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Abstract: In the paper semi-Lagrangian algorithm for two-dimensional
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1 Ââåäåíèå

Ñâîå ðàçâèòèå ïîëóëàãðàíæåâûå ìåòîäû, ðàíåå íàçûâàåìûå ìåòîäîì
õàðàêòåðèñòèê èëè ìåòîäîì òðàåêòîðèé, íà÷àëè â ñåðåäèíå XX âåêà ïðè
ìîäåëèðîâàíèè äâèæåíèè ãàçà [1]-[4] â çàäà÷àõ ìîäåëèðîâàíèÿ îáòåêàíèÿ
òåëà, à òàêæå â çàäà÷å ïðîãíîçèðîâàíèÿ ïîãîäû [5]. Ãëàâíûì ñâîéñòâîì
ýòèõ ìåòîäîâ ÿâëÿåòñÿ òî, ÷òî îíè îñíîâàíû íà ìîäåëèðîâàíèè ïåðåìå-
ùåíèÿ ñóáñòàíöèè ïîñðåäñòâîì âû÷èñëåíèÿ òðàåêòîðèé äâèæåíèÿ. Ñî
âðåìåíåì ýòè ìåòîäû íà÷àëè ïðèìåíÿòüñÿ äëÿ ðåøåíèÿ ñèñòåìû óðàâ-
íåíèé Íàâüå-Ñòîêñà [6]-[9], à òàêæå áîëåå øèðîêîãî êëàññà çàäà÷, â êî-
òîðûõ, â êà÷åñòâå îäíîãî èç ïðîöåññîâ, ïðèñóòñòâóåò àäâåêöèÿ [10]-[14].
Ó ýòèõ ìåòîäîâ ìîæíî âûäåëèòü òðè ãëàâíûõ ïðåèìóùåñòâà. Ïåðâîå

ïðåèìóùåñòâî ñîñòîèò â òîì, ÷òî äëÿ ýòèõ ìåòîäîâ óñëîâèå óñòîé÷èâî-
ñòè Êóðàíòà-Ôðèäðèõñà-Ëåâè âûïîëíÿåòñÿ àâòîìàòè÷åñêè (ñ òî÷íîñòüþ
äî ïîãðåøíîñòè àïïðîêñèìàöèè òðàåêòîðèé äâèæåíèÿ ñóáñòàíöèè) [10],
[15], [16], ÷òî ïîçâîëÿåò ïðîâîäèòü ðàñ÷åòû ñ áîëüøèìè øàãàìè ïî âðåìå-
íè. Âòîðîå ïðåèìóùåñòâî ñîñòîèò â âîçìîæíîñòè èñïîëüçîâàòü ðàçíûå
ïðîñòðàíñòâåííûå ñåòêè íà ðàçíûõ ñëîÿõ ïî âðåìåíè. Ýòî ïðåèìóùå-
ñòâî ïðèâåëî ê àêòèâíîìó èñïîëüçîâàíèþ àäàïòèâíûõ ñåòîê [17]-[19].
Òðåòüå ïðåèìóùåñòâî ñîñòîèò â âûïîëíåíèè çàêîíà ñîõðàíåíèÿ äëÿ ÷èñ-
ëåííîãî ðåøåíèÿ â äèñêðåòíîì àíàëîãå íîðìû ïðîñòðàíñòâà L1 [11], [15],
[17], [20]. Ïîäðîáíîå îïèñàíèå ïðåèìóùåñòâ ïîëóëàãðàíæåâîãî ïîäõîäà
ìîæíî íàéòè â ñòàòüÿõ [10], [19], [21]-[23] âìåñòå ñ îáøèðíûì îáçîðîì
ëèòåðàòóðû.
Â äàííîé ðàáîòå ïîêàçàíî íàëè÷èå åùå îäíîãî ïðåèìóùåñòâà, êîòî-

ðîå ñîñòîèò â âîçìîæíîñòè èñïîëüçîâàòü ðàçíûå øàãè ïî âðåìåíè â ðàç-
íûõ ÷àñòÿõ âû÷èñëèòåëüíîé îáëàñòè. Ïðè ýòîì, ïðè ìîäåëèðîâàíèè îñó-
ùåñòâëÿåòñÿ ñêâîçíîå òå÷åíèå ñóáñòàíöèè èç îäíîé ÷àñòè âû÷èñëèòåëü-
íîé îáëàñòè â äðóãóþ è îáðàòíî. Òåîðåòè÷åñêè è íà îñíîâå âû÷èñëèòåëü-
íîãî ýêñïåðèìåíòà ïîäòâåðæäåíà ñõîäèìîñòü ÷èñëåííîãî ðåøåíèÿ ê òî÷-
íîìó ðåøåíèþ ñ ïåðâûì ïîðÿäêîì òî÷íîñòè, à òàêæå âûïîëíåíèå çàêîíà
ñîõðàíåíèÿ áåç èñïîëüçîâàíèÿ êàêèõ-ëèáî ïîïðàâî÷íûõ (âåñîâûõ) êîýô-
ôèöèåíòîâ, èñêàæàþùèõ ÷èñëåííîå ðåøåíèå. Â ðàáîòå âû÷èñëèòåëüíàÿ
îáëàñòü ðàçáèòà íà äâå ÷àñòè, â êàæäîé èç êîòîðûõ èñïîëüçóþòñÿ ðàç-
íûå øàãè ïî âðåìåíè. Îñíîâíàÿ ñëîæíîñòü ïðè îïèñàíèè ìåòîäà ñîñòîèò
â ïîñòðîåíèè ÷èñëåííîãî ðåøåíèÿ â óçëàõ ñåòêè, ëåæàùèõ íà ãðàíèöå
ìåæäó äâóìÿ ïîäîáëàñòÿìè. Â äàííîé ðàáîòå òåîðåòè÷åñêè îáîñíîâàíà è
ýêñïåðèìåíòàëüíî ïîêàçàíà ïðèíöèïèàëüíàÿ âîçìîæíîñòü ñîçäàíèÿ àë-
ãîðèòìà ñ óêàçàííûìè ñâîéñòâàìè.
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2 Ïîñòàíîâêà çàäà÷è

Ïóñòü Ω = [0, 1]× [0, 1] � åäèíè÷íûé êâàäðàò ñ ãðàíèöåé Γ. Íà ìíîæå-
ñòâå D = [0, T ] × Ω, T > 0, ðàññìîòðèì äâóìåðíîå óðàâíåíèå íåðàçðûâ-
íîñòè ñ íåíóëåâîé ïðàâîé ÷àñòüþ

∂ρ

∂t
+
∂(ρu)

∂x
+
∂(ρv)

∂y
= f(t, x, y). (1)

Çäåñü ρ (t, x, y) � èñêîìàÿ ôóíêöèÿ, à u (t, x, y), v (t, x, y) è f (t, x, y) �
èçâåñòíûå äîñòàòî÷íî ãëàäêèå ôóíêöèè. Äëÿ ïðîñòîòû áóäåì ïîëàãàòü,
÷òî íà ãðàíèöå Γ âûïîëíÿåòñÿ óñëîâèå

u(t, x, y) = v(t, x, y) = 0 ∀ (t, x, y) ∈ Γ. (2)

Äëÿ èñêîìîé ôóíêöèè ρ (t, x, y) çàäàäèì íà÷àëüíîå óñëîâèå

ρ (0, x, y) = ρinit(x, y) ∀ (x, y) ∈ Ω, (3)

ãäå ρinit(x, y) � èçâåñòíàÿ ôóíêöèÿ. Íà ìíîæåñòâå Ω ââåäåì ñåòêó

GΩ
h = {(xi, yj) : xi = ih, yj = ih; i, j = 0, ..., N}

ñ øàãîì h = 1/N , N = 10 · 2n, n ∈ N. Ïóñòü ÷èñëà N1 è N2 òàêèå,
÷òî N1 · h = 0, 2 è N2 · h = 0, 8. Ðàçäåëèì ìíîæåñòâî óçëîâ GΩ

h íà äâà
ïîäìíîæåñòâà:

GΩ
2τ = {(xl, yn) : l, n = N1 + 1, . . . , N2 − 1} è GΩ

τ = GΩ
h \GΩ

2τ .

Ìíîæåñòâî óçëîâ ñåòêè GΩ
τ , êîòîðûå ïðèíàäëåæàò âíóòðåííåé ãðàíèöå

ìíîæåñòâà GΩ
τ , îáîçíà÷èì ÷åðåç ΓΩ

τ . Ìíîæåñòâî óçëîâ ñåòêè GΩ
2τ , êîòî-

ðûå ïðèíàäëåæàò âíåøíåé ãðàíèöå ìíîæåñòâà GΩ
2τ , îáîçíà÷èì ÷åðåç ΓΩ

2τ .
Îïðåäåëèì ìíîæåñòâî óçëîâ, ïðèíàäëåæàùèõ ãðàíèöàì ñìåæíûõ ñåòîê
GΩ
τ è GΩ

2τ â âèäå ΓΩ
h = ΓΩ

τ ∪ ΓΩ
2τ , ðèñ. 1 (à). Îáîçíà÷èì τ = T/K, ãäå

K � ÷åòíîå ÷èñëî. Ïîëîæèì GDh = GDτ ∪GD2τ , ΓDh = ΓDτ ∪ ΓD2τ ãäå

GDτ =
{

(tk, xi, yj) : tk = kτ, (xi, yj) ∈ GΩ
τ ; k = 0, ...,K

}
,

GD2τ =
{

(t2m, xl, yn) : t2m = 2mτ, (xl, yn) ∈ GΩ
2τ ; m = 0, ...,K/2

}
,

ΓDτ =
{

(tk, xi, yj) : tk = kτ, (xi, yj) ∈ ΓΩ
τ ; k = 0, ...,K

}
,

ΓD2τ =
{

(t2m, xl, yn) : t2m = 2mτ, (xl, yn) ∈ ΓΩ
2τ ; m = 0, ...,K/2

}
.

