ - pm pm pm+l pm-i-l pn—l pn—l - (HlO p)
Sy s yeey sy sy
p factors p—1 factors p—1 factors

Proof. Write (p™)! = p™b, where p{b. We recall that

n n n n_ 1
T =

n
where |a] is the integer part of a. Thus,
(p™ —1)! = p~N ",
By writing
(™ = DU P ()P = pMa,
where p { a, it is easily shown that M = N — n. Therefore

_ (" = 1! b
o= (pm — D)I(pml)p—1(pm+ilyp=—1. (pn-1)p—1 g #0 (mod p).

Since

1= (&)
pm

and n > m, it follows that p | 5. The lemma is proved. O
3. Identities of U J2(K)

Let T (U J3) be the T-ideal of UJs = UJy(K), that is the set of all polynomial identities
for UJy(K). In this section we will describe T'(UJ;) for an arbitrary field K such that
char(K) # 2.

Lemma 3.1. Let X; = a;1 + B;a + v;b, where i, Bi, v: € K, 1 = €11 + €22, a = €11 — €22
and b=eo. If n > 1, then
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a) (X1,X2,X3,..., Xons1) = [(=1)""(B1vs — 7183) 828485 - - - Bons1]b;
b) Xy Xm(XiuXiz? sy i2n+1) = [(_1)n—1a1 T am(ﬂifyis - ’yilﬂis)BQBMﬁ% T
Bi2n+l]b'

Proof. a) We prove the lemma by induction on n. A direct verification shows that

Bz 0 0O
(X1, X2, X3) =[(B1y3 —mB3)P2lb=det | O B =~ |0
0 B3 73

Thus, the case n =1 is done. By the induction hypothesis it follows that

(X17 ey X2n+1) - ((X17 ey X2n71)7 X2naX2n+1)

ﬂQn 0 0
=det| 0 0 (=1)"2(B1ys — 7163)B2Ba - Bon—1 | b
0  font1 Y2n+1

= (=" (B3 — 7183)B2B1 -+ - Bans1b.

b) Using the equalities ab = bb = 0, together with item a), we obtain the desired
equality. O

Notation 3.2. Let I be the T-ideal of J(X) generated by the polynomials

T(x1, 22,23, 24) = (T122, T3, Ta) — T1(T2, T3, Ta) — T2(T1, T3, T4), (3)
($1,<$27$37$4),$5), (4)
(371,962,963)(3?4,965,376)- (5)

Define the equivalence relation = on J(X) as follows: if f, g € J(X) then
f=g ifandonlyif f+I=g+1.
Lemma 3.3. If I is the T-ideal defined above, then I C T'(UJs).

Proof. By applying Lemma 3.1, we can prove that the three generators of I are polyno-
mial identities for UJy. O

Lemma 3.4. The following equivalences hold in J(X):

a) (x1@2,x3,24) = (21,23, 24)T2 + (T2, 3, T4)T1;
b) (x3, x4, x1272) = (X3, T4, 1)T2 + (T3, T4, T2)T1;
c) (z3, 2122, 24) = (T3, 21, 24)22 + (T3, T2, T4)T1.
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Proof. Since T'(z1,x9,x3,24) € I we obtain T(z1,x2,x3,24) = 0, that is

(X122, 3, x4) = (21, X3, Ta)T2 + (T2, T3, Ta)T1.

This proves the statement of (a).

By (2) we have (a3, x4, 2122) = — (2122, 24, 23). Now we use (a) and then (2) in order
to deduce (b).

By (2) we have

(23, 2122, ¥4) = (T122, T3, T4) — (122, Ta, T3).
Now we apply (a) and afterwards (2) in order to obtain (¢). O

Recall the convention (1): all Jordan products without parentheses are supposed to
be right-normed. We also remember that if z;,, zi,, Zi,, ..., 2;, € X and n > 3 is odd,
then

(xiuwizv‘ria? cee 7$in)
is called regular associator.

Lemma 3.5. If h € {(x1,72,23))7 then h+ I is a linear combination of elements of the
form fg+ 1 where f € J(X) and g is a regular associator.

Proof. If h € ((x1,72,73))T, then it is a linear combination of elements
mlmQ"'mt(u7an)7 (6)

where my, ..., my, u, v, w € J(X) are monomials.
Claim 1. h + I is a linear combination of elements

mimg - -myf + 1, (7)

where mq, ma, ..., my € J(X) are monomials, and f € J(X) is a regular associator.
Proof of Claim 1. By applying Lemma 3.4 several times to (u,v,w) of Eq. (6), we have
the claim.

Therefore, in order to prove the lemma it is sufficient to suppose h + I is as in (7).

Claim 2. Let mq, ..., m; be monomials with degmj +---+degm; = n. If f is a regular
associator then mims - -myf + I is a linear combination of elements mg + I, where m
is a monomial with degm < n and g is a regular associator.
Proof of Claim 2. We shall prove the claim by using induction in n. The case n = 1
is trivial. Suppose n > 2. By applying the induction hypothesis on mo---m:f + I we
obtain that mims - --mysf + I is a linear combination of elements mymg+ I, where m is
a monomial with degm < degms + - -+ + degm; and g is a regular associator.
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Thus, for a polinomial mimg + I as above we have
degmi + degm < degmy + degms + - - - + degm; = n.

