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1 Bsegenne

CBoe pa3BuTHE TOTYJIArPAHIKEBBIE METO/IbI, PAHEE HAZBIBAEMbBIE METOI0M
XaPAKTEPUCTUK WA METOAOM TPAEKTOPHWii, HAYAN B cepeante X X BeKa Mpu
MOZJEINPOBAHIN ABUKeHIN Ta3a [1]-[4] B 3agauax Mogenuposanus obTeKaHnst
Tesla, a TaKXKe B 3ajade POrHo3uposanus norosl [5]. Tiasabiv cBoiicTBOM
ITUX METOA0B ABJIACTCHA TO, 9TO OHM OCHOBAHBI Ha MOAC/JIMPOBAHNUU IIepeMe-
MEeHrs CYOCTAHIMU TIOCPEJCTBOM BBIYHUC/IEHUsT TpaeKkTopuit asmkernd. Co
BpEMEHEM 3THU METOAbI HaYaJN IIPUMEHATHCA [JId PEIeHnd CUCTEeMbl ypaB-
nenuit Hasbe-Crokca [6]-]9], a Takzke Gostee mEPOKOro Kjiacca 3agad, B KO-
TOPBIX, B KAYECTBE OJHOIO M3 LIPOLECCOB, npucyrcreyer ajasexius [10]-[14].

y 9TUX METOJ0B MO2KHO BBIAC/IUTH TPU TJIABHBIX IIPEUMYIIECCTBA. HepBoe
npeumyniecTBo COCTOUT B TOM, 4YTO JJid 9TUX METOA0B yCJIOBUE yCTOﬁqHBO-
ctu Kypanra-®@punpuxca-J/leBr BBITOTHIETCS aBTOMATHIECKH (¢ TOUHOCTHIO
JI0 TIOTPEITHOCTH AMTPOKCUMAIINN TPACKTOPHil 1BuKenus cyberantmu) [10],
[15], [16], aT0 mO3BOMISIET TPOBOIUTE PACUETHI ¢ GOTBIUMH TIATAME 10 BpEMe-
uu. Bropoe MpenMyInecTBO COCTOUT B BO3MOYXKHOCTH HCIIOJb30BATH PA3HBIE
OPOCTPAHCTBEHHBIE CETKU Ha PA3HBIX CJIOSX MO BPEMEHH. DTO IPEnMYIIe-
CTBO TIPWBEIO K AKTHBHOMY WCIIOJB30BAHUIO AJANTHBHBIX ceTok [17]-[19].
Tperbe IPeUMyIIECTBO COCTOUT B BBIMTOJHEHUN 3aKOHA COXPAHEHUS JJIs IUC-
JICHHOTO DEeIleHNs B JUCKPETHOM aHaJI0Te HOpMBI ipocTpancTsa Ly [11], [15],
[17], [20]. [loapoGHoe omucaHme MPEUMYIIECTB MOIYIArPAHKEBOTO TOIXO0/IA
MOXKHO Haiitu B crarbax [10], [19], [21]-[23] Bmecre ¢ ofmupHBIM 0630pOM
JINTEPATYPHI.

B nanmnoii pabore nmokazaHo HaJUYKe €Ile OJHOI0 IIPEUMYIIEeCTBa, KOTO-
pPO€ COCTOUT B BO3MOYKHOCTH MCIIOJIH30BATh PAa3HbIe MIArH [10 BPEMEHU B Pa3-
HBIX 9aCTIX BBIYUCAUTENBHOM ob6acTu. IIpu 3T0M, Ipu MOIETMPOBAHIN OCY-
IIECTBISIETCA CKBO3HOE TEUeHne CyOCTAHINY U3 OJHON YacTW BBIYUCIUTE -
HOT 0bs1acTy B APYTyio u oOpaTHo. TeopeTnvueckn n Ha OCHOBE BHIUUCIUTE b=
HOTO IKCIIEPpUMEHTA TIOATBEPXKACHA CXOANMOCTDH YUCJICHHOT'O PEIIeHnd K TOY9-
HOMY PEMIECHNIO C TEPBBIM MOPAIAKOM TOYHOCTH, a TAKZKE BBITTOJTHEHNE 3aKOHa,
coxpanenusi 63 UCIOIb30BAHUSA KAKUX-THOO0 MOMPABOYHBIX (BECOBBIX) KO3(]-
GUIMEHTOR, NCKAYKAIOTIUX 9UCJICHHOE perenre. B padore BuraucnTebHast
o6s1acTh pa3buTa Ha JBE YACTH, B KAXKJOH M3 KOTOPBIX MCIIOJb3YIOTCA Pas-
HBIE€ TaTr'v 110 BPEeMEHU. OCHOBH&H CJIOZKHOCTD IIPU OMMUCAHUU METOda COCTOUT
B IIOCTPOEHNUN YUCJICHHOTO PEICHUA B y3JiaX CETKH, JIeXKAIUX Ha T'DAHUIE
MeXKy AByMd nogobiactamu. B qanmoit pabore Teoperntuecku 060CHOBAHA U
IKCIIEPUMEHTAJIBHO ITOKA3daHa ITPUHIOUIINAJIbHAA BO3MOXKHOCTL CO3JaHUA AJI-
roput™Ma C yKa3dHHbIMK CBOMCTBaMU.
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2 IlocranoBka 3agavin

Iycrs Q = [0, 1] x [0, 1] — equuuansiii kBajgpar ¢ rpanuneii I'. Ha muoxe-
cree D = [0,T] x Q, T > 0, paccMOTPUM JBYMEPHOE yPABHEHHUE HEPA3PHIB-
HOCTH C HEHYJIEBOI LPABOM 4aCTbIO

p , lpu) | O(pv)

ot Ox oy

31ech p(t,l’,y) — HCKOMad (bYHKIJ;I/IH, au (t,.’E,y), v (t,x,y) n f (t,:c,y) B
U3BECTHBIE JIOCTATOYHO Tiajakue GpyHkimu. s npocToTel Gy1eM moJaraTh,
9TO Ha I'paHHuIle I" Bomosasercs yciaoBue

u(t,z,y) =v(t,z,y) =0 V (t,z,y) €. (2)

:f(t,l’,y). (1)

st nckomoit dbyukunu p (t, z,y) 3a1agnM HadalIbHOE YCIOBHE
P(Oj%y) :pinit(wvy) V(m,y) € Q7 (3)
rae pinit (T, y) — ussecrnag pynknusa. Ha maoxkecTBe () BBEsEM CeTKy
G5t = {(xi,yj) : i = ih,y; = ih;i,j = 0,..., N}

¢ marom h = 1/N, N = 10-2", n € N. Ilycrs uncia N; u N Takwue,
aro N1 -h = 0,2 u Ny - h = 0,8. PazmennM MHOXKECTBO y3J10B G% Ha JBa
TTOAMHOZKECTBA.:

G = {(x1,yn) : Lbn=Ni+1,..., Ny — 1} u G = GSNGS.
MuozkecTBO 3108 cerkn G2, KOTOpbIC MPUHATEKAT BHYTPEHHEH TPAHATC
muokectBa G, ob6oznauuM uepes I, MuoxKecTBO y3/10B CeTKH G%, KOTO-
pBle IPHUHAIIEKAT BHEITHEH TPaHIITe MHOYKECTBA, G%, obozuaunm gepes I' gT.
OnpeesinM MHOYXKECTBO Y3JI0B, TTPUHAIJIEKAITUX TPAHUIIAM CMEKHBIX CETOK
G G B oBuge T = T UTY puc. 1 (a). Obosnaunm 7 = T/K, rae

27
K — gernoe wncio. Momoxmv GP = GPUGL, TP =TP UTL tae

GE = {(tk,xi,yj) sty = kT, (24,y5) € G?; k=0, ...,K},
GP = {(tam, x1, yn) : tam = 2m7, (21, yn) € G m =0, . K/2},
FTD = {(tk,xi,yj) sty = kT, (24, y5) € I’?; k=0, ,K} ,
Fé)T = {(tzm,xl,yn) s tom = 2mT, (x1,yn) € F%; m =0, ...,K/Z} .
s xaxaoro yana (t, op, y,) cerkn GP pacemorpmm ero okpecTHOCTD
QL ={t =1t} x ([wp— h/2,2p + h/2) X [yg — h/2,y4+ h/2) N Q).

