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Abstract: In this paper the problem of classifying a set of multi-
operations of rank 2 with respect to the parametric closure operator
is considered. A completeness criterion was found and it was shown
that the set of all multioperations contains two parametrically
closed classes.
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1 Bsegeunne

Knaccndukamus — ogHO U3 BaskKHEHININX HAIIPaBICHNH HCCAEIOBAHUE B
TEOPHH IUCKPETHBIX (pyHKINH. OCHOBHOE HAIpaB/IeHHE KIACCH(PUKAIINN CBSsI-
3aHO C OIEPATOPOM CYHEPIIO3UIINA ¥ OCHOBAHO HA IPUHAIICKHOCTH (PYHK-
Uil 3aMKHYTBIM OTHOCHUTEJABbHO CYIEPHO3UIINU MHOXKECTBaM.
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Hapsay ¢ knaccmaecknumn QyHKIMOHATBHBIMEI CUCTEMAMM, B KOTOPBIX OC-
HOBHBIM MHOYKECTBOM $IBJISIETCA MHOKECTBO (DYHKITHH k-3HATHON JTOTUKH, 70~
CTATOYHO JIABHO M3YYAOTCA U (DYHKITHOHAIBHBIE CHCTEMBI, B KOTOPBIX PAC-
CMAaTPUBAOTC 00001TeHus (DYHKIUN k-3HATHON JOTUKU: YacTHIHbIe (DYHK-
AU, TUTIEP- U MYJIbTUMYHKINN — (DYHKIUN, 33JaHHbIE HA KOHETHOM MHO-
)KecTBe A ¥ NMPUHUMAIOIIME B KAYeCTBE CBOUX 3HAYEHWH MOIMHOYKECTBaA (C
HEKOTOPBIMU OIPAHUIEHUSIMU W 0e3) MHOXKecTBa A.

Oprako, A1 GYHKIUH k-3HAUHOH JOTMKH Opu k > 2 KIacCHUKAINA,
OCHOBaHHAs TOJBKO HA CYHEPIO3UINHN, IPUBOIUT K KOHTUHYYMY 3aMKHYTBIX
MHOYKECTB. AHAJOTHYIHBIH PE3yILTAT CIIPABEIINB /I JACTHIHBIX (DYHKITAN
3a/1aBaeMBIX JlayKe Ha 2-X 9JeMEeHTHOM MHOxkecTBe [22]|. Bmpouewm, kak mo-
kazana H. Machida [19], u cyneprniosunus runepdyHKimit #Ha 2-X 3/eMEHTHOM
MHOXKECTBE TaK2Ke MPUBOJIUT K KOHTHHYYMY 3aMKHYTBbIX KjaccoB. Mccie-
noBanus Kiaaccudukaiuil byHKIN, 33/ JaHHBIX Ha KOHEYHOM MHOXKECTBE U
OPUHUMAIOIINX B KAYECTBE CBOMX 3HAYEHU TIOMHOYKECTBA STOI'0 MHOYKECTBA,
(BCce Wi HEKOTOPBIE), OTHOCHTEIBHO OIIEPATOPA CYTEPIO3UIIAN IPEICTABIIe-
uel B [8, 9, 15, 17, 19, 20, 21].

[MombITRY CORPATHTH KOHTHHYATbHBIE KIACCHMUKAIINHN TPHBOIAT K HEOD-
XOAMMOCTH U3yUeHWs OoJiee CHIBHBIX OTepaTopoB 3aMbikanwua. OmaHuM n3
TAKWX SIBJASIETCS OTIEPATOD TapaMeTPUIeCKOTO 3aMBIKAHUSA, TPEITOKEHHbIHT
A.B. Kyszuenosbiv [4]. DTor oneparop nopoxaer 25 napaMeTpudecku 3a-
MKHYTBIX KJIacCOB OyieBbIX (yHKIimii, 2986 napamerpuyiecku 3aMKHYTBIX
kyaccoB yHKimi 3-x 3uagnoit soruku [2, 3]. Ilpu k > 4 koneunocrs 4uc-
Jla TTapaMeTPUIeCcKn 3aMKHYTHIX KJIACCOB MHOXKECTBA (DYHKIMI K-3HATHOMN
aorukn pokasana B [1]. TTogpobHoe omucanne napaMeTpudecKu 3aMKHYTHIX
KJsiaccoB OysieBbix yHKuuit npejcrasiaeso B padore [10].

Ounm w3 pacImpennii OmepaTopa mapaMeTPUIeCKOTO 3aMBIKAHUS SBJIs-
€TCs OMEePATOP TIO3UTUBHOTO 3aMbiKaHusd. VccreoBanms, TOCBATIICHABIE 3TO-
My OIEPATOPY HAJ PAJIAYHBIMU MHOXKECTBAMHU (PYHKIIWIN, TPEICTABICHB! B
paborax [11, 13, 12].

