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Abstract
The notion of an n-ary profinit group is a natural generalization of the notion of

a n-ary group and ordinary group that has many applications in different branches.
In this paper, We study the structure of fuzzy n-ary profinite group of an n-ary
group is introduced and some related properties are investigated.

1 Introduction
A polyadic group is a natural generalization of the concept of group to the case
where the binary operation of group is replaced with an n-ary associative opera-
tion, one variable linear equations in which have unique solutions. So, in this arti-
cle, polyadic group means an n-ary group for a fixed natural number n C 2. These
interesting algebraic objects are introduced by Kasner and Dörnte ([1] and [6])
and studied extensively by Emil Post during the first decades of the last century,
[10]. During decades, many articles have been published regarding the structure of
polyadic groups. In our previous work [12], we studied profinite polyadic groups:
n-ary groups which are the inverse limits of finite n-ary groups. We proved that a
polyadic topological group �G,f� is profinite if and only if it is compact, Hausdorf,
and totally disconnected. Moreover, we showed that for a profinite polyadic group
�G,f�, its retract �G, Y� as well as its Post cover G� are profinite groups.In the
latest paper we proved that the polyadic group �G,f� has a unique Haar measure
mp. In [?] We study the structure and properties of the nonabelian tensor prod-
ucts of projective limits of finite polyadic groups. B. Davvaz and W. A. Dudek
in [?] they investigated the notion of (normal) fuzzy n-ary subgroup of an n-ary
group is introduced and some related properties .

2 n-Ary Profinite Groups
A polyadic group is a pair �G,f� where G is a non-empty set and f � Gn

Ð� G is
an n-ary operation such that

i) the operation is associative, i.e.

f�xi�1
1 , f�xn�i�1

i �, x2n�1
n�i � � f�xj�1

1 , f�xn�j�1
j �, x2n�1

n�j �

for any 1 D i, j D n and for all x1, x2, ..., x2n�1 > G, and
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ii) for all a1, ..., an, b > G and 1 D i D n, there exists a unique element x > G such
that

f�ai�11 , x, ani�1� � b.

Note that, here we use the compact notation xj
i for every sequence xi, xi�1, ..., xj�1, xj

of elements in G, and in the special case when all terms of this sequence are equal
to a fixed x, we denote it by

�t�
x , where t is the number of terms. Clearly, the

case n � 2 is exactly the definition of ordinary groups. We assume that n is fixed.
Note that an n-ary system �G,f� of the form f�xn

1 � � x1 X x2 X ... X xn X b, where
�G, X� is a group and b a fixed element belonging to the center of �G, X�, is a
polyadic group, which is called b-derived from the group �G, X� and it is denoted
by Dernb �G, X�. In the case when b is the identity of �G, X�, we say that such a
polyadic group is reduced to the group �G, X� or derived from �G, X� and we use
the notation Derb�G, X� for it.
For every n A 2, there are n-ary groups which are not derived from any group.
A polyadic group �G,f� is derived from some group if and only if, it contains an
element e (called an n-ary identity) such that

f�
�n�2�
e , x,

�n�i�
e � � x

holds for all x > G and for all i � 1, ..., n.
From the definition of an n-ary group �G,f�, we can directly see that for every
x > G, there exists only one y > G, satisfying the equation

f�
�n�1�
x , y� � x.

This element is called skew to x and it is denoted by x. As Dörnte [4] proved, the
following identities hold for all x, y > G,2 B i B n,

f�
�i�2�
x , x,

�n�i�
x , y� � f�y,

�n�i�
x , x,

�i�2�
x � � y.

These identities together with the associativity identities, axiomatize the variety
of polyadic groups in the algebraic language �f, �. Suppose �G,f� is a polyadic
group and a > G is a fixed element. Define a binary operation

x Y y � f�x,
�n�2�
a , y�.

Then �G, Y� is an ordinary group, called the retract of �G,f� over a. Such a retract
will be denoted by reta�G,f�. All retracts of a polyadic group are isomorphic.
The identity of the group �G, Y� is a. One can verify that the inverse element to
x has the form

y � f�a,
�n�3�
x , x, a�.

One of the most fundamental theorems of polyadic group is the following, now
known as Hosszú-Gloskin’s theorem.
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An n-ary subgroup H of an n-ary group �G,f� is called normal if

f�
�n�3�
a , a, h, a� >H

for all h >H and a > G. A normal subgroup H x G containing at least two elements
is called proper. If �G,f� has no any proper normal subgroup, then we say that
it is simple. If H � G is the only simple subgroup of G, then we say it is strongly
simple.

