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1 Introduction and preliminaries

For a > _71, the second-order singular differential operator on the half line defined by

_ d*f(x) N 2a+1)df(x) 4n(a+n)f<x),

dz? T dx x

Bf(x)

where n =10,1,2,....
For n = 0, we obtain the classical Bessel operator

B f(z) = dj;(;) . (m; 1) d@(;)

This operator is named after the mathematician Friedrich Wilhlm Bessel (1784-1846),
it is important in mathematics and physics (see [6, 9, 10]).




Let M be the map defined by
Mf(z)=2*"f(z), n=0,1,.

Let L? ,,1 < p < oo, be the class of measurable functions f on [0, oo[ for which

1fllpan = M| < oo,

p,a+2n
where

1fllpa = (/OOO |f(x)|px2a+1dx>1/}7

the following problem

70)=1.
1'(0) =0,

admits a unique solution j,, where j, is the function defined by

{ Bo(f)(x) = =N f(z); A € C,

xre

o 2eT(a+ 1) i g0,
jo‘(x)_{l if x=0,

and .J, is the Bessel function of the first kind and index « (see [3, 4]).

The Hankl transform, also known as the Fourier-Bessel transform, is an integral
transform develepred by the mathematician Herman Hankl defined on (0, +00)

ha(£)N) = [ £(8)iaO)dma(0).

where
2041

T 22T(a+1)

Let L} (0, +00), the space of measurable function on (0, +00) such that [ |f(z)|dv.(x)
where

dmy,(t) dt

x2a+1

va(®) = ST a1 1)

dx.
Theorem 1.1. [1] Suppose f € LL((0,00)) such that
(i) f is of bounded variation in a neighborhood of x > 0.
(i) L1 ()| do < oo

Then

i [ o )OO (3) = 3 [+ 0) + (2~ 0)

A—+400 J0



There are many analogues of theorem 1.1, for the Hankl transform see [1] and the
Dunkl transform [5]. This paper is intented to establish an analog of theorem 1.1 for
the generalized Fourier-Bessel transform.

Definition 1.2. The generalized Fourier-Bessel transform is defined on Lim((), +00)
by
A0, FNN = [ f@)ealne®de
0

where
QO)\((%) = lznja+2n(>‘x)

From [11], we have the two following theorems

Theorem 1.3. Let f be in L, such that the function F(f) belong to L ,,, =
L' ([0, 0o [, 2201 dy) | then we have the following inversion formula for the trans-
form F:

fla) = [T FFO)ea@)dpasan()

where
1

)\2a+4n+1d>\
’ 42(I'(a + 1))

dﬂa—&—?n()\) = Qa+2n Ao =

Theorem 1.4. For every f € L}, N L%, we have the Plancherel formula

a,n

+o00 +oo 2
| @R de = [ IF SO dpasan ()
0 0

2 Main result

In this section, we give an inversion formula for the generalized Fourier-Bessel transform
associated with Bessel operator.

Theorem 2.1. suppose that f € L},(0,00) N L}, ,,(0,00) such that
(i) f is of bounded variation in a neighborhood of x > 0.

(i) I 1 () 2 e < oo

Then

A 1
lim /0 FFOoA@)dptaron(N) = 5[ (@ +0) + f(z = 0)]

A—+o00

Proof: Let f € L} (0,00) N L, (0,00).

ff()\) — /OO f(x)@A(x)x2a+ldx — /OO f(x)ja+2n<>\f)x2a+2n+ldx,
0 0
on the other hand,



t20¢+4n+1

dt
20020 + 2n + 1)

hasan(DN) = [ FWaszn(M)

Then,

t2a+2n+1
hO{ n / (6% n dt?
i <t2"> ez )2a+2nr(a+2n+1)

therefore,
Ff(\) = 2% 2n+ 1)h J(0) A
fQ) = (a+2n+ 1)hayon o (A).

Now, let A >0

f(t)) ) t2n/\2a+4n+1

A A
_ a+2n JNT
/o FfN)pa(t)dpparan(N) = /0 2 [(a+2n+ haton < 2n (AJa+2n (A1) 4ot2n (T (o 4 2n + 1))2 A
t27l

T 20T (a4 2n + 1

A
)/ ha+2n(g)()‘)ja+2n(At))‘za+4n+1d/\7
0
where g(t) = %
Thus,
A L, A '
| FFO) a0 dnasanN) = " [ hasan(9)(Niaron () dmasan (3.

Hence, since
1 1
[ @2 ide < |17 @)t e < oo,
0 0

then by theorem 1.1, we have

A—+o00

A
im [T F(HON)@rtdasan(N) = £ lim / hesan(9) A\ s on N e o (1)
—+00 J0

g+ 0) 4 glt—0))

2
o (f(t+0) N f(t—0>>
o 2 t2n t2n

= SU+0)+ £~ 0]

and this end the proof [J



In the following we will give an example that shows that the exponent o + % in (ii)
cannot be increased.
Indeed suppose that the resulat in theorem 2.1 holds when we have

1 1
/ |f(z)|z*T T 2de < 00, €>0
0

Let

= [T 0<esn,
0, t>1.

It is clear that f is of bounded variation, and

L dt
0 tl—e

<oo, €>0

1 1
| lr@leretiar -
0

therefore, theorem 2.1 implies that

. A 1
Jim L) = Jim [CFFONor@ () = 51 +0) + [z —0) =0,
let 71,79, ... be the positive real zero of J, 2, () in ascending order and s; = tow >,

such that lim s; = 4o00. In addition,
i—400

Si 2a+2n+1 A
L= [ Fres@dsnn) = [ [ E T 1)

0

1 —«
aton(At) Jaran (A )\—dtd)\
[ [ Jason(O)Jusan(A) =

0

o

then By Fubini theorem, we obtain

I(z) =2 /O 1 ( /O Ja+2n()\t)Ja+2n()\x)/\d)\) i‘l/tg.

But,

/ Jotan(A) Jaton(AZ)AAA = s; (2 — 17) ' (Jarant1 (5i%) Jagon (sit) — tJarant1 (8it) Jatan (siT))
0

—1
5i (2% = %) (@Javon+1 (8i%) Jasan (sit))

—1
T (xQ - t2) Joz+2n+1 (ri) Ja+2n (Szt) .

Therefore

1 —1 dt
154 = 70‘/ i 2 _t2 Joz n i Ja n (Sit) —=
S(z) =2 0 r (95 ) +2n+1 (%) Jason (s )\/%

L, (s;t) dt

11—« a+2n\°1
= 9 JoH— n+1\"4 / T 5 10
ST 2 1(T ) ) \/E
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By change of variable u = s;t, we get

/“W(Sdt: i Jatan(u)
T ) ()

therefore,

Si +00 — 2 4 1 4
lim x_Q/ Ja+2n(g) ~du = x_2/ oo (W)u™ du = F( - (0 +dn+ 1)/
i—-o0 0 (1 B (%) >u2 0 22T ((2a + 4n + 3)/4)

From [2], it follows that

where = (2a 4+ 4n + 1)7/4 and

Jocron(7) = (2/72)

Since Jy19n, (1;) = 0, we see that

N

cos(x — ) + O (x%gt) .

| Jat2ns1 ()] = (7r) 2
for n sufficiently large. Thus for some constant C' we have
I, (\)| > Czz7*2" for all n € N.
Then )
lim |I,,(\)| = 0> Cxz 72",

i——400

so, it follows that the exponent o + % cannot be increased.
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