B [6, 5] ugest omepaTopa mapaMeTpuUeCKOTO 3aMBIKAHUsST ObLIa PACIITHPE-
HA Ha MHOXKECTBO TUNEPQYHKINH, 3aJaHHBIX HA JBYX3JEMEHTHOM MHOXKe-
crBe. OKa3aa0Ch, UYTO sI3bIK (POPMYJI, UCIOIb3YEMbIil TTPU TaAPaAMETPUIECKOM
ommMcaHuu, 00JIAJAeT CUJIBHBIMU BBIPA3UTEIBHBIMUA BO3MOXKHOCTSIMHU, KOTO-
pble TIPUBEJIN K TOMY, 9TO 9YUCJIO 3aMKHYTBIX KJIACCOB runepdyHKIINA OKa3a-
JIOCh PaBHO 13, HECMOTPS Ha TO, 9TO MHOXKECTBO OYJIEBBIX (DYHKITUH siBISTETCS
[OJIMHOXKECTBOM MHOXKECTBA BCEX TUIEP(YHKIIHIA.

B coorBercTBHE ¢ anrebpanvuecKuM MOXOJI0M, HAPSIY ¢ TEPMUHAME (da-
CTHYHAS, TUIEDP-, MYJIbTH-) (DYHKIIHS UCIOJb3YIOT U TEPMUHBI (9aCTHIHAS,
rUIep-, MyJIBTH-) omepanus (cM., HampuMep, [18]).

B macrosgmieit pabore moka3bplBaeTCs, YTO HA MHOXKECTBE BCEX MYJIBTHO-
nepanuii panra 2 BbIPA3UTEJbHbIE BO3MOXKHOCTH S3bIKa MapaMeTpHYeCcKO-
[0 OIUCAHUS SBJSIOTCS OY€Hb CUJIBHBIMM, 9TO MPUBOIUT K 2-M 3aMKHYTHIM
KJlaccaM. DTOT pPe3yJibTaT OCTAETCHd HEM3MEHHLIM U IIPHU Iepexoje K I03U-
TUBHOMY 3aMblKanuio [16].
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2 OcHOBHBIE IIOHATUS U omnpeaejJaeHmnd

Mycts By = {0,1} mw oy € Es, i € {1,...,n}, Torma BbIpazkeHue
(a1, g, . . ., () HABBIBAETCS JBOMMHBIM HAOOPOM /I IPOCTO HABOPOM 1 060~
3HAUAETCsT (, & YMCJIO N HA3BIBACTCs JIJIMHON 3Toro Habopa. Ecim jmna
Habopa (¢ sIBHO He yKa3aHa, OHA OlpeieaseTcs no kouTekcry. Habop [ mazo-
BeM TTPOTUBOIOJIOKHBIM HADOPY (v, €CJTU JITUHBI 9TUX HAOOPOB COBIAJAIOT U

Bi = @; (kak 06brano, 0 =1 u 1 = 0) mua Beex i € {1,...,n}. [lng nabopa,
OPOTUBOTIOJIOKHOTO HAOOPY &, Oymem ucmob30BaTh obosuadenue . Habop
(0,...,0) HasbiBAeTCH HysnmeBbIM U 0003HAUaerTcs depes 0, a madop (1,...,1)

— eMHUYHBIM 1 0603HauaeTcs uepe3 1. JIjist mpon3BOIbHOTO KOHETHOTO MHO-
xkecra A uepes |A| 0603HAYNM MOIITHOCTE.

Hnst nesioro mosioxknureabHoro n orobpakenne f : EY — 282 mazosem
N-MECTHON MyJILTHOMEPAIeil panra 2 Win mpocTo MyabTuoneparmeii. Mmo-
JKECTBO BCEX N-MECTHBIX MyJbTHONEpanuii 06o3aaamM Kak M, a MHOKECTBO
BCex MynbTHonepanuit kak M. Oduesnznno, aro M =, My,.

B muOoxkecTBe M BBIIEIUM MHOXKECTBO BCex OyneBbix oneparwii (O) u
MHOXKeCTBO runeponepanuii (H) ciaemyomum 06pasom:

On=A{f|feMyul|f(a) =1 nnascex & € E3'}, O:UO”’

Ho={f | f€Myul|f(a)]>1nanascex &€ By}, H=|]Hn.