If degmy 4+ degm < n then by using once again the induction hypothesis we have the
claim. If degmi + degm = n then

mimg = (mlm)g - (m17 m, g) = (mlm)g + (g7m7 ml)' (8)
By Lemma 3.4 we have that (g,m,m;) + I is a linear combination of elements
m} ---mLg’ + I where m}, ..., m/ are monomials with degm} + --- 4+ degm, <n —2
and ¢’ is a regular associator. By applying the induction hypothesis to m} ---mlg + I

we have by (8) that the claim is proved.
By Claim 1 and Claim 2 the proof is complete. 0O

Lemma 3.6. Ify1, ..., y¢ € X then
(z1(y1,92,93)) (Y2, Y5, y6) = 0.
Proof. Since
(x1, (29, 23,24),x5) and (z1, 2, x3)(24, T5, Te)
belong to I, we have
(21(Y1, Y2, 93)) (Y4, Y5, Y6) = 21((Y1, Y2, ¥3) (Y2, Y5, Y6)) + (21, (Y1, Y2, ¥3), (Y4, Y5, Y6)) = 0
as desired. O

Notation 3.7. Let g = g(21,...,2,) € J(X) be the monomial with deg,. g = d;, defined
by

g:xl...xlxz...xz...xn...mn.
We denote g by
dy,.d> dn

gle .'172 R/

Lemma 3.8. The quotient vector space ((x1,x2,23))T /I is spanned by the set of all poly-
nomials

(@]t - aym ) (T, gy ooy Tigyyy ) + 1,

where n > 0, a; > 0 for every i and k > 1.
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Proof. If g € {(x1,22,23))" then by Lemma 3.5 we have that g+1 is a linear combination
of elements of the form mh + I where m € J(X) is a monomial and h is a regular
associator.

Claim 1. If m = m(z1,...,2,) € J(X) is a monomial of multidegree (b1, ...,b,) and h
is a regular associator then

mh = (2% ---zl)h.
Proof of Claim 1. We have m = %" - - a» + h, for some h € ((21, %, 23))7. Thus
mh = (2% - 2% + h)h = (2% - 2% )h + hh.
By Lemmas 3.5 and 3.6 it follows that hh € I and so
mh = (% - zP)h.

The claim is proved.
By Claim 1 we have that g 4+ I is a linear combination of the desired elements and
the lemma is proved. O

The next lemma was proved in [19, Lemmas 16, 17]; we include it here for the sake
of completeness.

Lemma 3.9. If y1, y2 € X and o € Sym(3) then

(yla To(1), Y25 To(2), xo(?;)) = (yl; T1,Y2,T2, .133).

Proof. It suffices to prove that

a) (Y1, 71, Y2, T2, 73) = (Y1, 71, Y2, T3, T2);
b) (yl,z1,y2,x2,x3) = (yla$2ay27$37$1)~

By (2) and (x1, (z2,z3,24),25) € I, it follows that

(Y1, 71, Y2, T2, 73) =(72, (Y1, 71,Y2), v3) — (T2, 23, (Y1, 21, Y2))
= — (22,23, (y1,21,¥2)) = (Y1, 71, Y2, 73, T2).
Therefore item a) is proved.

Write f = (y1,21,¥92,22,23) — (Y1,22,Y2,%3,21). By definition of associator,
(21, (x2,23,24),x5) € I, and Lemma 3.4, item c), we have the following equivalences:

f= ((y1756171/2)$2)$3 - (yl,whyz)(fﬂzws) - ((y1756271/2)$3)$1 + (y1,x2,y2)(:c3x1)
= ((yl,xl,yg)xg)xg — (y1, z1(z223), y2) + (yh (132373)7?/2)151 - ((9173?2,112)333)3?1
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+ (y1, w2(x371),92) — (Y1, (T371), Y2) 72
= ((y1, 71, y2)w2)w3 + (Y1, (1, 23, T2), y2) + (Y1, T2, Y2)T3)T1 + ((Y1, 23, Y2)T2) 21
- ((91,55273/2)333)301 - ((y17$3ay2)l‘1)3€2 - ((y1,$1,y2)333)x2

((yh Ty, y2)$2)$3 + ((y17$37y2)$2)$1 - ((yl, 3, y2)$1)$2 - ((y17$17y2)$3)332

(w2, (Y1, 71,Y2), 73) + (22, (Y1, 23, Y2), 71) = 0.

The proof of item b), and of the lemma, is complete. O
Lemma 3.10. If y1, y2 € X and o € Sym(2n + 1) then

(Y1, To(1)1 Y2: To(2)s - - -1 To(2nt1)) = (Y1, 1, Y2, T2, - -+, T2n1)
for everyn > 1.

Proof. Let f = (y1,%0(1):Y2: To(2), - - - » To(2n+1))- Note that it is enough to prove

f = (yla Lo(i)1 Y2, To(2)y -+ -y Lo(i—=1)s Lo(1)s Lo(i+1)s - -+ axo(2n+1))7 (9)
for every i = 2, ..., 2n + 1. We will prove this by induction on n. The case n =1 is a
consequence of Lemma 3.9. Suppose n > 2. By the induction hypothesis, (9) holds for
every i = 2, ..., 2n—1. If i = 2n, by the induction hypothesis and Lemma 3.9 we obtain
f = (((yla LTo(1), Y2, Lo (2)y - -+ 73:0(27173)), To(2n—2)» x(r(anl)) a(2n)s Lo(2n+1) )
= (((y1,$0(2n72)7927$a(2)7 e axo(2n73))7x0(1)axa’(2n71)) o(2n)s To(2n+1) )
= (((yla Ts(2n—2)s Y2, Lo(2)y - - - 7550(271—3))7 Ts(2n), f‘CU(2n—1)) Lo(1)) Lo(2n+1) )
= (((yla Lo(2n)r Y25 Lo(2)s - - s zo(2n—3))a Lo(2n—2)5 xa(?n—l)) To(1)) Lo(2n+1) )

If © =2n + 1, by Lemma 3.9 and the latter case it follows that

Y1, T5(1)5 Y2, To(2)5 - - - 7330(27173))7 Lo(2n—2)> xa(anl)) o(2n)s Lo(2n+1)

Y1, To(2n+1) Y2, Lo(2)5 - - - 7xa(2n—3))azo(?n—2)7x0(2n—l)) To(1)s To(2n)

—~ o~~~
<

)
1, Zo(1)5 Y2, Lo(2)s - - - 7%(2%3)), Lo(2n—2)> xa(?nfl)) o(2n+1)> 2n))
)
)

Y1, Lo (2n4+1)5 Y2, Lo (2)5 -+ +» 1'0(271—3))3 Lo(2n—2)) xa(Zn—l)) To(2n)) Lo(1)
The proof is complete. O

Notation 3.11. If f, g € J(X), x € X and d > 1, we denote

(f)gax(d)) = (fvgvxaxa--wx)'
——

d factors
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Lemma 3.12. Let S be the subset of J(X) formed by all polynomials

(a) x?llxgl2 .. m;nn ,

u Su n
(b) (‘r;nlxgm "'x;nn)(xtaxu7xlam7(ts )7x£+f1)7~-~7x£f ));
where my, ..., my > 0;t <wandt <l; sy, ..., S > 0; Sy + Sut1 + -+ Sy, is even;

n > 0. Then the quotient vector space J(X)/I is spanned by the set of all elements h+ I
where h € S.