Äëÿ êàæäîãî óçëà (tk, xp, yq) ñåòêè G
D
h ðàññìîòðèì åãî îêðåñòíîñòü

Ωk
p,q = {t = tk} × ([xp − h/2, xp + h/2)× [yq − h/2, yq + h/2) ∩ Ω) .

Ðåøåíèå çàäà÷è (1)�(3) áóäåì èñêàòü â îêðåñòíîñòÿõ Ωk
p,q âñåõ óçëîâ ñåò-

êè GDh â âèäå êóñî÷íî-ïîñòîÿííîé ôóíêöèè ρh (t, x, y) ðàâíîé êîíñòàíòå

â êàæäîé îêðåñòíîñòè Ωk
p,q óçëà (tk, xp, yq)

ρh (tk, x, y) = ρh (tk, xp, yq) ∀ (tk, x, y) ∈ Ωk
p,q.
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à)

á)

Ðèñ. 1. à) Ìíîæåñòâà óçëîâ ñìåæíûõ ñåòîê GΩ
τ , G

Ω
2τ è ΓΩ

h
á) Ìíîæåñòâà Ωτ , Ω2τ è ãðàíèöà S

Ââåäåì îáîçíà÷åíèÿ g (tk, xp, yq) = gkp,q è ρ
h (tk, xp, yq) = ρh,kp,q . Ðàññìîòðèì

óçåë (xp, yq) ∈ GΩ
h . Ïóñòü

Ωp,q = [xp − h/2, xp + h/2)× [yq − h/2, yq + h/2) ∩D.

Ââåäåì îáîçíà÷åíèÿ

Ωτ =
⋃

(xp,yq)∈GΩ
τ

Ωp,q, Ω2τ =
⋃

(xp,yq)∈GΩ
2τ

Ωp,q, ΩΓ =
⋃

(xp,yq)∈ΓΩ
h

Ωp,q,

Dτ = [0, T ]× Ωτ , D2τ = [0, T ]× Ω2τ , DΓ = [0, T ]× ΩΓ.

Ïîíÿòíî, ÷òî ΩΓ∩Ωτ 6= ∅, ΩΓ∩Ω2τ 6= ∅. Âíóòðåííþþ ãðàíèöó ìíîæåñòâà
Dτ , íàõîäÿùóþñÿ âíóòðè ìíîæåñòâà DΓ, îáîçíà÷èì S, ðèñ. 1 (á). Äëÿ
óïðîùåíèÿ òåîðåòè÷åñêèõ âûêëàäîê ïîëîæèì, ÷òî

τ = cτ,hh, (4)

ãäå cτ,h � íåêîòîðàÿ êîíñòàíòà òàêàÿ, ÷òî

cτ,h <
1

4 max
(t,x,y)∈D

{|u (t, x, y)| , |v (t, x, y)|}
(5)
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Â îáùåì ñëó÷àå ïðåäñòàâëåííîãî ìåòîäà îãðàíè÷åíèå (5) ìîæåò áûòü
îñëàáëåíî òàê, ÷òî ìîæåò èñïîëüçîâàòüñÿ êîíñòàíòà cτ,h áîëüøåãî çíà-
÷åíèÿ. Â äàííîé ðàáîòå îãðàíè÷åíèå (5) èñïîëüçóåòñÿ äëÿ óïðîùåíèÿ
ïðîãðàììíîé ðåàëèçàöèè îïèñûâàåìîãî ìåòîäà.

3 Èíòåãðàëüíîå òîæäåñòâî

Ðàññìîòðèì óçåë (tk, xp, yq) ∈ GDh , êîòîðûé íå ïðèíàäëåæèò ìíîæå-

ñòâó ΓDh . Ïóñòü òî÷êà A
k =

(
tk, A

k,x, Ak,y
)
ïðèíàäëåæèò ãðàíèöå ìíîæå-

ñòâà Ω̄k
p,q, ãäå Ω̄k

p,q � çàìûêàíèå îáëàñòè Ωk
p,q. Ïîñòðîèì òðàåêòîðèþ äâè-

æåíèÿ CAk
(
t, x̃
(
t;Ak

)
, ỹ
(
t;Ak

))
òî÷êè Ak îáðàòíî ïî âðåìåíè ñî ñëîÿ

t = tk íà ñëîé t = tk−s. Çäåñü s = 1, åñëè (tk, xp, yq) ∈ GDτ , è s = 2, åñ-

ëè (tk, xp, yq) ∈ GD2τ . Òðàåêòîðèÿ CAk
(
t, x̃
(
t;Ak

)
, ỹ
(
t;Ak

))
îïèñûâàåòñÿ

ðåøåíèåì çàäà÷è Êîøè äëÿ ñëåäóþùåé ñèñòåìû îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé

dx̃

dt

(
t;Ak

)
= u (t, x̃, ỹ) ,

dỹ

dt

(
t;Ak

)
= v (t, x̃, ỹ) , [t ∈ tk−s, tk] , (6)

ñ íà÷àëüíûìè äàííûìè

x̃
(
tk;A

k
)

= Ak,x, ỹ
(
tk;A

k
)

= Ak,y. (7)

Â ñèëó îãðàíè÷åíèÿ (5) òðàåêòîðèÿ CAk
(
t, x̃
(
t;Ak

)
, ỹ
(
t;Ak

))
íå ïåðå-

ñåêàåò ïîâåðõíîñòü S. Ìíîæåñòâî Cset
(
Ω̄k
p,q

)
òðàåêòîðèé, âûïóùåííûõ

èç âñåõ òî÷åê ãðàíèöû ìíîæåñòâà Ω̄k
p,q, ôîðìèðóþò â ïëîñêîñòè t = t∗

çàìêíóòóþ êðèâóþ, êîòîðóþ ðàññìîòðèì â âèäå ãðàíèöû ÷åòûðåõóãîëü-
íèêà Qp,q (t∗). Îáîçíà÷èì Qk−sp,q = Qp,q (tk−s), ðèñ. 2. Ïóñòü V

k
p,q � ìíî-

æåñòâî, îãðàíè÷åííîå ñâåðõó ÷åòûðåõóãîëüíèêîì {t = tk} × Ω̄k
p,q, ñíèçó

� ÷åòûðåõóãîëüíèêîì {t = tk−s} × Qk−sp,q , ïî áîêàì � ìíîæåñòâîì òðàåê-

òîðèé Cset
(
Ω̄k
p,q

)
. Ó÷èòûâàÿ òåîðåìó Ãàóññà-Îñòðîãðàäñêîãî, íåñëîæíî

äîêàçàòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 1. Ðåøåíèå çàäà÷è (1)�(3) óäîâëåòâîðÿåò óðàâíåíèþ∫
Ωkp,q

ρ (tk, x, y) dxdy =

∫
Qk−sp,q

ρ (tk−s, x, y) dxdy +

∫
V kp,q

f (t, x, y) dtdxdy. (8)

4 Ïîñòðîåíèå ÷èñëåííîãî ðåøåíèÿ â óçëàõ, íå
ïðèíàäëåæàùèõ ãðàíèöàì ñåòîê íà ñòûêå ñåòîê

×òîáû ïîñòðîèòü àëãîðèòì, àïïðîêñèìèðóåì êàæäîå ñëàãàåìîå èç ðà-
âåíñòâà (8). Îáîçíà÷èì meas

(
Ωk
p,q

)
� ïëîùàäü îêðåñòíîñòè Ωk

p,q. Ðàñ-
êëàäûâàÿ ôóíêöèþ ρ (tk, x, y) ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè
(tk, xp, yq) ïî ïåðåìåííûì x è y, íåñëîæíî ïîêàçàòü, ÷òî
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Ðèñ. 2. Ôîðìèðîâàíèå ÷åòûðåõóãîëüíèêîâ Qk−1
N1−1,q è Q

k−2
N1+2,q

∀ (xp, yq) /∈ Γ

∫
Ωkp,q

ρ (tk, x, y) dxdy = ρkp,qmeas
(

Ωk
p,q

)
+O

(
h4
)
,

∀ (xp, yq) ∈ Γ

∫
Ωkp,q

ρ (tk, x, y) dxdy = ρkp,qmeas
(

Ωk
p,q

)
+O

(
h3
)
.

(9)

Äëÿ âû÷èñëåíèÿ èíòåãðàëà ïî ìíîæåñòâó Qk−sp,q , ìû àïïðîêñèìèðóåì

Qk−sp,q ÷åòûðåõóãîëüíèêîì P k−sp,q ñ ïðÿìûìè ñòîðîíàìè. Äëÿ ýòîãî ðàñ-

ñìîòðèì ÷åòûðå âåðøèíû Akd =
(
tk, A

k,x
d , Ak,yd

)
, d = 1, ..., 4, ÷åòûðåõ-

óãîëüíèêà Ω̄k
p,q. Òðàåêòîðèè CAkd

(
t, x̃
(
t;Akd

)
, ỹ
(
t;Akd

))
äâèæåíèÿ òî÷åê

Akd îáðàòíî ïî ïåðåìåííîé âðåìåíè ñî ñëîÿ t = tk íà ñëîé t = tk−s

îáðàçóþò â ïëîñêîñòè t = tk−s òî÷êè Bk−s
d =

(
tk−s, B

k−s,x
d , Bk−s,y

d

)
,

d = 1, ..., 4. Íàéäåì ïðèáëèæåííûå êîîðäèíàòû
(
tk−s, B

h,k−s,x
d , Bh,k−s,y

d

)
òî÷åê Bk−s

d (tk−s) è îáîçíà÷èì Bh,k−s
d =

(
tk−s, B

h,k−s,x
d , Bh,k−s,y

d

)
, d =

1, ..., 4. Äëÿ ýòîãî ðåøèì çàäà÷ó Êîøè (6)-(7) ìåòîäîì Ýéëåðà

Bh,k−s,x
d = Ak,xd − sτu

(
tk, A

k,x
d , Ak,yd

)
,

Bh,k−s,y
d = Ak,yd − sτv

(
tk, A

k,x
d , Ak,yd

)
, d = 1, ..., 4.