IIpu maspueitiem u3a0KeHUM MbI HE OyjieM pPa3anvdaTb MHOXKECTBO U3
OJIHOT'O DJIEMEHTA W JIEMEHT 9TOro muokecrsa. s muoxkecrsa FEo Oyiaem
UCI0J1B30BaTL 0603HAUEHNE «—» (IPOYEPK ), [/ IyCTOrO MHOKECTBA — «*».
ITox «—» 1 «*» ByJaeM TOHUMAaTh TaK¥Ke MYJILTHOTEPAIIA, KOTOPBIE Ha JIHO-
6oM cBoeM HabOpe MPUHUMAIOT 3HadUeHne Fo U &, COOTBETCTBEHHO. MecT-
HOCTb TaKWUX OTEPAIiii 3aBUCUT OT KOHTEKCTA.

st onHoMecTHO# MyabTHONepannu f € M 6yneM UCIOIb30BaTh 3aIUChH
B Bu/te BekTopa (f(0) f(1)). Hanpumep, Bekropom (— 0) obo3HavIaercst Takas
mysabruonepartus f, aro f(0) = —u f(1) = 0. st n-MecTHO# MysIbTHONIEpa-
nun f GyseM TakzKe UCIIO/Ib30BATh 3AIUCh B BUJIE BEKTOPA (. .. ) JJIMHBI
2" rae KaKablil aseMeHT o = f(7).

IIyctb fo — n-mMecTHasi mysibTHONEpAS, f1,..., fn — M-MECTHBIE MYJIb-
rronepannn. CyIeplosulus ¢ BHeIIHel omepanneil fo ¥ BHYTPEHHAMH OIIe-
palEsIMH f1,. .., fn OIPEIeNseT M-MEeCTHYIO MYJILTHOIEDAIHIO

S(an f17 SRR fn)
caeytonmy obpasom: s Habopa (v, .. ., Guy) € BN o onpeenenuto’
S(fo,fla"'afn)(ala”~7am): U fO(/Bl)"'aﬁn)- (1)
5i6fi(041=---7047n)
ie{l,...,n}

1Onpe;(eneHI/Ie CYIIEPITO3UITNN MYJILTHOIIEPAITUI T03BO/ISET HAXOAUTH 3HAUYECHUE MYJIb-
THONEepanmii He TOJIBKO Ha JABOWYIHBIX HaO0opax. [TogpobHo MOKHO mOcMOTpETH B [7].
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B coorsercrsuu ¢ 3TuM OLpe/esieHIeM, €C/IU 3HAYEeHIe KaKOH-1100 MyJIbTHo-
nepaun f; va Habope (au, ..., Q) €CTh %, TO U BCS CyNEPHO3ULUS [IPUHU-
MaeT 3HaIeHHue *.

B pmampmefimem MynapTHONEpanuu OyZeM pacCMaTPHUBATH C TOYHOCTBIO 10
dukTHBHEIX aprymMeHToB. [lepemennble mis 0003HaUYeHUST apryMeHTOB HC-
HOJB3yeM OOBIYHBIM 00pa30M, KaK N MOHATHE «MYJIbTHOIEepalns-IepeMeH-
Hasg». Takzke OOBIYHLIM 00PA30M HCIOJB3YyeM HOHATHE 3aMBIKAHHE OTHOCH-
TeJIBHO CYTIEPIIO3UINH MHOXKECTBa onepanuii (), 1718 KOTOPoro 6y1eM UCIIoJIb-
30BaTh obo3Hadenue [()]. CumraeM M3BeCTHHIME 00O3HAMEHUS s OYJIEBBIX
olepalyii 0T 2-X apryMeHTOB.

ITycte A — HEKOTOPOE MHOXKECTBO MysbTHONepaluii. OupenenM IoHSITHE
«MyJIbTHOIIepaIys HaJ A»:

e cciu f € A, to f — mynwpTuonepaiusa wag A;

e ccam f — mysbTHONEpanuWsa HAL A, TO omepanus, noaydeHHas u3 f
MTEPECTAHOBKOW MJIA OTOXKIECTBJICHUEM aPTYMEHTOB ABJISIETCH MYJih-
THONEpanmeii Haj A;

e cciu fy — m-MecTHas, f; — M-MecTHBIE MyJAbTHONEPAIUN HaJ A wiu

MynbTHONEepauu-nepeMentsie (i € {1,...,n}), To MyabTHOIEpAIHS
s(fo, fi,- -, fn) €cTb MyBTHOIEpATIUS HAJ A.
Cumsonamu sizbika Par siBIsi0TCS IepeMeHnbIe T1, L9, . . ., CAMBOJIBI f; (nc-

NoJIb3yeMble Jiist 0D03HAYEHUsT MYJILTHOTIEPANil), CUMBOJ BKIOUeHns C,
JIOTUYI€CKAs CBA3KA KOHBIOHKINS &, KBAHTOP CYIIECTBOBAHWS 3, JEBast 1
mpaBasi CKOOKM, 3aIsTas.