Proof. If f € J(X) is a monomial, then
f:xclll...xg;" +g

for some g € {(z1, 72, 23))T and a; > 0 for every i.
By Lemma 3.8, Lemma 3.10 and (2) it follows that f + I is a linear combination of
the elements h + I where h € S. O

3.1. Identities of UJy(K), when K is an infinite field

In [19, Theorem 19], the authors described T(UJ2(K)) when K is an infinite field
of char(K) # 2, 3. In this subsection we deal with the remaining case. Since our proof
works for every infinite field K such that char K # 2 we do not consider separately the
case char K = 3 (which was left unsolved in [19]).

Theorem 3.13. Let K be an infinite field of characteristic different from 2. If T(U Jo(K))
is the T-ideal of the polynomial identities for the Jordan algebra UJy(K), then
T(UJ2(K)) is generated, as a T-ideal, by the polynomials

T(x1,72,23,74), (21,(22,73,24),25), and (21,T2,23)(T4,25,76)

Moreover, I = T(UJ2(K)), and the set in Lemma 3.12 forms a basis for the quotient
vector space J(X)/I.

Proof. By Lemma 3.3 we have I C T (U J,).

Let S be the set in Lemma 3.12 and write S = {g+T(UJs) | g € S}. By Lemma 3.12
it follows that J(X)/T(UJ;) = spanS. We shall prove that S is a linearly independent
set. Let

f@r,..on) =Y Ag€T(UR), NEK.
geSs

Since K is an infinite field, by Proposition 2.1 we can suppose that f is a multihomo-
geneous polynomial. Let d = (dy,...,d,) be the multidegree of f(x1,...,2,). In this
case,
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fl@y, .. my) =z adn g
n
+ Z(le o) (Z /\m,l(xh Ty, Tl ‘,1:’8511.)’ xfﬁ‘fl)a . ?x’EIS”))> ,
m =2
fm
where m = (my,...,my), t < u, and t < I; m; + deg,. f, = d; for every i. Since

f(1,...,1) = A1 = 0 we have A = 0. By using the same argument as in [9, Proposition
4.3.3], we obtain

(HT = (fu |m=(m1,...,my), and mq,...,m, > 0)T. (10)

Therefore

n

fm(@e, Teg1, - xn) = Z Ami(Te, T, 21, T ffu),argﬁfl), .. ,xﬁf")) eT(UJ)
1=2

for every m. Fix I > t, X; =a+band X; = a if i # [. Here, a = e1; — €22 and b = ey5.
By Lemma 3.1 we have

fm(XtaXt-‘,-la e ,Xn) - :l:Am,lb == O7

and so A, ; = 0 as desired.
Since S is a linearly independent set of elements, and I C T(U.J;), by Lemma 3.12 it
follows that I =T(UJz). O

3.2. Identities of UJo(K), when K is a finite field

In this subsection we describe the polynomial identities for UJs when K is a finite
field. Throughout this subsection, K stands for a finite field with |K| = ¢ elements, and
char(K) # 2.

Notation 3.14. Let I’ be the T-ideal of J(X) generated by the polynomials (3), (1), (5)
and

(2§ - )(xz,xg,m), (11)
(w1, 75 — T2, 73), (12)
(zf — )(ffz — Z2), (13)
(1,22, 73,35 V) = (=1)"2" (21,2, 23), (14)
(x17x1,x27x§ 2),xéq71),:v3) - (—1)%1(x1,x3,scgq)) + (w1, 23, 72)+

_(_1) ;1 (mlamlamQ;mg_ 2)7.'173). (15)
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Note that I’ is generated, as a T-ideal, by 8 polynomials, and I C I'.
Lemma 3.15. If I’ is the T-ideal defined above, then I' C T(UJ3).

Proof. Since the multiplicative group K* = (K — {0}, ) is of order ¢ — 1, it follows that
a?™!t =1 for every a € K — {0}. Thus,

a?=a forevery «a€K.
The proof of the lemma is a direct consequence of this fact and Lemma 3.1. O

Lemma 3.16. If n > 0 and y1, ..., yn € X then

(wl,yl : --yn(m;’ - 332),153) and (yl : yn(l‘(f - 371))(96273337334)

belong to I'.

Proof. Write f = (x1,y1 - yn (24 — 22),23) and g = (y1 - - yn (2] — 21)) (22, 23, 24). We

will prove the lemma by induction on n. If n = 0 (that is we have no product of the y;

in the polynomials f and g), then the lemma is a consequence of (11) and (12).
Suppose n > 1. Since I C I, by Lemma 3.4 we obtain

4 _

1 = (z1,y1,23) (Y2 - yn (23 — 22)) + (21,92 - yn (@] — 22), 23)y1 + I'.

By applying the induction hypothesis, we have that f € I’. For the polynomial g, by
definition of associator, we have

g = yl((y2 o yn(xlf - $1))($27$37934)) + (yl,y2 o ‘yn(fﬂtf - 561)7 (552, T3, $4))~

By applying the induction hypothesis again, we have that g € I’ as required. O

Lemma 3.17. The polynomial

—1
(m17x27x37x1(1q+1)) - (_1)%(‘%17%27%371‘471‘4)

belongs to I'.