Theorem 1. Let �G,f� be a polyadic group. Then there exists an ordi-nary group
�G, Y�, an automorphism θ of �G, Y� and an element b > G such that

i) θ�b� � b,

ii) θn�1�x� � b Y x Y b�1, for every x > G,

iii) f�xn
1 � � x1 Y θ�x2� Y θ

2�x3� Y ... Y
n�1 �xn� Y b, for every x1, ..., xn > G.

According to this theorem, we use the notation derθ,b�G, Y� for �G,f� and we
say that �G,f� is �θ, b�-derived from the group �G, Y�.
Now, we can go back to profinite n-ary groups:A profinite polyadic group is the
inverse limit of an inverse system of finite polyadic groups. More precisely, let
�I,B� be a directed set and suppose ��Gi, fi�, φij , I� is an inverse system of finite
polyadic groups. This means that for every pair �i, j� of elements of I with j B i,
we are given a polyadic homomorphism φij � �Gi, fi� Ð� �Gj , fj� such that the
equality φjkφij � φik holds for all k B j B i. Now, assume that

�G,f� � lim
�Ð

�Gi, fi�.

Then �G,f� is called a profinite polyadic group. From now on, we consider the pair
�G,f� which is the above mentioned inverse limit. A realization of this pair can be
given as follows: Let Li�Gi, fi� be the direct product of the family ��Gi, fi��i>I .
This is a polyadic group with the n-ary operation

�M fi���xi1�, �xi2�, ..., �xin�� � �fi�xi1, xi2, ..., xin��i>I .

Now, we have
�G,f� � ��xi�i>I � ¦j B iφij�xi� � xj�,

and hence
f��xi1�, �xi2�, ..., �xin�� � �fi�xi1, xi2, ..., xin��i>I .

Note that, as each �Gi, fi� is finite, being a closed subspace of the direct product
of a family of finite sets, �G,f� is compact, Hausdorff, and totally disconnected
topological polyadic group, of course, if it has been shown that G is non-empty.
Indeed, using standard topological arguments, we can prove that G x g as every
Gi is compact.

Proposition 2.1. Let �G,f� � derθ,b�G, Y� be a profinite polyadic group. Then
the retract group �G, Y� is also profinite.

Proposition 2.2. Let �G,f� � derθ,b�G, Y� be a polyadic group and �G,f� �
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lim
�Ð

�Gi, fi�. Then there exist elements ai > �Gi, fi�, such that

�G,f� � lim
�Ð

retai�Gi, fi�.

Theorem 2. A topological polyadic group �G,f� is profinite, if and only if, it is
compact, Hausdorff, and totally disconnected.

Proposition 2.3. A polyadic group �G,f� � derθ,b�G, Y� is profinite, if and only
if, �G, Y� is profinite and θ is continuous.

3 Fuzzy n-Ary Profinite Groups
Any function µ � G Ð� �0,1� is called a fuzzy subset of G. The set of all values
of µ is denoted by Im�µ�. If for every S b G, there exists x0 > S such that
µ�x0� � sup�µ�x�Sx > S� then we say that µ has sup-property. For usual groups
A. Rosenfeld defined [20] fuzzy subgroups in the following way:

Definition 3.1. Definition 2.1. A fuzzy subset µ defined on a group �G, .� is
called a fuzzy subgroup if

1) µ�xy� Cmin�µ�x�, µ�y��,

2) 2) µ�x�1� C µ�x�

holds for all x, y > G.
In fact we have µ�x�1� � µ�x� because �x�1��1 � x for every x > G. Moreover,
from the above definition we can deduce that µ�e� C µ�x� for every x > G.

Proposition 3.2. Proposition 2.2. [20] A fuzzy subset µ on a group �G, .� is a
fuzzy subgroup if and only if each nonempty level subset µt � �x > GSµ�x� C t� is a
subgroup of �G, .�.

The above definition can be extended to n-ary case in the following way (cf.
[8]):

Definition 3.3. Definition 2.3. Let �G,f� be an n-ary group. A fuzzy subset of
G is called a fuzzy n-ary subgroup of �G,f� if the following axioms hold:

1) µ�f�xn
1 �� Cmin�µ�x1�, ..., µ�xn�� for all xn

1 > G,

2) µ�x� C µ�x� for all x > G.

Note that for n � 3 the second condition of the Definition 2.3 can be replaced
by the condition

3) µ�x� � µ�x� for all x > G,

because in this case n � 3 we have x for all x > G (cf. [2]). These two conditions
are equivalent for all n-ary groups in which for every x > G there exists a natural
number k such that x�k�

� x, where x�k� denotes the element skew to x�k�1� and
x�0�

� x. But, as it was observed in [8], there are fuzzy n-ary subgroups in which
µ�x� A µ�x� for some x > G.