OmpernennM MOHATHST «TepM t a3bIKa Pars m «MHOXKECTBO TEPEMEHHBIX
repma t» — FV (t):

e siobas mepeMenHas sBiasercss TepmoM, FV () = {z};

® €C/I T, ...,T;, — HepeMeHHble (He 00s3aTeqbHO pA3JIHdHbe), & f
— CHMBOJI N-MeCTHO# MyJibTHONEpanut, 10 f(;,, ..., Z;, ) €CTh TEPM,
FV(t) ={xi,...,xi, };

e ecau ti,...,t, — TepMbl, f — CHMBOJ N-MECTHOI MYyJIBTHOIIEPAIHH,
To s(f,t1,...,tn) ectb Tepm, FV(t) = | FV(t).

1e{l,...,n}
Buauenne repma t Ha HAbOpE (v, . . ., Oy ) 3HAYEHWH IEPEMEHHBIX U3 MHO-
xecrBa FV (t) onpenensiercsa cremytonmm obpas3oM:

e eciu TepM ¢ ecTb IepeMeHHasl X, TO 3HaYeHhe TepMa COBIIAJaeT CO
3HAYEHNEM 9TOU epeMeHHOM’;

e ccy TepM t ectb f(Ziy, ..., T, ), TO t(an,...,am) = f(Q4,...,q,);

e ccym Tepum t ectb S(f,t1,...,t,), TO

tag,...,am) = U f(B1,-- s Bn).

ﬁi €t; (041 7---70477L)

Begakuit Tepum t ompesiesisieT HEKOTOPYIO MYJIBTHOTIEDPAITHIO.
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Oupeneum nonsitue «dopmynna asbika Pary (mapamerpudeckasi ¢hpopmy-
na). Ecu t1,ty — repmbl, T0o Bhipazkenue (t1 C to) Ha3bIBAETCA jEMEHTAD-
HO# popmystoit. OcranbHbie GOPMYJIbI ONPENe/IsieM CAeTYIOINIM 00pa3oM:
ecmn ®1, Py — dopmynnl, a x; — nepemennasi, o ¢ & o, (Iz;)P1— dop-
MYJIA.

IIycts Q@ C M, f(x1,...,2,) € M, ®(x1,...2,,y) — dopMysna s3bI-
ka Par co cBOBOJHBIMH TTEPEMEHHBIMHU X1, ...Tn, Y, BCE OMEPAITMOHAIBLHBIE
CUMBOJIBI KOTOPOH SIBASATOTCS 0OO3HAYECHUSIME MyAbTHONepanui nam Q. By-
JleM TOBOPUTH, 9TO Qopmyna P TapaMeTpUIecKW BBHIPAXKAET MYJIbLTHOTE-
parnuio f depe3 MyJbTHONEpAINY MHOXKecTBa () (OmpesesisieT OTHOIIEHUE
y C f(x1,...,2y)), €CM MHOKECTBA HCTHUHHOCTH GopMysbl $ 1 OTHOIIEHNUST
y C f(z1,...,zy,) coBrmagaroT. MHOXKECTBO BCeX MYyJBTHONEPAIHil, TapaMeT-
PHUYECKH BBIPA3WMBIX Yepe3 OMepalinid MHOXKECTBa (), Ha30BeM MapaMeTpH-
9eCKUM 3aMbIKaHueM MHOxKecTBa () u obosmaunm Par[Q]. Muoxkectso @,
KOTOPOE COBIIATAaeT CO CBOWM MAPAMETPUIECKUM 3aMBIKAHUEM, HA3LIBAETCS
MapaMeTpUIecKu 3aMKHYTBIM KJ1ACCOM. MHOKECTBO () SIBIIETCS MapaMerT-
PUYECKHU TOJTHBIM, €CJIW €r0 TTapaMeTPUIecKOe 3aMbIKaHue COBMagaeT ¢ M.

Ipumep. Iycts fi(z1,22) = (=01-), fa(z1,22) = (1 = 10) n g(z1,22) =
(001—) — aBYXMECTHBIE MYJbTHOMEPAIUHA. PacCMOTPUM MHOXKECTBO MYJIb-
tuoneparit @ = {f1, fo}. C momomursio MynpTHonepaluii u3 ) mMOCTPONM
caenytorire GopMyJibl st3bpika Par.

(I>1(x1,:c2,y) =Y g fl(:l’ilaxQ)a
Qo (21, 22,y) = fa(21,9) C f1(22,).

Dopmyna P(x1,z2,y) = Pi(x1,22,y) & Po(x1,z2,y) mapamerpuyeckn
BBIDAZKAET ONEPAIUIo ¢ depes omepaiun MHO)KeCTBa (). CooTBeTCcTRYMOMNIE
Ta6ﬂI/IHbI NCTUHHOCTH TIPEACTABJICHBI HUZKE.

