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Abstract

The notion of an n-ary profinit group is a natural generalization of the notion of
a n-ary group and ordinary group that has many applications in different branches.
In this paper, We study the structure of fuzzy n-ary profinite group of an n-ary

group is introduced and some related properties are investigated.

1 Introduction

A polyadic group is a natural generalization of the concept of group to the case
where the binary operation of group is replaced with an n-ary associative opera-
tion, one variable linear equations in which have unique solutions. So, in this arti-
cle, polyadic group means an n-ary group for a fixed natural number n > 2. These
interesting algebraic objects are introduced by Kasner and Dornte ([1] and [6])
and studied extensively by Emil Post during the first decades of the last century,
[10]. During decades, many articles have been published regarding the structure of
polyadic groups. In our previous work [12], we studied profinite polyadic groups:
n-ary groups which are the inverse limits of finite n-ary groups. We proved that a
polyadic topological group (G, f) is profinite if and only if it is compact, Hausdorf,
and totally disconnected. Moreover, we showed that for a profinite polyadic group
(G, f), its retract (G,e) as well as its Post cover G* are profinite groups.In the
latest paper we proved that the polyadic group (G, f) has a unique Haar measure
myp. In [?7] We study the structure and properties of the nonabelian tensor prod-
ucts of projective limits of finite polyadic groups. B. Davvaz and W. A. Dudek
in [?] they investigated the notion of (normal) fuzzy n-ary subgroup of an n-ary

group is introduced and some related properties .

2 n-Ary Profinite Groups

A polyadic group is a pair (G, f) where G is a non-empty set and f: G" — G is

an n-ary operation such that

i) the operation is associative, i.e.
-1 i-1y .2n-1 -1 -1y . 2n-1
FE f@T) ) = fa f@ ), 2)050)

for any 1 <4,j <n and for all z1,zo,...,22,-1 € G, and



ii) for all aq,...,an,b € G and 1 <i < n, there exists a unique element = € G such
that

f(azi_l’x)a;:l) =b.

Note that, here we use the compact notation xz for every sequence x;, Tiy1, ..., Tj—1,T;
of elements in G, and in the special case when all terms of this sequence are equal
to a fixed x, we denote it by (b%), where t is the number of terms. Clearly, the
case n = 2 is exactly the definition of ordinary groups. We assume that n is fixed.
Note that an n-ary system (G, f) of the form f(z7]) =21 0x0 ... 02, ob, where
(G,0) is a group and b a fixed element belonging to the center of (G,0), is a
polyadic group, which is called b-derived from the group (G, o) and it is denoted
by Dery(G,o). In the case when b is the identity of (G,o), we say that such a
polyadic group is reduced to the group (G, o) or derived from (G,o) and we use
the notation Der,(G, o) for it.

For every m > 2, there are n-ary groups which are not derived from any group.
A polyadic group (G, f) is derived from some group if and only if, it contains an

element e (called an n-ary identity) such that
f((néQ)’ z) (ne—l)) .

holds for all z € G and for all i =1,....n.
From the definition of an n-ary group (G, f), we can directly see that for every
x € G, there exists only one y € G, satisfying the equation

(n-1)

f( €T vy):x'

This element is called skew to = and it is denoted by Z. As Dornte [4] proved, the
following identities hold for all z,y € G,2<i < n,

(i-2) _ (n—i) (n—i) _ (i-2)
f( z ,xr, x 7y):f(y7 r ,r, T ):y

These identities together with the associativity identities, axiomatize the variety
of polyadic groups in the algebraic language (f,). Suppose (G, f) is a polyadic
group and a € G is a fixed element. Define a binary operation

rey= f(ll?, (nc_l2)7y)

Then (G, o) is an ordinary group, called the retract of (G, f) over a. Such a retract
will be denoted by ret,(G, f). All retracts of a polyadic group are isomorphic.
The identity of the group (G,e) is a. One can verify that the inverse element to
x has the form

y= 1@ "2 5,q).
One of the most fundamental theorems of polyadic group is the following, now

known as Hosszu-Gloskin’s theorem.