(10)

Çäåñü s = 1, åñëè (tk, xp, yq) ∈ GDτ , è s = 2, åñëè (tk, xp, yq) ∈ GD2τ .

Òàêèì îáðàçîì, êàæäóþ òðàåêòîðèþ CAkd

(
t, x̃
(
t;Akd

)
, ỹ
(
t;Akd

))
ìû àï-

ïðîêñèìèðóåì ïðÿìûì îòðåçêîì. Íåñëîæíî ïîêàçàòü âòîðîé ïîðÿäîê
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Ðèñ. 3. Àïïðîêñèìàöèÿ ÷åòûðåõóãîëüíèêà Qk−sp,q

ïîãðåøíîñòü òàêîé àïïðîêñèìàöèè∣∣∣Bh,k−s,x
d −Bk−s,x

d

∣∣∣ = O
(
τ2
)
,
∣∣∣Bh,k−s,y

d −Bk−s,y
d

∣∣∣ = O
(
τ2
)
. (11)

Ñîåäèíèì òî÷êè Bh,k−s
d , d = 1, ..., 4, ïðÿìûìè îòðåçêàìè è ïîëó÷èì ÷å-

òûðåõóãîëüíèê P k−sp,q , àïïðîêñèìèðóþùèé Qk−sp,q , ðèñ. 3.

Ðàññìîòðèì äâà ìíîæåñòâà Qk−sp,q \P k−sp,q , P k−sp,q \Qk−sp,q è èñïîëüçóåì ðà-
âåíñòâî∫

Qk−sp,q

ρ (tk−s, x, y) dxdy =

∫
Pk−sp,q

ρ (tk−s, x, y) dxdy+

+

∫
Qk−sp,q \Pk−sp,q

ρ (tk−s, x, y) dxdy −
∫

Pk−sp,q \Qk−sp,q

ρ (tk−s, x, y) dxdy.

(12)

Îáîçíà÷èì

δQh,k−sp,q =

∫
Qk−sp,q \Pk−sp,q

ρ (tk−s, x, y) dxdy −
∫

Pk−sp,q \Qk−sp,q

ρ (tk−s, x, y) dxdy. (13)

Èçâåñòíî [24], ïðè âûïîëíåíèè ðàâåíñòâà (4) îöåíêó âåëè÷èíû
∣∣∣δQh,k−sp,q

∣∣∣
ìîæíî âûïèñàòü â âèäå∣∣∣δQh,k−sp,q

∣∣∣ = cQτ
2h2 + o

(
τ2h2

)
. (14)

Çäåñü cQ � íåêîòîðàÿ êîíñòàíòà íåçàâèñÿùàÿ îò τ è h, à îáîçíà÷åíèå
o
(
τ2h2

)
îçíà÷àåò âåëè÷èíó àñèìïòîòè÷åñêè ìåíüøóþ, ÷åì τ2h2, ó÷èòû-

âàÿ ðàâåíñòâî (4).
Äàëåå, ðàññìîòðèì èíòåãðàë îò ôóíêöèè f (t, x, y) â (8). Ïóñòü

F (t) =

∫
Qp,q(t)

f (t, x, y) dxdy.
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Èñïîëüçóÿ ðàçëîæåíèÿ ôóíêöèè F (t) ïî ôîðìóëå Òåéëîðà ñ îñòàòî÷íûì
÷ëåíîì â ôîðìå Ëàãðàíæà, íåñëîæíî ïîêàçàòü, ÷òî∫

V kp,q

f (t, x) dtdxdy =

tk∫
tk−sτ

F (t) dt = sτF (tk) +
∂F

∂t
(t∗) s2τ2, (15)

ãäå t∗ � íåêîòîðàÿ âåëè÷èíà, òàêàÿ ÷òî t∗ ∈ [tk − sτ, tk]. Îïðåäåëèì ìíî-
æåñòâà Ωp,q\Qp,q (t∗) è Qp,q (t∗) \Ωp,q òàêèìè, ÷òî∫

Ωp,q

f (t, x, y) dxdy =

∫
Qp,q(t∗)

f (t, x, y) dxdy+

+

∫
Ωp,q\Qp,q(t∗)

f (t, x, y) dxdy −
∫

Qp,q(t∗)\Ωp,q

f (t, x, y) dxdy.

(16)

Ïî àíàëîãèè ñ (14), ïðè âûïîëíåíèè ðàâåíñòâà (4) ñïðàâåäëèâî∣∣∣∣∣∣∣
∫

Ωp,q\Qp,q(t∗)

f (tk, x, y) dxdy −
∫

Qp,q(t∗)\Ωp,q

f (tk, x, y) dxdy

∣∣∣∣∣∣∣ =

= cfQ (tk − t∗)2 meas (Ωp,q) + o
(

(tk − t∗)2 h2
)
.

(17)

ãäå cfQ � íåêîòîðàÿ êîíñòàíòà, íåçàâèñÿùàÿ îò âåëè÷èí (tk − t∗) è h. Ïî-
ñêîëüêó ôóíêöèÿ f(t, x, y) äîñòàòî÷íî ãëàäêàÿ, òî ñóùåñòâóåò ïðîèçâîä-
íàÿ ∂F

∂t (t) â òî÷êå t = t∗. Îöåíèì åå âåëè÷èíó ñ ó÷åòîì âûðàæåíèé (16),
(17) ñëåäóþùèì îáðàçîì:

∂F

∂t
(t∗) = lim

tk−t∗→0

F (tk)− F (t∗)

tk − t∗
=

= lim
tk−t∗→0

1

tk − t∗

 ∫
Ωp,q

f (tk, x, y) dxdy −
∫

Qp,q(t∗)

f (t∗, x, y) dxdy

 ≤
≤ cfQ (tk − t∗) meas

(
Ωmax
p,q

)
+ o

(
(tk − t∗)h2

)
.

Òîãäà, ∫
V kp,q

f (t, x) dtdxdy =

tk∫
tk−sτ

F (t) dt = sτF (tk) + δF (tk) (18)

ãäå |δF (tk)| ≤ cfQs2τ3h2 + o
(
τ3h2

)
. Ïî àíàëîãèè ñ (9) î÷åâèäíî, ÷òî

∀ (xp, yq) /∈ Γ sτ
∫

Ωkp,q

f (tk, x, y) dx = sτfkp,qmeas
(
Ωk
p,q

)
+O

(
τh4
)
,

∀ (xp, yq) ∈ Γ sτ
∫

Ωkp,q

f (tk, x, y) dx = sτfkp,qmeas
(
Ωk
p,q

)
+O

(
τh3
)
.

(19)
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Îáîçíà÷åíèå O
(
τh3
)
îçíà÷àåò âåëè÷èíó àñèìïòîòè÷åñêè ðàâíóþ τh3,

ó÷èòûâàÿ ðàâåíñòâî (4).
Â èòîãå, ïîäñòàâèì (9), (12), (18), (19) â (8) è âûïèøåì ôîðìóëó äëÿ

îïðåäåëåíèÿ ÷èñëåííîãî ðåøåíèÿ ρh,kp,q

ρh,kp,q =
1

meas
(
Ωk
p,q

) ∫
Pk−sp,q

ρh (tk−s, x, y) dxdy + sτfkp,q. (20)

Íàïîìíèì, ÷òî ôóíêöèÿ ρh (tm−s, x, y) ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé. Áó-
äåì ñ÷èòàòü, ÷òî èíòåãðàë â (20) âû÷èñëÿåòñÿ òî÷íî. Ýòîãî ìîæíî äî-
ñòè÷ü ïóòåì ðàçëîæåíèÿ ÷åòûð¼õóãîëüíèêà P k−sp,q íà ñîñòàâíûå ÷àñòè, â

êàæäîé èç êîòîðûõ ôóíêöèÿ ρh (tm−s, x, y) ðàâíà êîíñòàíòå.

5 Ïîñòðîåíèå ÷èñëåííîãî ðåøåíèÿ â óçëàõ,
ïðèíàäëåæàùèõ ãðàíèöàì ñåòîê íà ñòûêå ñåòîê

Îïèøåì àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ â óçëàõ ñåòêè (tk, xp, yq) ∈ ΓDh .