1 oy | Py | Py | P(21,72,y) |y € g(w1,72)
0O 0 oM n n
0 0 1|1 |J JI JI
0 1 o111 n n
0O 1 1]JI 1 JI JI
1 0 o(J| U JI JI
1 0 1\ Mm|u n n
1 1 oy |u n n
1 1 1 \1nm|u n n

Yreepxkaenue 1. J10600 napamempuiecky 3amMEHymvil KAGCC MYALMUO-
Nepayutl 3GMEHYM OMHOCUMEADHO ONEPGUUY CYNEPNO3UUUL.

Zoxasameavcmeo. Ilycth () — mapaMeTpuvIecKn 3aMKHYTHIH KJIaCC MYJb-
THomepauuii, fo, f1,...fn € Q u

g(xlw . 'al‘m) - S(f()vfla “ee 7fn)(x17 cee 7$m)'

Ilokazkem, uTo g € Q.
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ObozHauumM depes
(I)O(xly"')xnuy)v él(l‘la”'uxm7y)7 ceey (I)n(xl,...,l'n”y)
dopmymsr a3pika Par, KOTOphIe MAPaMETPUYECKN BHIPAYKAIOT OTHOIIECHUS
ygfo(xla---axn)a ygfl(‘rla"'axm)a sy ygfn(xl,,fﬁm)

gepe3 omeparuu MHOKecTBa (). Torma dpopwmyra

Fy1) ... Fyn)(P1(x1, ..y xm, 1) &t
. & q)n('rh o 7$m7yn) & @O(yla . '7yn72))

napaMeTpPUYecKn BbIpaxKaeT orTHomenue z C g(x1,...,Ty,) 9epe3 onepainm
muoxkecTBa ). Takum obpaszom, g € Q. O

VrBepxkaenue 2. Ecau [Q] = O, mo Par[Q] = M.

Jlokasameavemeo. Iycrs mynbruonepauus f(zr1,...,x,) € M. Ilo f 1uo-
crpouM f1, fo € O cnexyrommuM obpaszom: n1g Habopa & € By

o ccmn f(@) =0, 10 fi(&) = fo(d) =0,
e ecmn f(a) =1, To fi(a) = fo(a) = 1;
e ccm f(&) = —, 1o fi(&) =0, fa(@) = 1;
o ccan f(&) =%, 1o fi(a) =1, fa(@) = 0.
Dopmyta
(T, y)=(fi—=fo) Cl&y+fivy+ f2C1)
napaMeTpHYecKn BbIpaykaer otHommenue y C f(Z). O

JIemma 1. Myavmuonepayuu (01), (——) u (xx) codeporcamca 6 Kastcdom
NAPAMEMPUUECKY, 3AMEHYMOM KAACCE MYALTMUONEPAUUT.

Jloxasameavcmeo. eiictBurensno, popmyna y C x onpeessieT OTHOIIEHUe
y C (01), mrobast TOXKIECTBEHHO MCTHHHAS TapaMeTpudeckasi (hopMyia, Ha-
npumep x C x & y C y, onpenensier otHomenne y C (——) [6], a dopmymna
(—=—)(z) C y onpeznensier orromenue y C (k). O

Jlemma 2 ([6]). Kaowcdas euneponepayusa us muoocecmea {(0—),(—1), (—0),
(1-)} napamempuuecku noana 6 muoocecmse H.

Jlemma 3. Jhobas mysvmuonepayus us muoocecmse A = {(0%),(1x),(—x*),
(0), (x1), (x—)} wau B = {(00), (11)} napamempuuecku noana 6 mmooice-

cmee M.

Jlokazameavemeo. Kak m3asectno, MHOXKecTBO H U {*} daBisiercs mpeamos-
uHeIM B M [17]. Omepanun u3 MHOKEeCTBA A He MPUHAJIEKAT MHOKECTBY H,
MO3TOMY JIJIsT JOKA3aTEIbCTBA JIEMMBI JIOCTATOYHO MOJIYUYUTH OTEPAIUN U3
JEMMBI 2.

Pacemorpum dopmyay f(x) C f(y). Jas mepBeIX Tpex MyJTbTHOMEDAITHi
m3 MHOXKeCTBa A OHa CTAHOBHTCS WCTUHHONW B CJAEAYIONIMX CAYYIAIX: €CIIN
x = 0, To y MoxKer ObITH paBHBIM TOJIBKO 0, a ecyiu £ = 1, TO y MOXKeT
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ObiTh paBabiM 1 0 u 1. D1o o3nauaer, uro dhopmyna f(x) C f(y) onpenensier
ornomenue y C (0—).

st ocTaBmiuxcst My/IbTHONEparuit n3 A paccmaTpuBaeMast popMyJia Mpu-
HUMAaET UCTUHHOE 3HAYUEHUE B CACAYIONINX Caydasx: ecan £ = 0, TO y MOXKeT
6p1Th paBubiM ¥ 0 u 1, a ecim @ = 1, TO Yy MOXKeT OBITH PABHBIM TOJBKO 1,
T.e. bopmyna f(z) C f(y) oupenenser orromenune y C (—1).