Proposition 3.4. Proposition 2.5. Any n-ary subgroup of �G,f� can be realized
as a level subset of some fuzzy n-ary subgroup of G.
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Corollary 3.5. Corollary 2.6. The characteristic function of a nonempty subset
A of an n-ary group �G,f� is a fuzzy n-ary subgroup of G if and only if A is an
n-ary subgroup of G.

Theorem 3. Theorem 2.7. A fuzzy subset µ on an n-ary group �G,f� is a fuzzy
n-ary subgroup if and only if each its nonempty level subset is an n-ary subgroup
of �G, .�.

Theorem 4. Theorem 2.8. A fuzzy subset µ on an n-ary group �G,f� is a fuzzy
n-ary subgroup if and only if for all i � 1,2, ..., n and all xn

1 > G it satisfies the
following two conditions

i) µ�f�xn
1 �� Cmin�µ�x1�, ..., µ�xn��,

ii) µ�xi� Cmin�µ�x1�, ..., µ�xi�1�, µ�f�x
n
1 ��, µ�xi�1�, ..., µ�xn��.

Corollary 3.6. Corollary 2.9. A fuzzy subset µ defined on a group �G, .� is a fuzzy
subgroup if and only if

1) µ�xy� Cmin�µ�x�, µ�y��,

2) µ�x� Cmin�µ�y�, µ�xy��,

3) µ�y� Cmin�µ�x�, µ�xy��

holds for all x, y > G.

Example 3.7. Corollary 2.13. If �G,f� is a ternary group, then any fuzzy subgroup
of reta�G,f� is a fuzzy ternary subgroup of �G,f�.

Proof. Since a is a neutral element of a group reta�G,f� then µ�a� C µ�x� for all x > G.
Thus µ�a� C µ�x�. But in ternary group a � a for any a > G, whence

µ�a� � µ�a� C µ�a� C µ�a�.

So, µ�a� � µ�a� C µ�x� for all x > G. This means that

Theorem 5. Theorem 2.15. Let �G,f� � derθ,b�G, Y�. Any fuzzy subgroup µ of �G, Y�

such that µ�b� C µ�x� for every x > G is a fuzzy n-ary group of �G,f�.

Proof. The first condition of the Definition 2.3 is obvious. To prove the second, let
θ � I, then

x � �xn�2 Y b��1,

where xn�2 is the power of x in �G, Y�. Therefore

µ�x� � µ��xn�2 Y b��1� C µ�xn�2 Y b� Cmin�µ�x�, µ�b�� � µ�x�

for all x > G. The proof is complete.

Corollary 3.8. Corollary 2.16. Any fuzzy subgroup of a group �G, Y� is a fuzzy n-ary
subgroup of an n-ary group derived from �G, Y�.
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Proof. If an n-ary group �G,f� is derived from the group �G, Y� then b � e and µ�e� C

µ�x� for all x > G.

Theorem 6. Theorem 2.10. Let µ be a fuzzy n-ary subgroup of �G,f�. If there exists
an element a > G such that µ�a� C µ�x� for every x > G, then µ is a fuzzy subgroup of
a group reta�G,f�.

Proof. Let �G, Y� � reta�G,f�, then

µ�x Y y� � µ�f�x,
�n�2�
a , y� Cmin�µ�x�, µ�a�, µ�y�� �min�µ�x�, µ�y��

and
µ�x�1� � µ�f�a,

�n�3�
x , x, a�� Cmin�µ�x�, µ�x�, µ�a�, µ�a�� � µ�x�,

which completes the proof.

Recall that if �I,B� be a directed set and suppose ��Gi, fi�, φij , I� is an inverse
system of finite n-ary groups, and �G,f� � lim

�Ði>I
�Gi, fi�. Then according to Hossz´u

-Gloskin’s theorem, we have

�Gi, fi� � derθi,bi�Gi, Yi�,

for some ordinary group �Gi, Yi�, an element bi > Gi, and an automorphism θi, satisfying
the conclusions of Theorem 1. . In [] has proved that in some sense, there exists a
binary operation Y on G such that

�G, Y� � lim
�Ð

i>I

�Gi, Yi�.

Proposition 3.9. Proposition 2. Let �G,f� � derθ,b�G, Y� be a polyadic group and
�G,f� � lim

�Ði>I
�Gi, fi�. Then there exist elements ai > Gi, such that

�G, Y� � lim
�Ð

i>I

retai�Gi, fi�.