Pernenne 3azaun (1)—(3) 6yem uckarb B OKPECTHOCTSIX Q’;,q BCEX YBJIOB CET-
ku GP B Buzne xycoano-nocrognnoit dbynkmum p" (¢, x,y) pasnoit KoncTanTe
B KaKJ0il OKPeCcTHOCTH Q];q yana (tg, Tp, yq)

p" (te, 2, y) = p" (te, 2p, yg) ¥ (ty 2, y) € Q.



PA3HBIE IITATHW 1O BPEMEHU [1JI51 YPABHEHUA HEPA3SPBIBHOCTU 147

G‘E r;) GZT QF

\. [ ] I L]

| i : |
le,H ° | ° ° ° ° ° ° ° |
L] | [ ] L] [ ] L] [ ] L] [ ] | L]

le |_ _____________ J
r/ ° ° ° ° ° ° ° ° °

a) 0 Xy, X+ Xn,-1 Xn, 1
Q Q S

y]vl [ ] [ ] [ ] [ ] [ ] [ ] ] [ ] [ ]
r/
6) 0 Xy, X+ Xn,-1 Xy, 1

Puc. 1. a) MuoxkecTsa y3/108 CMexKHBIX ceTok G2, GgT " Fg
6) Muoxkecrsa €, Qor u rpanuna S

Beenewm obosnauenus g (tg, Tp, Yq) = glziq u o (th, Tp, yg) = pﬁjg. Pacemorpum
yaen (zp,y,) € GSL. Mycrn
Qpg=Ilzp—h/2,2p +Nh/2) X [y — h/2,y4+ h/2) N D.
BeeneMm obo3nauenus
Q= U Qp.q; Qor = U Qp g, Or = U Qp.g,
(2p,yq) EGS (zpyg) G (xp,yq)ef‘ff
DT = [O,T] X QT, D27— = [O,T] X QQT, DF = [O,T] X QF.

Iousitro, ato QrNQ, # 0, QrNQs, # (. BHyTpeHHiow rpaluily MHOKECTBa
D, naxopgmytoca BayTpu MuHO)ecTBa Dp, obozmaunm S, puc. 1 (6). s
YIPOIIEHNUs TEOPETUYECKUX BBIKIAI0K TTOJI0KHUM, Y4TO

T = crph, (4)
7€ Crp — HEKOTOpAs KOHCTAHTA TaKasd, 4TO

1

4 max A{lu(t,z,y)|, vt 2y}
(t,x,y)eD

Crh <
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B ob6uiem ciydae npejcraBieHHOrO Meroja orpaHudenue (5) moxer ObITh
0CIab/IEHO TAK, YTO MOXKET HMCIOJIb30BATHCH KOHCTAHTA Crp OOJIBIIETO 3HA-
Jenns. B mammoil pabore orpanmdenue (5) MCHONB3YETCS ST YIIPOIIEHMUS
IPOrPAMMHON PeaTH3aIni OIMCHIBAEMOTO METO/IA.

3 HHaTerpaabHOE TOXKIECTBO

Pacemorpum ysen (tg, Tp,yy) € GP| xoropwiit me npumajiesxuT MHONKe-
CTBY FhD. IIycrs Touka AF = (tk, LES Ak’y) MPUHAJIEKUT TPAHUIE MHOXKE-
CTBa qu, rIe Q’];q — 3aMbIKaHue 00acTr Q’];q. TTocTponm TpaekTopuio aBU-
wenusa Cyx (t,i (t; Ak) , U (t; Ak)) roukn AF 06parHO IO BpeMeHH €O CJIOSI
t =ty Ha ool t = tgy_s. 3xech s = 1, ecnn (tg, Tp,yq) € G2, u s = 2, ec-
au (tg, Tp,Yy) € GL.. Tpaexropus C yx (t,:i’ (t; Ak) , Y (t; Ak)) OIIMCBIBAETCS
pemtenreM 3aga4un Koim a71st caeayIomneil cucTeMbl 0OBIKHOBEHHBIX arhde-
PEeHTMATBHBIX YpaBHEHMH

dz (k) _ <o Y k) e
5 (t,A ) =u(t,z,7), o (t,A ) =v(t,Z,9), [t€tp_str], (6)
¢ HAYa/IbHBIMU JIAHHBIMU
7 (s AR) = abe g (1 AF) = Ak, (7)

B cuny orpanmuenus (5) rpaekropust C 4k (t,i (t;Ak) , (t;Ak)) HEe nepe-

cekaeT mopepxuocth S. Muoxecrso C5 (Q’; q) TPaeKTOPUH, BLIMTYIIIEHHBIX
9

U3 BCEX TOYEK I'DAHUIIbI MHOXKECTBA Q’; e dopmupyroT B mwiockocta t = t*
K

3aMKHYTYIO KPUBYIO, KOTOPYIO PACCMOTPUM B BUJIE IPAHUIIBI YETHIPEXYTOJIb-

* k—s __ k
auKa Qp g (t7). Obozmatmm Qp ° = Qpq (tk—s), puc. 2. lycTs KM MHO-
JKECTBO, OIPAHUYEHHOE CBEPXY YeTHIPEXYTOJbHUKOM {t = tj} X Q]; o
b
l;qu, 0 H0KaM — MHOYKECTBOM TPaeK-
Topuit C5 (Q’];q). VuurwiBag Teopemy [laycca-OcTporpagckoro, HECTOXKHO
JIOKA3aTh CJIEYIOINLYI0 TEOPEMY.

CHU3Y
— 9EeTBIPEXYTOJBHUKOM {t = t_s} X Q

Teopema 1. Pewenue sadawu (1)—(3) ydosaemeopaem ypasrenuro

/ p (tr, 2, ) dedy = / p(thes sy dedy+ | f(t,2,y)dtdady. (8)
k

k k—s
Qp,q Qp,q Vp,q

4 TlocTpoeHue YMCJIEHHOTO pelleHud B y3JiaX, HE
OPUHAAIEKAIMNX TPAHAIAM CETOK HA CTBIKE CETOK

YUT06B TOCTPOUTE ATOPUTM, AMIPOKCHMUAPYEM KazK/I0€ CIaraeMoe U3 pa-
BercTBa (8). OGo3HATIMM meas (Q’;q) — ILIOMIQ)Ib OKPECTHOCTH Q’;q. Pac-
K3 pBast GyHKOU p (T, z,y) 1o dopmyse Teilopa B OKPeCTHOCTH TOUKH

(tk, xp, yq) IO IEPEMEHHBIM T U Y, HECIOKHO IIOKA3aTh, 4TO



PA3HBIE IITATHY 11O BPEMEHU 1J15d YPABHEHUA HEPA3SPBLIBHOCTU 149

Ny-1 X X, 41 X2

Puc. 2. ®opumupoBanne 4eTHIPEXyTOJIHLHIKOB Q?V_ll—l ¥ Q?V:_Q‘_Q q

V(zp,yq) ¢ T / p (te, z,y) dudy = pl ;meas (Q’;q) +0 (n),

p,q
9
— k . k 3 ( )
V(zp,yg) €T [ p(t,2,y) dzdy = p, meas (Qp,q) +0 (h?).
Q.
k—s

p’q I
9eThIPEXYTOJBHUKOM PZ?;S ¢ mpgMBIMU cTOpoHAaMmu. g sToro pac-

s BuIYUCIEHWA WHTerpaja o MHOXKECTBY ()
k—s
p.q

Mbl AIIIPOKCUMUPYEM

cMoTpuM weTwipe Bepruabr AR = (tk,AZ’I,AZ’y>, d = 1,...,4, yeTbipex-
Ak 5 kY - k

rospauKa 2 . Tpaekropuu C 4k (t,Z (t; A t; A BUKEHHUST TOUEK

y pq Tpaexropmn Ci (.7 (t A7) .7 (£ Ag)) A

A’; obpaTHO TIO0 TIEpeMEeHHOW BpeMeHW cO cjos t = 13 Ha ciaoit t = tp_g

06pa3yloT B TJIOCKOCTH t = tj_, TOYKH Bg_s = (tk,s,Bg_s’m,BS_s’y),

d=1,...,4. Hajizem npubauskeHHble KOOPIUHATHI <tk,s, Bg’k_s’x, Bg’k_s’y

TOUEK BS_S (tg—s) m obO3HATMM Bg’k_s = <tk,s,BS’k_S’I,BZ’k_S’y>, d =

1,...,4. lys sToro pemmum 3anaay Komm (6)-(7) merogom Ditnepa

h,k—s, k, k, k,
By =AY — sTu (tk,Adx,Ady>,
Bl = gk _ gry (tk,Ad’x,Ad’y) d=1,..4.
Bneck s = 1, ecnnt (tg, Tp,yy) € GP, n s = 2, ecim (t, mp,y,) € GE.
Takum 06pazoM, KaXKIyI0 TPAEKTOPUIO C’A;; (t,a? (t; A’(j) Y (t; A’é)) MBI arfl-
OPOKCHUMHDPYEM IPAMBIM OTPE3KOM. Hec/IoKHO moKa3aTh BTOPO HMOPSIOK
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hk-s
B3

