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1 Introduction and preliminaries
For α > −1

2 , the second-order singular differential operator on the half line defined by

Bf(x) = d2f(x)
dx2 + (2α + 1)

x

df(x)
dx
− 4n(α + n)

x2 f(x),

where n = 0, 1, 2, . . ..
For n = 0, we obtain the classical Bessel operator

Bαf(x) = d2f(x)
dx2 + (2α + 1)

x

df(x)
dx

.

This operator is named after the mathematician Friedrich Wilhlm Bessel (1784-1846),
it is important in mathematics and physics (see [6, 9, 10]).
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Let M be the map defined by

Mf(x) = x2nf(x), n = 0, 1, ..

Let Lpα,n, 1 6 p <∞, be the class of measurable functions f on [0,∞[ for which

‖f‖p,α,n =
∥∥∥M−1f

∥∥∥
p,α+2n

<∞,

where

‖f‖p,α =
(∫ ∞

0
|f(x)|px2α+1dx

)1/p

the following problem 
Bα(f)(x) = −λ2f(x);λ ∈ C,
f(0) = 1,
f ′(0) = 0,

admits a unique solution jα, where jα is the function defined by

jα(x) =
{

2αΓ(α + 1)Jα(x)
xα

if x 6= 0,
1 if x = 0,

and Jα is the Bessel function of the first kind and index α (see [3, 4]).

The Hankl transform, also known as the Fourier-Bessel transform, is an integral
transform develepred by the mathematician Herman Hankl defined on (0,+∞)

hα(f)(λ) =
∫ ∞

0
f(t)jα(λt)dmα(t),

where
dmα(t) = t2α+1

2αΓ(α + 1)dt

Let L1
α(0,+∞), the space of measurable function on (0,+∞) such that

∫∞
0 |f(x)|dνα(x)

where
dνα(x) = x2α+1

2α+1Γ(α + 1)dx.

Theorem 1.1. [1] Suppose f ∈ L1
α((0,∞)) such that

(i) f is of bounded variation in a neighborhood of x > 0.
(ii)

∫ 1
0 |f(x)|xα+ 1

2dx <∞
Then

lim
A−→+∞

∫ A

0
hα(f)(λ)jα(λx)dmα(λ) = 1

2[f(x+ 0) + f(x− 0)]
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There are many analogues of theorem 1.1, for the Hankl transform see [1] and the
Dunkl transform [5]. This paper is intented to establish an analog of theorem 1.1 for
the generalized Fourier-Bessel transform.

Definition 1.2. The generalized Fourier-Bessel transform is defined on L1
α,n(0,+∞)

by
∀λ > 0, F(f)(λ) =

∫ ∞
0

f(x)ϕλ(x)x2α+1dx

where
ϕλ(x) = x2njα+2n(λx)

From [11], we have the two following theorems

Theorem 1.3. Let f be in L1
α,n such that the function F(f) belong to L1

α+2n =
L1 ([0,∞ [, x2α+4n+1dx) , then we have the following inversion formula for the trans-
form F :

f(x) =
∫ ∞

0
Ff(λ)ϕλ(x)dµα+2n(λ)

where
dµα+2n(λ) = aα+2nλ

2α+4n+1dλ, aα = 1
4α(Γ(α + 1))2

Theorem 1.4. For every f ∈ L1
α,n ∩ L2

α,n we have the Plancherel formula
∫ +∞

0
|f(x)|2x2α+1dx =

∫ +∞

0
|Ff(λ)|2 dµα+2n(λ)

2 Main result
In this section, we give an inversion formula for the generalized Fourier-Bessel transform
associated with Bessel operator.

Theorem 2.1. suppose that f ∈ L1
α(0,∞) ∩ L1

α,n(0,∞) such that
(i) f is of bounded variation in a neighborhood of x > 0.
(ii)

∫ 1
0 |f(x)|xα+ 1

2dx <∞
Then

lim
A−→+∞

∫ A

0
Ff(λ)ϕλ(x)dµα+2n(λ) = 1

2[f(x+ 0) + f(x− 0)]

Proof : Let f ∈ L1
α(0,∞) ∩ L1

α,n(0,∞).

Ff(λ) =
∫ ∞

0
f(x)ϕλ(x)x2α+1dx =

∫ ∞
0

f(x)jα+2n(λx)x2α+2n+1dx,

on the other hand,
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hα+2n(f)(λ) =
∫ ∞

0
f(t)jα+2n(λt) t2α+4n+1

2α+2nΓ(α + 2n+ 1)dt.

Then,

hα+2n

(
f(t)
t2n

)
(λ) =

∫ ∞
0

f(t)jα+2n(λt) t2α+2n+1

2α+2nΓ(α + 2n+ 1)dt,

therefore,

Ff(λ) = 2α+2nΓ(α + 2n+ 1)hα+2n

(
f(t)
t2n

)
(λ).