AwnayormanbeiM o6pasom ybex aemMcst, ato dopmyta x C f(y) onpenenser
orromtenue y C (—x) anst f = (00) my C (x—) maa f = (11). O

JIemma 4. Myavmuonepayus (0001) napamempuuecku noana 6 xaacce M.

Aokasameavcmeo. Llycts f(x1,22) = (0001). Torma dopmyna f(x1,x2) C
f(z1,y) 3anaer orromenne y C (— —01) 1, COOTBETCTBEHHO, OTIEpALNIO fo =
(——01).

Dopmyna fo(xy,x2) C f(x1,y) 3amaer orromenne y C (x x 01). Orox-
JIECTBJIEHNE TIEPEMEHHBIX y orreparnuu (#x01) mo3BogeT Moy IuTh OTEPAIINIO
(1), KoTOpasi MApaMeTpUIecKy T0JHA 110 JeMMe 3. ([

Jlemma 5. Cnpasedauso (10) € Par[{(01), (——), (x+)}].

Joxasameavemeo. Tycrs f = (0101). Torpa dopmyna f(z1,x2) C f(y,z1)
onpezesisier oneparuio (— * x—) = g. Popmyna g(z1,x2) C f(x1,y) onpene-

ager onepanuio (x — —x) = h, a h(x1,x2) C g(x1,y) onpesesnser onepauto
u = (—01—). Hakonen, dopmyaa u(xi,z2) C h(xy,y) onpenenser onepa-
nuio (10). O

Beesem B paccmorpenue mysbruonepaimio dg(zy, 2, x3) = (00010111).
Jlemma 6. Cnpacedauso ds € Par[{(01), (——), (xx), (10)}].

Hoxaszameavemeo. B memme b paccmarpuBasuck onepanuu f, g, b, u. 13 omne-
panun u = (—01—) HecaoxkHO nosyunts onepanuio u; = (—10—). Popmy-
na u(xy,z2) C u(xy,y) onpegenger omepamuio v = (0 — —1), a dopmyna
v(z1,22) C f(x1,y) onpenensier oneparuo w = (0 * *1).

HOCTpOHM onepanmnu fl(xaya Z) = f(y7 Z) u hl('rvyv Z) = h(l’,y)

Paccmorpum cyneprniosunuto ¢ BHemHed onepanmeit fi(x,y, 2) u BHyTpeH-
HuMu onepanmsvu hi, x, z. Obozuaunm fo(z,y,z) = s(fi1,h1,x,2)(x,y, 2).
Torga fo(z,y,z) = (% % 0101 * *), a dbopmyna fo(z1,z2,23) C fi(x1,22,y)
onpe/jiesisieT, COOTBETCTBEHHO, onepanuto f3 = (— — 0101 — —).

[MocTpoum onepanun wi(x,y, z) = w(y, z) u uii(x,y, z) = u1(y, 2).

Torma s(wq, e, 1, u11)(x1, x2, x3) 3amaer oneparmto (0 0011 x 1). IIpu-
MeHsIsT OTPUIAHNE, MOYKHO TOJyunTh omeparnuto fy = (x000111x). amee
crpoum cymeprosuruto s(f1, fa, To, r3)(x1, x2,x3) = (x101010%) = f5.

®opwmyna f5(x1,xe,x3) C f1(z1,T2,y) TO3BOIIET ONPEIETUTE OTIEPAITHIO
fe = (—=101010—). U, nakoner, dhopmyna f3(z1,ze,x3) C fe(x1,x2,y) onpe-
nesisier otHomenne y C ds(xy, o, x3). O
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3 OcHOBHOI pe3yJsbTaT

Yepes S™* 0603HAYMM MHOXKECTBO MYJIBTHOIEpAINii, KOTOpbIE Ha JITO-
60il TTape IPOTUBOIIOJIOYKHBIX HAOOPOB BO3BPAIIAIOT JIMOO ITPOTUBOIIO/I0KHbIE
suauenust (0,1) u (1,0), mbo ga mpouepka (—, —), aubo (x, *).

Jlemma 7. Kaace S™F asadsemca napamemputecky 30 MEHYTbLM.

Jlokasameavcmeo. Tycrs mapamerpuyeckas dhopmyna ®(Z,y) momyuena ¢
MOMOIIBI0 MYJIBTHOTIEPAIHH ¢1, . . ., g U3 Kaacca S~ . TlokaxeMm, 4To Takast
dopmyma 6ymer npeacrasaaTh oraomenune y C f(Z), Tae myapTHONEpanUs
f(Z) rakxke npunasgmexnT Kaaccy SF.