Yq

Pk- s

p.q

h.k- s
Bl

Puc. 3. AnmpoxcuMmarnust 9eTbpexyroabHnKa Q];qu

MOTPEINTHOCTh TAKOH allpOKCUMaITUN
_ 2
=0(r),

h,k—s
Coeguamm Touku B, d = 1,...,4, IpAMBIMI OTPE3KaMU 1 TOJTy9HM He-

Bhk=sw _ ghos Bik=sy _ ghmsvl — O (£2). (11)

k— s
TBHIPEXYTONLHUK P, aHHpOKCI/IMI/IpyIOHLI/H/I Qp 4 puc. 3.

PaccmorpuM 1Ba. MHOXKECTEA qu \Plqu7 Pk S\Qk § m WcnoJgb3yeM pa-
b
BEHCTBO

/p(tks,w,y)dwdy= / p (tk—s, ,y) dedy+

Qpa’ Pra® (12)
+ / p (tr—s,x,y) drdy — / p (tr—s, x,y) dxdy.
Qra"\Ppg® Pya*\Qba
O6o3zHaunM
sopi = [ plwsgdedy— [ p(tewmy)dedy. (13
Q" \Frg® Pra*\@pq
UsBecTHO |24], Ipu BBHIMOJHEHUN PABEHCTBA (4) OMEHKY BEJIUIHHBI }5Qh ks
MOZKHO BBIIHCATL B BUJIE
)5Qh ks — CQT2h2 +o (7’2h2) . (14)

3mech cQ — HEKOTOpasd KOHCTAHTa He3aBHcAIlag oT T u h, a obosmadenme
o (72h?) o3HavaeT BeJIMUMHY ACHMITOTHYECKU MEHBIIYIO, 4eM T2h%, yanrsl-
Basi PABEHCTBO (4).

Hasee, pacemorpum unTerpad or dyuakuun f (¢, z,y) B (8). Ilycrs

/ [ (t,z,y) dody.
Qp.a(t)
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Ucnonbsys pasnoxenns dynknuu F (t) no dopmyne Teitiopa ¢ ocrarounbiv
aeHoM B popme Jlarpan:ka, HECTOXKHO TTOKA3aTh, 9TO
tr
oF *\ 2,2
f(t,x) dtdedy = F (t)dt = sTF (tg) + e (t*) s*77, (15)
Vpk,q tk=sT
rie t* — HeKoTOpas BeJIMUnHa, Takad 9To t* € [ty — s7,t;]. Oupenesum MHO-
xkecrBa (U, o\ Qpq (t°) 1 Qpq (t%) \Qp,q TaKHME, TTO

/mewwwzt/fmammw+
vaq QP,q (t*)

(16)
+ / [t 2, y) dedy — / f(t,z,y) dzdy.
QP:Q\QP:Q(t*) QPvQ(t*)\vaq
ITo awamorun ¢ (14), mpu BeIMOHERENN paBeHcTBa (4) crpaBesIMBO
17

pv‘Z\QP7‘Z(t*) QPvQ(t*)\vaq
= Cg (tr — t*)* meas (Qp 4) + 0 ((tk — )2 hQ) .

rae cg ~ HEKOTOpPas KOHCTAHTA, He3aBuUCAIas or seqwaut (t, — t*) u h. Io-
ckosibky dyukuug f(t,x,y) A0CTATOUHO TIajKasi, TO CYIIeCTBYeT IPOU3BO/I-
Hast %—f (t) B Touke t = t*. OneHnM ee BeJTHYUHY C yIeTOM BbIpakeruit (16),
(17) craeayrommm obpazom:

%
ot t—t*—0 tp — t*

1
~ lim [ ftesdsdy— [ 5y dnay | <
tp—t*—0 1, — t*
Qpaq Qp,q(t*)
< cé (tr — t*) meas (0) + o ((tr — t¥) h2) .
Torma,
ty
/ f(t,z)dtdxdy = / F (t)dt = sTF (ty) + 6 F (tx) (18)
Vpkq tp—sT

rie [0F (tx)| < chQT?’hQ + o (73h?). Ho anamnorun ¢ (9) oueBHAHO, 9TO

V(xp,yq) €T s [ f(th,z,y)de = STf]]iqmeas (Q]qu) + O (1h*),

V(2p,yq) €T sT f f (e, z,y)de = STfI’iqmeas (Q’;’q) +0 (Th3) . (19)



152 A.B. Barkuu, E.B. Kyuynosa

O6ozuauenue O (Th?’) 03HAYAET BEJMUNMHY ACHMITOTHYECKH PABHYIO ThS,
yUIUThIBas paBeHCTBO (4).

B wurore, noxcrasum (9), (12), (18), (19) B (8) n Bbmumem dopmyiry s
ONPEIE/ICHISI THCICHHOTO PEMICHHS ppe

1
h,k h k
Pl = p" (th—s,x,y)dzdy + sTf, . 20
P4 meas (Qlﬁ,q) / (tr—s, ) Y T (20)

k—s
Prq

Hanomumm, uro dyuxius pP (ty,_s, ,y) ABISETCH KYCOYHO-IOCTOAHHOM. By-

JIeM CauTaTh, uyTo uHTerpas B (20) BBIYHCIAETCS TOIHO. DTOTO MOKHO J10-

CTHYDb IIYTEM PA3I0KEHU IETHIPEXYTOTbHIKA, P]fgs Ha, COCTABHbBIE JaCTH, B
K

KazK 0l 13 KOTOPBIX (byHKIms p (tm—s, Z,y) paBHA KOHCTAHTE.

5 IlocTpoeHme YMCIIEHHOTO PENIeHud B y3JaX,
NPUHAJIEXKAIMNX TPAHNUIAM CETOK HA CTBIKE CETOK

Onuimem aaropuT™ MOCTPOCHHUSE Pererus B ysaax cetku (t, Tp, yq) € I'P.

Y106 TOCTPOUTH YHCITIEHHOe pemenne B yaae (tg, Tp,yq) € TP, pacemor-
K hk—1 hk—1l,c phk—1ly

pUM €ro OKpecTHocTh {1y . u Toukn B = (tk,l,Bd , By ,

d=1,...,4, Berancyennsie mo dopmyse (10) npu s = 1.
Ilycte k aBngerca meverHbiM 4qmcaoM. [TOCKONBKY YHUCIEHHOE DPEITEHUE
p" (tx—1,,y) HA 9eTHOM CII0€ t = t),_| CUMTAECM yrKe BLIYMC/ICHHBIM Ha BCEM

h,k
MHOKeCTBe {t = t;_1} X , TO I BBIUUCIEHUS pplq UCHOIB3YEM (DOPMYILY
(20) mpm s = 1.
IIyctb k sisisiercss werHbIM gucsioM. OmpeseinM KOOPIMHATHI BEPIUH He-
k—1 _
TBHIpEXyroabHuKa Py " 1o dopmyite (10) mpu s = 1. B 3aBucumocTu or 3Ha-