Theorem 7. Theorem 2.12. Let �Gi, fi� are be n-ary groups. If µi is a fuzzy subgroup
of a group retai�Gi, fi� and µi�ai� C µi�xi� for all xi > Gi, then µi is a fuzzy n-ary
group of �Gi, fi�.

Proof. Indeed, �Gi, Yi� � retai�Gi, fi�, θi�xi� � fi�ai, xi,
�n�2�
ai � and bi � fi�

�n�

ai �. Obvi-
ously,

µi�θi�xi�� � µi�fi�ai, xi,
�n�2�
ai �� Cmin�µi�ai�, µi�xi�, µi�ai�� � µi�xi�,

µi�θ
2
i �xi�� � µi�fi�ai, θi�xi�,

�n�2�
ai �� Cmin�µi�ai�, µi�θi�xi��, µi�ai�� � µi�θi�xi�� C µi�xi�.
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Consequently, µi�θ
k
i �xi�� C µi�xi� for all xi > Gi and k > N.

Similarly
µi�bi� � µi�fi�ai,�, ai�� C µi�ai� C µi�xi�

for every xi > Gi.
Therefore

µi�fi�x
in
i1�� � µi�xi1 Yi θi�xi2� Yi θ

2
i �xi3� Yi � Yi θ

n�1
i �xin� Yi bi� (1)

Cmin�µi�xi1�, µi�θi�xi2��, µi�θ
2
i �xi3��,�µi�θ

n�1
i �xin��, µi�bi��

Cmin�µi�xi1�, µi�xi2�, µi�xi3�,�µi�xin�, µi�bi��

Cmin�µi�xi1�, µi�xi2�, µi�xi3�,�µi�xin��,

which proves that the first condition of the Definition 2.3 is satisfied. To prove the
second condition observe that from (4) and (7) it follows

xi � �θi�xi� Y θ
2
i �xi� Y � Y θn�2i �xi� Y bi�

�1.

Thus

µi�xi� � µi��θi�xi� Yi θ
2
i �xi� Yi � Yi θ

n�2
i �xi� Yi bi�

�1� (2)
C µi�θi�xi� Yi θ

2
i �xi� Yi � Yi θ

n�2
i �xi� Yi bi�

Cmin�µi�θi�xi��, µi�θ
2
i �xi��,�µi�θ

n�2
i �xi��, µi�bi��

Cmin�µi�xi�, µi�bi� � µi�xi�.

which completes the proof.

Proposition 3.10. Let ��Gi, fi�, φij , I� be an inverse system of finite polyadic groups
and for any i, suppose �Gi, fi� � derθi,bi�Gi, Yi�. Then

lim
�Ð

i>I

derθi,bi�Gi, Yi� � derθ̂,b̂ lim
�Ð

i>I

�Gi, Yi�.

where
b̂ � �bi�i,

and
θ̂��xi�i� � �θi�xi��i.

Corollary 3.11. Let �G,f� � lim
�Ði>I

�Gi, fi�. If µi is a fuzzy n-ary group of �Gi, fi�.
Then µ is a fuzzy n-ary group of �G,f� by

µ��xi�i>I� �M
i>I

µi��xi�� ��
i>I

µi��xi��.
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Proof.

µ�f��xini1�i>I�� � �µ1 �� � µn��f
n
i ��x

in
i1�i>I�� (3)

� �µ1 �� � µn��f1�x
in
i1�, f2�x

in
i1�,�, fn�x

in
i1��

�min�µ1�f�x
in
i1��, µ2�f�x

in
i1��,�, µn�f�x

in
i1���

Cmin�min�µ1�xi1�, µ1�xi2�,�, µ1�xin��,�,min�µn�xi1�, µn�xi2�,�, µn�xin���

�min��µ1 �� � µn��
�n�
xi1�,�, �µ1 �� � µn��

�n�
xin��

�min��µ1 �� � µn���xi1��,�, �µ1 �� � µn���xin���

�min�µ��xi1��,�, µ��xin���

so
µ�f��xini1��� Cmin�µ��xi1��,�, µ��xin���.

For second condition, we have

µ��xini1�� � �µ1 �� � µn���xini1�� (4)

�min�µ1��xini1��,�, µn��xini1���

Cmin�µ1��xi1��,�, µn��xin���

� µ��xini1��.