An n-ary subgroup H of an n-ary group (G, f) is called normal if

(" ana) e H

for all h € H and a € G. A normal subgroup H # G containing at least two elements
is called proper. If (G, f) has no any proper normal subgroup, then we say that
it is simple. If H = G is the only simple subgroup of G, then we say it is strongly
simple.

Theorem 1. Let (G, f) be a polyadic group. Then there exists an ordi-nary group
(G,e), an automorphism 6 of (G,e) and an element b e G such that

i) 6(b) =,
i) 0" N (x)=bexeb™t for every xe€G,
iii) f(x]) =z, 00(z2) 0% (x3)e...0"  (2,)0b, for every my,...,7,€G.

According to this theorem, we use the notation derg (G, o) for (G, f) and we
say that (G, f) is (0, b)-derived from the group (G, e).
Now, we can go back to profinite n-ary groups:A profinite polyadic group is the
inverse limit of an inverse system of finite polyadic groups. More precisely, let
(I,<) be a directed set and suppose {(Gj, fi), vij, I} is an inverse system of finite
polyadic groups. This means that for every pair (4,7) of elements of I with j <1,
we are given a polyadic homomorphism ¢;; : (G, fi) — (G}, f;) such that the
equality ¢;ipi; = @i holds for all k£ < j <i. Now, assume that

Then (G, f) is called a profinite polyadic group. From now on, we consider the pair
(G, f) which is the above mentioned inverse limit. A realization of this pair can be
given as follows: Let [1;(Gy, f;) be the direct product of the family {(G;, fi)}ier-

This is a polyadic group with the n-ary operation

(H f)((@in), (@iz)s s (@in)) = (fi(@i1, Tiz, s Tin) )ier -

Now, we have
(G, f) ={(x)ier - VJ <iij(w) = 5},
and hence

f((@ir), (zi2), s (win)) = (fi@in, Tiz, s Tin) Jier-

Note that, as each (Gj, f;) is finite, being a closed subspace of the direct product
of a family of finite sets, (G, f) is compact, Hausdorff, and totally disconnected
topological polyadic group, of course, if it has been shown that G is non-empty.
Indeed, using standard topological arguments, we can prove that G # @ as every

G; is compact.

Proposition 2.1. Let (G, f) = derg,(G,e) be a profinite polyadic group. Then
the retract group (G, ) is also profinite.

Proposition 2.2. Let (G, f) = derg,(G,e) be a polyadic group and (G, f) =



LiLn(Gi,fi), Then there exist elements a; € (G, fi), such that
(Ga f) = Liﬁ”"@tai(gi’ fl)

Theorem 2. A topological polyadic group (G, f) is profinite, if and only if, it is

compact, Hausdorff, and totally disconnected.

Proposition 2.3. A polyadic group (G, f) = derg (G, ®) is profinite, if and only

if, (G,e) is profinite and 6 is continuous.

3 Fuzzy n-Ary Profinite Groups

Any function p: G — [0,1] is called a fuzzy subset of G. The set of all values
of u is denoted by Im(u). If for every S ¢ G, there exists zp € S such that
(o) = sup{u(z)|r € S} then we say that p has sup-property. For usual groups
A. Rosenfeld defined [20] fuzzy subgroups in the following way:

Definition 3.1. Definition 2.1. A fuzzy subset p defined on a group (G,.) is
called a fuzzy subgroup if

1) p(zy) 2 min{u(x), n(y)},
2) 2) ju(z) > p(a)
holds for all z,y € G.

In fact we have u(z~!) = p(x) because (z71)7!

= x for every z € G. Moreover,

from the above definition we can deduce that u(e) > u(z) for every z € G.

Proposition 3.2. Proposition 2.2. [20] A fuzzy subset u on a group (G,.) is a
fuzzy subgroup if and only if each nonempty level subset py = {x € G|lu(x) >t} is a
subgroup of (G,.).

The above definition can be extended to n-ary case in the following way (cf.
(8]):
Definition 3.3. Definition 2.3. Let (G, f) be an n-ary group. A fuzzy subset of
G is called a fuzzy n-ary subgroup of (G, f) if the following axioms hold:

1) p(f(z?)) 2min{u(z1),...,u(xy,)} for all 27 € G,
2) w(T) > pu(z) for all x e G.