genuit pynkumit ckopoctu u (¢, x,y), v (t, T, y) B BEpIIMHAX OKPECTHOCTH Q’;’q
BO3MOXKHBI Pa3JIMIHbIE BADHAHTHI PACIIOJIOKEHUS YETHIPEXyTOJTbHUKA Plf;q_l
oTHOCHTENBHO MHOKecTB Q™1 = {t =, 1} x Q. Qg;l ={t =tx_1} X Qar.
Ecim Pzﬁf;l C OF1 xak mokasano ma puc. 4(a), TO IS BHIMACICHES iy
ucnosnzyem dopmyrny (20) npu s = 1. Ecom Pﬁgl ¢ Q1 ro pasmemam
MHOZKECTBO P;,fq_l HA 1B MHOKECTBA CJIEAYIOIUM 06pa3oM

k-1 _ pk—1 k—1
Pp,q - Pf,p,q U PQT,p,q’ (21)

k=1 _ ph—1 ~ k=1 . pk—1 _ pk—1 ~ k-1
e Prpy=Bpg N m Py g =Fog Nl
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+ k k
Yy, thi2 ,;12 ’;1
BZ/I,/T'-I//IBSII./PI
le
k-1
b ‘Ak
A
B/Lk»l
4
x
a) »
k-1 k-1
Pk-l ‘:12 A*
2t,p. N+l | g QBhl\l
j \Bz/r Az 1 273
T,
\
yN1+l \'T [ \
1
1
k-1 phik-1 k-1 k-1
Yy thi2 A7 B A’” \‘;674
k-1 k-1
P.[ DN+ — Blh.]\'-l B4’
X
6) 4
Puc. 4. a) YerbipexyroabHuk P;ﬁl_\fi C QF~16) Pasnoxenne
k—1 k—1 k—1
TeTHIPEXYTOIBHIKA Pp Niy, T2 P,r’p’ N B PN
k—1
B obmewm ciyqae xaxpoe u3 muOXKecTs P PQT217 MOXKeT OBITH MHOTO-

YTOJBHBIM WM MycThIM. B cuy Teopemsr 1 u ¢ yaerom (12), (13), (21) mo-
JIy9uM

/p(tmw,y)dwdy: / p(tr—1,2,y) drdy+

g Prog (22)
+ / p(tp—1,z, y)dxdy+/f t:zy)dtdxdy+5Qhk !
Py pa Vi
rae ’5Qhk 1‘ =0 (h4) upu yCJa0BUM BblOJIHEHUs pasencrsa (4). Haiinem

TOYKH IepecedeHns] CTOPOH MHOTOYTOJLHUKA Psz 4 C HOBEPXHOCTBIO S, 006-
Pa30BaHHON Ha 0OIIell TpaHuIle CMEXHBIX MHOXKeCTB D, u Do,. Touku me-
peceuenns 0003HAUNM Bhk = (tk 1,Bhk Le Bﬁjﬁfl’y>, n,m € 1,..,4
hk—1 d =

?

puc. 4 (6). 13 mMHOXKecTBa BepIuH B ., 4, BEIGEDEM TOYKH,

,k 1
NpUHAJJIeKaIIne MHOTOYTOJIbHUKY P2 u 0603Ha,q1/11v[ nx uepes B, V]

T,,q°
MHOYKEeCTBa BEPIITH Ak_1 d = 1,...,4, BeibepeM TOYKH, ﬂeyKamHe Ha Tpa-

nume MEOTOyTOIBHIKA Pyl o n 0603Haq1/1M ux uepes A . Ha puc. 4 (6)

Psq’
TaKOIt TOYKON dABAIETCHA BEpIINHA A2T4 Yr006Bl BBIYUCIUTD HHTErpaJ I1o
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MHOYKECTB TPUMEHUM T M rJie B KaJecTB ACTIOTB3YEM
0zKeC P2 e eopemy 1, rme adecTBe Ql;jq CIIOIB3YE
b

Ly
4eThIPeXyTOJIbHUK PQT p.q- LOTIA IOy M

/ p(tk—17$,y) dflfdy =

Pk 1
27,p,q (23)
= / p(tk—2,2,y) drdy + / f(t,z,y) dtdzdy.
k—2 Vk 1
27,p,q 27,p,q

Yro6b! anmpoKCUMUPOBATE MHOTOYTOJIBHIK QQT p,g C BEPIIMHAME B TOY-

k—2,x k—2,y k—2,x k—2,y
Kax B2T d (tk*Q’ B2T,d ’ BQT,d B2T n,m = (tk*% BQT,n,m’ BQT,mm) » OTy=
CTHUM TIPAMBIE OTpe3KI/I ATMMTPOKCUMUPYIOIINE TPACKTOPUN JIBUYKEHUST BEPITAH
MHOI'OYTOJIbHUKA PQT p.q A0 IUIOCKOCTH ¢ = tp_o, puc. 5. Ilpu sTom, BMecTO
TOYHBIX 3HAYEHUH cbyHKLU/Iﬁ ckopoctu u (t,x,y), v (t,x,y) B BepuMHax de-

THIPEXYTOJIbHUKA, P2 WCIIOJIb3YEM WX NpubJinKeHnHnbie 3uadenus. Tak, B

T,0,q
y3J1ax Bgﬁ; 1, HUCTIOJIb3YeM alllIPOKCUMAITUIO
h,k—1,x hk—=1,y\ k,x k,y
u(tk,l,BQTyd ’BQT,d >~u(tk,Ad ,Ad ),
hk—1,x h,k—=1yY\ k,x kyy
v (tk_l,B%d 73277(1 ) ~ v (tk,Ad Ay )
CooTBeTCTBEHHO KOOPIMHATH BEPIITUH B];T_ 3 BBIYHUCJINM IPUOJINKEHHO B CJie-
AYIOIIEM BHJE:
h,k—2,x _ phk—1x k,x ky
Byra ™" =Byl T —Tu (tk’Ad Ay )’

h,k—2,y _ phk—1y kax aky
BYkY = BN < o (1, ART, ARY).

(24)

h,k—1,x k,x
Ad

<h/2n ‘Bgfd_l’y — As’y’ < h/2, To mo anamo-

ruu ¢ (11) Hec10KHO HOKa3aTh, 4TO

TTockosbky ‘B

‘Bkﬁ,x _ ghk—2z

27,d 27,d =0 (T2 + Th) )

(25)

)

Bl - B =0 ).

. h,k—1
Buauenus byukuumit ckopocru u (t,x,y) n v (t,z,y) B y3uae By, — anupokcu-
MUDYEM JINHEHHOM KoMOWHAIMI 3HadeHul (DYHKIHI CKOPOCTH B y3J1axX Affl
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k-1 hk-1 k-1 hk-1 k-1
Al BLIz A B3,4 ]21 PN+l

27,4

N [T //}.» LT

k-2
Bzr,z

Pk-Z

2T.p.N; +1

X
k-2 Jk-2 P nhk-2 hk-2
BI BLZ B4 B3,4

k—2
Puc. 5. @opuuposBanne MHOTOYTOJTBHIKA, P2T7p7 Ni+1

Akfl Bh,k:—l
n A7, MEXKIY KOTOPBIMA HAXOAUTCA y3es Bplm

hEk—-1z phk-1y) k=12 gk—1,
n (tk—th,m * Bym y) R QU (tk_l,Al A y) +
-1 -1
(1= angn) u (tpr, AEHT, AET)
hk—1,2 phk-1y) k=12 gk—1,
v <tk717 Bn,m ’ Bn,m y) ~ QnmU (tkfh Al 7Al y> +
-1 -1
+ (]- - an,m) v (tk—la Aﬁ ”, Af ,y) ’
_ k—1,x h,k—1,x
rae apm = | Ar — Bpym /h. Takmm 06pazom, KOOPIMHATHI BEPITHHBI

Bf;_n% ANl POKCUMUPYEM B BUJIE

B = Bl = [ (1 417,47
+(1—apm)u (tk_l,Ajf—lax’ A’:—l»yﬂ 7
B = B8 o s ) 4
+ (1 —apm)v (tk_l, A’;—Lw,AI;—Ly)} .