Proof. By Lemma 3.10 and (14), we have

1)

(g+1) / (g— ’
(xlax25x3ax4 )+I = (.’1,‘17.’1,'47.’1}37.’1}4 ,$2,$4)+I

((—1)%1(x1,x4,x3),x2,x4) + I/

(—1)"7" (21, 29, w3, 24, 24) + I,

and the lemma is proved. O
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Notation 3.18. We denote by A, the set of all elements (ay,...,a,) € Z™ such that:

a) 0<ay,...,a, < 2¢;
b) If a; > q for some i, then a; < q for all j # i.

Lemma 3.19. The quotient vector space J(X)/I' is spanned by the set of all polynomials
g+ I' such that

(a) g=a"xy? -z or
(b) 9= ( plxg2 o ~xf’l")(xt,xu,xl, xg,bsu)’xis—zzrl)? (R 7x£LS”));

where (Mm1,...,Mp) € Ap, 0 < p1,oooypn < ¢, t <, andt < 1; 0 < s, < q—1,
0 < Syt1y---38n < q, and Sy + Syq1 + ...+ Sp s even; and n > 0. Moreover, if u =t
and s, = q— 2, then 0 < s; < q— 1.

Proof. Let f(z1,...,2,) € J(X) be a monomial, we shall prove that f + I’ is a linear
combination of elements g + I’ where g is as in (a) or (b) in the statement.
Claim 1. f + I’ is a linear combination of elements

PP g+ T

where (myq,...,my) € A, and g € (w1, 22, 73))T.
Proof of Claim 1: Denote by H = ((x1,x2,23))T + I'. We have that

JH = oyt 4 H = (@) () - (al) + 1, (16)

where a; > 0 for every i. Since (zf — 2;)(z? —

§— ;) € I' C H we obtain

(x{)(z]) + H = (z])x; + 2i(2§) — x2; + H  and qu +H= 291;?+1 —z2+ H. (17)

Thus, if there exists a; > 2¢ in (16) we can use the second equation of (17) and write
f + H as a linear combination of elements m + H, where m = 2% .. 2t with 0 <
b1,...,bn < 2q. Moreover, if there exist 1 < j < k < n such that b;, by > gin m+ H
then

b b

m.’-H_xl...xj xk... +H—1’1xﬁj_qxzkiqx%’L(xq)(xz)—i—H’

and by the first equation of (17) it follows that

m+ H =z ~~~a:?j_q cahr ~$Z”((x3-):ck+zj(:r2) —zjxg) + H

_ b bj br—q+1 by, b1 bj—q+1 b

b bj—q+1 by —q+1 n
71'11...ij q ...xkk a+ ...IZ +H.
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By applying several times this argument we can suppose that f + H is a linear com-
bination of elements xi"* ---z'" + H, where (mq,...,my) € A,. Therefore f + I’ is
a linear combination of elements z7™* ---z'" + g + I’ where (mq,...,m,) € A, and
g € {(z1,72,23))T as desired.

Claim 2. If g € {(21,22,23))T then g+ I’ is a linear combination of elements

(a2t alr)h 4 T,

where 0 < p; < ¢ for all 4, and h is a regular associator.

Proof of Claim 2: Since I C I’ we have, by Lemma 3.5 that g+ I’ is a linear combination
of elements of the form mh + I', where m € J(X) is a monomial and h is a regular
associator. Denoting by J = ((x1,z2,23))T + (¢ — 21)T it follows that

m+J=al" - alr + ]|

T

where 0 < p; < ¢ for all i. Thus, there exist u € ((z1,22,73))T and 4 € (z{ — 21)T such

that
m =z 2P +u+ 7,
where 0 < p; < q for every i. Therefore, if h is a regular associator we have
mh+ 1" = (2" - 2P )h + uh + uh + I'.

By Lemmas 3.8 and 3.6 it follows that uh € I’, and by Lemma 3.16 we have uh € I'.
Therefore, g + I’ is a linear combination of the elements

(af" -2 )+ T,

where 0 < p; < g and h is a regular associator. Thus Claim 2 is proved.
Claim 3. If h is a regular associator, then h + I’ is a linear combination of elements of

the form
(2, T, 21, m&S“),misﬁ'fl), .. ,:cgf")) + I,
where t <wand t <l,0<s, <q—1,0<Sy41,---,50 <, Sy + Syt1+ ...+ Sp is even,

and n > 0. Moreover, if u =t and s, =q¢—2,then 0 < §; < g — 1.
Proof of Claim 3: If h is a regular associator, then by Lemma 3.10 and by (2) it follows
that

h+1 = (xt,xu,xl,x&s”),xfﬁﬁl),...,ngn)) + I,
where t <w and t <1, Sy, ..., Sp >0, Sy + Sut1 + ...+ Sy, is even, and n > 0. By (14)

and Lemma 3.17, we have
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q—1

(xl,xg,xg,xéqfl)) +1I'=(-1)"= (w1,79,23) + I,

($1,$2,$3,$51q+1)) +1I' = (—1)%1($1,$2,$3,$4(12)) + I

Thus we can suppose 0 < s, < g—1land 0 < sy41,...,5, < q. Moreover, by Lemma 3.10
and (14) once again we obtain

1)

(2)

/ (g— /
(x13m23x37m4 7x5)+I == (1:171"471"37'1"4 3I23x5)+1

(_1)‘1—;1 (x1,{174,$3,{172,l'5) + II

(—1)%1 (21,22, 23,24, 25) + 1.

Thus, we can suppose 0 < Syq1,...,5, < ¢.
Now, if w =t and s, = ¢ — 2, then by (15) we have that
_ _ g=1
(@i o 2 ) + T = (2, @, 2) + (-1) 7 (20,20, 27)

q—1

+ (—1)7(95,5,96,5,96;,x§q72)7xr) + 71,
where r # t, [, because s; < ¢ — 1 and s; < ¢. Since
(@, 2,2 0) + T’ = (24,20, 20,202 J2,) + T,

we can suppose that 0 < s; < ¢ — 1. Therefore, h + I’ is a linear combination of the
desired elements and the proof of the claim is complete.