×òîáû ïîñòðîèòü ÷èñëåííîå ðåøåíèå â óçëå (tk, xp, yq) ∈ ΓDh , ðàññìîò-

ðèì åãî îêðåñòíîñòü Ωk
p,q è òî÷êè Bh,k−1

d =
(
tk−1, B

h,k−1,x
d , Bh,k−1,y

d

)
,

d = 1, ..., 4, âû÷èñëåííûå ïî ôîðìóëå (10) ïðè s = 1.
Ïóñòü k ÿâëÿåòñÿ íå÷åòíûì ÷èñëîì. Ïîñêîëüêó ÷èñëåííîå ðåøåíèå

ρh (tk−1, x, y) íà ÷åòíîì ñëîå t = tk−1 ñ÷èòàåì óæå âû÷èñëåííûì íà âñåì

ìíîæåñòâå {t = tk−1} × Ω, òî äëÿ âû÷èñëåíèÿ ρh,kp,q èñïîëüçóåì ôîðìóëó
(20) ïðè s = 1.
Ïóñòü k ÿâëÿåòñÿ ÷åòíûì ÷èñëîì. Îïðåäåëèì êîîðäèíàòû âåðøèí ÷å-

òûðåõóãîëüíèêà P k−1
p,q ïî ôîðìóëå (10) ïðè s = 1. Â çàâèñèìîñòè îò çíà-

÷åíèé ôóíêöèé ñêîðîñòè u (t, x, y), v (t, x, y) â âåðøèíàõ îêðåñòíîñòè Ωk
p,q

âîçìîæíû ðàçëè÷íûå âàðèàíòû ðàñïîëîæåíèÿ ÷åòûðåõóãîëüíèêà P k−1
p,q

îòíîñèòåëüíî ìíîæåñòâ Ωk−1
τ = {t = tk−1}×Ωτ , Ωk−1

2τ = {t = tk−1}×Ω2τ .

Åñëè P k−1
p,q ⊂ Ωk−1

τ , êàê ïîêàçàíî íà ðèñ. 4(à), òî äëÿ âû÷èñëåíèÿ ρh,kp,q
èñïîëüçóåì ôîðìóëó (20) ïðè s = 1. Åñëè P k−1

p,q 6⊂ Ωk−1
τ , òî ðàçäåëèì

ìíîæåñòâî P k−1
p,q íà äâà ìíîæåñòâà ñëåäóþùèì îáðàçîì

P k−1
p,q = P k−1

τ,p,q ∪ P k−1
2τ,p,q,

ãäå P k−1
τ,p,q = P k−1

p,q ∩ Ωk−1
τ è P k−1

2τ,p,q = P k−1
p,q ∩ Ωk−1

2τ .
(21)
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a)

á)

Ðèñ. 4. à) ×åòûðåõóãîëüíèê P k−1
p,N1
⊂ Ωk−1

τ á) Ðàçëîæåíèå

÷åòûðåõóãîëüíèêà P k−1
p,N1+1

íà P k−1
τ,p,N1+1

è P k−1
2τ,p,N1+1

Â îáùåì ñëó÷àå êàæäîå èç ìíîæåñòâ P k−1
τ,p,q, P

k−1
2τ,p,q ìîæåò áûòü ìíîãî-

óãîëüíûì èëè ïóñòûì. Â ñèëó òåîðåìû 1 è ñ ó÷åòîì (12), (13), (21) ïî-
ëó÷èì∫

Ωkp,q

ρ (tk, x, y) dxdy =

∫
Pk−1
τ,p,q

ρ (tk−1, x, y) dxdy+

+

∫
Pk−1

2τ,p,q

ρ (tk−1, x, y) dxdy +

∫
V kp,q

f (t, x, y) dtdxdy + δQh,k−1
p,q ,

(22)

ãäå
∣∣∣δQh,k−1

p,q

∣∣∣ = O
(
h4
)
ïðè óñëîâèè âûïîëíåíèÿ ðàâåíñòâà (4). Íàéäåì

òî÷êè ïåðåñå÷åíèÿ ñòîðîí ìíîãîóãîëüíèêà P k−1
2τ,p,q ñ ïîâåðõíîñòüþ S, îá-

ðàçîâàííîé íà îáùåé ãðàíèöå ñìåæíûõ ìíîæåñòâ Dτ è D2τ . Òî÷êè ïå-

ðåñå÷åíèÿ îáîçíà÷èì Bh,k−1
n,m =

(
tk−1, B

h,k−1,x
n,m , Bh,k−1,y

n,m

)
, n,m ∈ 1, ..., 4,

ðèñ. 4 (á). Èç ìíîæåñòâà âåðøèí Bh,k−1
d , d = 1, ..., 4, âûáåðåì òî÷êè,

ïðèíàäëåæàùèå ìíîãîóãîëüíèêó P k−1
2τ,p,q, è îáîçíà÷èì èõ ÷åðåç Bh,k−1

2τ,d . Èç

ìíîæåñòâà âåðøèí Ak−1
d , d = 1, ..., 4, âûáåðåì òî÷êè, ëåæàùèå íà ãðà-

íèöå ìíîãîóãîëüíèêà P k−1
2τ,p,q, è îáîçíà÷èì èõ ÷åðåç Ak−1

2τ,d. Íà ðèñ. 4 (á)

òàêîé òî÷êîé ÿâëÿåòñÿ âåðøèíà Ak−1
2τ,4 . ×òîáû âû÷èñëèòü èíòåãðàë ïî
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ìíîæåñòâó P k−1
2τ,p,q, ïðèìåíèì òåîðåìó 1, ãäå â êà÷åñòâå Ωk

p,q èñïîëüçóåì

÷åòûðåõóãîëüíèê P k−1
2τ,p,q. Òîãäà ïîëó÷èì

∫
Pk−1

2τ,p,q

ρ (tk−1, x, y) dxdy =

=

∫
Qk−2

2τ,p,q

ρ (tk−2, x, y) dxdy +

∫
V k−1

2τ,p,q

f (t, x, y) dtdxdy.

(23)

×òîáû àïïðîêñèìèðîâàòü ìíîãîóãîëüíèê Qk−2
2τ,p,q ñ âåðøèíàìè â òî÷-

êàõ Bk−2
2τ,d =

(
tk−2, B

k−2,x
2τ,d , Bk−2,y

2τ,d

)
, Bk−2

2τ,n,m =
(
tk−2, B

k−2,x
2τ,n,m, B

k−2,y
2τ,n,m

)
, îïó-

ñòèì ïðÿìûå îòðåçêè, àïïðîêñèìèðóþùèå òðàåêòîðèè äâèæåíèÿ âåðøèí
ìíîãîóãîëüíèêà P k−1

2τ,p,q äî ïëîñêîñòè t = tk−2, ðèñ. 5. Ïðè ýòîì, âìåñòî

òî÷íûõ çíà÷åíèé ôóíêöèé ñêîðîñòè u (t, x, y), v (t, x, y) â âåðøèíàõ ÷å-

òûðåõóãîëüíèêà P k−1
2τ,p,q èñïîëüçóåì èõ ïðèáëèæåííûå çíà÷åíèÿ. Òàê, â

óçëàõ Bh,k−1
2τ,d , èñïîëüçóåì àïïðîêñèìàöèþ

u
(
tk−1, B

h,k−1,x
2τ,d , Bh,k−1,y

2τ,d

)
≈ u

(
tk, A

k,x
d , Ak,yd

)
,

v
(
tk−1, B

h,k−1,x
2τ,d , Bh,k−1,y

2τ,d

)
≈ v

(
tk, A

k,x
d , Ak,yd

)
.

Ñîîòâåòñòâåííî êîîðäèíàòû âåðøèí Bk−2
2τ,d âû÷èñëèì ïðèáëèæåííî â ñëå-

äóþùåì âèäå:

Bh,k−2,x
2τ,d = Bh,k−1,x

2τ,d − τu
(
tk, A

k,x
d , Ak,yd

)
,

Bh,k−2,y
2τ,d = Bh,k−1,y

2τ,d − τv
(
tk, A

k,x
d , Ak,yd

)
.

(24)

Ïîñêîëüêó
∣∣∣Bh,k−1,x

2τ,d −Ak,xd
∣∣∣ < h/2 è

∣∣∣Bh,k−1,y
2τ,d −Ak,yd

∣∣∣ < h/2, òî ïî àíàëî-

ãèè ñ (11) íåñëîæíî ïîêàçàòü, ÷òî

∣∣∣Bk−2,x
2τ,d −Bh,k−2,x

2τ,d

∣∣∣ = O
(
τ2 + τh

)
,∣∣∣Bk−2,y

2τ,d −B
h,k−2,y
2τ,d

∣∣∣ = O
(
τ2 + τh

)
.

(25)

Çíà÷åíèÿ ôóíêöèé ñêîðîñòè u (t, x, y) è v (t, x, y) â óçëå Bh,k−1
n,m àïïðîêñè-

ìèðóåì ëèíåéíîé êîìáèíàöèé çíà÷åíèé ôóíêöèé ñêîðîñòè â óçëàõ Ak−1
l
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Ðèñ. 5. Ôîðìèðîâàíèå ìíîãîóãîëüíèêà P k−2
2τ,p,N1+1

è Ak−1
r , ìåæäó êîòîðûìè íàõîäèòñÿ óçåë Bh,k−1

n,m

u
(
tk−1, B

h,k−1,x
n,m , Bh,k−1,y

n,m

)
≈ αn,mu

(
tk−1, A

k−1,x
l , Ak−1,y

l

)
+

+ (1− αn,m)u
(
tk−1, A

k−1,x
r , Ak−1,y

r

)
,

v
(
tk−1, B

h,k−1,x
n,m , Bh,k−1,y

n,m

)
≈ αn,mv

(
tk−1, A

k−1,x
l , Ak−1,y

l

)
+

+ (1− αn,m) v
(
tk−1, A

k−1,x
r , Ak−1,y

r

)
,

(26)

ãäå αn,m =
(
Ak−1,x
r −Bh,k−1,x

n,m

)
/h. Òàêèì îáðàçîì, êîîðäèíàòû âåðøèíû

Bk−2
n,m àïïðîêñèìèðóåì â âèäå

Bh,k−2,x
n,m = Bh,x

n,m − τ
[
αn,mu

(
tk−1, A

k−1,x
l , Ak−1,y

l

)
+

+ (1− αn,m)u
(
tk−1, A

k−1,x
r , Ak−1,y

r

)]
,

Bh,k−2,y
n,m = Bh,y

n,m − τ
[
αn,mv

(
tk−1, A

k−1,x
l , Ak−1,y

l

)
+

+ (1− αn,m) v
(
tk−1, A

k−1,x
r , Ak−1,y

r

)]
.