TMockosbky anmpokcumarysi (26) mmeer norpentaocts nopsiaka O (h), To
HECJIO’KHO [OKA3aTh, 9TO

Bk B2l — 0 (e h)),

(27)
Bk 2V = BE2Y = O (7 (7 + 1)

hk—2
Ormerum, uro TOouKa Byl © J1€2KUT HA OPSIMOM OTPE3KE, COEAUHSIONIEM y3-
hk—2 hk—2
nel B, u By , TJIe
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h,k—2,x k—1,x k—1,x k—1,
B = A =g (o, AT AT,
h,k—2 k—1 k—1 k—1 (28)

YV 4y -4 —Lx ]
BT = AT — o (o, AR, AR,

k-1
Ecau muOX)KecTBO Bepime A2T, 4 HE TyCTOe, TO TTOCTPONM MPSIMbIE OTPE3KM,

ANMPOKCUMUPYIOINE TPACKTOPUN JIBUKEHUS BEPIINH A’;;Cll A0 TLITOCKOCTH
t = tx—o2, puc 5. KoopnmHaThl MpAMBIX OTPE3KOB B NJIOCKOCTH t = tg_o
OIIPEJIC/INM B CJIEAYIOIEeM BHJE!

hk—2x _ k-1l k—1,x k—1,y

B2 = AL — ru (e, AR AR,
hk—2y  1k—1y k—lxz ,k—1yy

BT = ALY — 1o (b, AR AR

Jk—1 n Bh,kfl

k—1 h
Tak, ma puc. 5, Touka A2774 JIEZKAT MeXKy TOUKaMu By’ 34 IO-
h,k—2
9TOMY BBIYHCIMM KOODJMHATHI TOYKH B’ no dopmyse (28). B urore B
h,k—2 h,k—2 h,k—2
obuiem citydae Mbl nosydum Touku By . Bpim 7, By , SBJISIOITNECS

BEPIIUHAMEI MHOTOYTOJTBHIKA PQI‘;_;q. IToCKOIbKY paccTosiHue MeXKy Bep-
h,k—2 h,k—2 h,k—2

mmHaMu By, Bpim ©, By’ ectb O (h) win acUMITOTHYECKH MEHBIIE,

TO ¢ yaeToM (25), (27) Hec/s0KHO HOKa3aTh, 9TO

[ ptsmyydndy= [ plusmy)dody+oQis2 (29

rae
]5@3;@;5‘ = O (hr (1 +h)). (30)

TMopcrasum (23) B (22) m paccMOTpUM CyMMy MHTErpajioB oT byHKIUN
f (t,x,y). Hecnoxuo moudars, 9To

/ f(t,z,y) dtdedy + / f(t,x,y) dtdedy ~ 27‘f1’f,qmeas (Q’qu) . (31)
Vil Voo

27,p,q
ITo ananoruu ¢ (18), (19) MOXKHO MOKA3ATH, YTO TAKAS ANIPOKCUMAIMSA UMe-
er nopsok Tounocru O (h*) npu ucnonssopanuu coornommenus (4). Takuu
obpasom, noacrasas (9), (23), (29) u (31) B (22), onpemennm CaeayONLYTO
dbopwmyiy:
1 1
Pra = 73 / P! (b1, @, y) dady + 55 / " (th—2, z, y)dwdy+
Pl Pt (32)

+ STfZ]iq.

Baeck s =1, ecant (tg, Tp, Yqg) € GP, u s =2, econ (tg, 2p,yq) € GE.
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OrMeruM BaskKHBIE CBOWCTBA OIMUCAHHOTO AJTOPUTMA, KOTOPOE MO3BOJIsI-
ercst JJ0GUTHCH BBIIOJIHEHNS 3aKOHA, COXPAHEHUs! Jylsi pernenus p? B Hopme
npoctpanctBa Li. IlepBoe cBoiicTBO, TOTApHOE TIepeceveHue Beex obacTeit

WHTErPUPOBAHUSA Pﬁgz, P2]€;1)2,q saBageTcsd nyctbiM. Tak, Vp,q,4,5 =0,..., N :

(p,q) # (i,7) cupasenuBo

k—2 k—2 E—2 E—2 E—2 k—2
Pog NP~ = 0, Pyrpg N Porij = 0, Pyrpg N By~ = 0. (33)

Bropoe cBoticTBo, 00benumenne Bcex ob1acTeil HHTErPHPOBAHKS Ha CI0€e t =
ti_o paBHO {2

N

U (Pf;liq U Pp’f;2> = Q. (34)
p,q=0

6 3akKoH coXpaHeHUs M CXOIUMOCThH

ITpoBepKy BBLITOJHEHWS 3aKOHA COXPAHEHWs BBITTOJHUM TIPU TIEPEXOe C
OJIHOI'O0 YE€THOI'0 CJIOd II0 BPEMEHU Ha CJEAYIOMIUN YeTHBIN CJIOH, IIOCKOJIBKY
TOJILKO HA THX BPEMEHHBIX CJI0SX permerne p ompesesieno ma BceM MHOKe-
cree 2 = [0,1] x [0,1]. B arom ciyuae 3aKOH COXpaHEHUs] MACCHl C YIETOM
dyHukImMu npapoii yactu umeer caepyromuii B [1]

tog

[ pttaaydudy= [ pasapydsty+ [ [ 1ty dedyar
Q Q tor—o Q
(35)
MMokazkem, aro (35) cupasemiuBo aas (BYHKIHE GHCIEHHOrO pernenus p'
w dyaxmun P, roe fP — xycoumo-nmocrosmmas dbyHKIMs, OnpeseieHHas B
CTETYIOIEM BUJIE:

V(t,x,y) € { [tok—1, tor] X Qpg, TpH (tor, Tp,Yq) € G2,
) L, [tok—2, toar] X Qpq, mpu (tog, Tp, Yq) € GQDT (36)

fh (t,l’,y) = fh (tQk‘?‘Tpqu) .

Paccmorpum dopmyy (20) as Beraucienus permenus pl* ma cioe t = top,
npu s = 1 m MpocyMMUpyeM 8 TIo BeeM p, q : (Tp, yq) € G\

/ ph (t2k7 z, y) d.l'dy = Z / ph (t2k’—17 z, y) d.fdy—i—

Q-\Qr (p:‘I):Gg—Z\F%PI?Z—l
2k
+/ / frdzdydt.

2k—1 Q- \Qp

(37)
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Paccmorpum pasencrso (32) mis eraucienns p” ma cioe t = top, n mpocy M-
MEDYEM ero 1o BeeM p, q : (Tp,Yq) € I'Y

/ ph (tQkal‘ay) dl‘dy = Z / ph (tQk—lu'xay) dxdy+

QrnQ, (p.q): FTPk .
2k
+ Z / (tog—2, x,y) dedy + / / frdxdydt,
(p,q):T$ P2 2k—1 QrNQ-

a TaKKe I10 BCeM D, q : (Zp,Yq) € s

/ " (top, w,y) dady = Y / (to—1, 2, y) dwdy+

QrnQar (»,9): QTPk .
2k
+ Z / P (tor—o, x,y) dedy + 2 / / frdadydt.
(p.a) TS, B2 2%—1 QrNQar

Croxum JABa IIOCJIETHUX PAaBEHCTBa U IIOJIYYIUM

/ph (t2k>$7y) d.’,Udy = Z / ph (t2k’—1>$ay) d$dy+

Qr (p’(I):Fiszz—)lq
2k
Y[ ey [ [ Paedgiee g
(p,9): thng 2 2k—1 QrnQ,
2k
+2 / / frdzdydt.
2k—1 QrNQor
Croxum (37), (38) u mosydum
/ ot 2 y) dady = o (to1, 3, y) dudy-+
Q-UQr (p,q):G\I'S} P2kl
> [ Awesmdsdy s Y [0 sy dedys
(p,q): T p2k—1 (p,q): TS pok—2 (39)
’ hP"'ypaq e hPQ‘r,p,q
2k 2%k

+ / / rdadydt + 2 / / flrdxdydt.

2k—1 Q> 2k—1 QrNQar
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Ormerum, uTo

> / P (tap—1, 7, y) dady+
(p,4):GS\I}] p2k—1
- (40)

+ > p" (tar—1,2,y) dl’dy:/ﬂh (tok—1,,y) dady.