By Claim 1, Claim 2, and Claim 3 we conclude that f + I’ is a linear combination of
elements g + I’ where the g’s are as in (a) or (b).

The lemma is proved. O

Theorem 3.20. Let K be a finite field with |K| = q elements and characteristic different
from 2. If T(UJy(K)) is the T-ideal of the polynomial identities for the Jordan algebra
UJy(K), then T(UJ2) = I'. Moreover, the set in Lemma 3.19 is a basis for the quotient
vector space J(X)/I'.

Proof. By Lemma 3.15 we have I’ C T(U Jz).

Denote by S’ the set of all polynomials ¢g in Lemma 3.19 (a) and by S” the set of all
polynomials in Lemma 3.19 (b). Let S = 8" US” and S = {g+ T(UJ3) | g € S}. Since
I' CT(UJy), by Lemma 3.19 it follows that J(X)/T(UJy) = spansS.

We shall prove that S is a linearly independent set. Let

fl@r,..mn) =Y Ag €T(UL), A €K.
ges

Write f = f' + f” where
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f = Z g9 and = Z Agg.

ges’ geS”

Denote by UT2Jr = span{ei; + ea,e12}. Since f’(ay,...,a,) = 0 for all a; € UT;r we
conclude that f'(aq,...,a,) =0 for all a; € UTy .
Let * be the involution on the associative algebra UTs defined by:

*
a1 a12 _ a22 A12
0 a92 0 aii ’
Note that the symmetric elements of UT5 form the vector subspace U T; . Moreover, if
u, v € UT, then

UOV=U-V
where - is the usual product of UT5. Thus

f=Ff(xe,...,20) = Z A -t

meA,

where m = (my,...,m,) € A, and \,, € K, is a *polynomial identity for UTs in
case Iy, ..., Tp are symmetric variables. By [30, Lemma 5.8], we obtain A,, = 0 for all
me A,.

In particular,

flay, ... xn) = Z Agg-

QGS”
Denote by

— p1,.p2 P s (su+1) s
9(p,t,u,l,s0,8) = (xl Lo~ - xnn)(xta Layy T, xq(,l, u)a Lyg1 oee- ,1'51, n))a

where p = (p1,...,pn) With 0 < p1,...,p, < qgand s = (Syt1,.-.,8,). Then

n—1 q—3 g—1
f(l’l, cee ,l'n) = Z Z Z Z Z >\(p,t7t,l7st,s)g(p,t7t,l7st,s)

p t=1 1>t 5:=0 (s¢41,...,6,=0)

n—1 q—1 q—2
+ Z Z Z Z Z )‘(p,t,t,l,q—2,s)g(p,t,t,l,q—2,s)

p t=1 1>t (St+1y~~~7§l7'~~:‘9n: )Sl:o

q—1

n—1 q—2
+ Z Z Z Z Z Z )\(p,t,u,l,su,s)g(p,t,u,l,su,s)'

p t=1 1>t u>t $4,=0 (sy41,...,8,=0)
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Let X; = a1+ B;a+;b, where «;, 8;, v; € K, 1 =e11 + €22, a = €11 —eas, and b = eqa.
By Lemma 3.1 we have

F(X1,...,X,) = Bb=0,

WhereB:ZB_paﬁ“ ceabr with p = (p1,...,0n), 0 < p1,...,pn < g, and

p
n—1 q—3 q—1
B. = s¢+1 gSt+1 s
By=) > > Tt 0,505 Byt — BB Byt - B
t=1 1>t $¢=0 (s¢41,...,5,=0)
n—1 qg—1 q—2

+
(]

> S EXta—zis) Ben — BB B - By

t=1 1>t (s441,..,515...,8,=0) 51=0

— q—2 q—1
NN Bt Ben — BB B B

t=1 1>t u>t s,=0 (Su+1,...,sn,:0)

Since B =0, |K| = q and deg,,, B < ¢ for all i, by Lemma 2.2 we have B, =0 for all p.
By using the fact that 3] = 8; we obtain

n—1 q—3 q—1
0=B,= Z Z Z Z i/\(p,t,t,l,st,s) (Bevi — ) tsﬁlﬁirll e By (18)

t=1 1>t s¢=0 (s5¢41,...,5,=0)

q—1

n—1 q—2
+>. > > Epttg2 WBBE - B

t=1 1>t (St41,0:,50,.-.,8n,=0) 51=0

n—l q—1 q—2

2 : q—1 gSt+1 si+1 s
- Z Z FApttlg—2,9Be Bl BT By

t=1 1>t (Sp4150s80,e,8n=0) 51=0

n—1 q—2 g—1
S Y BNt (B — wB)BI T B By

t=1 1>t u>t 5,=0 (Su+17~~~75n:0)

Firstly suppose that 0 < 57 < ¢ — 3. We will show that the coefficients A\, 1,116,
are zeros for all 2 <[ < n and for all s. We have that the homogeneous component M
of B, with degs M = s1 +2 and deg,, M =1is

q—1

M= Z EXNp1 1050, WO 2B - B
(s2,..,5n,=0)

Since degg, B, < q and deg,, B, =1 < q it follows that M is a polynomial identity for
K. Thus, as deg,, M =1 < q and degﬁj M < q for all j, we have by Lemma 2.2 that
Ap,1,10,s1,s) =0 forall 2<1<n,0<s; <qg—3ands.