Now, let A > 0

∫ A

0
Ff(λ)ϕλ(t)dµα+2n(λ) =

∫ A

0
2α+2nΓ(α+ 2n+ 1)hα+2n

(
f(t)
t2n

)
(λ)jα+2n(λt) t2nλ2α+4n+1

4α+2n(Γ(α+ 2n+ 1))2 dλ

= t2n

2α+2nΓ(α+ 2n+ 1)

∫ A

0
hα+2n(g)(λ)jα+2n(λt)λ2α+4n+1dλ,

where g(t) = f(t)
t2n

.

Thus,∫ A

0
Ff(λ)ϕλ(t)dµα+2n(λ) = t2n

∫ A

0
hα+2n(g)(λ)jα+2n(λt)dmα+2n(λ).

Hence, since ∫ 1

0
|f(x)|xα+2n+ 1

2dx 6
∫ 1

0
|f(x)|xα+ 1

2dx < +∞,

then by theorem 1.1, we have

lim
A−→+∞

∫ A

0
F(f)(λ)ϕλ(t)dµα+2n(λ) = t2n lim

A−→+∞

∫ A

0
hα+2n(g)(λ)jα+2n(λt)dmα+2n(t)

= t2n

2 (g(t+ 0) + g(t− 0))

= t2n

2

(
f(t+ 0)
t2n

+ f(t− 0)
t2n

)

= 1
2[f(t+ 0) + f(t− 0)]

and this end the proof �
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In the following we will give an example that shows that the exponent α+ 1
2 in (ii)

cannot be increased.
Indeed suppose that the resulat in theorem 2.1 holds when we have∫ 1

0
|f(x)|xα+ε+ 1

2dx <∞, ε > 0

Let
f(t) =

{
t−(α+ 3

2), 0 < t 6 1,
0, t > 1.

It is clear that f is of bounded variation, and∫ 1

0
|f(t)|tα+ε+ 1

2dt =
∫ 1

0

dt

t1−ε
<∞, ε > 0

therefore, theorem 2.1 implies that

lim
A→+∞

IA(x) = lim
A→+∞

∫ A

0
Ff(λ)ϕλ(x)dµα+2n(λ) = 1

2[f(x+ 0) + f(x− 0)] = 0, .

let r1, r2, . . . be the positive real zero of Jα+2n(x) in ascending order and si = ri
x
, x > 1,

such that lim
i→+∞

si = +∞. In addition,

Isi =
∫ si

0
Ff(λ)ϕλ(x)dµα+2n(λ) =

∫ si

0

∫ 1

0

t2α+2n+1jα+2n(λt)
tα+ 3

2
ϕλ(x) dt dµα+2n(λ)

=
∫ si

0

∫ 1

0
Jα+2n(λt)Jα+2n(λx)λx

−α
√
t
dt dλ

then By Fubini theorem, we obtain

Isi(x) = x−α
∫ 1

0

(∫ si

0
Jα+2n(λt)Jα+2n(λx)λdλ

)
dt√
t
.

But,∫ si

0
Jα+2n(λt)Jα+2n(λx)λdλ = si

(
x2 − t2

)−1 (xJα+2n+1 (six) Jα+2n (sit)− tJα+2n+1 (sit) Jα+2n (six))

= si
(
x2 − t2

)−1 (xJα+2n+1 (six) Jα+2n (sit))

= ri
(
x2 − t2

)−1
Jα+2n+1 (ri) Jα+2n (sit) .

Therefore
Isi(x) = x−α

∫ 1

0
ri
(
x2 − t2

)−1
Jα+2n+1 (six) Jα+2n (sit)

dt√
t

= six
1−αJα+2n+1(ri)

∫ 1

0

Jα+2n(sit)
x2 − t2

dt√
t
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By change of variable u = sit, we get∫ 1

0

Jα+2n (sit)
(x2 − t2) si

dt√
t

=
∫ si

0

Jα+2n(u)(
x2 −

(
u
si

)2
) (

u
si

) 1
2
du

= s
1
2
i

∫ si

0

Jα+2n(u)(
x2 −

(
u
si

)2
)
u

1
2

du

= s
1
2
i x
−2
∫ si

0

Jα+2n(u)(
1−

(
u
ri

)2
)
u

1
2

du.

therefore,

lim
i→+∞

x−2
∫ si

0

Jα+2n(u)(
1−

(
u
ri

)2
)
u

1
2

du = x−2
∫ +∞

0
Jα+2n(u)u

−1
2 du = Γ

(
(2α + 4n+ 1)/4

2 1
2 Γ((2α + 4n+ 3)/4)

)

From [2], it follows that

Jα+2n+1(x) = (2/πx) 1
2 cos(x− β − (π/2)) +O

(
x

−3
2
)

= (2/πx) 1
2 sin(x− β) +O

(
x

−3
2
)
,

where β = (2α + 4n+ 1)π/4 and

Jα+2n(x) = (2/πx) 1
2 cos(x− β) +O

(
x

−3
2
)
.

Since Jα+2n (ri) = 0, we see that

|Jα+2n+1 (ri)| ≥ (πri)
−1
2

for n sufficiently large. Thus for some constant C we have

|Isi(λ)| ≥ Cx
1
2−α−2n, for all n ∈ N.

Then
lim
i→+∞

|Isi(λ)| = 0 ≥ Cx
1
2−α−2n.

so, it follows that the exponent α + 1
2 cannot be increased.
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