Q
p,9): 1) p2k—1
(p.a) h Prbq Q-

Pacemorpum (20) st Beraucienuns pemennst p Ha, coe 110 BpeMenn t =
tok_1 M TPOCYMMEUpYeM e& 1o BeeM p, q : (p,Y,) € G, momyunm

/ P (top—r1, 2, y) dady = > p" (ton—2, x,y) dudy+
Q- (p,q):GQPIngz
2k—1 (41)
+ / /fhdxdydt.
2k—2 Qr

IMoncrasum (40), (41) B (39) u moayanm

/ " (tog, @, y) dady = Y P (tog—2, 2, y) dady+
Q,UQp (qu)iGQPIg’kq&
2k—1
+ / /fhdxdydt—i— Z / P (top_2, x,y) dedy+ (42)
2k—2 Q. (p’q):F;Zng’;z
2k 2k
+ / / rdxdydt + 2 / / fhdadydt.
2%k—1Q, 2k—1 QrNQa,

Hastee, paccmorpum dopumyry (20) aas eramcrenns pl ma cioe mo Bpe-
MEHW ¢ = to), W TPOCYMMHDYEM €8 TI0 BeM P, q : (Tp, yq) € G\

/ o (ta, . y) dedy = Y / P (tak—2, 2, y) dudy+

Q27 \Qr (PvfI)SG%\F%Pg’zZ—Q
2k (43)
+ / / frdzdydt.
2k—2 Qo \Qr

OrMmeruM, puc. 6, 4TO CIPaABELINBO PABEHCTBO

k—2 k—2 k—2 __
U Ppq U U P2T7p,q Y U Bpg = (44)
(p,q):G (p,q):T5} (p,q):GE A\
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U

(2.9)Gy\ T}

2k-2 2k-2
I)p,q U P

o 2t,p,q
(p.9)I;,

Puc. 6. Pasznoxkenne BeraumcauTenbHol obsactu () Ha TpH
00 beINHEeHUsT MHOXKECTB

Croxkum (42) ¢ (43) u ¢ yuerom (44) nosyanm

2k
[ 7 gy dody = [ ooty + [ [ fawdye. @3

Q Q 2k—2 Q

Toxnecrso (45) mpezacrasiser coboit 3aKOH COXpaHEHUsT it (DYHKINHI ol
IIPU NIEPEXoJe ¢ BPEMEHHOTO €05 © = for_o Ha CH0# T = {9 ¢ yUYETOM BHYT-
PEHHIX HCTOUHWKOB, ormchiBaeMbix dyukimit [ (t, x,v).

st TPOBEPKM CXOMMOCTH YHUCJIEHHOTO DereHuns ph (t,z,y) K TOIHOMY
pemennto p (t, z,y) 3amaqau (1)—(3) ucrnosan3yem AUCKPeTHBI aHAJIOr HOPMBI
npoctpaucTBa L

N
> meas (@) |ohk = pb,| (46)
p,q=0

th (tk,-’E,y) - p(tkax7y)’ Ik =
1

Teopema 2. Jaa wuciennozo pewenus pl sadawu (1)—(8), ¢ yuemom ozpa-
nunenua (4), enpasedauso

th (tQkJaZE?y) - p(tQk:a:L'vy)HLh < 2k (Clh2 + 62h3) ) (47)
1

2de KOHCTAaHMbL €1, Co He 3a8UcCAM om eeaunun k, T u h.

Joxasameavcmeo. Jlokaxkem Teopemy MeTOa0OM WHAyKIMY 10 k. B cuny Ha-
qasnbHOro ycsosus (3) u toxzgecrsa (46) ouesumHo, uro (47) cupaseyuso
ans k = 0. Tpexnonoxum, uro (47) cupaBeanmso masg k — 1 u mokaxkem,
aro (47) Bepro mig k. JIas 9T0r0 paccMOTPUM PABEHCTBO M3 T€OpeMbl 1 s
OKPEeCTHOCTH Y3712 (tog_1, Tp, Yg) € GP. Honcrasum (9), (12), (18), (19) B (8)
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u nosyanm V (tom—1, Tp, yq) € GP

meas Q) o2 = [ ptancs,y) dudy+
- (48)

p,q

+7meas (€2 4) fgfz_l + 552_1.

IIpu wcnosb30BaHNK paBeHCTBA (4) U ¢ yIeTOM OIEHOK MOTPEIIHOCTEl arl-
npokcumMarun B (9), (14), (18) u (19) cupaseaimmso
{ F2m-l Gkt 4 &R 4+ O (RS, V (2p,y,) € GT,

inner,p,q

Spmndpg = 1B +&ht + 0 (KP), Y (zp,y,) €T

okt = (49)

Yucyennoe pemrenne pl B ysie (tog_1, Tp, Yq) € G onpenensercsa dopmyitoit

h2k—1 _ 1

2k—1
Ppa
meas (Q%{“q_ 1)

ph (t2k727 x, y) d.’Edy +7 pq (50)
i
Paccmorpum mogysib pasuoctu mexiy pasencrsom (48) u dbopmynoii (50),
YMHOXKEHHON Ha meas (ng‘;l)

2k—1 h2k—1| _
Pp,q D,q -

meas (2 4) ‘

= /P(tzk—z,ﬂf,y)dfvdy— / p" (tak—2,2,y) dudy + 62571 | <

2k—2 2k—2
p.q P%ﬂ

< / )p (tar-2,2,y) — p" (t2-2,, y)’ dzdy + ’53,]2_1‘ :

2k—2
P%ﬂ

(51)

Ipocymmupyem (51) 1o Beem ysaam (tog_1,2p, Yq) € GE na cioe t = to_;
U ITOJTy9iM

Z meas ({p,q) ‘P;qu_l - pﬁﬁ"”‘l‘ <
(tok—1,Tp,yq)EGP
e / ‘p (tok—2,2,y) — p" (tar—2, :z:,y)’ drdy+ (52)

(Ip:yq)€G9P2kf2
P.q

+N?

2k—1 2k—1
6inner,p,q‘ + 4N ‘5b0und,p,q‘ :

Jasiee, HCTIOTB3yeM TeopeMy 1 J1/ist OKPeCTHOCTH y3aa. (tok, Tp, Yq) € GE\I'D.
B cury (9), (12), (14), (18) u (19) nomyunm: ¥ (tox, 2p, yq) € GEP\I'P

meas (2 4) pifﬂq = / p (tak—1,,y) dedy + Tmeas (2, 4) 5}’; + 5;:3'%, (53)

2k—1
F%ﬂ
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rae no anajgoruu ¢ (49) cnpaseymso

67,2k — 5;;?1];1“,}7,(1 = 63h4 + O (h5) ’ V (Zﬂp, yq) € (G?\F%) \Fa (54)
P 5;)—;)2uknd,p,q = é3h3 + 0 (h4) ’ v (l'p, yq) el

U3 (20) caenyer, uto Y (tog, Tp, yq) € GP\I'P

meas (£, 4) pg’gk = / ph (tak—1,7,y) drdy + Tmeas (2 ) 5,; (55)

i
Paccmorpum mMomynb pasunoctu mexkay (54) u (55)

2%k h,2k
meas (Ql’vq) ’pp,q ~ Ppa ‘ -

= / p(tan—1,2,y) — p" (tok—1, 2, y) dady + 072 | <

2k—1
p,q

(56)

< / ‘P(t%fl,%y)—Ph (t2k71a$7y)’dxdy+ 5;j§k’-

2k—1
Pp;q

Ipocymmmpyenm (56) 10 Beem 1o Beem yanam (tak, Tp, Yq) € GP\I'P na cioe
t = t9 ¥ MOJIy4IUM

E 2k h,2k
meas (Qp,q) ‘pp,q - pp,q ’ S
(Qcpqu)eG’S}\F%2

< Z / ’P (tok—1,2,y) — Ph (tok—1, 7, y)) dxdy+ (57)
(xpqu)eGQ\ngpﬂz—l

+N?