Ïîñêîëüêó àïïðîêñèìàöèÿ (26) èìååò ïîãðåøíîñòü ïîðÿäêà O (h), òî
íåñëîæíî ïîêàçàòü, ÷òî∣∣∣Bh,k−2,x

n,m −Bk−2,x
n,m

∣∣∣ = O (τ (τ + h)) ,∣∣∣Bh,k−2,y
n,m −Bk−2,y

n,m

∣∣∣ = O (τ (τ + h)) .
(27)

Îòìåòèì, ÷òî òî÷êà Bh,k−2
n,m ëåæèò íà ïðÿìîì îòðåçêå, ñîåäèíÿþùåì óç-

ëû Bh,k−2
l è Bh,k−2

r , ãäå
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Bh,k−2,x
d = Ak−1,x

d − τu
(
tk−1, A

k−1,x
d , Ak−1,y

d

)
,

Bh,k−2,y
d = Ak−1,y

d − τv
(
tk−1, A

k−1,x
d , Ak−1,y

d

)
.

(28)

Åñëè ìíîæåñòâî âåðøèí Ak−1
2τ,d íå ïóñòîå, òî ïîñòðîèì ïðÿìûå îòðåçêè,

àïïðîêñèìèðóþùèå òðàåêòîðèè äâèæåíèÿ âåðøèí Ak−1
2τ,d äî ïëîñêîñòè

t = tk−2, ðèñ 5. Êîîðäèíàòû ïðÿìûõ îòðåçêîâ â ïëîñêîñòè t = tk−2

îïðåäåëèì â ñëåäóþùåì âèäå:

Bh,k−2,x
d = Ak−1,x

2τ,d − τu
(
tk−1, A

k−1,x
2τ,d , Ak−1,y

2τ,d

)
,

Bh,k−2,y
d = Ak−1,y

2τ,d − τv
(
tk−1, A

k−1,x
2τ,d , Ak−1,y

2τ,d

)
.

Òàê, íà ðèñ. 5, òî÷êà Ak−1
2τ,4 ëåæèò ìåæäó òî÷êàìè Bh,k−1

1,2 è Bh,k−1
3,4 , ïî-

ýòîìó âû÷èñëèì êîîðäèíàòû òî÷êè Bh,k−2
4 ïî ôîðìóëå (28). Â èòîãå â

îáùåì ñëó÷àå ìû ïîëó÷èì òî÷êè Bh,k−2
2τ,d , Bh,k−2

n,m , Bh,k−2
d , ÿâëÿþùèåñÿ

âåðøèíàìè ìíîãîóãîëüíèêà P k−2
2τ,p,q. Ïîñêîëüêó ðàññòîÿíèå ìåæäó âåð-

øèíàìè Bh,k−2
2τ,d , Bh,k−2

n,m , Bh,k−2
d åñòü O (h) èëè àñèìïòîòè÷åñêè ìåíüøå,

òî ñ ó÷åòîì (25), (27) íåñëîæíî ïîêàçàòü, ÷òî∫
Qk−2

2τ,p,q

ρ (tk−2, x, y) dxdy =

∫
Pk−2

2τ,p,q

ρ (tk−2, x, y) dxdy + δQh,k−2
2τ,p,q , (29)

ãäå ∣∣∣δQh,k−2
2τ,p,q

∣∣∣ = O (hτ (τ + h)) . (30)

Ïîäñòàâèì (23) â (22) è ðàññìîòðèì ñóììó èíòåãðàëîâ îò ôóíêöèè
f (t, x, y). Íåñëîæíî ïîíÿòü, ÷òî∫
V kp,q

f (t, x, y) dtdxdy +

∫
V k−1

2τ,p,q

f (t, x, y) dtdxdy ≈ 2τfkp,qmeas
(

Ωk
p,q

)
. (31)

Ïî àíàëîãèè ñ (18), (19) ìîæíî ïîêàçàòü, ÷òî òàêàÿ àïïðîêñèìàöèÿ èìå-
åò ïîðÿäîê òî÷íîñòè O

(
h4
)
ïðè èñïîëüçîâàíèè ñîîòíîøåíèÿ (4). Òàêèì

îáðàçîì, ïîäñòàâëÿÿ (9), (23), (29) è (31) â (22), îïðåäåëèì ñëåäóþùóþ
ôîðìóëó:

ρh,kp,q =
1

h2

∫
Pk−1
τ,p,q

ρh (tk−1, x, y) dxdy +
1

h2

∫
Pk−2

2τ,p,q

ρh (tk−2, x, y)dxdy+

+ sτfkp,q.

(32)

Çäåñü s = 1, åñëè (tk, xp, yq) ∈ GDτ , è s = 2, åñëè (tk, xp, yq) ∈ GD2τ .
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Îòìåòèì âàæíûå ñâîéñòâà îïèñàííîãî àëãîðèòìà, êîòîðîå ïîçâîëÿ-
åòñÿ äîáèòüñÿ âûïîëíåíèÿ çàêîíà ñîõðàíåíèÿ äëÿ ðåøåíèÿ ρh â íîðìå
ïðîñòðàíñòâà L1. Ïåðâîå ñâîéñòâî, ïîïàðíîå ïåðåñå÷åíèå âñåõ îáëàñòåé
èíòåãðèðîâàíèÿ P k−2

p,q , P k−2
2τ,p,q ÿâëÿåòñÿ ïóñòûì. Òàê, ∀ p, q, i, j = 0, . . . , N :

(p, q) 6= (i, j) ñïðàâåäëèâî

P k−2
p,q ∩ P k−2

i,j = ∅, P k−2
2τ,p,q ∩ P

k−2
2τ,i,j = ∅, P k−2

2τ,p,q ∩ P
k−2
i,j = ∅. (33)

Âòîðîå ñâîéñòâî, îáúåäèíåíèå âñåõ îáëàñòåé èíòåãðèðîâàíèÿ íà ñëîå t =
tk−2 ðàâíî Ω

N⋃
p,q=0

(
P k−2

2τ,p,q ∪ P
k−2
p,q

)
= Ω. (34)

6 Çàêîí ñîõðàíåíèÿ è ñõîäèìîñòü

Ïðîâåðêó âûïîëíåíèÿ çàêîíà ñîõðàíåíèÿ âûïîëíèì ïðè ïåðåõîäå ñ
îäíîãî ÷åòíîãî ñëîÿ ïî âðåìåíè íà ñëåäóþùèé ÷åòíûé ñëîé, ïîñêîëüêó
òîëüêî íà ýòèõ âðåìåííûõ ñëîÿõ ðåøåíèå ρh îïðåäåëåíî íà âñåì ìíîæå-
ñòâå Ω = [0, 1] × [0, 1]. Â ýòîì ñëó÷àå çàêîí ñîõðàíåíèÿ ìàññû ñ ó÷åòîì
ôóíêöèè ïðàâîé ÷àñòè èìååò ñëåäóþùèé âèä [1]

∫
Ω

ρ (t2k, x, y) dxdy =

∫
Ω

ρ (t2k−2, x, y) dxdy +

t2k∫
t2k−2

∫
Ω

f (t, x, y) dxdydt.

(35)
Ïîêàæåì, ÷òî (35) ñïðàâåäëèâî äëÿ ôóíêöèè ÷èñëåííîãî ðåøåíèÿ ρh

è ôóíêöèè fh, ãäå fh � êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ, îïðåäåëåííàÿ â
ñëåäóþùåì âèäå:

∀ (t, x, y) ∈
{

[t2k−1, t2k]× Ωp,q, ïðè (t2k, xp, yq) ∈ GDτ ,
[t2k−2, t2k]× Ωp,q, ïðè (t2k, xp, yq) ∈ GD2τ
fh (t, x, y) = fh (t2k, xp, yq) .

(36)

Ðàññìîòðèì ôîðìóëó (20) äëÿ âû÷èñëåíèÿ ðåøåíèÿ ρh íà ñëîå t = t2k
ïðè s = 1 è ïðîñóììèðóåì å¼ ïî âñåì p, q : (xp, yq) ∈ GΩ

τ \ΓΩ
h∫

Ωτ\ΩΓ

ρh (t2k, x, y) dxdy =
∑

(p,q):GΩ
τ \ΓΩ

h

∫
P 2k−1
p,q

ρh (t2k−1, x, y) dxdy+

+

2k∫
2k−1

∫
Ωτ\ΩΓ

fhdxdydt.

(37)
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Ðàññìîòðèì ðàâåíñòâî (32) äëÿ âû÷èñëåíèÿ ρh íà ñëîå t = t2k è ïðîñóì-
ìèðóåì åãî ïî âñåì p, q : (xp, yq) ∈ ΓΩ

τ∫
ΩΓ∩Ωτ

ρh (t2k, x, y) dxdy =
∑

(p,q):ΓΩ
τ

∫
Pk−1
τ,p,q

ρh (t2k−1, x, y) dxdy+

+
∑

(p,q):ΓΩ
τ

∫
Pk−2

2τ,p,q

ρh (t2k−2, x, y) dxdy +

2k∫
2k−1

∫
ΩΓ∩Ωτ

fhdxdydt,

à òàêæå ïî âñåì p, q : (xp, yq) ∈ ΓΩ
2τ∫

ΩΓ∩Ω2τ

ρh (t2k, x, y) dxdy =
∑

(p,q):ΓΩ
2τ

∫
Pk−1
τ,p,q

ρh (t2k−1, x, y) dxdy+

+
∑

(p,q):ΓΩ
2τ

∫
Pk−2

2τ,p,q

ρh (t2k−2, x, y) dxdy + 2

2k∫
2k−1

∫
ΩΓ∩Ω2τ

fhdxdydt.