Note that for n = 3 the second condition of the Definition 2.3 can be replaced
by the condition

3) w(T) = u(z) for all x € G,

because in this case n = 3 we have T for all x € G (cf. [2]). These two conditions
are equivalent for all n-ary groups in which for every z € G there exists a natural
number k such that z(F) = xr, where 7() denotes the element skew to z(*1) and
7 = z. But, as it was observed in [8], there are fuzzy n-ary subgroups in which

w(T) > p(x) for some x € G.

Proposition 3.4. Proposition 2.5. Any n-ary subgroup of (G, f) can be realized

as a level subset of some fuzzy n-ary subgroup of G.



Corollary 3.5. Corollary 2.6. The characteristic function of a nonempty subset
A of an n-ary group (G, f) is a fuzzy n-ary subgroup of G if and only if A is an
n-ary subgroup of G.

Theorem 3. Theorem 2.7. A fuzzy subset u on an n-ary group (G, f) is a fuzzy
n-ary subgroup if and only if each its nonempty level subset is an n-ary subgroup

of (G,.).
Theorem 4. Theorem 2.8. A fuzzy subset u on an n-ary group (G, f) is a fuzzy
n-ary subgroup if and only if for all i = 1,2,....n and all 27 € G it satisfies the

following two conditions
i) N(f(l‘?)) 2 min{,u(xl)v ---7.U(xn)}7
i) p(ws) > min{p(), .. (@i ), w(f (@7)), p(@iv1), o p(@n) }-
Corollary 3.6. Corollary 2.9. A fuzzy subset p defined on a group (G,.) is a fuzzy
subgroup if and only if
1) p(xy) 2 min{pu(x), n(y)},
2) p(x) 2 min{u(y), n(zy)},

3) w(y) 2 min{u(x), p(ry)}
holds for all x,y € G.

Example 3.7. Corollary 2.15. If (G, f) is a ternary group, then any fuzzy subgroup
of reto (G, f) is a fuzzy ternary subgroup of (G, f).

Proof. Since a is @ neutral element of a group ret,(G, f) then u(a) > p(z) for all x € G.
Thus p(@) > u(x). But in ternary group @ = a for any a € G, whence

(@) = (@) 2 (@) = p(a).
So, p(a) = p(a@) > p(x) for all x € G. This means that O

Theorem 5. Theorem 2.15. Let (G, f) = dergp(G,e). Any fuzzy subgroup p of (G, e)
such that (b) > u(zx) for every x € G is a fuzzy n-ary group of (G, f).

Proof. The first condition of the Definition 2.3 is obvious. To prove the second, let
0 =1, then

T = (:1,‘”_2 . b)—l7
where 272 is the power of z in (G, ). Therefore
p(x) = p((2"72 0 0)™) > p(a"? 0 b) > min{u(w), u(b)} = p(x)
for all x € G. The proof is complete. O

Corollary 3.8. Corollary 2.16. Any fuzzy subgroup of a group (G,e) is a fuzzy n-ary

subgroup of an n-ary group derived from (G,e).



Proof. If an n-ary group (G, f) is derived from the group (G,e) then b = e and p(e) >
wu(z) for all z € G. O

Theorem 6. Theorem 2.10. Let p be a fuzzy n-ary subgroup of (G, f). If there exists
an element a € G such that p(a) > p(x) for every x € G, then p is a fuzzy subgroup of
a group ret, (G, f).

Proof. Let (G,e) =ret,(G, f), then

u(w o) = p(f(,"a” y) 2 min{p(@), u(a), p(y)} = min{u(z), u(y)}

and
w(@ Yy = (@ "5, 7,3)) 2 min{p(), n(@), u(a), 1 (@)} = p(),

which completes the proof. O
Recall that if (I,<) be a directed set and suppose {(Gj, fi), vij, I} is an inverse

system of finite n-ary groups, and (G, f) = Lir_nid(Gi, fi). Then according to Hossz u