572k ‘ 14N

inner,p,q

57’,2](?
bound,p,q| *

Mycts (tog, Tp,Yq) € GP N TP, Toacrasmu (9), (23), (29), (31) B (22) n
[OJIy 4UM

th?fq = / p (tQk—lv L, y) dxdy + / P (tQk_Q, x, y) dxdy | + (58)
p2k-t p2h—2
P T.0,q

2 £2k I, ,2k
FTh" fpq +0p 57"
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31ech (55}1’% = ¢4ht+E5h5+0 (h6). Yucrennoe pernenue p” B yzie (toy, Tp,Yq) €
G? ﬂFhD ompegensiercst hopmysnoii (32). PaceMorpum Moy b pa3HOCTH MEK-
ay (58) u dopmymoit (32), ymMHOMKeHHOM Ha h?

h? ’pﬁf‘“q - p’;ﬁk‘ < / ‘p(tzk_hx,y) —p" (t2k—17$7?/)’ dady+

2k—1
P‘r,p,q

(59)
+ / ‘p(tQk—vaay) — " (tgk_g,SC,y)’ drdy + ‘5&1’%‘ :

2k—2
P2‘r,p,q

Mpocymvupyenm (59) 1o Beem yznam (tog, Tp, yg) € G N TP u, yanresag,
aro h? = meas (€ 4), HOIyIHM

2k h,2k
Z meas (QP"» Pp.a — Ppa <
(mpqu)eGg}mF%

< Z / p (t2k—17 z, y) - ph (tQk—la z, y)’ d.’L’dy+

Q Q
(zp,yq) EGZNTY, p2-t

(60)
+ > / p(tok—2,7,y) — p" (tok—2, 7, y)‘ dzdy+
(2p,yq) EGENTY pgk—2
+N ‘6552’“‘ .
IMycts (tog, Tp, yq) € GE. N TP . Paccyxaas ananormano nosyanm
Z meas ({2p,q) P;qu - p’;ﬁ’“ <
(wp,yq)GG%ﬂF%
< > / p (tak—1,2,y) — p" (tQk—hx,y)‘ drdy+
(@p,ya) €GF, NI p2k—1 (61)
+ Z / ,O(tQk—ny,y) - ph (tQk—Qa:E?y)’ dﬂj’dy+
(Ipqu)engq—mrgLZP;k—z
P9

. 2k
N ‘51); ( .
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rue (511;2“2]{ = éht + 02+ O (hﬁ) Iycrs (tog, 2p, Yq) € G \FD IloBTopsas
PACCY XK ICHUS, TIOJIY THM

h,2k
Z meas (qu ‘ppq ppq ‘ S
(2p,yq) EGE AL}

< Z / ’P (tok—2,2,y) — ph (tzk,Q,x,y)‘ dxdy+ (62)
(Il”yQ)EG%\nggz—Q

+N2 ‘5% 2k‘ '
rue 512,7(1’% = ¢gh* + &gh® 4+ O (h®). Cinoxum (57), (60), (61) u nosuyuum

Z meas (p,q) ‘1%2; PZ 3’“) <
(zp,yq)GGQUF%

< Z / ‘p(tzk—h%y) —p" (t2k—1,$ay)) dzdy+
(Ipqu)eG-(rz\FS,}PZkfl
p,q

+ ) / p(tzk_l,x,y)—ph(tzk—la%y)‘dﬁdﬁ (63)
(Ipqu)ergpffzqu

+ > / p (tak—2,2,y) — p" (t%—mﬂ?,y)‘dﬂfdﬁ
(xp,yq)€F2P2k72

N2 {02k ol AN (072 |+ N [0h % | 4+ N |obar 2
Ormerum, uTO
U rmev U = (64)
(icpqu)EGg\F% (:vp,yq)GFh

Torga (63) cBoguTCa K BUIY

> meas(y) ‘/’pq Pz}alq%’S
(Tp,yq) EGRUTS:
S/’P(t2kl7x7y) —p" (t2k717$7y)‘dl’dy+
(65)
+ Z / ‘p (tQk—Qa z, y) - ph (tQk—27 xz, y)‘ dl’dy+

(xp,yq)el“f}zpzk—z

2
+N 1nner ,D,q bound,p,q

7,2k T2k Tor,2k
g 3 |5 ]|



PA3HBIE IITATHY 1O BPEMEHU 1J15d YPABHEHUA HEPA3PBLIBHOCTU 165

Ucnonb3ys (9), HECJI0KHO YyBUIETH, YTO

/ ‘p(t%—l,%y) — pl" (tar—1, 2, )| dzdy =
0,

Z / ‘P(t2k71,$,y) - ph (t2k*17xpayq)’ dxdy S
(xqu)EGQQp’q (66)

< ) /‘P(t%—hﬂfp,yq)—Ph(t2k—1,$p,yq)‘d$dy+
(‘Tpqu)GGQQpﬂq

+N?

2k—1 2k—1
5inner,p,q‘ + 4N ‘gbound,p,q

)
rie

€2k_1 = 510h4 + 511}15 +0 (hﬁ) N A ((L'p, yq) € GS\F,

inner,p,q

8%’25§d,p,q = ¢1oh® + énh* + O (R%), Y (xp,y,) €T.

Toxcrasum (52), (66) B (65) 1 moayan™M

> meas(y) ’/’Z?ql - /’Z,’qzm‘ <
(ep.yq) EGRUTY?
< > / ’P(tzkd, z,y) = p" (t2k72,377y)’ drdy+
(tk,l,mp,yq)GGTDPgZ—z

67
+ > /‘P(tzk—%%,y)—Ph(t%—z,l”y)’dﬂ?dy—i‘ (@7

Tp,Yq)EDSE Jok—2
( b q) hP?‘r,p,q

2 | ¢7,2k 7,2k T2k T'2r,2k
+N 6inner,p,q‘ + 4N 5bound,p,q’ +N ‘6}7,11 ‘ +N ‘62771[ ‘ +
2| 2k—1 2k—1 2| s2k—1 2k—1
+N 6inner,p,q) + 4N ‘6bound,p,q‘ + N 5inner,p,q‘ + 4N ‘6bound,p,q‘ :
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Caoxum (67) ¢ (62) n nmosyanm

2k h,2k
Z meas (QP#I) ‘pp,q ~ Ppyg ‘ <
(Ipva)EGSh]

< > / ‘P (tok—2, 2, y) — p" (tar—2, 2, y)‘ drdy+
(tzk,lymp,yq)eGPPZg’;Zfz
+ ) / ’p (tak—2, 2, y) — p" (tok—2, 7, y)‘ dzdy+
(tam 2y 0) 0V pk 2 (68)
+ / ‘P (tak—2, 2, y) — p" (toh—2, 7, y)‘ dxdy+

(tam, Tp,yq)EGE\TR p2k-2

N[0 4 N2

572k ‘ 44N

inner,p,q

7,2k I'-,2k
6bound,p,q’ + N ‘5p,q ‘ +

et 4

2k—1 2k—1 2
ginner,p,q‘ +4N ‘gbound,p,q) +N

52k—1 ‘ i

inner,p,q

+4N

62k—1
bound,p,q| *

Ormernm, uTO

2k—2 2k—2
U Pp,q U U P2T,p,q Y
(tZk—l,zpqu)EGﬂp (t2r,2p.ya )€Y
U J  p*z-q

(tghxp,yq)EGg_\FE

(69)

Taxkum obpaszom, (68) cBojuTcs K BuLy

2k h,2k
Z meas (QP#I) ‘pp,q - pp,q ‘ <
(xpva)EGg

S/’P(t%mﬂ?,y)—ﬂh (t2k72ax7y)‘dxdy+
)

g inner,p,q

27,2k 2
+N ‘5]) ‘ + N bound,p,q

572k ’ + 4N

7,2k rr,2k Cor 2k
i + NV |05 + o2+

2k—1
inner,p,q

+N? + N?

3

2k—1
+ 4N ‘8bound,p,q

2k—1 2k—1
5inner,p,q‘ +4N ‘6bound,p,q‘ :
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Ucnonbsyem HepaseHcTBO anasorudnoe (66), HO ajst cios t = tog_o, u 10-
JIy auM

%  h2k
> meas () ‘pp,q ~ Prg ‘ <
(%}»yq)EGS;Z

< Z / ‘P(tZk—Q,ﬂfp,yq) - Ph (tQk—anpayq)‘ dedy+
(xpqu)ecilQp’q

2k—2 2k—2 2
5inner,p,q) + 4N ‘Ebound,p,q’ +N

(70)
+N?