Ñëîæèì äâà ïîñëåäíèõ ðàâåíñòâà è ïîëó÷èì∫
ΩΓ

ρh (t2k, x, y) dxdy =
∑

(p,q):ΓΩ
h

∫
Pk−1
τ,p,q

ρh (t2k−1, x, y) dxdy+

+
∑

(p,q):ΓΩ
h

∫
Pk−2

2τ,p,q

ρh (t2k−2, x, y) dxdy +

2k∫
2k−1

∫
ΩΓ∩Ωτ

fhdxdydt+

+2

2k∫
2k−1

∫
ΩΓ∩Ω2τ

fhdxdydt.

(38)

Ñëîæèì (37), (38) è ïîëó÷èì∫
Ωτ∪ΩΓ

ρh (t2k, x, y) dxdy =
∑

(p,q):GΩ
τ \ΓΩ

h

∫
P 2k−1
p,q

ρh (t2k−1, x, y) dxdy+

∑
(p,q):ΓΩ

h

∫
P 2k−1
τ,p,q

ρh (t2k−1, x, y) dxdy +
∑

(p,q):ΓΩ
h

∫
P 2k−2

2τ,p,q

ρh (t2k−2, x, y) dxdy+

+

2k∫
2k−1

∫
Ωτ

fhdxdydt+ 2

2k∫
2k−1

∫
ΩΓ∩Ω2τ

fhdxdydt.

(39)
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Îòìåòèì, ÷òî∑
(p,q):GΩ

τ \ΓΩ
h

∫
P 2k−1
p,q

ρh (t2k−1, x, y) dxdy+

+
∑

(p,q):ΓΩ
h

∫
P 2k−1
τ,p,q

ρh (t2k−1, x, y) dxdy =

∫
Ωτ

ρh (t2k−1, x, y) dxdy.

(40)

Ðàññìîòðèì (20) äëÿ âû÷èñëåíèÿ ðåøåíèÿ ρh íà ñëîå ïî âðåìåíè t =
t2k−1 è ïðîñóììèðóåì å¼ ïî âñåì p, q : (xp, yq) ∈ GΩ

τ , ïîëó÷èì∫
Ωτ

ρh (t2k−1, x, y) dxdy =
∑

(p,q):GΩ
τ

∫
P 2k−2
p,q

ρh (t2k−2, x, y) dxdy+

+

2k−1∫
2k−2

∫
Ωτ

fhdxdydt.

(41)

Ïîäñòàâèì (40), (41) â (39) è ïîëó÷èì∫
Ωτ∪ΩΓ

ρh (t2k, x, y) dxdy =
∑

(p,q):GΩ
τ

∫
P 2k−2
p,q

ρh (t2k−2, x, y) dxdy+

+

2k−1∫
2k−2

∫
Ωτ

fhdxdydt+
∑

(p,q):ΓΩ
h

∫
P 2k−2

2τ,p,q

ρh (t2k−2, x, y) dxdy+

+

2k∫
2k−1

∫
Ωτ

fhdxdydt+ 2

2k∫
2k−1

∫
ΩΓ∩Ω2τ

fhdxdydt.

(42)

Äàëåå, ðàññìîòðèì ôîðìóëó (20) äëÿ âû÷èñëåíèÿ ρh íà ñëîå ïî âðå-
ìåíè t = t2k è ïðîñóììèðóåì å¼ ïî âñåì p, q : (xp, yq) ∈ GΩ

2τ\ΓΩ
h∫

Ω2τ\ΩΓ

ρh (t2k, x, y) dxdy =
∑

(p,q):GΩ
2τ\ΓΩ

h

∫
P 2k−2
p,q

ρh (t2k−2, x, y) dxdy+

+

2k∫
2k−2

∫
Ω2τ\ΩΓ

fhdxdydt.

(43)

Îòìåòèì, ðèñ. 6, ÷òî ñïðàâåäëèâî ðàâåíñòâî⋃
(p,q):GΩ

τ

P k−2
p,q ∪

⋃
(p,q):ΓΩ

h

P k−2
2τ,p,q ∪

⋃
(p,q):GΩ

2τ\ΓΩ
h

P k−2
p,q = Ω. (44)
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Ðèñ. 6. Ðàçëîæåíèå âû÷èñëèòåëüíîé îáëàñòè Ω íà òðè
îáúåäèíåíèÿ ìíîæåñòâ

Ñëîæèì (42) ñ (43) è ñ ó÷åòîì (44) ïîëó÷èì

∫
Ω

ρh (t2k, x, y) dxdy =

∫
Ω

ρh (t2k−2, x, y) dxdy +

2k∫
2k−2

∫
Ω

fhdxdydt. (45)

Òîæäåñòâî (45) ïðåäñòàâëÿåò ñîáîé çàêîí ñîõðàíåíèÿ äëÿ ôóíêöèè ρh

ïðè ïåðåõîäå ñ âðåìåííîãî ñëîÿ t = t2k−2 íà ñëîé t = t2k ñ ó÷åòîì âíóò-
ðåííèõ èñòî÷íèêîâ, îïèñûâàåìûõ ôóíêöèé fh (t, x, y).
Äëÿ ïðîâåðêè ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ ρh (t, x, y) ê òî÷íîìó

ðåøåíèþ ρ (t, x, y) çàäà÷è (1)�(3) èñïîëüçóåì äèñêðåòíûé àíàëîã íîðìû
ïðîñòðàíñòâà L1∥∥∥ρh (tk, x, y)− ρ (tk, x, y)

∥∥∥
Lh1

=

N∑
p,q=0

meas (Ωp,q)
∣∣∣ρh,kp,q − ρkp,q∣∣∣ . (46)

Òåîðåìà 2. Äëÿ ÷èñëåííîãî ðåøåíèÿ ρh çàäà÷è (1)�(3), ñ ó÷åòîì îãðà-
íè÷åíèÿ (4), ñïðàâåäëèâî∥∥∥ρh (t2k, x, y)− ρ (t2k, x, y)

∥∥∥
Lh1

≤ 2k
(
c1h

2 + c2h
3
)
, (47)

ãäå êîíñòàíòû c1, c2 íå çàâèñÿò îò âåëè÷èí k, τ è h.

Äîêàçàòåëüñòâî. Äîêàæåì òåîðåìó ìåòîäîì èíäóêöèè ïî k. Â ñèëó íà-
÷àëüíîãî óñëîâèÿ (3) è òîæäåñòâà (46) î÷åâèäíî, ÷òî (47) ñïðàâåäëèâî
äëÿ k = 0. Ïðåäïîëîæèì, ÷òî (47) ñïðàâåäëèâî äëÿ k − 1 è ïîêàæåì,
÷òî (47) âåðíî äëÿ k. Äëÿ ýòîãî ðàññìîòðèì ðàâåíñòâî èç òåîðåìû 1 äëÿ
îêðåñòíîñòè óçëà (t2k−1, xp, yq) ∈ GDτ . Ïîäñòàâèì (9), (12), (18), (19) â (8)
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è ïîëó÷èì ∀ (t2m−1, xp, yq) ∈ GDτ

meas (Ωp,q) ρ
2k−1
p,q =

∫
P 2k−2
p,q

ρ (t2k−2, x, y) dxdy+

+τmeas (Ωp,q) f
2k−1
p,q + δ2k−1

p,q .

(48)

Ïðè èñïîëüçîâàíèè ðàâåíñòâà (4) è ñ ó÷åòîì îöåíîê ïîãðåøíîñòåé àï-
ïðîêñèìàöèè â (9), (14), (18) è (19) ñïðàâåäëèâî

δ2k−1
p,q =

{
δ2m−1

inner,p,q = c̃1h
4 + c̃2h

5 +O
(
h6
)
, ∀ (xp, yq) ∈ GΩ

τ \Γ,
δ2m−1

bound,p,q = ĉ1h
3 + ĉ2h

4 +O
(
h5
)
, ∀ (xp, yq) ∈ Γ.

(49)

×èñëåííîå ðåøåíèå ρh â óçëå (t2k−1, xp, yq) ∈ GDτ îïðåäåëÿåòñÿ ôîðìóëîé

ρh,2k−1
p,q =

1

meas
(

Ω2k−1
p,q

) ∫
P 2k−2
p,q

ρh (t2k−2, x, y) dxdy + τf2k−1
p,q .