496 D.J. Gongalves et al. / Journal of Algebra 593 (2022) 477-506

In particular, by (18) we have

n—1 q—3 qg—1
0=B,=> >3 > EXprttsnsBen —wB)B B By (19)

1=2 1>t s¢=0 (s¢41,...,5,=0)

n—1 qg—1 q—2
D0 X F At ta—20 WBBELT - B
t=1 1>t (S¢41,.-,81,..-,8n=0) 51=0
n—1 q—1 q—2
+Y°> > Tttt VB B - BT Ban

t=1 1>t (s¢41,...,51,..,8,=0) s1=0

n—1 q—2 q—1
Y DD S i) (Beve — wB) BB - By

t=1 1>t u>t $4,=0 (sy41,...,8,=0)

Now, we will show that A, 1,1,1,4-2,) = 0 for all [, s. We have that the homogeneous
component M of B_p with degg M = ¢ —1 and deg,, M =1is

n q—1 q—2
M= > Y FAprirezamBl B BB

1=2 (s2,...,51,...,8n=0) 51=0

Since degg, B_p < ¢ and deg,, B_p =1 < ¢ it follows that M is a polynomial identity for
K. Thus, as deg,, M =1 < ¢q and degﬁj M < g for all j, we have by Lemma 2.2 that
>\(p,1,1,l7q—27s) = 0 for all l, S.

In particular, by (19) we have

- ZZZ Z EXptttone) (Bt — BT BE - By (20)

t=2 [>t s;=0 (5f+1 ..... Sn—o)

n—1 q—1 q—2
+ Z Z Z Z i)\(p,t,t,l,q—2,s)715tﬁfr11 e B

12 IS (5415000180 000s80=0) $1=0

n—1 q—1 q—2
0 D X Fheetaz B B B

1=2 1>t (8t41,..-,80,--.,8n,=0) 51=0
n—1 q—2 qg—1
su+1 QSu+1 5
+ E E E E § iA(p,t,u,l,su,s) (5th - %51)@3“ ﬂqu] e ﬁ:;,n~
t=1 I>t u>t $4,=0 (sy41,...,8,=0)

Finally, we will show that A 1,u,s,,s) = 0 for all w > 1,1 > 1, s, and s. The
homogeneous component M of E with degg M =1 and deg, M =1 is

q—2 g—1
M=>"3" 3 EprutesBnBr A B

u>154=0 (5441,...,5,=0)
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Since degg, B_p =1<qand deg,, B_p =1 < q it follows that M is a polynomial identity
for K. Thus, as deg,, M = 1 < g and degﬂj Bpiuisa,s) < q for all j it follows by
Lemma 2.2 that A 1,40,y = 0 forallu > 1,1 >1,0< s, < ¢g—2and 0 <
Sudgls---sSn < q— 1.

By (20) we have

= ZZZ Z EXpttdses) By — wB) BB - By

t=2 I>t sy= 0(5t+17 qn_O)

q—1

n—1 q—2
+y. > Z Xt 1a—2,) BB - B

t=2 1>t (s¢41,...,50,..-,5n,=0) $1=0

t=2 I>t (s441,...,51,

q—

q—1 pSt+1 s+1 s
Z FApttlg—2,9W0  Beih BT B
.y8n,=0) s51=0

n—1 q—2 g—1
NSNS YT Bt Ben — BB B B

t=2 >t u>t s,=0 (sy41,...,5,=0)

By using the same argument in B_p for t =2, ..., n— 1, respectively, we obtain that
Ap,toulse,s) = 0 for all (p,t,u,l, 54, 5).

Therefore, the set S is a basis for the quotient vector space J(X)/T (U Jz). Moreover,
since I' C T(U Js), by Lemma 3.19 we have I' = T(UJy). O

4. Specht property

From now on, K is an infinite field of characteristic p # 2. In this section, we will
prove that T'(U J3) satisfies the Specht property, that is, every T-ideal containing T(U Jz)
is finitely generated as a T-ideal. We note that this result was obtained in [6] in charac-
teristic 0. Our proof is based on a different approach that works in the case of p > 2 as

well.

Notation 4.1. If f(z1,...,2,) = (v1, 71,25, %1,,...,21,), where deg, f = d; > 1 for
every it and ly <l < ... <, we will denote f by

f f(]) )

Lemma 4.2. Let K be an infinite field of char(K) # 2. Let f = f(z1,...,2,) € T(UJ2)
be a polynomial given by

/= Zaj'f(dh dn)’

wherea; € K, 1<di=---=dp=dand2 <m <n.
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(a) If there exists 2 < i < m such that (g + -+ + @j—1 + 20; + 41 + -+ ) # 0,
then

(N +TWT) = (2

.....

(b) If (a4 -+ i1 +20;+ i1+ +apy) =0 forall2 < i <m, thenas = -+ = Q.
In this case,

T
(T +TUT) = <Zf(dh dn)> +T(UJy).

Proof. Suppose d > 2 and m > 3. All remaining cases are analogous to this and we left
them to the reader. For each i = 2, ..., m, denote by v; = v;(x1, ..., 2,) the polynomial

v; = f(Ti, 2,03, ., Ti2, Tim1, T1, T 15 Tit 25+« +, Tr)-
We have the following equalities, modulo T'(U J3):
d— d—
@2 ey L

+Oél(:7)“$l,$1,l' yeeey

m
G (d) (d-1)
+ E o (@, 4,5, ; e s B e, By .

Jj=2
J#i
—2 d—1
:—az(xl,xl,x“xg )..,335 ),...)—i—
m
d—1 d—1 d—1
+Zaj(xi7x1,xj,xg ),...,arg )7...75 ),...).
j=2
i

Note that we used Lemma 3.10 and (2). By (2),

d—2 d—1
vi:—ai(:cl,:cl,xi,xg ),...,E ),..)—i—
m
d—1 d—1 d—1
—Zaj(xl,xj,xi,wg )7...,5 ),...,x; )7...)—|—
j=2
Jj#i
d—1 d—1 d—1
+Zaj(x1,xi,xj,x§ ),...,5 ),...,x; ),...).
=2
G

By Lemma 3.10 we have the following equality, modulo T (U J3):

f—Ui = (Oég—‘y-'"—f—()éi_l +204i+0éi+1+~'~+am)(l‘1,l‘1,l‘i,$gd72),...,.ngil),...). (21)
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If (g + - + i1 + 20 + @jy1 + - + @) # 0 for some i = 2,..., m, then
(AT +TUL) = (f = o) +TUL) = (3, )T +T(UR),

and the lemma is proved.
Suppose (ag + -+ aj—1 +2a; + @41+ -+ ) = 0 for every ¢ = 2, ..., m. In this
case, we obtain the linear system

200 +az + -+ oy, =0
az+2a3 -+ +a; =0
: : (22)
oy +ag+ -+ 20, =0

with coefficient matrix

1 ... 1
2 1

A= )
1 1 2

Note that det A = m.