Jlast aToTO MOKaXkem, 4To Tabsuia uctuHHOCTH opMmysibl P apisercs
CUMMETPUYHON, T.€. Ha MPOTHUBOMOJIOXKHBIX Habopax (opMy/ia ITPUHAMAET
OJIMHAKOBBIEC UCTUHHOCTHBIE 3HAUCHUS, 8 UMEHHO

o(z,y) = 2(z,7)

nng soboro Habopa T € EY,y € Es. llokasaTenbcTBo OyzeM HIPOBOIUTH
uHIYKIHER 1o moctpoeruto hopmysibr P.

Bazuc ungykimu. PaceMoTrpuM a/eMEHTAPHYIO ITapaMeTpudecKy dhop-
MYy

O(z1,...,20,Yy) = g1(21,...,2p) C ga(wi,...,wy), (2)

rae {z1,..., %} CHz1, .., 2.y}, {wi, .o we SH{zr, o 20,y B oG1,02 €
S™*. Tlocrpoum jijist 310# GHOPMYJIbI TAOIUILY UCTHHHOCTH U OIPEIETUM UC-
TUHHOCTBH (DOPMYJIbI HA NPOU3BOILHOM Habope {1, ..., an, ap} u ero orpu-
nanuu. st 37000 Ha yKazaHHOM HAOOPE PACCMOTPUM BO3MOYKHBIE 3HAUECHU S
MYJBTHOTIEpAIUil g1, go. s ynporenns 3amucu 6yaeM CIUTaTh, UTO

(I)(Oél,...,an,a()) :91(617"'7517) g92(717~'-77q)7
F,D;e {/817"'76])} g {Oé]_,...,Oén,O[[)} u {717"'7’}/11} g {ala"'aanuao}'

L. Ilycte g1(B1,--.,Bp) = a, tae a € Ey. PaccMOTpEM BO3MOMKHBIE 3HA-
JeHusl MysbTHOLepanun g¢a. Ecau go(vyi,...,7,) TOXKe HpHHEMaeT 3HAde-
HUE @, TO B CUJy TOTO, 9TO g1,g2 € S~ %, momyamm g1(By,...,B,) = a n

92(71,---,7,) = @. B sarom ciyqae ®(&, ) = (&, ap) = U.

Ecin 92(71,;. %) =@, 10 g1(By,...,B,) =amg2(Vy,---,7,) = a. Torna
(I)(d, Oéo) = (I)(d,ao) =JI

Ecm g2(y1,---,7%) = —, 10 92(71,---,7,) = —. Torma dopmyner a C —
n a € — UCTHHHLL 1

®(a,00) =1, d(a,ap) =11

A ect ga(71,--+5%g) = *, T0 g2(F15- -+, 7,) = *. Torma dopmymsr a C *
n a C * JIOXKHBI U
(I)(d, Oéo) =JI, @(5, 50) =JL
2. llycte g1(B1,s-- -, Bp) = —. Ecim 92(71, .-+, Yg) € E2 win Bo3Bpalaer ,
To dbopmyna ®(&, ag) moxua n P(&, @) TaKKe JTOKHA.
Ecim ga(71, .-+ ,7q) = —, 10 ®(&, ) mermana n P&, @) nernnma.
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3. lycrs g1(Bi, - - -, Bp) = *. B srom ciayuae dopmyna (&, ag) merunna
n ®(&,ap) Tak;Ke UCTHHHA.

CrenmoBarenbHo, (hopmysia Buga (2) Ha TPOTHBOMOJIOKHBIX HAOOPAX MpH-
HUMAaET OJUHAKOBBIE NCTUHHOCTHBIE 3HAYEHUS.

[Tar waaykmun. Paccmorpuy mapamerpudeckyio dopmyny suga P& Po.
B cuny unnykrusHOro mpeanojioxenus opmysbl @1, Py Ha TPOTUBOTIOIOXK-
HBIX HADOpax MPUHUMAKT OJIMHAKOBbIE HCTUHHOCTHBIE 3HadeHus. CJieoBa-
TeJIbHO, paccMaTpuBaeMasi GopMyJia Ha IPOTUBOIOJIOKHBIX HAOOpaxX TaKiKe
OPUHUMAET OJIMHAKOBBIE 3HAUEHUS.

IIpu paccmorpennn dhopmynsr Buga Jx1P; BocmoIb3yeTCs: OUEBUIHBIM
dakToM, 4TO UCTUHHOCTH (HOPMYII

3%1@1(1’1,52, - ,fn,y), 31‘1@1(?1,?2, - ,fn,g)

COBTIAIAET.