(50)

Ðàññìîòðèì ìîäóëü ðàçíîñòè ìåæäó ðàâåíñòâîì (48) è ôîðìóëîé (50),
óìíîæåííîé íà meas

(
Ω2k−1
p,q

)
meas (Ωp,q)

∣∣∣ρ2k−1
p,q − ρh,2k−1

p,q

∣∣∣ =

=

∣∣∣∣∣∣∣
∫

P 2k−2
p,q

ρ (t2k−2, x, y) dxdy −
∫

P 2k−2
p,q

ρh (t2k−2, x, y) dxdy + δ2k−1
p,q

∣∣∣∣∣∣∣ ≤
≤

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy +

∣∣∣δ2k−1
p,q

∣∣∣ .
(51)

Ïðîñóììèðóåì (51) ïî âñåì óçëàì (t2k−1, xp, yq) ∈ GDτ íà ñëîå t = t2k−1

è ïîëó÷èì∑
(t2k−1,xp,yq)∈GDτ

meas (Ωp,q)
∣∣∣ρ2k−1
p,q − ρh,2k−1

p,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

τ

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δ2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣δ2k−1

bound,p,q

∣∣∣ .
(52)

Äàëåå, èñïîëüçóåì òåîðåìó 1 äëÿ îêðåñòíîñòè óçëà (t2k, xp, yq) ∈ GDτ \ΓDh .
Â ñèëó (9), (12), (14), (18) è (19) ïîëó÷èì: ∀ (t2k, xp, yq) ∈ GDτ \ΓDh

meas (Ωp,q) ρ
2k
p,q =

∫
P 2k−1
p,q

ρ (t2k−1, x, y) dxdy + τmeas (Ωp,q) f
2k
p,q + δτ,2kp,q , (53)
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ãäå ïî àíàëîãèè ñ (49) ñïðàâåäëèâî

δτ,2kp,q =

{
δτ,2kinner,p,q = c̃3h

4 +O
(
h5
)
, ∀ (xp, yq) ∈

(
GΩ
τ \ΓΩ

h

)
\Γ,

δτ,2kbound,p,q = ĉ3h
3 +O

(
h4
)
, ∀ (xp, yq) ∈ Γ.

(54)

Èç (20) ñëåäóåò, ÷òî ∀ (t2k, xp, yq) ∈ GDτ \ΓDh

meas (Ωp,q) ρ
h,2k
p,q =

∫
P 2k−1
p,q

ρh (t2k−1, x, y) dxdy + τmeas (Ωp,q) f
2k
p,q, (55)

Ðàññìîòðèì ìîäóëü ðàçíîñòè ìåæäó (54) è (55)

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ =

=

∣∣∣∣∣∣∣
∫

P 2k−1
p,q

ρ (t2k−1, x, y)− ρh (t2k−1, x, y) dxdy + δτ,2kp,q

∣∣∣∣∣∣∣ ≤
≤

∫
P 2k−1
p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy +

∣∣∣δτ,2kp,q

∣∣∣ .
(56)

Ïðîñóììèðóåì (56) ïî âñåì ïî âñåì óçëàì (t2k, xp, yq) ∈ GDτ \ΓDh íà ñëîå
t = t2k è ïîëó÷èì

∑
(xp,yq)∈GΩ

τ \ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

τ \ΓΩ
h

∫
P 2k−1
p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣ .
(57)

Ïóñòü (t2k, xp, yq) ∈ GDτ ∩ ΓDh . Ïîäñòàâèì (9), (23), (29), (31) â (22) è
ïîëó÷èì

h2ρ2k
p,q =

 ∫
P 2k−1
τ,p,q

ρ (t2k−1, x, y) dxdy +

∫
P 2k−2

2τ,p,q

ρ (t2k−2, x, y) dxdy

+

+sτh2f2k
p,q + δΓτ ,2k

p,q .

(58)
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Çäåñü δΓτ ,2k
p,q = c̃4h

4+c̃5h
5+O

(
h6
)
. ×èñëåííîå ðåøåíèå ρh â óçëå (t2k, xp, yq) ∈

GDτ ∩ΓDh îïðåäåëÿåòñÿ ôîðìóëîé (32). Ðàññìîòðèì ìîäóëü ðàçíîñòè ìåæ-
äó (58) è ôîðìóëîé (32), óìíîæåííîé íà h2

h2
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤ ∫
P 2k−1
τ,p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy +

∣∣∣δΓτ ,2k
p,q

∣∣∣ . (59)

Ïðîñóììèðóåì (59) ïî âñåì óçëàì (t2k, xp, yq) ∈ GDτ ∩ ΓDh è, ó÷èòûâàÿ,
÷òî h2 = meas (Ωp,q), ïîëó÷èì

∑
(xp,yq)∈GΩ

τ ∩ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

τ ∩ΓΩ
h

∫
P 2k−1
τ,p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈GΩ
τ ∩ΓΩ

h

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N
∣∣∣δΓτ ,2k
p,q

∣∣∣ .

(60)

Ïóñòü (t2k, xp, yq) ∈ GD2τ ∩ ΓDh . Ðàññóæäàÿ àíàëîãè÷íî ïîëó÷èì

∑
(xp,yq)∈GΩ

2τ∩ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

2τ∩ΓΩ
h

∫
P 2k−1
τ,p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈GΩ
2τ∩ΓΩ

h

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣ .

(61)
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ãäå δΓ2τ ,2k
p,q = c̃6h

4 + c̃7h
5 +O

(
h6
)
. Ïóñòü (t2k, xp, yq) ∈ GD2τ\ΓDh . Ïîâòîðÿÿ

ðàññóæäåíèÿ, ïîëó÷èì∑
(xp,yq)∈GΩ

2τ\ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

2τ\ΓΩ
h

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δ2τ,2k
p,q

∣∣∣ .
(62)

ãäå δ2τ,2k
p,q = c̃8h

4 + c̃9h
5 +O

(
h6
)
. Ñëîæèì (57), (60), (61) è ïîëó÷èì∑

(xp,yq)∈GΩ
τ ∪ΓΩ

h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

τ \ΓΩ
h

∫
P 2k−1
p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈ΓΩ
h

∫
P 2k−1
τ,p,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈ΓΩ
h

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣ .

(63)

Îòìåòèì, ÷òî ⋃
(xp,yq)∈GΩ

τ \ΓΩ
h

P 2k−1
p,q ∪

⋃
(xp,yq)∈ΓΩ

h

P 2m−1
τ,p,q = Ωτ . (64)

Òîãäà (63) ñâîäèòñÿ ê âèäó∑
(xp,yq)∈GΩ

τ ∪ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤
∫

Ωτ

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈ΓΩ
h

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣ .

(65)
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Èñïîëüçóÿ (9), íåñëîæíî óâèäåòü, ÷òî

∫
Ωτ

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, x, y)
∣∣∣ dxdy =

∑
(xp,yq)∈GΩ

τ

∫
Ωp,q

∣∣∣ρ (t2k−1, x, y)− ρh (t2k−1, xp, yq)
∣∣∣ dxdy ≤

≤
∑

(xp,yq)∈GΩ
τ

∫
Ωp,q

∣∣∣ρ (t2k−1, xp, yq)− ρh (t2k−1, xp, yq)
∣∣∣ dxdy+

+N2
∣∣∣ε2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−1

bound,p,q

∣∣∣ ,

(66)

ãäå

ε2k−1
inner,p,q = c̃10h

4 + c̃11h
5 +O

(
h6
)
, ∀ (xp, yq) ∈ GΩ

τ \Γ,

ε2k−1
bound,p,q = ĉ10h

3 + ĉ11h
4 +O

(
h5
)
, ∀ (xp, yq) ∈ Γ.

Ïîäñòàâèì (52), (66) â (65) è ïîëó÷èì

∑
(xp,yq)∈GΩ

τ ∪ΓΩ
h

meas (Ωp,q)
∣∣∣ρ2m
p,q − ρh,2mp,q

∣∣∣ ≤
≤

∑
(tk−1,xp,yq)∈GDτ

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+
∑

(xp,yq)∈ΓΩ
h

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣+
+N2

∣∣∣ε2k−1
inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−1

bound,p,q

∣∣∣+N2
∣∣∣δ2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣δ2k−1

bound,p,q

∣∣∣ .

(67)
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Ñëîæèì (67) c (62) è ïîëó÷èì

∑
(xp,yq)∈GΩ

h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(t2k−1,xp,yq)∈GDτ

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+
∑

(t2m,xp,yq)∈ΓDh

∫
P 2k−2

2τ,p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+
∑

(t2m,xp,yq)∈GD2τ\ΓDh

∫
P 2k−2
p,q

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N2
∣∣∣δ2τ,2k
p,q

∣∣∣+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+
+N

∣∣∣δΓ2τ ,2k
p,q

∣∣∣+N2
∣∣∣ε2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−1

bound,p,q

∣∣∣+N2
∣∣∣δ2k−1

inner,p,q

∣∣∣+
+4N

∣∣∣δ2k−1
bound,p,q

∣∣∣ .

(68)

Îòìåòèì, ÷òî

⋃
(t2k−1,xp,yq)∈GDτ

P 2k−2
p,q ∪

⋃
(t2k,xp,yq)∈ΓDh

P 2k−2
2τ,p,q ∪

∪
⋃

(t2k,xp,yq)∈GD2τ\ΓDh

P 2k−2
p,q = Ω.

(69)

Òàêèì îáðàçîì, (68) ñâîäèòñÿ ê âèäó

∑
(xp,yq)∈GΩ

h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤
∫
Ω

∣∣∣ρ (t2k−2, x, y)− ρh (t2k−2, x, y)
∣∣∣ dxdy+

+N
∣∣∣δ2τ,2k
p,q

∣∣∣+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣+
+N2

∣∣∣ε2k−1
inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−1

bound,p,q

∣∣∣+N2
∣∣∣δ2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣δ2k−1

bound,p,q

∣∣∣ .
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Èñïîëüçóåì íåðàâåíñòâî àíàëîãè÷íîå (66), íî äëÿ ñëîÿ t = t2k−2, è ïî-
ëó÷èì∑

(xp,yq)∈GΩ
h

meas (Ωp,q)
∣∣∣ρ2k
p,q − ρh,2kp,q

∣∣∣ ≤
≤

∑
(xp,yq)∈GΩ

h

∫
Ωp,q

∣∣∣ρ (t2k−2, xp, yq)− ρh (t2k−2, xp, yq)
∣∣∣ dxdy+

+N2
∣∣∣ε2k−2

inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−2

bound,p,q

∣∣∣+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+ 4N
∣∣∣δτ,2kbound,p,q

∣∣∣+
+N

∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣+N2
∣∣∣ε2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−1

bound,p,q

∣∣∣+
+N2

∣∣∣δ2k−1
inner,p,q

∣∣∣+ 4N
∣∣∣δ2k−1

bound,p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣ .

(70)

ãäå
ε2k−2

inner,p,q = c̃12h
4 + c̃13h

5 +O
(
h6
)
, ∀ (xp, yq) ∈ GΩ

h \Γ,

ε2k−2
bound,p,q = ĉ12h

3 + ĉ13h
4 +O

(
h5
)
, ∀ (xp, yq) ∈ Γ.

Íåñëîæíî ïîíÿòü, ÷òî ñóùåñòâóþò êîíñòàíòû c̃2k−2
1 è c̃2k−2

2 òàêèå, ÷òî

2c̃2k−2
1 h2 + 2c̃2k−2

2 h3 = N2
∣∣∣ε2k−2

inner,p,q

∣∣∣+ 4N
∣∣∣ε2k−2

bound,p,q

∣∣∣+N2
∣∣∣δτ,2kinner,p,q

∣∣∣+
+4N

∣∣∣δτ,2kbound,p,q

∣∣∣+N
∣∣∣δΓτ ,2k
p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣+N2
∣∣∣ε2k−1

inner,p,q

∣∣∣+
+4N

∣∣∣ε2k−1
bound,p,q

∣∣∣+N2
∣∣∣δ2k−1

inner,p,q

∣∣∣+ 4N
∣∣∣δ2k−1

bound,p,q

∣∣∣+N
∣∣∣δΓ2τ ,2k
p,q

∣∣∣ .
Ïóñòü c1 = max

k=1,...,M/2
c̃2k−2

1 , c2 = max
k=1,...,M/2

c̃2k−2
2 . Òîãäà èç (70) ñëåäóåò∥∥∥ρh (t2k, x, y)− ρ (t2k, x, y)

∥∥∥
Lh1

≤

≤
∥∥∥ρh (t2k−2, x, y)− ρ (t2k−2, x, y)

∥∥∥
Lh1

+ 2
(
c1h

2 + c2h
3
)
.

(71)

Èç ãèïîòåçû èíäóêöèè ñëåäóåò, ÷òî∥∥∥ρh (t2k−2, x, y)− ρ (t2k−2, x, y)
∥∥∥
Lh1

≤ (2k − 2)
(
c1h

2 + c2h
3
)
.

Òîãäà èç (71) ïîëó÷àåì (47). �

Ñëåäñòâèå. Äëÿ ÷èñëåííîãî ðåøåíèÿ ρh çàäà÷è (1 )�(3 ), ñ ó÷åòîì îãðà-
íè÷åíèÿ (4 ), ñïðàâåäëèâî∥∥∥ρh (T, x, y)− ρ (T, x, y)

∥∥∥
Lh1

≤ T
(
cT1 h+ cT2 h

2
)
, (72)

ãäå êîíñòàíòû cT1 , c
T
2 íå çàâèñÿò îò τ è h.

Íåðàâåíñòâî (72) äîêàçûâàåò ñõîäèìîñòü ÷èñëåííîãî ðåøåíèÿ ρh (t, x, y)
ê òî÷íîìó ðåøåíèþ ρ (t, x, y) ñ ïåðâûì ïîðÿäêîì òî÷íîñòè â äèñêðåòíîì
àíàëîãå íîðìû ïðîñòðàíñòâà L1, îïðåäåëåííîì ïî ôîðìóëå (46).
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7 Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Ðàññìîòðèì ôóíêöèè

ρ (t, x, y) = 2 + t sin (2πxy) ,

u (t, x, y) = t2x2y2 (1− x) (1− y) , v (t, x, y) = t2xy (1− x) (1− y) .
(73)

Èñïîëüçóÿ ôóíêöèè èç (73), îïðåäåëèì ôóíêöèè ρinit(x, y), f (t, x, y). Òà-
êèì îáðàçîì, ïîëó÷èì çàäà÷ó (1)�(3). ×èñëåííîå ðåøåíèå ρh (t, x, y) íàé-
äåì íà ñåðèè ñåòîê ïðè N = 10·2n, n = 0, ..., 5. Ïðè ýòîì èñïîëüçóåì òîæ-
äåñòâî τ = h/2. Äëÿ îöåíêè ïîãðåøíîñòè errn (tk) ÷èñëåííîãî ðåøåíèÿ
èñïîëüçóåì íîðìó (46). Ïîðÿäîê ñõîäèìîñòè ÷èñëåííîãî ðåøåíèÿ ê òî÷-
íîìó ðåøåíèþ îöåíèâàåòñÿ âåëè÷èíîé convn = log2 (errn−1 (T ) /errn (T )).
Ðåçóëüòàòû ðàñ÷åòîâ ïîêàçàíû â òàáëèöå 1. Èç òàáëèöû âèäíî, ÷òî àë-
ãîðèòì èìååò ïåðâûé ïîðÿäîê ñõîäèìîñòè.

n N K errn (T ) convn
0 10 20 0,1234
1 20 40 0,0603 1,0316
2 40 80 0,0295 1,0318
3 80 160 0,0146 1,0166
4 160 320 0,0073 1,0078
5 320 640 0,0036 1,0030

Òàáëèöà 1. Î ïîðÿäêå ñõîäèìîñòè ìåòîäà

×òîáû ïðîâåðèòü âûïîëíåíèå çàêîíà ñîõðàíåíèÿ, èñïîëüçóåì ñëåäó-
þùèå îáîçíà÷åíèÿ:

(1) èíòåãðàë íà ñëîå ïî âðåìåíè t = t2k

mass2k =

∫
Ω

ρh (t2k, x, y) dxdy =
N∑

p,q=0

meas (Ωp,q) ρ
h,2k
p,q ;

(2) èíòåãðàë îò ôóíêöèè fh (t, x, y)

source2k =

2k∫
2k−2

dt

∫
Ω

fhdxdy =
∑

(xp,yq)∈GΩ
τ

τ meas (Ωp,q) f
2k
p,q+

+
∑

(xp,yq)∈GΩ
τ

τ meas (Ωp,q) f
2k−1
p,q +

∑
(xp,yq)∈GΩ

2τ

2τ meas (Ωp,q) f
2k
p,q;

(3) ïîãðåøíîñòü âûïîëíåíèÿ çàêîíà ñîõðàíåíèÿ

ε2k = mass2k − (mass2k−2+source2k) .

Â òàáëèöå 2 ïîêàçàíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ N = 320. Âèäíî, ÷òî
çàêîí ñîõðàíåíèÿ ìàññû ñïðàâåäëèâ äëÿ ÷èñëåííîãî ðåøåíèÿ ρh (t, x, y)
ïðè ïåðåõîäå ñ ÷åòíîãî ñëîÿ ïî âðåìåíè íà ñëåäóþùèé ÷åòíûé ñëîé ñ
òî÷íîñòüþ äî ïîãðåøíîñòè âû÷èñëåíèé.
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k mass2k−2 massk source2k ε2m

0 - 2,0 - -
2 2,0 2,00061 0.608984E-3 1,585E-12
4 2,00061 2,00122 0.608984E-3 5,684E-14
6 2,00122 2,00183 0.608984E-3 9,770E-14
8 2,00183 2,00244 0.608984E-3 2,309E-14
10 2,00244 2,00304 0.608984E-3 9,992E-14
· · · · · · · · · · · · · · ·
636 2,38789 2,38850 0.608801E-3 7,150E-14
638 2,38850 2,38911 0.608800E-3 9.992E-14
640 2,38911 2,38971 0.608799E-3 1.297E-13
Òàáëèöà 2. Î âûïîëíåíèè çàêîíà ñîõðàíåíèÿ

8 Çàêëþ÷åíèå

Â ðàáîòå ïîêàçàíà âîçìîæíîñòü èñïîëüçîâàòü ðàçíûå øàãè ïî âðåìåíè
â ðàçíûõ ÷àñòÿõ âû÷èñëèòåëüíîé îáëàñòè ïðè ðåøåíèè äâóìåðíîãî óðàâ-
íåíèÿ íåðàçðûâíîñòè ïîëóëàãðàíæåâûì ìåòîäîì. Ïðè ýòîì ïîäòâåðæäå-
íà ñõîäèìîñòü ÷èñëåííîãî ðåøåíèÿ ê òî÷íîìó ðåøåíèþ ñ ïåðâûì ïîðÿä-
êîì òî÷íîñòè â äèñêðåòíîì àíàëîãå íîðìû ïðîñòðàíñòâà L1. Êðîìå ýòîãî
äîêàçàíî âûïîëíåíèå çàêîíà ñîõðàíåíèÿ äëÿ ÷èñëåííîãî ðåøåíèÿ. Èñ-
ïîëüçîâàíèå áîëüøîãî øàãà ïî âðåìåíè â ÷àñòè âû÷èñëèòåëüíî îáëàñòè,
â êîòîðîé ïðèñóòñòâóåò ëàìèíàðíîå òå÷åíèå, ïîçâîëèò ñîêðàòèòü âðåìÿ
ðàñ÷åòîâ áåç ñóùåñòâåííîé ïîòåðè òî÷íîñòè. Â äàëüíåéøåì ïëàíèðóåò-
ñÿ ðàçâèòü îïèñàííûé ïîëóëàãðàíæåâûé ìåòîä äëÿ ðåøåíèÿ äâóìåðíîãî
óðàâíåíèÿ êîíâåêöèè-äèôôóçèè.
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