-Gloskin’s theorem, we have
(Gi, fi) = derg, p,(Gi, ®;),

for some ordinary group (G}, ¢;), an element b; € G;, and an automorphism 6;, satisfying
the conclusions of Theorem 1. . In [] has proved that in some sense, there exists a

binary operation e on G such that

(G,e) = @(le .).
iel

Proposition 3.9. Proposition 2. Let (G, f) = dergp(G,e) be a polyadic group and
(G, f) = l(iLniEI(G,-,fi). Then there exist elements a; € G;, such that

(Ga .) = l(iI_nT‘etai(Gi, fl)
i€l

Theorem 7. Theorem 2.12. Let (G, f;) are be n-ary groups. If p; is a fuzzy subgroup
of a group rety, (Gi, fi) and pi(a;) > pi(x;) for all x; € Gi, then w; is a fuzzy n-ary
group of (Gi, fi).

n— (n)
Proof. Indeed, (Gj,e;) = retq, (G, fi),0i(x:) = fi(as, xi,( ai2)) and b; = fi(@; ). Obvi-

ously,

(n-2)

wi(0i(z:)) = pa(fi@i, iy a; ) = min{pui(az), pi(xi), mwi(ai)} = pi(z;),

1 (02(20)) = i Fo(@r, 03(), Ul )) = min (@), (0 (2n) ) priaa)} = a0 (0)) 2 g ).



Consequently, p; (05 (x;)) 2 pi(z;) for all x; € G; and k € N.
Similarly

pi(bi) = pi (fi(@, @) 2 pi@) 2 pi(w;)
for every x; € Gj.

Therefore

(i () = pilzin 0 0i(zi2) ;07 (253) 0 -+ 9; 07 (i) @; ;) (1)
> min{pi(wi), wi0i(wi2)), 1 (07 (wi3)), i (07 (win) ), pa(bi) }
> min{pi(wi), pi(@iz), pi(ziz), - pizin ), pi(bi) }
> min{pi(zi1), pi(@i2), pi(wis), = pi(zin) },

which proves that the first condition of the Definition 2.3 is satisfied. To prove the

second condition observe that from (4) and (7) it follows

Ti = (0s() @ 07 (1) 0+ 0 077 (1) 0 by) ™.

Thus
1i(T7) = i (05 (i) @ 07 (25) @5 -+ 0 077> (25) @i b;) ") (2)
> 15 (03 () @5 07 (i) i - 0 0] (w;) @i by)
> mz’n{,ui(ﬁi(a:i)),,ui(eiz(ﬂiz‘)),"'Mz‘(@?_Q(xz‘))vﬂi(bz‘)}
> min{ i (w;), pi(bi) = pi(ws).
which completes the proof. ]

Proposition 3.10. Let {(G}, i), vij, I} be an inverse system of finite polyadic groups
and for any i, suppose (G;, f;) = derg, p,(Gi,9;). Then

lim derg, b, (Gi, 8;) = der; ; Lim (G, #;).
iel 7 iel
where
b=(bi),
and
0((wi)i) = (0i(:))i-

Corollary 3.11. Let (G, f) = liLniE[(Gi,fi). If p; is a fuzzy n-ary group of (G, fi).
Then p is a fuzzy n-ary group of (G, f) by

u((wi)ier) = [Tri((2i)) = A pa((20)).

iel iel



Proof.

n(F(@)ier)) = (1 x - x pg) (S (2 )ser ) (3)
= (pa % % i) (FL(@31 ), foA@fD), -, fu(0)))
=min{u1(f (@), p2(f (@), pa(f (1))}

> mian{min{p1 (i), p1(zi2), - p1(@in) }, o min{pn (@i ), pn (@iz ), - pn (in) }

= min{ (i x -+ x i) (F11), o, (1 x - x 1) (£12))

= man{ (1 x - x pin) ((zi1)), -+ (1 %+ % ) ((Tin) ) }
=min{u((zi)), -, p((zin))}

SO

p(f (1)) 2 min{p((2in)), -~ n((zin)) }-

For second condition, we have

(@) = (g1 x -+ x ) (1)) (4)
= min{pn (7)), pun((23])) }
> min{p1 ((wi1)), -+ tin((zin))}
= u((2i)).