If ptm, then det A # 0 and ag = -+ - = ay, = 0, which is an absurd.

If p | m, then det A = 0. Since A is a square matrix of size (m — 1) x (m — 1), and has
rank m — 2, it follows that {(1,1,...,1)} is a basis for the vector space of the solutions.
In this case, we obtain the statement of b). O

Theorem 4.3. Let K be an infinite field of char(K) = p > 2. If J is a T-ideal of J(X) such
that T(UJy) C J, then J is generated, as a T-ideal, by T(U J2) and some polynomials of
the form:

1) f((jr)17,,,,prn,)7 where 0 <ry =ro <rzg<---<r, andn > 2; or

m
2) Zf((;,,)‘lw’pm), where 0 <ry = =7 <rpy1 < -<r,,2<m<nandp|m.
i=2

Proof. By (10), it follows that J is generated, as a T-ideal, by T (U J2) and some multi-
homogeneous polynomials of multidegree (dy,...,d,) in the subspace

Span{f((;f,...,dn) |2<j<n}

By using similar arguments as in Theorem 6 from [3, Section 4.2], Lemma 3.10 and (2),
we have that J is generated by T(U.J;) and some multihomogeneous polynomials of
multidegree (p™,...,p"™) in the subspace
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spaun{f(pr1 ooy 255 <n}.

Renaming the variables if necessary, by Lemma 3.10 and (2) we can suppose 0 < 11 <
G S
Let f(x1,...,2,) € J —T(UJ3) given by

f(.’L'h..., Za.]f(pﬁ Tn )

where a; € K for all j, and 0 <7y < ... <7y
Case 1. Suppose m < r; and «; # 0 for some j > 2.
Without loss of generality, we will study the case r; < ro and @y # 0. Write

pr=p2tp—1+p2 2 p—1)+ - +p" T (p—1)+p"p.

By exchanging the variable xo of f(z1,22,...,2,) by a sum of distinct variables in
X —{x1,...,x,}, as below,

7‘277"171 p—l
bt S [zy(m],
=1 =1

we obtain a new polynomial f. Denote by h the multihomogeneous component of f
such that deg, h = p™ if i # 2, deg,, h = p™ if 1 < i < p, degy(i 5 h = pritt if
1<i<ro—ri—1,and 1 <1 <p—1. Write

h:h(xlvylw"ayp?y(1,1)7"'7 Ya,p—1)Y@2,1)s- -5 Y2p-1)s- -1 Y(ra—r1—1,p— 1),.1?3,...,.13“),
and denote
d:(ph’p?j’”.’p'r’l,pn-‘rl"”7p7'1+1,p7"1+27”'7p7"1+27”.’p7"2—1,p7"37 wprn)

By Lemmas 3.10 and 2.3 the polynomial h is equal, modulo T'(UJz), to

p+1
h = Qi (Z fd(l) (5(71’3/1, e Yps Y1)y Y(@2,0)s s Y(ra—ri—1,p—1) s L3y - - - ,In)> )
=2

where the multinomial coefficient

-1
“= <pr1 _1’prl’_._,prlyprlJrl"."prl+17.'.7p’r217._.7pr21> #0.

(p—1) factors (p—1) factors (p—1) factors

By Lemma 4.2 a), it follows that
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FOVT +TUR) = ()T +T(UJ) € ()T +T(UL),

2 2 .
where fd( 4 = fcg )(‘/Ehylw"7yp7y(1,l)7"'uy(2,1)a'"7y(r2—7’1—1,p—1)7$37'"7xn)' In this
case,

NT+TUL) = (f, [T +TUR),

where

Now one can apply the same argument on f and, after several steps, renaming the
variables if necessary, and using Lemma 3.10, one will obtain that

(N +TUJ2) = ()" +T(U),

where F' is a set formed by multihomogeneous polynomials that are linear combination
of elements in item 1) of the statement.
Case 2. Suppose that there is no j > 2 such that r; < r; and o # 0.

In this case, renaming the variables if necessary and using Lemma 3.10, we can suppose

f(x17 e 7xn) = Zajf((;zl,__,7p"'n)’
=2

where 0 <7y = =71p <7pg1 <o <1y, 2 <m < n, and a; # 0 for every j = 2,
, m. By Lemma 4.2, it follows that

(AT +TUL) = (2 )T+ T(UR)

(p™1,...

or

T
(HT+TU ) = <Zf(7) ‘W)> +T(UJ,), and p | m.

In this way we finish the proof of this theorem. 0O

A partially ordered set (P, <) is called a partially well-ordered set if, given an arbitrary
nonempty subset @ of P, there exist q1,...,q, € Q with the following property: if ¢ € Q,
then g; < ¢ for some 1 <i <n.

Partially well-ordered sets were first studied systematically from an algebraic point
of view by Higman [11]. Later on the principal results from [11] have been rediscovered
several times by different authors.
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We need some basic properties of the partially well-ordered sets. We refer the reader
to [3, Chapter 5] for more information and applications to the study of PI algebras.
The next lemma is the corollary to Proposition 4 in [3, Section 5.2].

Lemma 4.4. Let (P1,<1) and (P, <2) be partially well-ordered sets. If P = P; X Ps,
define the relation < on P as follows: if p1, py € P1 and p2, py € P, then

(p1,p2) < (Ph,p) if and only if p1 <1 py and py <3 p).
Then (P, <) is a partially well-ordered set.
The next theorem is a consequence of Theorem 4 in [3, Section 5.2].