572k ‘ + 4N

inner,p,q

7,2k
6bound,p,q ‘ +
2k—1

inner,p,q

+N €

55’5,219‘ _i_N’(S}l;E]T,Qk’ 1L N?

2k—1
+ 4N ‘Ebound,p,q’ +

+N?

2k—1 2k—1 Tar,2k
6inner,p,q‘ + 4N ‘5b0und,p,q‘ +N ‘517#1 ‘ :
rie

262 bt agh® + O (), Y (wp,y,) € GT,

inner,p,q
gph2 = ¢1h® +éizht + O (BP), Y (wp,y,) €T

bound,p,q
2k—2 ~2k—2
1 1 Cy

Hecnoxkno mouaTs, 910 CyIMECTBYIOT KOHCTAHTHI € TaKue, 4YTo

263 =2p2 4 932k —2p3 = N2

2k—2 2k—2 2
8inner,p,q‘ + 4N ‘6bound,p,q‘ + N

inner,p,q

2k—1
inner,p,q

1—‘2'1'7216
+N ‘51,,(1 ‘ .

+4N

€ +

7,2k
6bound,p,q ) + N

] o]+

+4N

2k—1 2
5bound,p,q‘ +N

2k—1 2k—1
6inner,p,q‘ + 4N ‘6bound,p,q

Mycts ¢, = max &2 ¢, = max & 2 Torma uz (70) cremyer

k=1,..,M/2 k=1,..,M/2

th (t2k7x7 y) —pP (t2k7x7y)HLh S
' (71)

< th (tak—2,2,y) — p (75%—2,957:9)‘ w12 (crh® 4 c2h®) .
1

N3 runoressr naAyKIMu ciaeayer, 9To

0" (tar2s2.9) = p (ks )|, < 2k —2) (e1h? + cah®)
1
Torya uz (71) nonyuaem (47). O
Caencrsue. Jlis wucaennozo pewenus pt sadavwu (1)—(8), ¢ yuemom ozpa-
nunenua (4), cnpasediuso

th (T,z,y)—p (T,x,y)HL? <T(cfh+chh?), (72)

2de Koncmarnmol C{} Cg ne sasucam om 7 u h.

HepapencTso (72) I10Ka3bIBACT CXOAUMOCTH UHCAeHHOrO pernenus p (t,z,y)
K TOYHOMY DeIeHuto p (t, x,y) ¢ TePBBIM HOPSIIKOM TOTHOCTH B JUCKPETHOM
aHaJIore HOPMBI IpocTpaHcTBa Ly, onpesenenHom no dopwmyse (46).
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7 PeBy.TIbTaTBI BbBIYUCJ/INTEC/JIBHOT'O IKCIIEPUMEHTAa

Paccmorpum dyurmmm
p(t,x,y) =2+ tsin (2wzy),

w(t,z,y) ="z’ (1—2)(1—y), v(t,zy =t"zy(l-—z)(1-y).

Ucnonesys dysakimu u3 (73), onpegennm dyHKIUA pinit (2, y), f (¢, x,y). Ta-
KM 06pazom, morydnm 3agauay (1)—(3). Uucnennoe pemenne p’ (¢, z,y) Haii-
nem Ha cepun ceTok ipu N = 10-2" n = 0, ..., 5. IIpu sToM ucmoas3yeM TOXK-
naecTBO T = h/2. JI7s OIeHKN MOTPENTHOCTH €Ty, (t);) THCIEHHOTO pelleHnst
ucmoas3yeM HopMy (46). [opsiTok CXOMUMOCTH YHMCJIEHHOTO PENIeHUsT K TOY-
HOMY DEIIEHHIO OIEHHBAETCS BEJIMINHOMN convy, = log, (errp,—1 (T') /erry (T)).
Pesynbrarer pacueros nokazanbl B Tabsawute 1. V3 Tabauiibl BUIHO, UTO aJi-
COPUTM HUMEET HepBLIi MOPSIOK CXOIUMOCTH.

(73)

N | K |err,(T) | convy,
10 | 20 | 0,1234
20 | 40 | 0,0603 | 1,0316
40 | 80 | 0,0295 | 1,0318
80 | 160 | 0,0146 | 1,0166
160 | 320 | 0,0073 | 1,0078
51320 | 640 | 0,0036 | 1,0030
TaBanIA 1. O mopsike CXOAUMOCTH METOJIA,

=W =ol 3

YTo6B! TTPOBEPUTH BHITTOJHEHIE 3aKOHA, COXPAHEHHUSI, UCITOJIb3YEeM CJIeIy-
IOIre 0003HAYCHMS:

(1) mHTErpas Ha CJI0€ MO BpeMeHH t = tof
N

massgy, = / P (tok, z,y) dedy = > meas (Qq) pre*;
Q p,q=0

(2) umrerpan or dynxmun f (¢, z,y)

2k
— h _ 2k
sourcegy, = dt [ f'dxdy = Tmeas (Qpq) foat
2%-2 Q (Tp,yq) EGT
. 2k—1 2% .
+ Y, Tmeas(Qpg) g+ D 2rmeas () £
(2p,yq)EGTY (zpyyq)€GY,
(3) MOrpemHOCTh BBINOTHEHNST 3AKOHA COXPAHEHUS
€9k = massoy, — (Massagy_o+sourcesy) .

B rmabaume 2 mokazanbl pe3yabraThl pacueroB st N = 320. Bumno, uto
3aKOH COXPAHEHWs MaCChl CIIPABEJINB JJIS YACJICHHOTO PEIIeHUs ph (t,z,y)
[IpU IIepexojie ¢ YEeTHOIr'O CJIOA II0 BPEMEHM Ha CAeIYIOIHUIl YeTHBIH CJIOR ¢
TOYHOCTBIO 0 HNOTPEINTHOCTH BBIYUCJICHAN.
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k | massor_o | massk sourcesy Eam

0 - 2,0 - -

2 2,0 2,00061 | 0.608984E-3 | 1,585E-12
4 2,00061 | 2,00122 | 0.608984E-3 | 5,684E-14

6 2,00122 | 2,00183 | 0.608984E-3 | 9,770E-14

8 2,00183 | 2,00244 | 0.608984E-3 | 2,309E-14
10 | 2,00244 | 2,00304 | 0.608984E-3 | 9,992E-14
636 | 2,38789 | 2,38850 | 0.608801E-3 | 7,150E-14
638 | 2,38850 | 2,38911 | 0.608800E-3 | 9.992E-14
640 | 2,38911 | 2,38971 | 0.608799E-3 | 1.297E-13

TABANIIA 2. O BBINOJHEHUYN 3aKOHA COXPAHEHUS

8 3akJsroueHne

B pabore mokazama BO3MOKHOCTH UCTIOB30BATH PA3HBIE IIATH TI0 BPEMEHN
B Pa3HBIX YACTSIX BRIYUCIUTEIBHOM 00ACTH U PEIIEHNN IBY MEPHOT'O YPaB-
HEHUSI HEPA3PBIBHOCTH ITOJIYIarPAHKeBhIM MeTo10M. [Ipu 9ToM noareepx te-
Ha CXOUMOCTH YHUCIEHHOTO PENIeHUs] K TOYHOMY PEIIEHUIO C TIEPBBIM [TOPSI-
KOM TOYHOCTH B JIMCKPETHOM aHAJIOTe HOPpMbI TpocTpancTsa L. Kpome sToro
JIOKA3aHO BBIMIOJTHEHUE 3aKOHA COXPAHEHU JJisd YMCJeHHOro pernenus. We-
[0JT30BaHuE OOJIBINOTO ITAra [0 BPEMEHU B YaCTH BBIYUCINTEIHHO 00/1acTH,
B KOTOpPO# MPUCYTCTBYET JAMUHAPHOE TEUEHHE, TO3BOJUT COKPATUTD BPEMsI
pacueToB 6e3 CyNeCTBEHHON MOTepu TOYHOCTH. B manbHefneM mIaHupyeT-
CsI PA3BUTH ONMCAHHBIH OJIyJIArPAHKEBBII METOJT /1J1s PEIIEHUs JBYMEPHOTO
ypaBHEHNSA KOHBEKIIHH- TP YU,
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