O]

Lemma 3.12. Let u and A be two fuzzy n-ary subgroups of (G, f) with the same family
of levels. If Im(p) = {t1,t2,-, tm} and Im(X) = {s1,s2,--,p} where t1 >ty > >t
and s1 > s3> - > s, then

i) m=p

i) pt, = Ns;, fori=1,--m
i) if p(x) =t;, then N(z) =s; forxe (G, f) andi=1,---,;m
Proof. 1) and ii) are obvious. To prove iii) consider = € (G, f) such that u(x) =t¢;. If

>t ,

which gives p; € pue; . Consequently, As; = pue; € p1t; = As; . Thus As; = Ag; . Lemma

A(x) = s; then sj > s, i.e., A\s; € A5, . Since z € As; =4, , we obtain ¢; = ()

3.1 completes the proof. O

Theorem 8. Let 1 and A be two fuzzy n-ary subgroups of (G, f) with the same family
of levels. Then p= X if and only if Im(p) = Im(\).

Proposition 3.13. Let (G, f) = @ieI(Giv fi), and p;, \; be two fuzzy n-ary subgroups
of (Gi, fi) with the same family of levels, such that Im(u;) = {tZTln‘} and Im(\;) = {5?1"}
where ti1 > tiop > - > tim, and s;1 > s;2 > - > Sip,. If p, A be two fuzzy n-ary subgroups



of (G, f) with the same family of levels, such that Im(p) = {t7*} and Im(\) = {s]}
where t1 >ty > -+ > 1, and s1 > s9 >+ > 5, then

i) m=p

i) i, = As;, for L=1,--m
i) if p((zi)i) =ti, then AN((x;)i) = si for (zi)i€ (G,f) andi=1,---,m

w) ti =min{t;}, s; = min{s;}
Proof. To prove iv), we have p((xz;);) = min{pi(x1), - pn(xn)} = min{t; :ie [} O

Definition 3.14. Definition 4.1. Let u be a fuzzy set of G. An element u € G is called
p-maximal if p(u) > p(x) for all z € G. A fuzzy set with the property p(u) =1 is

called normal.

Any fuzzy set p with finite image has a y-maximal element. In n-ary groups derived
from binary group (G,e) the identity of (G,e) is a y-maximal element for any fuzzy
subgroup of p. In unipotent n-ary groups the element u = f(z7) is p-maximal for all
fuzzy n-ary subgroups. Thus a fuzzy n-ary subgroup p of a unipotent n-ary group is
normal if and only if p(u) = 1. Obviously a characteristic function y g of any n-ary

subgroup H of GG is normal.

Proposition 3.15. Proposition 4.2. Let (u;) be a p-mazimal element of a fuzzy n-ary

(
subgroup of an n-ary profinite group (G, f) =lim_ (G, f;). Then a fuzzy set u* defined

<«——iel

by p((zi)) = p((z:)) + 1 = u((us)) for all (z;) € G, is a normal fuzzy n-ary subgroup
of (G, f) which contains .

Proof. Indeed for every x; € (G, f;), with a p;-maximal element u;, we have

pi (fi@iD)) = pa(fi@iy)) + 1= pi(uwi) (5)
> mian{ (i), pi(Tin) b +1 = pi(u;)
= min{pi (i) + 1 = pi(ui), - pi(@in) +1 - piuq)}
=min{p; (xi), 7 (Tin) }

and
17 (T7) = pi(Ti) + 1= (i) > pi(2) + 1= i) = 7 (24)

. Clearly pf is normal and p; € pf . Now for every (x;) € (G, f) = @iel(Gi’ fi), with



a p-maximal element (u;) and by Corollary 3.11, we have

(S (@ier)) = (@ Yier)) + 1 - p((uiier) (6)
= (e a) (F((@ier)) + 1= (x5 ) ()
2 ming (%% ) (1)) (1 %% 1) ((in)) + 1= (g1 % x g ) ()}
= min{u((zi)) + 1= (), (i) + 1= ()}
= min{* ((zi1)), - 1" ((2in)))

and
p((@})) = (pr x == x pun ) ((231)) (7)
= min{p1 ((x1)), -+ pa((2i7))}
2 min{u1((xi1)), - pn((Tin)) }
= p((2}))
p((28) = p((@5)) + 1= p((ui)) 2 p((2iy)) + 1= p((wi)) = p* ((237))
O
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