Theorem 4.5. Consider the usual order on the positive integers N. Let D(N) denote the
set of all finite sequences (a1, ...,a,) where the components are in N and r > 1. Define
the following order < on D(N): (a1,...,a,) = (b1,...,bs) if and only if there exists an
injection ¢: N — N such that:

(i) ¢ preserves the order, that is, if u < v then ¥(u) < (v);
(i) ¥(r) <'s;
(iii) a; < by for everyi=1, ..., 7.

Then (D(N), <) is a partially well-ordered set.

Theorem 4.6. Let K be an infinite field of char(K) = p > 2. If J is a T-ideal of J(X)
such that T(UJy) C J, then J is finitely generated as a T-ideal.

Proof. Counsider the partially well-ordered set D(N) in Theorem 4.5, and define the
following order < on N x D(N): if [, I’ € N and d, d’ € D(N), then

(I,d) < (I',d’) if and only if I <" and d < d'. (23)
By Lemma 4.4, it follows that N x D(N) is a partially well-ordered set.
If J is a T-ideal of J(X) such that T'(UJz) C J, then by Theorem 4.3 there exist
subsets A, B C J such that
J=T(UJ)+ (AU B)T,
where:

(1) A is formed by some polynomials

@)
Fors



D.J. Gongalves et al. / Journal of Algebra 593 (2022) 477-506 503

with0<r;=ro<rz3<-.--<r,andn > 2.
(2) B is formed by some polynomials

Z T, rny

with0<ri=---=r, <rpy1 < <r,,2<m<mn,and p|m.

Given an element in A, denote

(f(prl )) =@ @ p™).

Note that p™ € N and (p",...,p™) € D(N), that is,

(12 ) €N x D(N),
By Lemma 3.10, it follows that
2 —1)p"t —1)p"t
f((p7)‘1 +1’p7‘1 +1’p7'3 7n) (f(pTl ,pT1,pT3 ... pTn )7 -Tg(p )p )7 xé(p )p ))
modulo T'(UJz), and also

@) S(=Dp")

f(2 =(f ,
pr1l,pTl P it prn) (pm1,p™1,...,p"7,...,p™ )]

.....

modulo T(U.Js). Therefore, by (23), if f, f' € A and n(f) < n(f’), then f' € (f)T +
T(UJy). Since the set N x D(N) is partially well-ordered, it follows that the subset
n(A) = {n(f): f € A} has minimal elements n(f1),...,n(fx) for some f1, ..., fi € A.
Therefore

J=T(UJs) + (fi,.... fu)" +(B)".

Given an element in B, write

m

_ (4)
B pro prm+t . prny = Z f(prl,‘.wprn)’
Jj=2
where 0 <ry = =71, <rpp1 <. <rp, 2<m < n,and p | m. Moreover, denote

6 (h(mm” ;Prm+17~~~xp”L)) = (m7 (prla (p”‘m+17 . 7an)))
Note that m € N and (p™, (p"™+,...,p™)) € N x D(N), that is

g(h(m,p” ,prm“w,prn)) € N x (N x D(N)).
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We define the following order < on N x (N x D(N)): if m, m’, 1, I’ € N and d, d' € D(N),
then

(m, (1,d)) < (m/,(I',d")) if and only if m <m’/, I <I', and d < d'. (24)

By Lemma 4.4, it follows that N x (N x D(N)) is a partially well-ordered set.
As before, we have

Pmpritt prmsa . prn) € <h(m’p” ,p”"“,m,p”l))T +T(UJs),
and also
h(mmrl prmLpi T oy € (P pra 7p7‘mr+1,__.7p7‘j7___7p1'n)>T +T(UJy).

Fix an integer m > 1 such that p | m, and denote by Y the set of all m-tuples below:

(T1,22,23, -+, Tm—1,Tm)s  (T1, T3, Tay -+ oy Ty Tt )y - -+ 5
(1'17 Tp4+2, Tp43y-+- s Tmtp—1, merp)v (xlv Tp+3, Lp+4, Tm+ps $2),
(xl7xp+47xp+5a sy L2, 1‘3), L) ('r17xm+p7x27 sy Tm—2, mm—1)~

Note that Y has m + p — 1 elements. By Lemma 3.10, we have that the element
Rt ppri prm+p+t . pray €quals, modulo T'(U.J3)

1

(p") (p”))
m+p—1 ’

E (h(m,prl ,prm+P+1,...,p7'n)(y17 ey Ymy Tmtptly -y mn)v Yma1s--- 7ym+p
yey

where y = (Y1, ., Ym) €Y, Ymt1 < -+ < Ymp and {Y1, ..., Ymtp} = {Z1, .-, Trmgp}-
In other words

hmeppr prmtets,.pra) € (R pr ,p”"+1’+17~.,prn)>T + T (U J2).

Therefore, by (24), if h, i’ € B and £(h) < &(R') then b/ € (h)T + T(U.J;). Since the set
N x (N x D(N)) is partially well-ordered, it follows that the subset {(B) = {{(h) | h € B}
has minimal elements (h1),...,£(hs) for some hy, ..., hy € B. Therefore

J = T(UJ2) + <f1’ N "fk>T + <h‘17' . '7ht>T7
as desired. O
Now we give another proof of [6, Theorem 15].

Theorem 4.7. Let K be a field of char(K) = 0. If J is a T-ideal of J(X) such that
T(UJ) G J, then
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J = T(UJQ) + <(.’El, L2y L3y vy $m)>T
for some odd integer m > 3. Moreover, J is finitely generated, as a T-ideal.

Proof. Since char(K) = 0 we have that J is generated by its multilinear elements. By
(10), J is generated, as a T-ideal, by T(U J2) and some polynomials

n
f: Zaj(xl»x%xjaxl%"'7@3"'»xn)7
i=2

where a; € K for every j, and n > 3 is an odd integer. By Lemma 4.2, it follows that
(AT +TUT) = (21,22, 23, ..., 7)) + T (U L)
Therefore, if m = min{n | (x1,x2,zs3,...,2,) € J} then
J=T(UJs) + ((z1, 22,23, ...,2m))" .
By Theorem 3.13, it follows that J is finitely generated as a T-ideal. O
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