Lemma 3.12. Let µ and λ be two fuzzy n-ary subgroups of �G,f� with the same family
of levels. If Im�µ� � �t1, t2,�, tm� and Im�λ� � �s1, s2,�, sp� where t1 A t2 A � A tm

and s1 A s2 A � A sp, then

i) m � p

ii) µti � λsi, for i � 1,�,m

iii) if µ�x� � ti, then λ�x� � si for x > �G,f� and i � 1,�,m

Proof. i) and ii) are obvious. To prove iii) consider x > �G,f� such that µ�x� � ti. If
λ�x� � si then sj C si, i.e., λsj b λsi . Since x > λsj � tj , we obtain ti � �x� C tj ,
which gives µti b µtj . Consequently, λsi � µti b µtj � λsj . Thus λsi � λsj . Lemma
3.1 completes the proof.

Theorem 8. Let µ and λ be two fuzzy n-ary subgroups of �G,f� with the same family
of levels. Then µ � λ if and only if Im�µ� � Im�λ�.

Proposition 3.13. Let �G,f� � lim
�Ði>I

�Gi, fi�, and µi, λi be two fuzzy n-ary subgroups
of �Gi, fi� with the same family of levels, such that Im�µi� � �timi

i1 � and Im�λi� � �sipii1 �

where ti1 A ti2 A � A timi and si1 A si2 A � A sipi. If µ,λ be two fuzzy n-ary subgroups
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of �G,f� with the same family of levels, such that Im�µ� � �tm1 � and Im�λ� � �sp1�

where t1 A t2 A � A tm and s1 A s2 A � A sp then

i) m � p

ii) µti � λsi, for 1 � 1,�,m

iii) if µ��xi�i� � ti, then λ��xi�i� � si for �xi�i > �G,f� and i � 1,�,m

iv) ti �min�tii�, si �min�sii�

Proof. To prove iv), we have µ��xi�i� �min�µ1�x1�,�, µn�xn�� �min�tii � i > I�

Definition 3.14. Definition 4.1. Let µ be a fuzzy set of G. An element u > G is called
µ-maximal if µ�u� C µ�x� for all x > G. A fuzzy set � with the property µ�u� � 1 is
called normal.

Any fuzzy set µ with finite image has a µ-maximal element. In n-ary groups derived
from binary group �G, Y� the identity of �G, Y� is a µ-maximal element for any fuzzy
subgroup of µ. In unipotent n-ary groups the element u � f�xn1� is µ-maximal for all
fuzzy n-ary subgroups. Thus a fuzzy n-ary subgroup µ of a unipotent n-ary group is
normal if and only if µ�u� � 1. Obviously a characteristic function χH of any n-ary
subgroup H of G is normal.

Proposition 3.15. Proposition 4.2. Let �ui� be a µ-maximal element of a fuzzy n-ary
subgroup of an n-ary profinite group �G,f� � lim

�Ði>I
�Gi, fi�. Then a fuzzy set µ� defined

by µ���xi�� � µ��xi�� � 1 � µ��ui�� for all �xi� > G, is a normal fuzzy n-ary subgroup
of �G,f� which contains µ.

Proof. Indeed for every xi > �Gi, fi�, with a µi-maximal element ui, we have

µ�i �fi�x
in
i1�� � µi�fi�x

in
i1�� � 1 � µi�ui� (5)

Cmin�µi�xi1�,�, µi�xin�� � 1 � µi�ui�

�min�µi�xi1� � 1 � µi�ui�,�, µi�xin� � 1 � µi�ui��

�min�µ�i �xi1�,�, µ�i �xin��

and
µ�i �xi� � µi�xi� � 1 � µi�ui� C µi�x� � 1 � µi�ui� � µ�i �xi�

. Clearly µ�i is normal and µi b µ�i . Now for every �xi� > �G,f� � lim
�Ði>I

�Gi, fi�, with
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a µ-maximal element �ui� and by Corollary 3.11, we have

µ��f��xini1�i>I�� � µ�f��xini1�i>I�� � 1 � µ��ui�i>I� (6)
� �µ1 �� � µn��f��x

in
i1�i>I�� � 1 � �µ1 �� � µn���ui��

Cmin��µ1 �� � µn���xi1��,�, �µ1 �� � µn���xin�� � 1 � �µ1 �� � µn���ui���

�min�µ��xi1�� � 1 � µ��ui��,�, µ��xin�� � 1 � µ��ui���

�min�µ���xi1��,�, µ���xin���

and

µ��xini1�� � �µ1 �� � µn���xini1�� (7)

�min�µ1��xini1��,�, µn��xini1���

Cmin�µ1��xi1��,�, µn��xin���

� µ��xini1��.

µ���xini1�� � µ��xini1�� � 1 � µ��ui�� C µ��xini1�� � 1 � µ��ui�� � µ���xini1��

.
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