Takum obpasom, ecan napamerpudeckas dopmyna P(Z,y) noaydena c
MOMOIIBI0 MYJIBTHOMEPATIA §1,...,0r € S~ ° U OPEICTABASIET OTHOIIEHUE
y C f(Z), To onepanus f(T) Takxke IpUHAIIEKAT Kaaccy S F. O

Jlemma 8. Jl106y10 myavmuonepayuo us kaacca S”F MONCHO Napamempu-
YECKU 8HPA3UMDL € NOMOWbI0 onepayuy ds, m.e. Par [{dg}] =5""

Jlokasameavemeo. Mycrs f(x1,...,x,) € S™*. C ucnosbzoBanuem onepa-
nun d3 mocTpouM napamerpudeckyto dopmyny ®(Z,y) ang npeacrasieHus
ouepauuu f.

Bamerum, uro ds(0, ze,r3) = (0001). Takum obpasom, cormacHo gemme 4
onepaius ds(0, X2, T3) 1MO3BOJSET TOJYyUUTH JIIOOYIO My/JIbLTHONEPAIUID U3

kiacca M. [Tocrpoum ¢ ee momomsio dopmyny W(zo, ..., Ty, y) TPeICcTaB-
asroryto orrorerne y C (0, x9, ..., Ty).

Teneps nmosoxum, ato ®(0,z2,...,2n,y) = Y(x2,...,Tpn,y) U 3aMEHUM
Bece BXokeHust 0 Ha mepemennyto 1. Popmyna ®(x1, 9, . .., Ty, y) TOCTPOE-

Ha U3 onepanuu ds, TpuHAIeKaIeir Mmuoxkectsy S~ *. [losTomy Taxas dhop-
MyJia Ha TPOTUBOMOJIOXKHBIX HADOpPAX MPUHUMAET OJWHAKOBbIE MCTHUHHOCT-
HbIE 3HAYEHUs, U, 3HAYUT, OMPE/IEIsieT ornepanuio n3 kiaacca S~ . C yuerom
Toro, uTo Ha Habopax (0,xa, ..., Ty, Yy) HCTHHHOCTHOE 3HaUYeHHE bopMybl P
COBITA/IAET C UCTHHHOCTHBIM 3HadeHueM oTHomenus y C f(0,xg, ...,y ), mMO-
JydaeMm, 9ro Ha Habopax (T1,Z2,. .., Ty, Y) HCTHHHOCTHOE 3HAUYEHHE POPMY-
aet ®(x1,x9,...,2,,y) COBOATAECT C MCTUHHOCTHBIM 3HAYCHUEM OTHOIICHUSI

y € f(@y, @2, 2n). O
Caencreue 1. S™* = Par[@].

Heiicteurenbro, cormacHo jemmam 1 u 5 mynasruonepanun (01), (——),
(%) m (10) comepzkaTcst B KazKIOM TAPAMETPUIECKN 3AMKHYTOM KJIACCe MYJ/Th-
Tronepanuii. JIeMma 6 MOKasbIBaeT, YTO ¢ UCIIOJIB30BAHUEM STUX MYJILTHO-
nepanuii Mbl MOZKEM MOJYYUTh MyabTHonepanuio ds. danee Bocrnosb3yemcst
JemMMoft 8.
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Teopema 1. Mnoowcecmeo mysvmuonepayuti B napamempuuecku noino mo-
2da u moavko moezda, kozda B me codepotrcumes 6 mmoocecmee ST,

Hoxasameavemso. Tak kak B He copep:kuTcsi B MHOXKecTBe S~ %, TO cyle-
crByer oneparus f(zxy, ..., Z,), KOTOpas Ha HEKOTOPO Mape MPOTHBOIIOIOXK-
HBIX HaOOPOB J1aeT CJIeyonme Bo3MoKkHble maps! 3Hadenuii: (00), (0x), (0—),

(11)7 (1*)7 (1_)7 (*1)7 (*0)7 (*_)’ (_0)7 (_1)7 (_*)

IIporuBonosnoxkubiM HabGopam coorBercTBytoT oneparuu (01) u (10), KoTo-
pble eCTh B KayKJOM apaMeTpuyecKn 3aMKHYTOM KJjacce. [lomcraiss 9Tu
olepanuy B KauyecTBE BHYTPEHHUX OIEparuii B CyHNepro3UUi0 ¢ BHEIIHEe
MyJIbTHOTIEpAIEl f BMECTO COOTBETCTBYIOIIUX MEPEMEHHBIX 1, .. ., Ly, Oy-
JIeM TIOJTydaTh JIMOO TIOJTHOE MHOXKECTRO, JUO0 OJHY W3 OTepariwii

(0-), (=0), (1), (1-).

C yueroM HWMEIIeiicss Omepanuy OTPUIAHUS JOCTATOTHO PACCMOTPETH
caydaii oyaenust onepanuu f(z) = (0—). @opmyna f(x) C f(y) onpe-
neqsier onepaiuio g(x) = (—1). A dopmyna f(z) C g(y) onepaumio h(z) =
(00). O

Caencrsue 2. Mnoowcecmeo M codepocum dea napamempuiecku 3amMKEHY-
mux Kaacca — ST u M.
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